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Preface

This Instructor’s Manual for the Eighth of Numerical Analysis by Burden and Faires
contains solutions to all the exercises in the book. Although the answers to the
odd exercises are also in the back of the text, we have found that users of the book
appreciate having all the solutions in one source. In addition, the results listed in
this Instructor’s Manual often go beyond those given in the back of the book. For
example, we do not place the long solutions to theoretical and applied exercises in
the book. You will find them here.

It has been our practice to include structured algorithms of all the techniques
discussed in our Numerical Analysis book. The algorithms are given in a form that
can be coded in any appropriate programming language, by those with even a minimal
amount of programming expertise.

In earlier editions of the book, we included in the Instructor’s Manual a complete
FORTRAN listing for all the algorithms, and distributed to instructors using the
book, upon demand, a tape (actually punched cards in the First Edition) containing
all these programs.

In the Fourth Edition we supplemented this with a disk containing Pascal pro-
grams for the algorithms. In the Fifth Edition we added FORTRAN programs to
the package. In the Sixth Edition we placed the disk in the text itself, and added C
programs, as well as worksheets in Maple and Mathematica, for all the algorithms.
We continued this practice for the Seventh Edition, updating the Maple programs to
both versions 5.0 and 6.0 and adding MATLAB programs as well.

For the Eighth Edition, we have added new Maple programs to reflect the lin-
ear algebra package change from the original linalg package to the more modern
LinearAlgebra package. In addition, we now also have the programs coded in Java.

You will not find a disk with this edition of the book. Instead, our reviewers
suggested, and we agree, that it is more convenient to have the programs available
for downloading from the web. At the website for the book,

http://www.as.ysu.edu/~faires/Numerical- Analysis/

you will find all the programs that used to be on the disk that came with the book.
This site also contains additional information about the book and will be updated
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regularly to reflect any modifications that need to be made. For example, we will list
a copy of the adoption list for the book so that potential users can ask colleagues for
suggestions, and any changes made when a new printing is produced.

Placing the programs on the web site also permits us to more easily updated
programs as the software changes, and to give responses to comments made by users
of the book. We can also add new material that might be included in a subsequent
edition in the form of PDF files that users can download. Our hope is that this will
extend the life of the Eighth Edition while keeping the material up to date.

In addition to this Manual, we have rewritten the Student Study Guide for the
Eighth Edition. The exercises that are solved in the Guide are generally those requir-
ing insight into the methods in the text, rather than those involving computation.
The Guide should be especially helpful for those doing self study of numerical tech-
niques. Please ask your students to contact us if they are interested in this Guide.

We hope our supplement package provides flexibility for instructors teaching Nu-
merical Analysis. If you have any suggestions for improvements that can be incorpo-
rated into future editions of the book or the supplements, we would be most grateful
to receive your comments. We can be most easily contacted by electronic mail at the
addresses listed below.

Youngstown State University Richard L. Burden
burden@math.ysu.edu

January 21, 2005 J. Douglas Faires
faires@math.ysu.edu
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Exercise Set 1.1, page 14

1. For each part, f € Cla,b] on the given interval. Since f(a) and f(b) are of opposite sign, the
Intermediate Value Theorem implies that a number ¢ exists with f(c) = 0.

2. (a) [0,1] (b) [0,1], [4,5], [~1,0]

() [-2,-1], [0,1], [2.5,3.5] (d) [~3,-2], [~1,—0.5], and [~0.5,0]

3. For each part, f € Cla,b], f' exists on (a,b) and f(a) = f(b) = 0. Rolle’s Theorem implies
that a number c exists in (a,b) with f/(c) = 0. For part (d), we can use [a,b] = [-1,0] or

[a,5] = [0, 2].

4. The maximum value for |f(z)| is given below.

(a) 0.4620981 (b) 0.8 (c) 5.164000 (d) 1.582572

5. Forz <0, f(z) < 2z+k < 0, provided that z < —3k. Similarly, for z > 0, f(z) > 2z+k > O
provided that & > —1#. By Theorem 1.13, there exlsts a number ¢ with f(c) = 0. If f(c) =
and f(c') = 0 for some ¢’ # ¢, then by Theorem 1.7, there exists a number p between ¢ and c
with f'(p) = 0. However, f'(z) = 322 + 2 > 0 for all z.

6. Suppose p and ¢ are in [a,b] with p # g and f(p) = f(g) = 0. By the Mean Value Theorem,
there exists £ € (a,b) with

fo) = fl@) = F'(& -9
But, f(p) — f(g) =0 and p # q. So f/(¢) = 0, contradicting the hypothesis.

7. (a) Paz) =
(b) Ro(0. 5) = 0.125; actual error = 0.125
(¢) Pa(2) =1+3(z~1)+3(z—1)2
(d) R2(0.5) = —0.125; actual error = —0.125
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8. Pa(z) =1+ 35— F2? + 528

z 0.5 0.75 1.25 1.5
Py(z) 1.2265625 1.3310547 1.5517578 1.6796875
vo+1 1.2247449  1.3228757 1.5 1.5811388
[V +1— Ps(z)] 0.0018176 0.0081790 0.0517578 0.0985487

9. Since
—2e8(sin & + cos &) 25

Py(z)=1+z and Ra(z)= 5

for some & between z and 0, we have the following:
(a) P»(0.5) = 1.5 and | £(0.5) — P»(0.5)| < 0.0932;
(b) [f(z) — Pa(a)] < 1.252;
(¢) fo f(z) dz =~ 1.5
(d) |j;)1 fz) dz — ‘[01 Py(z) dz| < fo |Ra(z)| dx < 0.313, and the actual error is 0.122.

10. Py(z) = 1.461930-+0.617884 (v — £)—0.844046 (x — T)” and Ra(z) = —Lef (siné+cosg) (z — I)°
for some £ between z and §.

(a) P2(0.5) = 1.446879 and f(0.5) = 1.446889. An error bound is 1.01 x 10~%, and the actual
error is 1.0 x 1075,
(b) |f(z) — Py(x)| < 0.135372 on [0, 1]
(c) fo Py(z) dz = 1.376542 and fo ) da = 1.378025
(d) An error bound is 7.403 x 1073, and the actual error is 1.483 x 1073,
11. Py(z)=(z—1)*=3(z—1)3
(a) P3(0.5) = 0.312500, f(0.5) = 0.346574. An error bound is 0.2916, and the actual error

is 0.034074.

(b) |j Ps(z)| < 0.2916 on [0.5, 1.5]

(c) ( ) dz = 0.083, f (zx — 1)Inx dz = 0.088020

(d) An error bound is 0.0583, and the actual error is 4.687 x 10~3.
12. (a) P3(z) = —4 + 6z — 2?2 — 42°%; P3(0.4) = —2.016

(b) |R3(0.4)] < 0.05849; [£(0.4) — P5(0.4)| = 0.013365367

(¢) Py(z) = —4 + 61 — 22 — da3; Py(0.4) = —2.016

(d) |R4(0.4)] < 0.01366; |£(0.4) — P4(0.4)| = 0.013365367
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(a) [f(z) — Ps(x)| < 0.012405

(b) [y Pilz) do = 0.0864, [ e dw = 0.086755

(c) 8.27 x 10 —4

(d) P;(0.2) =1.12, f'(0.2) = 1.124076. The actual error is 4.076 x 103,

14. The error is approximately 8.86 x 10™7.

15. Since 42° = 77 /30 radians, use ¥g = m/4. Then

T
w(5)

)| < 1075, it suffices to take n = 3. To 7 digits, cos42° = 0.7431448 and P3(42°) =
.74314486, so the actual error is 2 x 10~7.

(5-5)"" _ (0053

(n+1)! < (n+1)!

DO

a) P3(z) = 31+1r2+5°438 3

@y =199 w6l L, @
@) =555/ sin g + ggge B3
SO
’ F@ (:u)‘ < ’ f(4)(0.60473891)’ < 0.09787176, for 0< z < 1,
and
(1)
(@) — Po(a)] < L ( )|| < Mﬂiﬂ(_’k 1)* = 0.004077990.
17. (a) P3(z) =In(3) + 3(z — 1) + (z — 1)? — ¥(z — 1)3
(b) masxo<1<1 If(.?}) P3( | = |f( ) - P3(O)l = 0.02663366
(¢) Ps(z)=1In(2 )+%5L
(d) maxo<esa |f(2) — Ps(e)] = | (1) — P3(1)] = 0.09453489
(e) P3(0) approximates f(0) better than Ps(1) approximates F(.

18. Pu(z) =37 oz n>19

T

20. Fornodd, Py(x) =z — 3% + £2° + .- + 1(=1)"=D/23"_ For n even, P,(z) = P,_1(2).
3 5 n

21. A bound for the maximum error is 0.0026.
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(a) P,Sk)(mo) = f®)(zq) for k = 0,1,...,n. The shapes of P, and f are the same at zg.
(b) Pa(z) =3+ 4(x — 1) +3(z - 1)%

23. Since Ry(1) = gef, for some £ in (0,1), we have |E — Ry(1)| = 3[1 — &f| < L(e —1).

24.

25.

(a) Use the series

e L
:Z( Kl

k=

(e}

to integrate

and obtain the result.

(b)
&0 k '7/»-|-l 9 T 1 1
—z? ; 1— .2 T4 7
Zol 3@kt D) VAl Tty Tt Ty 4 }
oo ey B RELR I
"3 15 105 945
2 [ o 1 5 1 1 29 s
—ﬁ_m—gm —i—ﬁz —Ew—l— 7167 —}----}—elf(z)
(c) 0.8427008 (d) 0.8427069

(e) The series in part (a) is alternating, so for any positive integer n and positive & we have
the bound
1)k 2kt 203

\/_Z 2k+1 k! (2n—|—3)(n+1)!'

erf(z

We have no such bound for the positive term series in part (b).

(a) Let zg be any number in [a,b]. Given ¢ > 0, let 6 = ¢/L. If |z — x| < 6 and a < 2 < b,
then | f(z) — f(zo)| < L|z — zo] < €.

(b) Using the Mean Value Theorem, we have
[f(m2) = f@)] = 1f" (w2 — 2],
for some £ between z; and g, so
|f(2) — f(21)] < Llwz — ]

(c) One example is f(z) = 2'/2 on [0, 1].
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26. Let m =min{f(zy), f(x2)} and M = max{f(z1), f(x2)}. Then

m< f(z) <M and m < flzg) < M,

" cm<ef(z) oM and com < caf(ws) < eaM.
Thus,
(c1 4+ ca)m < e1f(z1) + eaf(wa) < (c1 + co)M,
S0
m < crf(zy) + eafa) <M

c1 + o

By applying the Intermediate Value Theorem to the closed interval with endpoints ; and z»,
there exists a number ¢ between x; and 5 for which

£0) = c1flar) + sz(172)_

c1+ ¢

27. (a) Since f is continuous at p and f(p) # 0, there exists a § > 0 with

: fo
1#(@) - 7o) < L2,
for [z — p| < 0 and @ < & < b. We restrict &§ so that [p — 6,p + 6] is a subset of [a, b].
Thus, for @ € [p — 6,p + 6], we have z € [a,b]. So

_IJC(Q“P)I < flz) = f(p) < l_f(2_pﬂ and f(p) — |f_(2pn < f(z) < f(p)+ Ifgp)l.
If f(p) > 0, then
f(p)-—@:f_(;_)>o’ S0 f($)>f(p)—[f—g®—|>o.

If f(p) <0, then |f(p)| = —f(p), and

) f)
=<

#@) < o)+ L2 — gy -

In either case, f(x) # 0, for = € [p— &,p + 4].

(b) Since f is continuous at p and f(p) = 0, there exists a § > 0 with
|f(z) = fp)l <k, for |Jx—p/<d and a<az<b.
We restrict 6 so that [p — &, p+ 0] is a subset of [a, b]. Thus, for 2 € [p— §,p+ 4], we have

[f(@)] =1f(z) = f(p)] < &
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Exercise Set 1.2

Exercise Set 1.2, page 26

1.

4.

Absolute error  Relative error

(a) 0.001264 4.025 x 1074
(b) 7.346x 107  2.338 x 10~8
() 2818x107*  1.037x10~*
(d) 2136x 107  1.510 x 10~*
(e)  2.647 x 10° 1.202 x 1073
(f)  1.454 x 10* 1.050 x 1072
(g) 420 1.042 x 1072
(h)  3.343x10°  9.213x 1073

The largest intervals are:
(a) (3.1412784,3.1419068) (b) (2.7180100,2.7185536)

(¢) (1.4140721,1.4143549) (d) (1.9127398,1.9131224)

The largest intervals are
(a) (149.85,150.15) (b) (899.1, 900.9 )

(c) (1498.5, 1501.5) (d) (89.91,90.00)

The calculations and their errors are:

(a) (1) 17/15  (ii) 1.13 (iii) 1.13 (iv) both 3 x 10~3

(b) (i) 4/15 (ii) 0.266 (iii) 0.266 (iv) both 2.5 x 103

(c) (i) 139/660 (i) 0.211 (iii) 0.210 (iv) 2 x 1073, 3 x 103
(d) (i) 301/660 (ii) 0.455 (iil) 0.456 (iv) 2 x 1073, 1 x 10~*

Approximation Absolute error  Relative error

(a) 134 0.079 5.90 x 1074
(b) 133 0.499 3.77 x 1073
(c) 2.00 0.327 0.195
(d) 1.67 0.003 1.79 x 1073
(e) 1.80 0.154 0.0786
(f) —15.1 0.0546 3.60 x 1073
(g) 0.286 2.86 x 1074 1073
(h) 0.00 0.0215 1.00
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6.

Approximation Absolute error  Relative error
(a) 133.9 0.021 1.568 x 10~*
(b) 132.5 0.001 7.55 x 1076
(c) 1.700 0.027 0.01614
(d) 1.673 0 0
(e) 1.986 0.03246 0.01662
) —15.16 0.005377 3.548 x 107
(g) 0.2857 1.429 x 105 5x 1075
(h) -0.01700 0.0045 0.2092
Approximation Absolute error  Relative error
(a) 133 0.921 6.88 x 1073
(b) 132 0.501 3.78 x 1073
(c) 1.00 0.673 0.402
(d) 1.67 0.003 1.79 x 1073
(e) 3.55 1.60 0.817
(0 -15.2 0.0454 0.00299
(g) 0.284 0.00171 0.00600
(h) 0 0.02150 1
Approximation Absolute error Relative error
(a) 133.9 0.021 1.568 x 1072
(b) 132.5 0.001 7.55 x 1078
(c) 1.600 0.073 0.04363
(d) 1.673 0 0
(e) 1.983 0.02945 0.01508
(f) —15.15 0.004622 3.050 x 1074
(g) 0.2855 2.143 x 10~* 7.5 % 1074
(h) —0.01700 0.0045 0.2092
Approximation Absolute error  Relative error
(a) 3.14557613 3.983x 1073  1.268 x 1073
(b) 3.14162103 2.838x 107°  9.032 x 106
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10.

Approximation Absolute error  Relative error

(a)  2.7166667 0.0016152  5.9418 x 102
(b)  2.718281801 2.73 1078 1.00 x 108

11.  (a) We have

. xcosxy —sing . —xsinz
lim ———————— = lim ————
z—0 T —sinz z—0 1 —cosx
. —sinxz —xcosx
=lim ——
—0 sinx
. —2cosz+axsinz
= lim =-2
x~+0 COS T

(b) £(0.1) = —1.941

@ zer) o),

z~ (z — 53)

(d) The relative error in part (b) is 0.029. The relative error in part (c) is 0.00050.

. efE _ e—m . e.’E + e—ﬂ:
12. (a) limp.p ———— =limy g ———— =2
€

1
(b) £(0.1) ~ 2.05

¢) 2 ((l+z+iz?+i0%) — (1 —o+ 122 — 1a%)) = L (20 + 128) = 2+ L22; using three-
x 2 6 2 6 T 3 3
digit rounding arithmetic and x = 0.1, we obtain 2.00

(d) The relative error in part (b) is = 0.0233.  The relative error in part (c) is = 0.00166.

13.
1 Absolute error Relative error Ta Absolute error Relative error
(a) 92.26 0.01542 1.672 x 107* 0.005419 6.273 x 1077 1.157 x 1074
(b) 0.005421 1.264 x 10~¢ 2.333 x 107* —92.26 4.580 x 1073 4.965 x 107°
(c) 10.98 6.875 x 1072 6.257 x 107* 0.001149 7.566 x 1078 6.584 x 107°
(d)  ~0.001149 7.566 x 1078 6.584 x 10~5 —~10.98 6.875 x 1073 6.257 x 10™*
14.
Approximation for x; Absolute error Relative error
(a) 92.24 0.004580 4.965 x 107°
(b) 0.005417 2.736 x 1075  5.048 x 107*
(c) 10.98 6.875 x 1072  6.257 x 1074
(d) —0.001149 7.566 x 1078 6.584 x 1075
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Approximation for z; Absolute error  Relative error

(@) 0.005418 2373 x10°°  4.377 x 102
(b) —92.95 5.420 x 1073 5.875 x 10~5
() 0.001149 7.566 x 1078 6.584 x 10~5
(d) ~10.98 6.875 x 1073 6.257 x 10~

15. The machine numbers are equivalent to

(a) 3224 (b) —3224 (c) 1.32421875

(d) 1.3242187500000002220446049250313080847263336181640625

16.  (a) Next Largest: 3224.00000000000045474735088646411895751953125;
Next Smallest: 3223.99999999999954525264911353588104248046875

(b) Next Largest: —3224.00000000000045474735088646411895751953125:
Next Smallest: —3223.99999999999954525264911353588104248046875

(¢) Next Largest: 1.3242187500000002220446049250313080847263336181640625;
Next Smallest: 1.3242187499999997779553950749686919152736663818359375

(d) Next Largest: 1.324218750000000444089209850062616169452667236328125;
Next Smallest: 1.32421875

17. (b) The first formula gives ~0.00658, and the second formula gives —0.0100. The true three-
digit value is —0.0116.

18. (a) —1.82 (b) 7.09 x 1073

(a) The formula in (b) is more accurate since subtraction is not involved.

19. The approximate solutions to the systems are
(a) z=12.451, y = —1.635 (b) z =507.7, y = 82.00

20. (a) =2460 y=—1.634 (b) =477.0 y=76.93

21.  (a) In nested form, we have

F(z) = (((1.01e® — 4.62)e® — 3.11)e” + 12.2)e® — 1.99.

(b) —6.79 (c) —=7.07
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(d) The absolute errors are
| =761~ (—6.71)] =0.82 and |—7.61 —(—7.07)| = 0.54.
Nesting is significantly better since the relative errors are

' 0.82 0.54

=0.108 and = 0.071,

—-7.61 —7.61

22. We have 39.375 < Volume < 86.625 and 71.5 < Surface Area < 119.5.

23. (a) n=77 (b) n=35

24. When dj; <5,

] S R <O g e
¥ RL4 O IR -

When dj.1 > 5,

y—flly)]  (1—0dgyr...)x 10" % (1-0.5)x107* b1
= = O. 10 .
0ds ... x 107 < 0.1 b

25. (a) m=17

m m! _m{m—1)---(m—k—1)(m — k)
< ) klm — k) kl(m — k)!

@) (=) (=)
(c) m = 181707

(d) 2,597,000; actual error 1960; relative error 7.541 x 10™%

26.  (a) The actual error is | f'(£)e|, and the relative error is | f/(€)e|- | f(zo)|*, where the number
¢ is between g and zg + €.

(b) (i) 1.4 x 1075; 5.1 x 107 (ii) 2.7 x 107%; 3.2 x 10~
(c) (i) 1.2; 5.1 x 107 (ii) 4.2 x 1075; 7.8 x 105

27.  (a) 124.03 (b) 124.03 (c) —124.03 (d) —124.03

(e) 0.0065 (£) 0.0065 (g) —0.0065 (h) —0.0065

28. Since 0.995 < P < 1.005, 0.0995 < V < 0.1005, 0.082055 < R < 0.082065, and 0.004195 <
N <0.004205, we have 287.61° < T' < 293.42°. Note that 15°C = 288.16K.
When P is doubled and V is halved, 1.99 < P < 2.01 and 0.0497 < V < 0.0503 so that
286.61° < T < 293.72°. Note that 19°C = 292.16K. The laboratory figures are within an
acceptable range.
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Exercise Set 1.3, page 36

1 1 11 1
o= =153 —— ...+ =154

1.
(2) 4 100 100 " 81 1

o=

The actual value is 1.549. Significant round-off error occurs much earlier in the first
method.

(b) The following algorithm will sum the series Zf\il z; in the reverse order.
INPUT N;.’l:l,ﬂjg, e, TN
OUTPUT SUM
STEP1 Set SUM=0
STEP2 Forj=1,...,Nset i=N—j+1
SUM = SUM + z;
STEP 3 OUTPUT(SUM);

STOP.
2.
Approximation Absolute Error Relative Error

(a) 2.715 3.282x 1073  1.207 x 1073

(b) 2.716 2.282x 1073 8.394 x 10~*

(c) 2.716 2.282x 1073 8.394 x 10~*

(d) 2.718 2818 x 107  1.037 x 10~*
3. (a) 2000 terms (b) 20,000,000,000 terms
4. 4 terms
5. 3 terms
6. (a) O(3) (b) O (32) (©) O (52) (@) 0(3)

7. The rates of convergence are:

(a) O(h?) (b) O(h) (c) O(h?) (d) O(h)

8. (a) n(n+1)/2 multiplications; (n + 2)(n — 1)/2 additions.
(b) Yiai (Z;zl bj) requires n multiplications; (n + 2)(n — 1)/2 additions.

9. The following algorithm computes P(zg) using nested arithmetic.

INPUT n,a9,a1,...,a,, 2o
OUTPUT y = P(zg)
STEP 1 Sety=a,.
STEP2 Fori=n-1,n-2,...,0sety=xoy+ a;.
STEP 3 OUTPUT (y);
STOP.
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10. The following algorithm uses the most effective formula for computing the roots of a quadratic
equation.

INPUT A, B, C.
OUTPUT T1, T9.

STEP1 1If A=0 then
if B =0 then OUTPUT (‘NO SOLUTIONS");
STOP.
else set 3 =-C/B;
OUTPUT (‘ONE SOLUTION’,z;);
STOP.

STEP 2 Set D= B?—4AC.

STEP 3 If D =0 then set z; = —B/(24);
OUTPUT (‘MULTIPLE ROOTS’, z1);

STOP.

STEP 4 If D < () thenset
b=+v—=D/(24);
a=—B/(24);

OUTPUT (‘COMPLEX CONJUGATE ROOTS’);
1 =a+ bi;
Tg = a — bi;
OUTPUT (z1,z2);
STOP.
STEP 5 If B > (then set,
d= B+ +/D;
ry = —2C/d;
2 = —d/(24)
else set
d=-B+D;
z1 = d/(24);
STEP 6 OUTPUT (z1,z9);

STOP.

11. The following algorithm produces the product P = (z — zq), ..., (z — z,).
INPUT n,xg, 21, ,Zn, 2

OUTPUT P.
STEP 1 Set P=ux— zp;
1=1.
STEP 2 While P # 0 and i < n set
P:—P-(I—:Ei);
i=1+4+1

STEP3 OUTPUT (P);
STOP.
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12. The following algorithm determines the number of terms needed to satisfy a given tolerance.

INPUT number x, tolerance TOL, maximum number of iterations M.
OUTPUT number N of terms or a message of failure.

STEP1 Set SUM=(1-2z)/(1—g+a?);
S=(1+2z)/(1+z+z?);

= 4.

STEP 2 While N < M do Steps 3-5.

STEP3 Set j=2N-1,
y =
ty = (1 — 2);
ta=yly—1)+1;
SUM = SUM + t1 /ts.
STEP4 If  |SUM- S| < TOL then
OUTPUT (N);
STOP.
STEP5 Set N=N-4+1.

STEP 6 OUTPUT("Method failed’);
STOP.

When TOL = 1079, we need to have N > 4.

13. (a) If lan — al/(1/n?) < K, then |a, — a] < K(1/nP) < K(1/n?) since 0 < q < p. Thus,
loon, — @f/(1/nP) < K and {0, }52; — a with rate of convergence O(1/n?).

(b)
n  1l/n  1/n? 1/n3 1/n8
5 0.2 0.04 0.008 0.0016
10 0.1 0.01 0.001 0.0001
50 0.02 0.0004 8x107% 1.6x 1077
100 0.01 10—+ 10-¢ 108

The most rapid convergence rate is O(1/n?).
14.  (a) If F(h) = L + O (h?), there is a constant k > 0 such that
|F'(h) — L| < kRP,

for sufficiently small h > 0. If 0 < ¢ < pand 0 < h < 1, then h? > hP. Thus, kh? < kh9,
S0

|F'(h) — L| < kh? and F(h)=L+ 0O (h%).

(b) For various powers of h we have the entries in the following table.
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h R? h3 h*

0.5 0.25 0.125  0.0625

0.1 0.01 0.001  0.0001
0.01 0.0001 0.00001 1078
0.001 107 1079 10-12

The most rapid convergence rate is O (h*).

15. Suppose that for sufficiently small |z| we have positive constants k; and ks independent of z,
for which
|Fi(z) — L] < Kqlz|*  and  |Fa(z) — Lo| < Kalz|P.

Let ¢ = max(|cz|,|ca|, 1), K = max(Ky, Ks), and § = max(a, 3).

(8) Wehave | p(y) — ¢, Ly — coL| ler(Fi(2) — L1) + ca(Fa(z) — L)
1 [ K| z|™ + |ea| Kala)®

K|z + |z|°]

cK|z|7[1 + |a;|5_7]

K|z,

IN AN A

for sufficiently small |z| and some constant K. Thus, F(z) = ¢ Ly + coln + O(27).
(b) We have |G() — Ly — Lo

|F1(e1z) + Fa(cax) — Ly — Lo|
Kilerz|® + Kaeaz)?

K[|a|® + |z|°]

Kla|"[1 + |27

Klz[7,

IN NN IA

for sufficiently small |z| and some constant K. Thus, G(z) = Ly + Ly + O(z").

16. Since limp— oo T = liMpy 00 Bnp1 = @ and Tpy1 = 1+ _%, we have ¢ = 1+%. This implies that

T = (1 + \/5) /2. This number is called the golden ratio. It appears frequently in mathematics
and the sciences.

17.  (a) 354224848179261915075 (b) 0.3542248538 x 1021

(c¢) The result in part (a) is computed using exact integer arithmetic, and the result in part
(b) is computed using 10-digit rounding arithmetic.

(d) The result in part (a) required traversing a loop 98 times.

(e) The result is the same as the result in part (a).

18. (a) n=250 (b) n =500



Solutions of Equations of One
Variable

Exercise Set 2.1, page 51

1. ps=0.625
2. (a) ps = —0.6875 (b) ps = 1.09375

3. The Bisection method gives:

(a) pr = 0.5859 (b) ps = 3.002 (c) pr =3.419

4. The Bisection method gives:

(E\.) Dr = —1.414 (b) Pg = 1.414 (C) Pr = 2.727 (d) Pr = —0.7265

[%23

The Bisection method gives:

(a) pi7 = 0.641182 (b) pir = 0.257530

(¢) For the interval [—3, —2], we have p;7 = —2.191307, and for the interval [—1,0], we have
p17 = —0.798164.

(d) For the interval [0.2,0.3], we have p14 = 0.297528, and for the interval [1.2,1.3], we have
P14 = 1.256622.

6. (a) pur = 151213837 (b) pi7 = 0.97676849

(c) For the interval [1,2], we have p;7 = 1.41239166, and for the interval [2,4], we have
p1s = 3.05710602.

(d) For the interval [0,0.5], we have p1s = 0.20603180, and for the interval [0.5, 1], we have
p1s = 0.68196869.

15




(b) Using [1.5,2] from part (a) gives p1g = 1.89550018.
8. (a)

(b) Using [4.2,4.6] from part (a) gives pig = 4.4934143.
9. (a)

AY v
y=cos (e —2)

(b) p17 = 1.00762177
10. () 0 (h) 0 (c) 2 (d) -2

11, (a) 2 (b) —2 (¢) —1 @) 1

12. We have v/3 =~ p1y = 1.7320, using [1,2].
13. The third root of 25 is approximately pi4 = 2.92401, using [2, 3].

14. A bound for the number of iterations is n > 12 and pyo = 1.3787.

Exercise Set 2.1



Solutions of Equations of One Variable 17
15. A bound is n > 14, and p14 = 1.32477.

1 10 1 10 1
4 R it <[ = = -3
[f(pn)] <n> < <2> o7 <107%

1
[p—pnl = ~ < 10~% < 1000 < n.

16. Forn > 1,

50

17, Since limy o0 (Prn—pPn—1) = lim, .o 1/n = 0, the difference in the terms goes to zero. However,
Dr is the nth term of the divergent harmonic series, so lim,,_,cq P, = 00.

18. Since ~1<a<0and2<b<3,wehave l <a+b<3or1/2<1/2(a+b) < 3/2in all cases.
Further,

flz) <0, for —1<z<0 and 1<a<2;
flz)>0, for 0<z<1 and 2<z<3.

Thus, a; = a, f(a1) <0, by =0, and f(b;) > 0.

(a) Since a + b < 2, we have p; = QT“’ and 1/2 < p; < 1. Thus, f(p1) > 0. Hence,
az = a1 = a and by = p;. The only zero of f in [as,bs] is p = 0, so the convergence will
be to 0.

(b) Since a + b > 2, we have p; = %2 and 1 < p; < 3/2. Thus, f(p1) < 0. Hence, az = p;
and by = by = b. The only zero of f in [ag, b2] is p = 2, so the convergence will be to 2.

(c) Since a + b= 2, we have p; = %b =1 and f(p;) = 0. Thus, a zero of f has been found
on the first iteration. The convergence is to p = 1.

19. The depth of the water is 0.838 ft.

20. The angle @ changes at the approximate rate w = —0.317059.

Exercise Set 2.2, page 61

1. For the value of z under consideration we have

(@ z=0B+z—-22) ot =3+2-222 o f(z)=0

s+ 3 gt 1/2
(b)mz(l——}‘?—a) s2r=c+3-a's fla) =0

T+ 3 172 %, 9
(c) z= FONTY Sz +2)=z+3% f(z)=0

3zt 4227 +3

d) p= 2% T2 79
) 2=

edrt+4r’ ~z =32+ 2% +3 < fla)=0
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b

10.
11.

12.

Exercise Set 2.2
(a) ps=110782 (b) ps=0.987506; (c) ps = 1.12364; (d) py = 1.12412;
(b) Part (d) gives the best answer since |py — ps| is the smallest for (d).

The order in descending speed of convergence is (b), (d), and (a). The sequence in (c) does
not converge.

The sequence in (¢) converges faster than in (d). The sequences in (a) and (b) diverge.

With g(z) = (32% + 3)44 and po = 1, ps = 1.94332 is accurate to within 0.01.

With g(z) = /1 + L and po = 1, we have py = 1.324.

Since ¢'(z) = §cosZ, g is continuous and g’ exists on [0, 271'] Further,

z =, so that g(0) = g(27) = 7 < g(z) =< g(7) = 7 + § and |¢'(z)]
Theorem 2.2 implies that a unique fixed point p exists in [O 2n]. With &
have p; =7+ % Corollary 2.4 implies that

oo =5 < ol —pol = 2 (£)
po=pl S Tl —pol=5{ 7] -

For the bound to be less than 0.1, we need n > 4. However, ps = 3.626996 is accurate to
within 0.01.

¢'(z) = 0 only when
% for 0 <z < 2m.
=3 L and py = 7, we

Using pp = 1 gives p1a = 0.6412053. Since |¢'(z}] = 27" In2 < 0.551 on [—, 1] with & = 0.551,
Corollary 2.4 gives a bound of 16 iterations.

For pg = 1.0 and g(z) = 0.5(z + ), we have v/3 ~ py = 1.73205.
For g(z) = 5/+/ and pg = 2.5, we have py4 = 2.92399.

(a) With [0,1] and pg = 0, we have pg = 0.257531.
(b) With [2.5,3.0] and pg = 2.5, we have p17 = 2.690650.
(¢) With [0.25,1] and pg = 0.25, we have p14 = 0.909999.
(d) With [0.3,0.7] and pg = 0.3, we have pgg = 0.469625.
(e) With [0.3,0.6] and py = 0.3, we have pyg = 0.448059.
(f) With [0,1] and pg = 0, we have pg = 0.704812.

The inequalities in Corollary 2.4 give |p,, — p| < k" max(po — a,b — po). We want

In(1075) — In{max(po — a,b — po))

k™ max(pg — a,b —pg) < 107° 5o we need n > Tk

(a) Using g(=
1n(0.00001)/In k& = 1144.663221. However, our tolerance is met with pgz = 2.5541998.

) =
)
(b) Using g(z) = ¥22 +5 we have k = 0.1540802832 so that with pp = 2 we have n >
1n(0.00001)/In k = 6.155718005. However, our tolerance is met with pg = 2.0945503.

= 2+ sinz we have k = 0.9899924966 so that with pg = 2 we have n >

¢) Using g(z) = /% and the interval [0, 1] we have k = 0.4759448347 so that with py = 1
3

we have n > 1n(0.00001)/In k = 15.50659829. However, our tolerance is met with piy =
0.91001496.
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(d) Using g(z) = cosz and the interval [0, 1] we have k = 0.8414709848 so that with pg = 0
we have n > In(0.00001)/lnk > 66.70148074. However, our tolerance is met with psg =
0.73908230.

13. For g(z) = (222 — 10cosz)/(3z), we have the following:
Po=3= ps = 3.16193; pg = —3 = pg = —3.16193.
For g(z) = arccos(—0.1x2), we have the following:

po = 1=>p11 = 1.96882; po = —1=p;; = —1.96882.

14. For g(z) =1/tanz — (1/2) + = and pg = 4, we have py = 4.493409.

15. With g(z) =  arcsin (—%) + 2, we have ps = 1.683855.

w

16. (a) If fixed-point iteration converges to the limit p, then

p= lim p, = lim 2p,_; — Ap?_, = 2p — Ap*.
n—oQ

T— 0

Solving for p gives p = %
(b) Any subinterval [c,d] of (55, 5) containing & suffices.
Since
g(z) = 2z — A2?, ¢'(z) =2 — 24z,

so g(x) is continuous, and ¢’() exists. Further, g’(z) =0 only if z = .

A
1y _ 1 AN_ (3\_3
I\NA)Ta I\za)79\2a) T @

Since

and we have

3 1
— < ) < —.
1A Sl s g
For z in (ﬁ,%),we have
I
YT AT 24

50

17. One of many examples is g(z) = 2z — 1 on [%, 1].

18.  (a) The proof of existence is unchanged. For uniqueness, suppose p and g are fixed points in
la, b] with p # g. By the Mean Value Theorem, a number ¢ in (a, b) exists with

p—q=9(p)—9(@) =9 p-—q) <kl(p—q) <p—g,

giving the same contradiction as in Theorem 2.2.
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(b) Consider g(z) = 1 — 22 on [0,1]. The function g has the unique fixed point p =
37 (=14 +/5) . With py = 0.7, the sequence eventually alternates between 0 and 1.

19. Let g(x) = 2/2+1/x. Forz #0,¢'(z) = 1/2—1/2% If 2 > /2, then 1/22 < 1/2, s0 ¢'(z) > 0.
Also, g(v/2) = V2.

(a) Suppose that zg > /2. Then
1= V2= glao) — g (V2) = ¢'(6) (w0~ v2),
where v2 < £ < z. Thus, 21 — V2 > 0 and 21 > V2. Further,

T 1 T 1 To + V2
Zry = O+—<_0‘+—:'“—“—O \/—

? o 2 \/5
and V2 < 2, < zo. By an inductive argument,
\/_2—< Tl < T < ... < Tg.

Thus, {z,} is a decreasing sequence which has a lower bound and must converge.
Suppose p = lim,,— 0 . Then

T Tm—1 1 _ b 1
p= lim <T+ )—-5-*-—.

m—0o0 L'L'm_l

Thus,

_p. 1
p—2+p,

which implies that p = ++/2. Since T > /2 for all m,

im z, = V2.

M—00

(b) We have
2
0< (:):0— \/5) :m%—2z0ﬁ+2,
S0 2w0\/§<m3+2 and v2 < %4—51; = Iy.
(c) Case 1: 0 < zg < /2, which implies that v/2 < z; by part (b). Thus,

0<zg<V2< Tmgl <Ton < ...<wxp and  lim z, = V2

00

Case 2: wg = /2, which implies that z,, = v/2 for all m and lim,;,—co Tm = V2.
Case 3: 29 > +/2, which by part (a) implies that lim,—.co Tm = V2.

20. (a) Let g(z) = ©/2 + A/(2z). Note that g (\/Z) = VA. Also, ¢'(z) = 1/2 — A/ (22?) if
x#0and ¢'(z) > 0 if z > VA.



Solutions of Equations of One Variable 21

21.

23.

If g = VA, then z,, = VA for all m and limm_co Zm = VA.
If zp > A, then

z1 — VA =glxy) —g (\/Z) =g'(€) (mo - \/Z) > 0.

Further,
To A o
Ty = —+ —— < =
T1 9 + T 5 + 5

_E
B |

(.7:0 + \/Z) .
Thus, VA < 21 < . Inductively,

'\/}i<xm+1<$m<...<wo

and lim,, 00 2y = VA by an argument similar to that in Exercise 19(a).
o<z < \/K, then

0< (l‘o— \/;l—)~ :mg —2zgVA+ A
and
2$0\/Z < CLS + A,
which leads to

VA<

A
- = 1.
2 2:130

Thus,
O<zy < VA< g1 < < ... < 21,

and by the preceding argument, im,, oo Zm = VA.
(b) If g < 0, then lim, oo Tr = —VA.

Replace the second sentence in the proof with: “Since g satisfies a Lipschitz condition on |a, b]
with a Lipschitz constant L < 1, we have, for each n,

[pn — pl = |g(pn-1) — 9(p)| < Llpn—1 — p|.”
The rest of the proof is the same, with %k replaced by L.
Let e = (1 — |¢'(p)])/2. Since ¢’ is continuous at p, there exists a number § > 0 such that for

z € [p—0,p+6], we have |¢'(z) — ¢’ (p)] < e. Thus, |¢'(z)| < |¢'(p)|+e < 1for z € [p—§,p+4].
By the Mean Value Theorem

l9(z) = g(p)| = lg'(e)|lx — pl < |z -1l
for x € [p— 6,p+ 6. Applying the Fixed-Point Theorem completes the problem.

With g(¢) = 501.0625 — 201.0625e~94* and pg = 5.0, ps = 6.0028 is within 0.01 s of the actual
time.
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Since g’ is continuous at p and |g’(p)| > 1, by letting € = |¢’(p)| — 1 there exists a number § > 0
such that |¢’(z) — ¢'(p)| < |¢’(p)] — 1 whenever 0 < |z — p| < §. Hence, for any z satisfying
0 < |z —p| <6, we have

19" (@) = |9 (P)] = |9'(=) — g’ (P)] > |g'(p)| = (lg'(P)| - 1) = 1.
If pg is chosen so that 0 < |p — pg| < J, we have by the Mean Value Theorem that

Ip1 — pl = |9(po) — g(®)| = |g"(§)llpo — 1),

for some & between pp and p. Thus, 0 < [p — | < 6 so |p1 — p| = |¢'(E)|lpo — p| > |po — |-

Exercise Set 2.3, page 71

1.

2.

7.

8.

P = 2.60714

p2 = —0.865684; If pg = 0, f'(po) = 0 and p; cannot be computed.
(a) 2.45454 (b) 2.44444 (¢) Part (a) is better.

(a) —1.25208 (b) —0.841355

(a) For pg = 2, we have ps = 2.69065.
(b) For pg = —3, we have p3 = —2.87939.
{c) For pg =0, we have py = 0.73909.
(d) For pg = 0, we have py = 0.96434.
(a) For pg = 1, we have pg = 1.829384.
(b) For pg = 1.5, we have py = 1.397748.
(c) For pg = 2, we have py = 2.370687; and for pp = 4, we have py = 3.722113.
(d) For pg =1, we have py = 1.412391; and for pg = 4, we have ps = 3.057104.
(e) For pg =1, we have py = 0.910008; and for py = 3, we have pg = 3.733079.
(f) For pg = 0, we have py = 0.588533; for pg = 3, we have p3 = 3.096364; and for py = 6,
we have p3 = 6.285049.
Using the endpoints of the intervals as pp and py, we have:

(a) p11 = 2.69065  (b) pr = —2.87939  (c) ps =0.73909  (d) ps = 0.96433

Using the endpoints of the intervals as pg and py, we have:

(a) pr = 1.829384 (b) po = 1.397749
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(c) ps = 2.370687; p; = 3.722113 (d) ps = 1.412391; p; = 3.057104
(e) ps = 0.910008; p1g = 3.733079

(f) ps = 0.588533; p5 = 3.096364; ps = 6.285049

9. Using the endpoints of the intervals as pg and p;, we have:

(a) pie = 2.69060  (b) ps = —2.87938  (c) p; =0.73908  (d) ps = 0.96433

10. Using the endpoints of the intervals as pg and p;, we have:
(a) ps = 1.829383 (b) py =1.397749
(c) pg = 2.370687; pg = 3.722112 (d) pro = 1.412392; py» = 3.057099
(e) p7r = 0.910008; pag = 3.733065
(f) po = 0.588533; ps = 3.096364; ps = 6.285049
11.  (a) Newton’s method with pg = 1.5 gives p3 = 1.51213455.
The Secant method with pg = 1 and p; = 2 gives p1g = 1.51213455.
The Method of False Position with pg = 1 and p; = 2 gives pyy = 1.51212954.
(b) Newton’s method with pg = 0.5 gives ps = 0.976773017.
The Secant method with pg = 0 and p; = 1 gives ps = 10.976773017.
The Method of False Position with pg = 0 and p; = 1 gives ps = 0.976772976.
12, (a)
Initial Approximation Result Initial Approximation Result
Newton's Po=15 pa = 1.41239117 0 =30 pa = 3.05710355
Secant po=1,p1 =2 pg = 1.41239117 po=2,m =4 p1o = 3.05710355
False Position po=1,p$ =2 p1z = 1.41239119 po=2,p1 =4 p1g = 3.05710353
(b)
Initial Approximation Result Initial Approximation Result
Newton's po = 0.25 P2 = 0.206035120 po = 0.75 Pa = 0.681074809
Secant po=0,p1 =0.5 pg = 0.206035120 po=05,p1=1 ps = 0.681974809
False Position po=0,p1 =0.5 p12 = 0.206035125 po=05,pp =1 p1s = 0.681974791
13. For pg = 1, we have ps = 0.589755. The point has the coordinates (0.589755, 0.347811).
14. For pg = 2, we have ps = 1.866760. The point is (1.866760, 0.535687).
15. The equation of the tangent line is
Y- f(pn—l) = f/(pn—l)(l’ "‘pn—l)-
To complete this problem, set y = 0 and solve for = = p,,.
16. Newton’s method gives p15 = 1.895488, for py = 55 and pyg = 1.895489, for po = 5w. The

sequence does not converge in 200 iterations for pg = 10w. The results do not indicate the
fast convergence usually associated with Newton’s method.




17.

18.

19.

20.

22.

23.

Exercise Set 2.3
(a) For pg = —1 and p; = 0, we have p17 = —0.04065850, and for pg = 0 and p; = 1, we
have pg = 0.9623984.

(b) For po = —1 and p; = 0, we have ps = —0.04065929, and for py = 0 and p; = 1, we have
P12 = —0.04065929.

¢) For pg = —0.5, we have ps = —0.04065929, and for py = 0.5, we have pp; = 0.9623989.

(

(a) The Bisection method yields pi1g = 0.4476563.

(b) The method of False Position yields p1g = 0.442067.
(¢) The Secant method yields p;g = —195.8950.

This formula involves the subtraction of nearly equal numbers in both the numerator and
denominator if p,_1 and p,_o are nearly equal.

Newton’s method for the various values of pg gives the following results.
(a) ps = —1.379365 (b) pr = —1.379365 (¢) py = 1.379365

(d) pr = —1.379365 (e) pr = 1.379365 (£) ps = 1.379365

Newton'’s method for the various values of pg gives the following results.

(a) po = —10,p1; = —4.30624527
(b) po = —5,ps = —4.30624527

(¢) po = —3,ps = 0.824498585

(d) po = —1,py = —0.824498585

(e) pg = 0, py cannot be computed since f/(0) =0
(f) po = 1,ps = 0.824498585

(8) po = 3,ps = —0.824498585

(h) po = 5,ps = 4.30624527

(1) po = 10,p11 = 4.30624527

e}

The required accuracy is met in 7 iterations of Newton’s method.
For f(z) = In(2® + 1) — %% cos 7z, we have the following roots.

(a) For pp = —0.5, we have pg = —0.4341431.
(b) For pg = 0.5, we have pz = 0.4506567.
For pg = 1.5, we have p3 = 1.7447381.
For pg = 2.5, we have ps = 2.2383198.
For pg = 3.5, we have py = 3.7090412.
{(c¢) The initial approximation n — 0.5 is quite reasonable.
(d) For pg = 24.5, we have py = 24.4998870.

24. We have A = 0.100998 and N(2) = 2,187,950.
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25. The two numbers are approximately 6.512849 and 13.487151.

26. The minimal annual interest rate is 6.67%.

27. The borrower can afford to pay at most 8.10%.

28.

29.

30.

31

33.
34.

(a) %e,t =3 hours (b) 11 hours and 5 minutes (c¢) 21 hours and 14 minutes

(a) solve (3~ (3*x+1)~7+5"(2#x) ,x) and fsolve (3~ (3*x+1)-7*5~ (2%x),x) both fail.

(b) plot(3~(3#x+1)-7*5~(2#x),x=a..b) generally yields no useful information. However,
a =10.5 and b = 11.5 in the plot command show that f{z) has a root near z = 11.

(c) With py = 11, ps = 11.0094386442681716 is accurate to 10716,
In(3/7
(d) p= -——-—<r/ )
In(25/27)
(a) solve(2~(x~2)-3*7" (x+1),x) fails and fsolve(2~ (x~2)~3%7" (x+1),x) returns
—1.118747530.
(b) plot(2~(x"2)-3*7"(x+1),x=-2..4) shows there is also a root near z = 4.

(¢) With py = 1, py = —1.1187475303988963 is accurate to 10~8; with py = 4, ps =
3.9261024524565005 is accurate to 10716

(d) The roots are

In(7) & +/[In(7)]2 + 41In(2) In(4)
21n(2) '

We have Pr, = 265816, ¢ = —0.75658125, and k = 0.045017502. The 1980 population is
P(30) = 222,248,320, and the 2010 population is P(60) = 252,967,030.

Pr, = 290228, ¢ = 0.6512299, and &k = 0.03020028;
The 1980 population is P(30) = 223,069, 210, and the 2010 population is P(60)} = 260, 943, 806.

Using pp = 0.5 and p; = 0.9, the Secant method gives ps = 0.842.

(b) Newton’s method gives a = 33.2°.

Exercise Set 2.4, page 82

1.

(a) For pg = 0.5, we have p;3 = 0.567135.
(b} For py = —1.5, we have pg3 = —1.414325.
¢} For py = 0.5, we have pys = 0.641166.

)
)
(c)
(d) For py = —0.5, we have pag = —0.183274.
)
)
)

(a) For pg = 0.5, we have p15 = 0.739076589.
(b) For py = —2.5, we have pg = —1.33434594.
(¢) For pg = 3.5, we have ps = 3.14156793.
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(d) For py = 4.0, we have pyy = 3.37354190.
3. Modified Newton’s method in Eq. (2.11) gives the following:

(a) For pg = 0.5, we have p; = 0.567143.
(b} For pg = —1.5, we have p; = —1.414158.

5. Newton's method with pg = —0.5 gives p;3 = —0.169607. Modified Newton’s method in
Eq. (2.11) with pg = —0.5 gives p;; = —0.169607.
6. (a) Since
1
[Pt —pl _ i _

lim ~————— = lim —= = lim N 1
n—00 lpn —pl n—oo - n—oo N 4+ 1

b

we have linear convergence. To have |p, — p| < 5 x 1072, we need n > 20.
(b) Since

. 2
lim [P — ) = lim ™ ym ( i ) =1,
1i—oo \ 12+ 1

n—eo IpTL — p n—oQ -7%_,-
we have linear convergence. To have |p, — p| < 5 x 1072, we need n > 5.

7. (a) For k >0,

so the convergence is linear.
(b) We need to have N > 10™/*,

8. (a) Since

|Dnt+1 — 0] . 107" 10-2"""
lim lim - — =1,
N—+00 |p,n — O]2 n—00 (10—"")‘“ n—oo 1()—2
the sequence is quadratically convergent.
(b) We have

fo [P =0 200Dt

n—l-lr];lo - 0l2 _nigo —nk\2 Mn——l—{%o —2nk
|on — 0] (10-7*) 10

= lim 102"~ D" = iy 1077’,“(2_(2#)1:) = 00,

T OO n—0oQ

so the sequence p, = 10~ does not converge quadratically.
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9. Typical examples are

(a) pnp =1073" (b) pn = 10—«

10. Suppose f(z) = (z — p)™q(z). Since

we have ¢'(p) = 0.

11. This follows from the fact that

o
|
3]

lim 122 1
n—oo ! b—a ‘ 2 ’
2‘”,

12, If f has a zero of multiplicity m at p, then f can be written as

f(@) = (= - p)"q(),
for @ # p, where
lim g(z) # 0.

T—p

Thus,
f'(z) =m(z —p)™q(z) + (z — p)"¢ ()
and f'(p) = 0. Also,

(@) =m(m - 1)(z - p)"*q(2) + 2m(z — )" 'q (z) + (z — p)"¢" (x)

and f”(p) = 0. In general, for k < m,

=3 (5) e i

= j dzd
5k .
=3 (£)mtm = 1) 1) - ),

e\ j

j
Thus, for 0 < k < m — 1, we have f(*)(p) =0, but

£ (p) = m! lim q(z) # 0.
:l:"—?p

Conversely, suppose that f(p) = f/(p) = ... = f(™1)(p) = 0 and F")(p) # 0. Consider the
(m — 1)th Taylor polynomial of f expanded about p:

(m=1)(p)(z — p)™—1 (m) (gl (z — p)™
F(@) =F(0) + Fp)w—p) + ...+ L ((f,?(_ 1>!p) {7

m M (E(x))

=(z=p) m!

?




where £(2) is between 2 and p. Since ™) is continuous, let

Then f(z) = (z — p)™q(x) and

13. If

then

14. Let e, =p, —p. If

N ARIE)!
) ="
o M)
%13})(]@')  ml 7 0.
E’Kg =0.75 and |[py—p|=0.5,
Ipn - pl

[Pn = pl = (0.75) " =1/ |pg — p|".
To have |p,, — p| < 1078 requires that n > 3.

lim M:A>O,

n—00 |en|“

then for sufficiently large values of n, |ept1| = A|e,|®. Thus,

Using the hypothesis gives

80

len] = Alen—1|® and |ep,—1| = A_l/alenll/“.

AMen|® = |epyr| & C|en|/\_1/‘“|en|1/“,

Ien|a ~ C’/\_l/a—1|€71[1+1/a.

Since the powers of |e,| must agree,

The number « is the golden ratio that appeared in Exercise 16 of section 1.3.

a=14+1/a and a=

Exercise Set 2.5, page 86

1. The results are listed in the following table.

(a) (b) () (d)
po  0.258684 0.907859 0.548101 0.731385
f1 0.257613 0.909568 0.547915 0.736087
P2 0.257536 0.909917 0.547847 0.737653
Pz 0.257531 0.909989 0.547823 0.738469
D4 0.257530 0.910004 0.547814 0.738798
ps5  0.257530 0.910007 0.547810 0.738958

14
2

V5

~
~

1.62.

Exercise Set 2.5
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2. Newton’s Method gives pg = —0.1828876 and jg = —0.183387.
3. Steffensen’s method gives pél) = 0.826427.

4. Steffensen’s method gives pgl) = 2.152905 and p(()z) = 1.873464.

5. Steffensen’s method gives p&o) =1.5.

6. Steffensen’s method gives péo) = 1.73205.

7. For g(z) = \/1+ X and py = 1, we have ps = 1.32472.
8. For g(z) = 27" and py = 1, we have p3 = 0.64119.
9. For g(z) =0.5(z + g—) and pp = 0.5, we have py = 1.73205.

10. For g(z) = % and pg = 2.5, we have p3 = 2.92401774.

11.  (a) For g(x) = (2 — €* + 3?) /3 and py = 0, we have p3 = 0.257530.
(b) For g(z) = 0.5(sinz + cosz) and pg = 0, we have py = 0.704812.
(c) With py = 0.25, py = 0.910007572.
(d) With po = 0.3, py = 0.469621923.

12.  (a) For g(z) =2+ sinz and pg = 2, we have p; = 2.55419595.
(b) For g(z) = ¥/2z + 5 and pg = 2, we have py = 2.09455148.
(c) With g(z) = /% and py = 1, we have ps = 0.910007574.

(d) With g(z) = cosxz, and py = 0, we have p, = 0.739085133.

13. Aitken’s A% method gives:

(a) Pro =0.045 (b) P2 = 0.0363
14.  (a) A positive constant \ exists with
A= lim |p'ﬂ+1 _p| )
w5 [p —pl°
Hence,

lim Iprn —p|* P =X-0=0

T~ OO

Dn+1 _p) = lim lpn—i—l _pl .
Dn—p

n—+00 |pn —-pl“

and
im M = (.

n—=00 Pp —P

(b) One example is p, = 2.




30 Exercise Set 2.6
15. We have

Pr1 = Pn| _ [Prt1 =P +DP—Pnl _ |Pay1—p 1'
lpn — [P — pl Pn—p ’
S0
lig [Prt1 =Pal _ Pt —p 1‘ _
n—oo |pp—p|  noeo| pn—p

16.
ﬁn - D _ A (677. + 5n—l—1) - 26,1 + 671611—*—1 - 2571(/\ - ]-) - 5721

Pn—DP B (/\ - 1)2 + A (571 + 511—%—1) — 20, + 5n6n+1

17.  (a) First use the Taylor series for e® to show that

n+1

y = 1 ngL'
Pn—DP= (n + 1)| . s

where £ is between 0 and 1. This implies that for large values of n we have

eléx—&2)
n -+ 2

Prn+1— D
Pn—D

m‘gl.

n Pn Dn
0 1 3
1 2 2.75
2 25 2.72
3 26 2.71875
4 2.7083 2.7183
5 2716 2.7182870
6 2.71805 2.7182823
7 2.7182539 2.7182818
8 2.7182787 2.7182818
9 2.7182815

10 2.7182818

Exercise Set 2.6, page 96

1. (a) For pg =1, we have pas = 2.69065.

(b) For pg = 1, we have ps = 0.53209; for pg = —1, we have ps = —0.65270; and for py = -3,
we have pg = —2.87939.

(c) For po = 1, we have ps = 1.32472.
(d) For pg = 1, we have py = 1.12412; and for pg = 0, we have pg = —0.87605.

(e) For pg = 0, we have pg = —0.47006; for py = —1, we have p, = —0.88533; and for
po = —3, we have py = —2.64561.
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2.

(f) For pp = 0, we have p;g = 1.49819.
(a) For pp = 0, we have pg = —4.123106; and for pg = 3, we have pg = 4.123106. The complex
roots are —2.5 + 1.322879i.

(b) For pp = 1, we have p; = —3.548233; and for py = 4, we have p; = 4.38111. The complex
roots are 0.5835597 4 1.494188i.

(c) The only roots are complex, and they are ++/2¢ and —0.5 & 0.5v/34.

(d) For py = 1, we have p; = —0.250237; for pg = 2, we have ps = 2.260086; and for
pp = —11, we have pg = —12.612430. The complex roots are —0.1987094 + 0.8133125:.

(e) For pg = 0, we have pg = 0.846743; and for pp = —1, we have py = —3.358044. The
complex roots are —1.494350 &+ 1.744219.

(f) For pg = 0, we have pg = 2.069323; and for py = 1, we have pg = 0.861174. The complex
roots are —1.465248 4+ 0.81167221.

(g) For py = 0, we have pg = —0.732051; for pg = 1, we have p; = 1.414214; for py = 3, we
have ps = 2.732051; and for pp = —2, we have pg = —1.414214.

(h) For pg = 0, we have ps = 0.585786; for pp = 2, we have py = 3; and for pp = 4, we have
pe = 3.414214.

3. The following table lists the initial approximation and the roots.

Do D1 Dy Approximate roots Complex Conjugate roots
(a) -1 0 1 pr = —0.34532 — 1.318734 —0.34532 4- 1.318734
0 1 2 pg = 2.69065
(b) 0 1 2 pg = 0.53209
1 2 3 pg = —0.65270
-2 =3 =25 py = —2.87939
(c) 0 1 2 ps = 1.32472
-2 -1 0 pr = —0.66236 — 0.56228i —0.66236 - 0.56228:
(d) 0 1 2 ps = 1.12412
2 3 4 pro = —0.12403 + 1.74096: —0.12403 — 1.74096:
-2 0 -1 ps = —0.87605
(e) 0 1 2 p1o = —0.88533
1 0 -05 ps = —0.47006
-1 -2 =3 ps = —2.64561
(f) 0 1 2 pe = 1.49819
-1 -2 =3 p1o = —0.51363 — 1.091564 —0.51363 +- 1.09156:
1 0 -1 ps = 0.26454 — 1.32837¢ 0.26454 + 1.32837¢




32

Exercise Set 2.6

4. The following table lists the initial approximation and the roots.

-~

10.

Po P1 P2 Approximate roots Complex Conjugate roots
(a) 0 1 2 P11 = —2.5 — 1.322876i —2.5 4+ 1.3228764
1 2 3 pg = 4.123106
-3 —4 -5 ps = —4.123106
(b) 0 1 2 p7 = 0.583560 — 1.494188i 0.583560 + 1.494188;
2 3 4 pg = 4.381113
-2 -3 —4 ps = —3.548233
(c) 0 1 2 P11 = 1.4142144 —1.4142144
-1 -2 -3 p1o = —0.5 + 0.8660257 —0.5 — 0.8660251
(d) 0 1 2 pr = 2.260086
3 4 5  ppg =—0.198710 4+ 0.8133134 —0.198710 + 0.8133134
11 12 13 pag = —0.250237
—9 -10 11 ps = —12.612430
(e) 0 1 2 pg == 0.846743
3 4 5  pig = —1.494349 + 1.7442184 —1.494349 — 1.744218;
-1 -2 -3 pr = —3.358044
(f) 0 1 2 pg = 2.069323
-1 0 1 ps = 0.861174
-1 —2 —3  pg=—1.465248 + 0.811672¢ —1.465248 — 0.8116724
(2) 0 1 2 pe = 1.414214
-2 -1 0 py = —0.732051
0 -2 -1 pr = —1.414214
2 3 4 pg = 2.732051
(h) 0 1 2 pg =3
-1 0 1 ps = 0.585786
2.5 3.5 4 pg = 3.414214

(a) The roots are 1.244, 8.847, and —1.091, and the critical points are 0 and 6.
(b} The roots are 0.5798, 1.521, 2.332, and —2.432, and the critical points are 1, 2.001, and

—1.5.

We get convergence to the root 0.27 with py = 0.28. We need py closer to 0.29 since f/(0.283) =

0.

The methods all find the solution 0.23235.

The width is approximately W = 16.2121 ft.

The minimal material is approximately 573.64895 cm?.

Fibonacci’s answer was 1.3688081078532, and Newton’s Method gives 1.36830810782137 with
a tolerance of 10716, so Fibonacci’s answer is within 4 x 10711, This accuracy is amazing for
the time.



Interpolation and Polynomial
Approximation

Exercise Set 3.1, page 115

1. The interpolation polynomials are as follows.

(a) Py(x) = —0.148878z + 1; P,(0.45) = 0.933005;
|£(0.45) — P,(0.45)| = 0.032558;
Py(z) = —0.4525923% — 0.0131009z + 1; P,(0.45) = 0.902455;
|£(0.45) — P5(0.45)| = 0.002008
(b) Py(x) = 0.467251z + 1; P;(0.45) = 1.210263;
| £(0.45) — P;(0.45)| = 0.006104;
Py(z) = —0.07800262 + 0.490652z + 1; P5(0.45) = 1.204998;
|£(0.45) — P»(0.45)| = 0.000839
(c) Py(z) = 0.874548x; P;(0.45) = 0.393546;
| £(0.45) — P;(0.45)| = 0.0212983;
Py(z) = —0.26896122 + 0.955236; P5(0.45) = 0.375392;
| £(0.45) — P,(0.45)| = 0.003828
(d) Py(z) = 1.031121z; P;(0.45) = 0.464004;
|7(0.45) — P,(0.45)| = 0.019051;
Py(z) = 0.61509222 + 0.846593x; P5(0.45) = 0.505523;
| £(0.45) — Py(0.45)| = 0.022468

2. The interpolation polynomials are as follows.

(a) Pi(z) = —0.6969992408z + 0.1641422691; P;(1.4) = —0.8116566680;
|F(1.4) — Py(1.4)] = 0.1393998486;
Py(z) = 3.55237980922 — 10.82128170x + 7.268901887; P5(1.4) = —0.918228067;
|£(1.4) — Py(1.4)| = 0.0328284496 :

(b) Py(z) = 0.6099204008z — 0.1324399760; Py (1.4) = 0.7214485851;
|£(1.4) — Py(1.4)] = 0.0153577147;
Py(z) = —3.18320283222 + 9.682048472x — 6.498845640; Ps(1.4) = 0.816944669;
|£(1.4) — Py(1.4)] = 0.0801383692

(c) Pi(z) = 0.4012882937x — 0.0622776733; Py(1.4) = 0.4995259379;
|£(1.4) — Py(1.4)] = 0.0056240404;
Py(z) = —0.253204164332 + 1.1229201622 — 0.5686860021; Py(1.4) = 0.5071220629;
|£(1.4) — Py(1.4)| = 0.0019720846

33
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(d) P (q:) 34.28581783x — 31.92477833; Py(1.4) = 16.07536663:
|f (1.4) = Py (1.4)] = 1.03071986;
(m) 26.853444002% — 42.24649756z -+ 21.78210066; Py(1.4) = 15.26976332;
|£(1.4) — Py(1.4)] = 0.22511655

3. Error bounds for the polynomials in Exercise 1 are as follows.

(a) For Py(x): |52 (0.45 - 0)(0.45 - 0.6)| < 0.135;
For Py(z): |£2((0.45 — 0)(0.45 — 0.6)(0.45 — 0.9)| < 0.00397
(b) For Py(z): [£2€2(0.45 — 0)(0.45 — 0.6)| < 0.03375:

For Py(z): |£74€(0.45 — 0)(0.45 — 0.6)(0.45 — 0.9)| < 0.001898
£()

\l\')

(¢) For P(x): = (0.45 — 0)(0.45 — 0.6)| < 0.135;
For Py(z): [£24(0.45 — 0)(0.45 — 0.6)(0.45 — 0.9)| < 0.010125

(d) For Pi(x): |£82(0.45 — 0)(0.45 — 0.6)| < 0.06779;
For Py(z): |£(8(0.45 — 0)(0.45 — 0.6)(0.45 — 0.9)| < 0.151

4. Error bounds for the polynomials in Exercise 2 are as follows.

(a) For P;(z): 0.1480440661; For Py(x): 0.2170439368

(b) For Py(x): 0.03359789466; There is no bound since the derivative goes to co.
(¢) For Py(z): 0.004169227026; For Py(z): 0.006080122747

(d) For Pi(z): 1.471951812; For Py(z): 1.373821691

5. Interpolation polynomials give the following results.

(a) (b)
N Xy L1y, Ty P,(8.4) n T, T1,...,Tn P.(-1/3)
1 8.3, 8.6 17.87833 1 —0.5, —0.25 0.21504167
2 8.3, 8.6, 8.7 17.87716 2 —0.5, —0.25, 0.0 0.16988889
3 8.3,8.6,87,81 17.87714 3 —0.5, =0.25, 0.0, —0.75 0.17451852
(c) (d)
N Tg,T1,...,Tx P,(0.25) N Tg,Ti,...,Tn P,(0.9)
1 0.2, 0.3 —0.13869287 1 0.8, 1.0 0.44086280
2 0.2, 0.3, 0.4 —0.13259734 2 0.8, 1.0, 0.7 0.43841352
3 02,03,04,01 -0.13277477 3 08,1.0,07,0.6 0.44198500
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6. Interpolation polynomials give the following results.

(a) Pi(z) = 4.278240000x + 0.579160000; P; (0.43) = 2.418803200

|£(0.43) — P1(0.43)] = 0.055642506;

Py(z) = 5.550800000z2 + 0.115140000z + 1.273010000; P;(0.43) = 2.348863120;
|£(0.43) — P,(0.43)| = 0.014297574

Ps(z) = 2.91210666823 + 1.18263999922 + 2.117213334z + 1.0; P5(0.43) = 2.360604734;
|£(0.43) — P5(0.43)| = 0.002555960e

Py(z) = —1.062498000z + 1.066405500; P; (0.0) = 1.066405500

|£(0.0) = P1(0.0)| = 0.066405500;

Py(2) = 1.8125093342:2 — 1.062497999z + 0.9531236670; P(0.0) = 0.9531236670;

|£(0.0) — P,(0.0)] = 0.0468763330

Ps(z) = —1.000010667z3 + 1.31250400022 — 0.9999973330z + 0.9843740000; P3(0.0) =
0.9843740000;

|£(0.0) — P5(0.0)| = 0.0156260000

Py(z) = —2.7074748z — 0.01930238; P, (0.18) = —0.506647844

|£(0.18) — P1(0.18)| = 0.0014756204;

Py(z) = 0.87625500002% — 2.970351300z — 0.0017772800; P,(0.18) = —0.5080498520;
|£(0.18) — P5(0.18)] = 0.0000736124

Ps(x) = —0.48553333342:2 + 1.16757500022 — 3.023759967x + 0.0011359200; P3(0.18) =
—0.5081430745;

| £(0.18) — P4(0.18)| = 0.0000196101

Py (z) = 0.3915288000z + 1.0986123; P; (0.25) = 1.196494500

|£(0.25) — P;(0.25)] = 0.007424569;

Py(z) = 0.110344380022 + 0.3363566100z + 1.098612300; P»(0.25) = 1.189597976;

| £(0.25) — P5(0.25)| = 0.000528045

Pa(z) = 0.01414036000z3 + 0.110344380022 + 0.3328215200z + 1.098612300; Ps(0.25) =
1.188935147;

|£(0.25) — P4(0.25)| = 0.000134784

7. The approximations are the same as in Exercise 5.

8. The approximations are the same as in Exercise 6.

9. (a)
(b)

()
(d)

Py(z) = —11.223888892z2 + 3.810500000x + 1 , and an error bound is 0.11371294.

Py(z) = ~0.130634416722 +0.89699793352 — 0.63249693, and an error bound is 9.45762 x
1074,

Pg(m) = 0.1970056667x% — 1.06259055x2 + 2.532453189z — 1.666868305, and an error
bound is 10~4.

P3(z) = —0.0793223 —0.5455062% +1.0065992z+ 1, and an error bound is 1.591376 x 1073.

10. Error bounds when n = 1 and n = 2 are as follows.

(a)

0.06850070205 and 0.02409356045 (b) 0.2656250000 and 0.09375000000
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(c) 0.001552099938 and 0.0001109161632 (d) 0.007740087700 and 0.0007457301283

11.  (a) We have /3 ~ P,(1/2) = 1.7083. (b) We have /3 ~ P,(3) = 1.690607.

(c) Absolute error in part (a) is approximately 0.0237, and the absolute error in part (b) is
0.0414, so part (a) is more accurate.

12. The largest value is 27 = 0.872677996.
13. We have y = 1.25.

14. The approximation is cos0.75 ~ 0.7313. The actual error is 0.0004, and an error bound is
2.7 x 1078, The discrepancy is due to the fact that the data are given only to four decimal
places and four digit arithmetic is used.

15. We have f(1.09) =~ 0.2826. The actual error is 4.3 x 1075, and an error bound is 7.4 x 1079,
The discrepancy is due to the fact that the data are given to only four decimal places, and
only four-digit arithmetic is used.

16. Using 10 digits gives Py(z) = 1.3026370662°3—3.5113331182%+4.0711419362—1.670043560, P3(1.09) =

0.282639050, and | £(1.09) — P3(1.09)] = 3.8646 x 10~°.
17. Py = f(0.7) =6.4
18. Py = f(0.5) =4
19. (a) Py(z) = —11.22388889z> + 3.810500000z + 1.

An error bound is 0.11371294.

(b) Pa(x) = —0.130634416722 + 0.8969979335z — 0.63249693.
An error bound is 9.45762 x 10~

(C) Pg(.’l,) = 0.1970056667x3 — 1.0625905522 + 2.532453189z — 1.666868305.
An error bound is 1074,

(d) Ps(e) = —0.079322° — 0.5455062 + 1.00659922 + 1.
An error bound is 1.591376 x 1073,

20. (a) 1.32436 (b) 2.18350 (c) 1.15277,2.01191
(c) Parts (a) and (b) are better due to the spacing of the nodes.

21. The largest possible step size is 0.004291932, so 0.004 would be a reasonable choice.
22. Py 1,2,3(1.5) =3.625
23 P0’1’2’3(2.5) - 2875

24. The difference between the actual value and the computed value is %
25. The first ten terms of the sequence are 0.038462, 0.333671, 0.116605, —0.371760, —0.0548919,
0.605935, 0.190249, —0.513353, —0.0668173, and 0.448335. Since f(1-++/10) = 0.0545716, the

sequence does not appear to converge.
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26. The solution is approximately 0.567142.

27. Change Algorithm 3.1 as follows:
INPUT numbers yg, Y1, .., Un; values g, 21, ..., T, as the first column Qo 0, @1,0, ..., @n,0 of Q.
OUTPUT the table @ with @, » approximating f~1(0).
STEP1 For i=1,2,..,n
for j=1,2,...,4
set

_ UiQie-1 — Y- Qi1
Qij = :
Yi = Yi—j

28.  (a) P(1930) = 169,649,000, P(1965) = 191,767,000, P(2010) = 171,351,000
(h) The 1965 figure may not be very accurate, but the 2010 figure is likely to be extremely
inaccurate.

29. (a) Sample 1: Ps(2) = 6.67—42.6434z+16.142722 —2.094642° +0.1269022* —0.003671682° +
0.0000409458z°;
Sample 2: Ps(z) = 6.67—5.678212+2.9128122—0.41379923+0.02584132% —0.000752546z° +
0.000008361602¢

(b) Sample 1: 42.71 mg; Sample 2: 19.42 mg

30. (a)
x  erf(z)
0.0 0
0.2 0.2227
0.4 0.4284
0.6 0.6039
0.8 0.7421

1.0 0.8427

(b) Linear interpolation with zo = 0.2 and z; = 0.4 gives erf(3) =~ 0.3598, and quadratic
interpolation with xg = 0.2, z1 = 0.4, and x5 = 0.6 gives erf(%) = 0.3632. Since erf(%) ~2
0.3626, quadratic interpolation is more accurate.

31. Since g(z) = g(zg) = 0, there exists a number & between z and zg, for which ¢'(&) = 0.
Also, g'(zo) = 0, so there exists a number &2 between xq and &1, for which ¢”(€2) = 0. The
process is continued by induction to show that a number §,1 between zg and &, exists with
gt (£,41) = 0. The error formula for Taylor polynomials follows.

32. Since g’ ((j+3)h) =0,
maslg(o)] = max { Lol o (14 3 ) ot + 01} e (0,21,

so |g(z)| < h?/4.
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33. (@) (i) Bs(z)== (i) Bs(z) =1 (d) n > 250,000

Exercise Set 3.2, page 127

1. The interpolating polynomials are as follows.
(a) Pi(z) =16.9441 + 3.1041(z — 8.1); P, (8.4) = 17.87533
Py(z) = Pi(z) 4+ 0.06(z — 8.1)(z — 8.3); P»(8.4) = 17.87713
P3(2) = Py(x) + —0.00208333(z — 8.1)(x — 8.3)(z — 8.6); P3(8.4) = 17.87714
(b) Pi(z) = —0.1769446 + 1.9069687(x — 0.6); P1(0.9) = 0.395146
Py(z) = P1(x) + 0.959224(z — 0.6)(z — 0.7); P»(0.9) = 0.4526995
P3(z) = Py(x) — 1.785741(z — 0.6)(z — 0.7)(z — 0.8); P3(0.9) = 0.4419850

2. The interpolating polynomials are as follows.

(a) Pi(z) = 1.0 + 2.594880000z; P; (0.43) = 2.115798400
Py(z) = Py(x) + 3.366720000z(z — 0.25); P»(0.43) = 2.376382528
Ps(z) = Py(z) + 2.912106667z(z — 0.25)(z — 0.5); P3(0.43) = 2.360604734
(b) Pi(z) = 0.726560000 — 2.421880000z; P, (0) = 0.726560000
Ps(z) = Pi(z) + 1.812509333(x + 0.5)(2 + 0.25); Py (0) = 0.9531236666
Py(z) = Py(x) — 1.000010666(z + 0.5)(z + 0.25)(z — 0.25); P5(0) = 0.9843739999
3. In the following equations, we have s = (1/h) (x — =) .
(a) Pi(s) = —0.718125 — 0.0470625s; P (—3) = —0.006625
Py(s) = Pi(s) +0.312625s(s — 1)/2; P, (—3) = 0.1803056
P3(s) = Py(s) + 0.09375s(s — 1)(s — 2)/6; P3 (—3) = 0.1745185
(b) Pi(s) = —0.62049958 + 0.3365129s; P;(0.25) = —0.1157302
Py(s) = Pi(s) — 0.04592527s(s — 1) /2; Py(0.25 ) = —0.1329522
Ps(s) = Py(s) — 0.00283891s(s — 1)(s — 2)/6; P3(0.25) = —0.1327748

4. In the following equations, we have s = (1/h) (z — o) .

) = 1.0 + 0.6487200000s; P;(0.43) = 2.115798400
) = Py(s) + 0.2104200000s(s — 1); P5(0.43) = 2.376382528
5) = Py(s) + 0.045501666675(s — 1)(s — 2); Py(0.43) = 2.360604734
) = —0.29004986 — 0.2707474800s; P;(0.18) = —0.5066478440
) = P1(s) + 0.008762550000s(s — 1); P5(0.18) = —0.5080498520
5) = Py(s) — 0.0004855333333s(s — 1)(s — 2); P3(0.18) = —0.5081430744

5. In the following equations, we have s = (1/h) (z — z,,)-

(a) Pi(s) =1.1014+0.7660625s; f(—3%) = Pi(—3) = 0.07958333 Ps(s) = Py (s)+0.406375s(5+
1)/2;  f(—3) = Pa(—%) = 0.1698889 P3(s) = P,(s)+0.09375s(s+1)(s+2)/6; f(~1) =~
P3(—3%) = 0.1745185
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(b) Pi(s) = 0.2484244 + 0.2418235s;  £(0.25) ~ Py(~1.5) = —0.1143108 Py(s) = Py(s) —
0.04876419s(s +1)/2;  f(0.25) ~ Py(~1.5) = —0.1325973
Ps(s) = Py(s) — 0.00283891s(s + 1)(s +2)/6;  f(0.25) ~ P3(—1.5) = —0.1327748

6. In the following equations, we have s = (1/h) (z — ).
(a) Pi(s) = 4.48169 + 1.763410000s; P; (0.43) = 2.224525200
Py(s) = Pi(s) +0.3469250000s(s + 1); Py(0.43) = 2.348863120
Ps(s) = Py(s) + 0.04550166667s(s -+ 1)(s + 2); P3(0.43) = 2.360604734
(b) Pi(s) = 1.2943767 + 0.1957644000s; P, (0.25) = 1.196494500
Py(s) = Py(s) + 0.02758609500s(s + 1); P5(0.25) = 1.189597976
Py(s) = Py(s) + 0.001767545000s(s + 1)(s - 2); P3(0.25) = 1.188935147
7. (a) Pa(z) =5.3 - 33(z +0.1) 4 129.83(z + 0.1)z — 556.6(z + 0.1)z(z — 0.2)
(b) Py(z) = Pa(c) +2730.243387(z + 0.1)x(z — 0.2)(z — 0.3)
8. (a) Pa(z) = ~6+1.05170z + 0.57250x(z ~ 0.1) + 0.21500(2 — 0.1)(z — 0.3) + 0.0630162(x —
0.1)(z — 0.3)(z — 0.6)
(b) Add 0.014159z(z — 0.1)(z — 0.3)(z — 0.6)(x — 1) to the answer in part (a).
9. (a) f(0.05) ~ 1.05126 (b) £(0.65) ~ 1.91555 (c) f(0.43) ~ 1.53725
10. A%f(mg) = —6, A*f(z0) = ASf(wg) = 0, so the interpolating polynomial has degree 3.
1. (a) P(=2) = Q(=2) = =1, P(-1) = Q(-1) = 3, P(0) = Q(0) = 1, P(1) = Q1) = 1,
P(2)=Q(2)=3
(b) The format of the polynomial is not unique. If P (z) and Q(z) are expanded, they are
identical. There is only one interpolating polynomial if the degree is less than or equal
to four for the given data. However, it can be expressed in various ways depending on
the application.
12, A2P(10) = 1140
13. The coefficient of 22 is 3.5.
14. The coefficient of 23 is —11/12.
15.  The approximation to f(0.3) should be increased by 5.9375.
16. f(0.75) = 10
17, flwo]l = fzo) = 1, fla] = f(z1) =3, fleg,z1] =5
18 (a) P(1930) = 169,649,000, P(1965) = 191,767,000, P(2010) = 171,351, 000

(b) The 1965 figure may not be very accurate, but the 2010 figure is likely to be extremely
inaccurate.
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19. Since flxa] = flzo] + flzo, z1](wa — o) + az(z2 — zo)(z2 — z1),

flza] = flwo]  flwo, ®1]

(2 —o)(T2 ~ 1) (T2 — 1)

as =

This simplifies to f[zq, T1, T2].
20. Theorem 3.3 gives

frH ()
(n+1)!

Let zn41 = x. The interpolation polynomial of degree n+ 1 on zg,®1,...,Zpy1 is
Pn—{-l(t) = Pn(t) + f [.’L’o,(l?l, vy Lipy .’E71+1] (t - 170) (t — .’L‘l) AN (t — .’L‘n).

Since f(z) = Pp11(z), we have

f(@) = Py(z) +

(x—x0)...(x—zn).

P,(z) + %(—%;J (x—20)...(z —zn) = Po(x) + w0, .oy Ty 2] (B — o) ... (2 — 20).
Thus, »
P e (3€2))
Flzoy s Tn, ] = CFSIE

21. Let P(z) = flmio|+> peq Tigs - - - Tiy ) (@—=24) - - - (w—;, ) and P(z) = flwol+X 0o, flzos .. ., zk)(z—
zo) -+ (v — zx). The polynomial P(z) interpolates f(z) at the nodes z;,,... , @, , and the
polynomial P(z) interpolates f(z) at the nodes zq,.. ., Tn. Since both sets of nodes are the
same and the interpolating polynomial is unique, we have P(z) = P(z). The coeficient
of 2" in P(z) is f[&i,---,%s,], and the coefficient of z® in P(z) is flzay-. .y @n). Thus,
flzigs -y zin] = flzoy- -y Tn).

Exercise Set 3.3, page 135

1. The coefficients for the polynomials in divided-difference form are given in the following tables.
For example, the polynomial in part (a) is

Ha(z) = 17.56492 4 3.116256(z — 8.3) + 0.05948(x — 8.3)% — 0.00202222(z — 8.3)%(z — 8.6).

(a) (b) () (d)
17.56492 0.22363362  —0.02475 —0.62049958
3.116256 2.1691753 0.751 3.5850208
0.05948 0.01558225 2.751 —2.1989182
—0.00202222 —3.2177925 1 —0.490447
0 0.037205
0 0.040475
—0.0025277777

0.0029629628
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2. 'The coefficients for the polynomials in divided-difference form are given in the following tables.
For example, the polynomial in part (a) is Ha(z) = 1 + 2z -+ 2.8731222 + 2.253762%(x — 0.5)

(a) (b) (c) (d)

1.0 1.33203 —0.29004996 0.8619948
2.0 0.4375 —-2.8019975 0.1553624
2.87312  —2.999996 0.945237 0.07337636
2.25376  7.749984 —0.297 0.01583112
—-0.47935 —0.00014728
0.05 —0.00089244

—0.00007672
0.00005975111111

3. The following table shows the approximations.

Approximation Actual
x to f(z) f(z) Error
(a) 84 17.877144 17.877146 2.33x 1078
(b) 0.9 0.44392477 0.44359244  3.3323 x 1074
() -3 0.1745185 0.17451852 1.85 x 1078
(d) 0.25 —0.1327719 —0.13277189  5.42 x 10~°

4. The following table shows the approximations.

Approximation Actual
x to f(x) f(z) Error

(a) 0.43 2.362069472 2.363160694  0.001091222

(b) 0.0 1.132811175 1.000000000  0.132811750

(c) 018 -0.5081234697 -0.5081234644 0.53 x 108

(d) 0.25 1.189069883 1.189069931  0.48 x 107

5. (a) We have sin0.34 ~ H;(0.34) = 0.33349.

(b) The formula gives an error bound of 3.05 x 10~%, but the actual error is 2.91 x 10~5.
The discrepancy is due to the fact that the data are given to only five decimal places.
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(c) We have sin0.34 ~ H7(0.34) = 0.33350. Although the error bound is now 5.4 x 10729,
the accuracy of the given data dominates the calculations. This result is actually less
accurate than the approximation in part (b), since sin 0.34 = 0.333487.

6. (a) H(1.03) =0.80932485. The actual error is 1.24 x 1079, and error bound is 1.31 x 1076.

(b) H(1.03) = 0.809323619263. The actual error is 3.63 x 107'%, and an error bound is
3.86 x 10710,

7. For 3(a), we have an error bound of 5.9 x 1078, The error bound for 3(c) is 0 since f(™(z) = 0,
for n > 3.

8. For 4(a), we have an error bound of 1.6 x 1073. The error bound for 4(c) is 1.5 x 1077,

9. H3(1.25) = 1.169080403 with an error bound of 4.81 x 1075, and Hs(1.25) = 1.169016064 with
an error bound of 4.43 x 10™%,

10. The Hermite polynomial generated from these data is

Hy(z) =752 + 0.2222222%(z — 3) — 0.03111112% (= — 3)2
— 0.0064444422 (z — 3)?(z — 5) + 0.002263892> (z — 3)* (2 — 5)?
— 0.0009131942” (z — 3)2(z — 5)%(z — 8) + 0.0001305272%(x — 3)*(z — 5)%(z — 8)?
— 0.000020223622(z — 3)%(z — 5)*(z — 8)*(x — 13).

(a) The Hermite polynomial predicts a position of Hq(10) = 743 ft and a speed of Hj(10) =

48 ft/sec. Although the position approximation is reasonable, the low speed prediction
is suspect.

(b) To find the first time the speed exceeds 55 mi/hr, which is equivalent to 80.6 ft/sec, we
solve for the smallest value of ¢ in the equation 80.6 = Hj(z). This gives z ~ 5.6488092.

(c) The estimated maximum speed is Hy(12.37187) = 119.423 ft/sec ~ 81.425 mi/hr.
11.  (a) Suppose P(z) is another polynomial with P (z) = f(z) and P/ (z3) = f'(ay), for
k=0,..,n, and the degree of P(z) is at most 2n + 1. Let
D(z) = Hony1 () — P(z).
Then D(z) is a polynomial of degree at most 2n + 1 with D (z) = 0, and D’ (z},) = 0,
for each £ =0,1,...,n. Thus, D has zeros of multiplicity 2 at each x; and
D(z) = (z—x0)°...(z —2,)* Q(z).

Hence, D(x) must be of degree 2n or more, which would be a contradiction, or Q(z) = 0
which implies that D(z) = 0. Thus, P(z) = Hapt1(2).

(b) First note that the error formula holds if z = x;, for any choice of €.
Let © # zy, for £ =0, ...,n, and define

Note that g(ap) = 0, for k = 0,...,n, and g(z) = 0. Thus, g has n + 2 distinct zeros in
[a,0]. By Rolle’s Theorem, g’ has n + 1 distinct zeros &, ..., &,, which are between the
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numbers g, ..., Tn, T.

In addition, g'(z) =0, for k =0, ...,n, so ¢’ has 2n + 2 distinct zeros &0y Eny To,y oo, Ty
Since ¢’ is 2n + 1 times differentiable, the Generalized Rolle’s Theorem implies that a
number § infa, b] exists with g®»+2)(¢) = 0. But,

(2n42) e _ (Jen+2 N [f(!l/) — Hzn_'_l(:zr)] . (271 + 2)'
gt (t) = fEn2) () 7T Honya () (@ —w0)2 - (z — )2

and

— (2n4-2) — (2n+2) _ (271‘ + 2)'[-]0(7;) - H2n+1(:r)]
0 g (f) f (5) (IE _ -’170)2 . (:’B . (E'n)z .
The error formula follows.

12. Let

f(z1) ~ flxo) — f'(mo)(x1 ~ x0)

and

F@a)(@1 = 20) — 2f (@1) + 2 (o) + f'(w0)(z1 — z0)
(1 — 20)3

j‘[z(h 21, 29, 23] =

into H(x) and simplifying gives

H(x) =f(xo) + /(o) (& — o) + LZ) = f(fz)l :i ;()‘ZO)(”” —20) (g
F'(z) (21 — 20) — 2f (1) + 2/ (20) + ' (wo) (w1 — o)
(1 —mo)®

+ (@ — z0)*(z — 31).
Thus, H(zo) = f(zo) and

H(wy) = flzo) + (o) (1 — 20) + [f(21) — F(20) ~ f'(0)(m1 — m0)] = f(a1).

Further,
H'(z) =f(20) + o (1) = f(?z,)l — 'i;(;())(wl ) (z — )

+ Helon =0 220 £ 8100 0o =80 (s )iy - 0y 45 - ol
SO

H'(x0) =f(20)

and

H'(21) =" () + 2f(x1)  2f(wo) 2! (z0) + /(1) — 2f(x1) n 2f(zo) + f(20)

T — Xg [ 25 b - T1 — g Tl — o
:f/(’Ll)

Thus, H satisfies the requirements of the cubic Hermite polynomial Hg, and the uniqueness
of H3 implies H3 =H.
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Exercise Set 3.4, page 153

1. We have S(z) =2 on [0,2].
2. We have s(z) = z on [0, 2].

3. The equations of the respective free cubic splines are

for z in [2;, 2;41], where the coefficients are given in the following tables.

(a)

4. The equations of the respective free cubic splines are

for x in [z4, x;41], where the coefficients are given in the following table.

S(.’L‘) = 51(:13) = a; + bz(.’L - ’Lq) + Ci(;I) — .’L‘i)r‘) +d1('L - .’L'7',)3,

1 a; bi Ci di

0 17.564920 3.13410000 0.00000000 0.00000000

i @i b; Ci d;

0 0.22363362 2.17229175 0.00000000 0.00000000

1 a; bi, C; di

0 —0.02475000 1.03237500 0.00000000 6.50200000
1 0.33493750  2.25150000 4.87650000 —6.50200000
3 a; bz Ci di

0 —0.62049958 3.45508693 0.00000000 —8.9957933
1 —0.28398668 3.18521313 —2.69873800 —0.94630333
2 0.00660095 2.61707643 —2.98262900 9.9420966

S(.'B) = Si(ﬂi) = a; + b7(ZL — .CEZ) -+ C«i((l,‘ — Q)i)z -+ d7(2, - .’1,1)'3

i a; b; ¢ di
(a) 0  1.00000000 3.43656000  0.00000000  0.00000000
(b) 0 1.33203000 -1.06249800  0.00000000  0.00000000
{¢c) 0 -0.29004996 -2.75128630 0.00000000  4.38125000
1 -0.56079734  -2.61984880 1.31437500 -4.38125000
(d) 0 0.86199480 0.17563785  0.00000000 0.06565093
1 0.95802009 (0.22487604  0.09847639  0.02828072
2 1.09861230 0.34456298  0.14089747 —0.09393165

Exercise Set 3.4
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5. The following tables show the approximations.

Approximation Actual
@ to f(z) f(z) Error
(a) 8.4 17.87833 17.877146 1.1840 x 103
(b) 0.9  0.4408628 0.44359244  2.7296 x 10~3
(€ -1 01774144 0.17451852  2.8959 x 10~3
(d)y 0.25 —0.1315912 —0.13277189 1.1807 x 103
Approximation  Actual
z to f'(z) Fx) Error
(a) 84 3.134100 3.128232 5.86829 x 1073
(b) 0.9 2.172292 2.204367 0.0320747
(c) —% 1.574208 1.668000 0.093792

(d) 0.25 2.908242 2.907061 1.18057 x 1073

6. The following tables show the approximations.

x f(z) s(x) Error

a) 0.43 2.363160694 2.4777208 0.114560106

(
(b) 0.0  1.000000000  1.066405500  0.066405500
(

¢) 0.18 -—0.5081234644 —0.5079096640 0.0002138004

(d) 0.25 1.18%069931 1.192091455 0.003021524
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x f(z) s'(x) Error
(a) 043 4.726321388 3.436560000 1.289761388
(b) 0.0 —1.000000000 —1.06249800 0.06249800
() 0.18 —2.651616829 —2.66716630 0.015549471
(d) 0.25 0.3909913152 0.3973995306 0.0064082154

7. The equations of the respective clamped cubic splines are

s(z) = 8:(x) = a; + bz — ) + ci(w — 23)% + di(z — 2;)3,

for « in [z;, z;+1], where the coefficients are given in the following tables.

(a)

i ag bi C; di

0 17.564920 3.1162560 0.0600867 —0.00202222

i a; bi C; di

0 0.22363362 2.1691753 0.65914075 —3.2177925

7 a; Ci d;

0 —0.02475000 0.75100000 2.5010000 1.0000000

1 0.33493750 2.18900000 3.2510000 1.0000000

) a; bi Cj d,

0 —0.62049958  3.5850208 —2.1498407 —0.49077413
1 —0.28398668 3.1403294 —2.2970730 —0.47458360
2 0.006600950 2.6666773 —2.4394481 —0.44980146
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8. The coefficients of the clamped cubic spline interpolation are given in the following table.

i a; b; ¢ d;
(a) 0  1.00000000 2.00000000 1.74624000 2.25376000
(b) 0  1.33203000 0.43750000 —6.87498800  7.74998400
() 0 —0.29004996 ~—2.80199750 0.97498700  —0.29750000
1 —0.56079734 —2.61592510 0.88573700  —0.48724000
(d) 0 0.86199480 0.15536240 0.06537475 0.01600323
1 0.95802009 0.23273957 0.08937959 0.01502024
2 1.09861230 0.33338433 0.11190995 0.00875797

g.B'———%’D:%’b:—

(ST

1
ad:Z

10. The following tables show the approximations.

x f(z) s(z) Error

(a) 0.43 2.363160694 2.362069472 0.001091222

b) 0.0 1.000000000 1.132811750 0.132811750

(
() 018 —0.5081234644 —0.4443014992 0.0638219652
(

d) 0.25 1.189069931 1.189089597 0.000019666

x f(x) s'(z) Error

a) 043  4.726321388 4.751927072 0.025605684

b) 0.0 —1.000000000 —1.546872000 0.546872000

(
(
(c) 018 —2.651616829 —2.325976780  0.325640049
(

d) 025 0.3909913152  0.3909814244  0.98908 x 10~5

1. b=-1,c=-3 d=1

12. a=4,b=4,c=-1,d=1
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4. f(0)=0, F(2) =11

15.  (a) The equation of the spline is

Exercise Set 3.4

S(z) = Si(x) = a; + bi(z — ;) + iz — 1) + dy(w — 24)3,

for @ in [z;,z;41], where the coefficients are given in the following table.

€L a; b.i C; di
0 1.0 —0.7573593 0.0 —6.627417
0.25 0.7071068 —2.0 ~4.970563 6.627417
0.5 0.0 —3.242641 0.0 6.627417
0.75 —0.7071068 —2.0 4.970563 —6.627417
(b) [y S(x)de =0.000000  (c) 5'(0.5) = —3.24264 (d) §7(0.5) = 0.0

16. The equation of the spline is
S(z) = Si(z) = ai + bi(x — ;) + ci(w — 2)2 + di(z — :L:i)?’,

for x in [z;,2;41], where the results are given in the following table.

T; a; b;, Cqi dz

0 1.00000  —0.923601 0 0.620865
0.25 0.778801 —0.807189 0.465649 —0.154017
0.75 0.472367 —-0.457052 0.234624 —0.312832

We have [) S(z) dv = 0.631967, S'(0.5) = —0.603243, and S”(0.5) = 0.700274. Also,
[ e de = 0.63212056, f/(0.5) = —0.6065307, and 7(0.5) = 0.6065307.

17. The equation of the spline is
s(2) = si(z) = a; + bi(w — @) + ci(z — 24)? + dy(@ — x;)°,

for © in [z;,2541], where the coefficients are given in the following table.

Z; a; bi C; di
0 1.0 0.0 —5.193321 2.028118
0.25 0.7071068 —2.216388 —3.672233 4.896310
0.5 0.0 —3.134447 0.0 4.896310

0.75 ~—0.7071068 —2.216388 3.672233 2.028118

fol s(x) dz = 0.000000, s'(0.5) = —3.13445, and s”(0.5) = 0.0
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18.

19.

21.

The equation of the spline is
S(:IJ) = SL(iL‘) =a; + bz(’E - .’LL) + Ci(CL’ - .’Ei)2 + dL(T — mi)B’

for z in [x,2441], where the coefficients are given in the following table.

Z; a; bz C; d,

0 1.00000  —1.00000 0.499440 —0.154515
0.25 0.778801 —0.779251 0.383555 —0.101580
0.75 0.472367 —0.471881 0.231185 —0.0618174

We have [ s(x) da = 0.623078, 5/(0.5) = —0.606520, and s"(0.5) = 0.614740. Also, Jye ™ dz =
0.6321205, f/(0.5) = —0.6065307, and £(0.5) = 0.6065307.

Let f(z) = a+bx + ca® +dz®. Clearly, f satisfies properties (a), (c), (d), and (e) of Definition
3.10, and f interpolates itself for any choice of zq, .. ., z,,. Since (i) of property (f) in Definition
3.10 holds, f must be its own clamped cubic spline. However, f” (x) = 2¢ + 6dz can be zero
only at x = —c/3d. Thus, part (i) of property (f) in Definition 3.10 cannot hold at two values
zg and z,. Thus, f cannot be a natural cubic spline.

The free cubic spline must be the linear function L(z) through all the data {4, f(z;)}7, since
L"(z) = 0 for all z. So properties (a), (b), (c), (d), (e), (), (i) of Definition 3.10 would be
satisfied.

If f is linear, then f is its own clamped cubic spline. If, for example, f satisfies f(0) = 0,
f(1) =1, f(2) =2, f'(0) = 1, and f'(2) = 0, then the data lic on a straight line but the
function f is not linear. In that case the spline is

s(z) =

w— g2’ + e, 0<a<l
I+3@—1)+iz-12-3@-1)?% 1<z<2

which is not a linear function.

The piecewise linear approximation to f is given by

Fla) = 20(e%! — D +1, for 2 in [0, 0.05]
T 200692 — e9)q 2601 — 92, for 2 in (0.05, 1.
We have
0.1 0.1
F(z) de =0.1107936 and / f(z) dz = 0.1107014.
0 0

|f(z) = F(2)] < & maxo<jcn_1 |21 — z;|?, where M = max, << |f"(z)|.
Error bounds for Exercise 21 are on [0,0.1], |f(z) — F(2)| < 1.53 x 103 and

0.1 0.1
F(z) da —/ e* dr| < 1.53 x 107%.
0

0
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23. Insert the following before Step 7 in Algorithm 3.4 and Step 8 in Algorithm 3.5:
For j=0,1,...,n—1 set
Iy = bj; (Note that Iy = s'(z;).)
l2 = 2¢;; (Note that Iy = s"(z;).)
OUTPUT (I4,12)
Set
l{i =bp_1 +20h_1hp_1 + 3d.n_1h%_1;(N0te that Iy = S/(QT”).)
lo = 2¢n_1 + 6dpn_1hp—1;(Note that Iz = 5" (z,).)
OUTPUT (Iy,1a).

24. Before STEP 7 in Algorithm 3.4 and STEP 8 in Algorithm 3.5 insert the following:

Set I =0;
For 7=0,...,n—1 set

I=ajh; + %L h: + % h3 + & hy+ 1. (Accumulate f:]“l S(z) da:.)
OUTPUT (I).
25. (a) On [0,0.05], we have s(z) = 1.000000 -+ 1.999999z -+ 1.998302z2 + 1.401310z3, and

on (0.05,0.1], we have s(z) = 1.105170 + 2.210340(z — 0.05) + 2.208498(z — 0.05)% -
1.548758(z — 0.05)3.

(b) [ s(x) de = 0.110701
(c) 1.6 x 1077

(d) On [0,0.05], we have S(z) = 1+ 2.04811z + 22.121842%, and on (0.05,0.1], we have
S(x) = 1.105171+2.214028(z—0.05)+3.318277(z—0.05)2—22.12184(z—0.05)3. 5(0.02) =
1.041139 and 5(0.02) = 1.040811.

26. The five equations are ag = f(z0), a1 = f(z1), a1 + bi(z2 — 1) + c1(z2 — 11)% = f(z2),
ag + bo(x1 — o) + co(z1 — 30)? = a1, and by + 2¢o(x1 — o) = by.

If S € C?, then S is a quadratic on [zg, 23] and the solution may not be meaningful.

27. We have

X; a; bf, C; d,

1940 132165 1651.85  0.00000 2.64248
1950 151326 2444.59  79.2744 —4.37641
1960 179323 2717.16 —52.0179 2.00918
1970 203302 2279.55  8.25746  —0.381311
1980 226542 2330.31 —3.18186  0.106062

5(1930) = 113004, S(1965) = 191860, and S(2010) = 296451.
(b) Probably not very accurate.
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29. The spline has the equation
5(z) = 5;(x) = a; + bi(z — @) + s (z — 23)% + dy(w — z;)?,

for  in [z;, z;41], where the coefficients are given in the following table.

Ti o 0y b; ¢ d;

0 0 75 —0.659292 0.219764

3 225 76.9779 1.31858 —0.153761

5 383 80.4071 0.396018 —0.177237

8 623 77.9978 ~1.19912 0.0799115

The spline predicts a position of s(10) = 774.84 ft and a speed of s'(10) = 74.16 ft/s. To
maximize the speed, we find the single critical point of s'(z), and compare the values of s(z)
at this point and the endpoints. We find that max s'(z) = s'(5.7448) = 80.7 ft/s = 55.02
mi/h. The speed 55 mi/h was first exceeded at approximately 5.5 s.

30.  (a) The coefficients are given in the following table.

a; bL Ci dz

0.00000000  91.39016393  0.00000000  9.11737705
22.99000000  93.09967213  6.83803279  2.41311476
46.73000000  96.97114754  8.64786886  -.22032787
97.35000000 105.45377050 8.31737705 -11.08983607

(b) The predicted time at the three-quarter mile pole was 1 : 24.48.

(c) The starting speed is predicted to be 39.39 mi/h and the speed at the finish line is
predicted to be 33.48 mi/h.

31. The equation of the spline is
S(’II) = SL(IL) = a; -+ b,,(il) — ZEi) + Ci(CU — .'.1/7)2 + dz(T - .’L‘i)s,

for z in [w;, z;11], where the coefficients are given in the following table.

Sample 1 Sample 2
T; a; b i d; a; bi ci d;
0 6.67 —0.44687 0 0.06176 6.67 1.6629 0 —0.00249
6 17.33 6.2237 1.1118 —0.27099 16.11 1.3943 —0.04477 —0.03251
10 42.67 2.1104 —2.1401 0.28109 18.89 —0.52442 —0.43490 0.05916
13 37.33 —3.1406 0.38974 —0.01411 15.00 —1.5365 0.09756 0.00226

17 30.10 —0.70021 0.22036 —0.02491 10.56  —0.64732 0.12473  —0.01113
20 2931 —0.05069  —0.00386 0.00016 944  —0.19955 0.02453  —0.00102
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32.

The three clamped splines have equations of the form

5i(x) = a; + bi(w — ;) + ez — 2)? + di(2 — 2)3,

Exercise Set 3.4

for @ in [y, 2;41], where the values of the coeflicients are given in the following tables.

Spline 1
1 T; a; — f(fbl) bi C; dz f/(IL)
0 1 3.0 1.0 —0.347 —0.049 1.0
1 2 3.7 0.447  —0.206  0.027
2 5 3.9 -0.074  0.033 0.342
3 6 4.2 1.016 1.058 —0.575
4 7 5.7 1.409  —0.665 0.156
5 8 6.6 0.547  —0.196  0.024
6 10 7.1 0.048  —0.053 —0.003
7 13 6.7 -0.339 -0.076  0.006
8 17 4.5 —0.67

Spline 2
iom ap= f(w) b; Ci d; f(zi)
0 17 4.5 3.0 -1.101 -0.126 3.0
1 20 7.0 —0.198  0.035 —0.023
2 23 6.1 —0.609 —0.172 0.280
3 24 5.6 —0.111  0.669 —0.357
4 25 5.8 0.1564  —0.403  0.088
5 27 5.2 —-0.401 0.126 —2.568
6 27.7 4.1 —4.0
Spline 3

iox a = f(a) b; ci d; [ (i)
0 277 4.1 0.330 2.262 —-3.800 0.33
1 28 4.3 0.661 —1.157  0.296
2 29 4.1 —-0.765 —0.269 -0.065
3 3 3.0 —-1.5
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33. The three natural splines have equations of the form
Si() = ai +bi(w — 23) + (7 — 2)? + di(z — @),

for z in [z;, z;41], where the values of the coefficients are given in the following tables.

Spline 1
Tz a;= f(z) b; ¢ d;
0 1 3.0 0.786 0.0 —0.086
1 2 3.7 0.529 —0.257 0.034
2 5 3.9 —0.086 0.052 0.334
3 6 4.2 1.019 1.053 —0.572
4 7 5.7 1.408 —0.664 0.156
5 8 6.6 0.547 —0.197 0.024
6 10 7.1 0.049 -0.052 —0.003
7 13 6.7 —0.342 —0.078 0.007
8 17 4.5

Spline 2
iom gy = fxy) b; i d;
0 17 4.5 1.106 0.0 —0.030
1 20 7.0 0.288 —0.272 0.025
2 23 6.1 —0.660 —0.044 0.204
3 24 5.6 ~0.137 0.567 —0.230
4 25 5.8 0.306 —0.124 —0.089
5 27 5.2 —1.263 —0.660 0.314
6 27.7 4.1

Spline 3
A T; a; = f(.‘LL) bi C; di
0 277 4.1 0.749 0.0 —0.910
1 28 4.3 0.503 —0.819 0.116
2 29 4.1 —0.787 —0.470 0.157
3 30 3.0

Exercise Set 3.5, page 163

1. The parametric cubic Hermite approximations are as follows.

(a) z(t) = =106 + 1462 + ¢, y(t) = —23 + 342 +- ¢
(b) z(t) = —10¢ +14.5¢% + 0.5¢,  y(t) = —3t3 + 4.5¢2 + 0.5¢
(c) @(t) = —1063 + 14¢2 + ¢, y(t) = —483 + 512 + ¢
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(d) z(t) = —1063 + 1382 + 2t, y(t) =2t
2. The parametric cubic Bézier approximations are as follows.

(a) o(t) = —10t3 + 12¢2 + 3¢, y(t) = 26> — 3t + 3¢

(b) x(t) = =103 + 13.5¢2 + 1.5¢, y(t) = —t> + 1.5¢> + 1.5¢
(c) z(t) = —1083 + 12¢> + 3¢, y(t) = —4t3 + 32 + 3¢
(d) z(t) = —1063 +9t2 +6t, y(t) =83 —12t2 + 6t

3. The parametric cubic Bézier approximations are as follows.

(a) z(t) = —11.5t3 + 152 + 1.5t + 1, y(t) = —4.25¢3 + 4.5¢% +0.75¢t + 1
(b) z(t) = —6.25¢3 +10.5¢ + 0.75t + 1, y(t) = —3.5¢3 + 3t2 + 1.5t + 1
(c) For t between (0,0) and (4,6), we have

x(t) = —5t3 + 7.562 + 1.5¢, y(t) = —13.5¢3 + 182 4 1.5¢,
and for ¢ between (4,6) and (6, 1), we have
z(t) = —=5.5¢3 4 6t> + 1.5t +4, y(t) = 4> — 62 — 3t + 6.
(d) For t between (0,0) and (2,1), we have
a(t) = —5.5t2 + 612 + 1.5¢, y(t) = —0.5¢° + 1.5¢,
for ¢ between (2, 1) and (4,0), we have
o(t) = —4t2 + 362+ 3t + 2, y(t) = -3 +1,
and for ¢ between (4,0) and (6, —1), we have
z(t) = —8.5¢3 + 13.5¢% — 3t +4, y(t) = —3.25¢> + 5.25¢> — 3t.
4. Between (3,6) and (2,2), we have
z(t) = 0.5¢% — 2,42 1 0.9t + 3, y(t) = 6.5t% — 12t> + 1.5t + 6;
between (2,2) and (6, 6), we have
2(t) = —5.9t> + 8.4t + 1.5t + 2, y(t) = —3.5t° + 612 + 1.5t + 2;
between (6,6) and (5,2), we have
o(t) = ~2.5t3 4+ 4.5t — 3t +6, y(t) = 6.8t — 10.2t> — 0.6t + 6;
and between (5,2) and (6.5, 3), we have

w(t) = —4.2t3 + 7262 — 1.5t + 5, y(t) = 0.1> — 0.6¢> + 1.5t + 2.
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5. (a) Using the forward divided difference gives the following table.

Uo
Ug 3(‘(111 - U,o)

Us U3z — Ug u3 — 3u1 + 2ug

Uz 3(’11,3 — 'UQ) 2u3 — 3us + ug uz — 3uz + 3u1 — ug

- = OO

=

Therefore,

u(t) = ug + 3(u1 — up)t + (us — 3uq + 2ug)t? + (ug — 3ug + 3uq ~ uo)tQ(t - 1)
=Uug + 3(u1 — ’LLQ)t + (—6'&1 + 3ug + 3’LL2)t2 -+ (U3 —3Jug + 3u; — Uo)t3.

Similarly, v(t) = vg + 3(v1 — vo)t + (3vy — 6vy + 3v0)t® + (v3 — 3ug + 3u; — vg)t3.
(b) Using the formula for Bernstein polynomials gives

u(t) = ug(l —)° + Bust(1l — )2 + 3ugt?(1 — t) + ugt?®
= ug + 3(u1 — uo)t + (Bug — Guy + 3ug)t? + (u3 — 3us + 3ug — ug)t3.
Similarly,

3

u(t) =) (Z) uptk(1 — 1)3—*

k=0
=g + 3(v1 — o)t + (3ug — 6uy + 3t + (v3 — 3us + 3v1 — vg)t>.







Numerical Differentiation and
Integration

Exercise Set 4.1, page 176

1. From the forward-backward difference formula (4.1), we have the following approximations:

(a) f'(0.5) ~ 0.8520, f'(0.6) ~ 0.8520, f'(0.7) ~ 0.7960
(b) £(0.0) ~ 3.7070, f'(0.2) ~ 3.1520, f'(0.4) ~ 3.1520

2. The approximations are in the following tables

(a) (b)
z  flz) fl2) z  flz)  fl(x)
—0.3  1.9507 0.9140 1.0 1.0000 1.3125
—0.2  2.0421 0.9140 1.2 1.2625 1.3125
—0.1  2.0601 0.1800 14 1.6595 1.9850

3. The approximations are in the following tables.

(a)

2 Actual Error Error Bound

0.5 0.0255 0.0282
0.6 0.0267 0.0282
0.7 0.0312 0.0322

z  Actual Error Error Bound

0.0 0.2930 0.3000
0.2 0.2694 0.2779
0.4 0.2602 0.2779

o7
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(a)
T Actual Error  Error Bound
—0.3 0.34457 0.36842
—0.2 0.35633 0.36842
-0.1 0.38533 0.39203
(b)
2 Actual Frror Error Bound
1.0 0.31250 0.33646
1.2 0.32507 0.33646
1.4 0.35712 0.36729

For the endpoints of the tables, we use Formula (4.4). The other approximations come from
Formula (4.5).

1) &~ 17.769705, f'(1.2) ~ 22.193635, f'(1.3) ~ 27.107350, f'(1.4) ~ 32.150850

1) ~ 3.092050, f'(8.3) ~ 3.116150, f/(8.5) ~ 3.139975, f'(8.7) ~ 3.163525

.9) ~ 5.101375, f'(3.0) = 6.654785, f/(3.1) ~ 8.216330, f'(3.2) ~ 9.786010

.0) & 0.13533150, f’(2.1) =~ —0.09989550, f/(2.2) ~ —0.3298960, f/(2.3) ~ —0.5546700

. For the endpoints of the tables, we use Formula (4.4). The other approximations come from

Formula. (4.5).

(a) (b)
x flz) f'(z) z f(z) f'(z)
—-0.3 -—-0.27652 -0.06030 7.4 —68.3193 —16.6933
—0.2 —0.25074  0.57590 7.6 —T71.6982 —17.0958
—0.1 —0.16134  1.25370 7.8 —75.1576 —17.4980
0.0 0.0 1.97310 8.0 —78.6974 —17.9000
(c) (d)
z  f(=) f'(x) T f(=z) f'(=z)
1.1 1.52918  1.34360 —2.7 0.054797 —0.915178
1.2 1.64024  0.87760 —2.5 0.11342 1.50141
1.3 1.70470  0.36265 —2.3  0.65536 2.17825

14 1.71277 —0.20125 —-2.1  0.98472 1.11535
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7. The errors and error bounds are given in the following tables.
(a) (b)
x  Actual Error  Error Bound 2 Actual Ertor Error Bound
1.1 0.280322 0.359033 8.1  0.00018594 0.000020322
1.2 0.147282 0.179517 8.3  0.00010551 0.000010161
1.3 0.179874 0.219262 85 9.116 x 1075  (.000009677
1.4 0.378444 0.438524 8.7  0.00020197 0.000019355
(c) (d)
x  Actual Error Error Bound 2 Actual Error Error Bound
2.9 0.011956 0.0180988 2.0  0.00252235 0.00410304
3.0 0.0049251 0.00904938 2.1 0.00142882 0.00205152
3.1 0.0004765 0.00493920 2.2 0.00204851 0.00260034
3.2 0.0013745 0.00987840 2.3 0.00437954 0.00520068
8. (a) (b)
T Actual Error  Error Bound z  Actual Error Error Bound
-0.3 0.028638 0.029692 7.4 0.000367 0.000032
—0.2 0.014097 0.014846 7.6 0.000083 0.000016
—0.1 0.013577 0.014130 7.8 0.000041 0.000015
0.0 0.026900 0.028260 8.0 0.000000 0.000030
(c) (d)
x  Actual Error Error Bound T Actual Error Error Bound
1.1 0.033886 0.034784 - 2.7 0.511122 1.440958
1.2 0.016791 0.017392 —2.5 0.435980 0.720479
1.3 0.015740 0.016817 -2.3 0.632733 0.720479
1.4 0.030920 0.033633 -2.1 1.044472 1.440958

9. The approximations and the formulas used are:

(a) f/(2.1) ~ 3.899344 from (4.7)  f/(2.2) ~ 2.876876 from (4.7) f'(2.3) ~ 2.249704

from (4.6)  f'(2.4) ~ 1.837756 from (4.6)  f/(2.5) ~ 1.544210 from 4.7 f'(2.6) =
1.355496 from (4.7)

(b) f/(=8.0) ~ ~5.877358 from (4.7) f/(~2.8) ~ —5.468933 from (47) f/(—2.6) ~

—5.059884 from (4.6)  f'(—2.4) ~ —4.650223 from (4.6) f/(—2.2) ~ —4.239911 from
(4.7)  f(—2.0) ~ —3.828853 from (4.7)
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10. The approximations are in the following tables.

(a) (b)
T f(z) f'(z) T f(z) fi(z)
1.06 —1.709847  7.798690 — 3.0 16.08554 —19.08087
1.10 -—1.373823 5.753747 —2.8 12.64465 —15.44088
1.15 —1.119214  4.499409 —2.6 9.863738 —12.46303
1.20 —0.9160143 3.675512 —24 7.623176 —10.02259
1.25 —0.7470223 3.088414 —2.2  5.825013 —8.02097
1.30 —0.6015966 2.710997 —2.0 4.380056 —6.38573
11. The approximations are in the following tahles.
(a) (b)
z  Actual Error Error Bound T Actual Error  Error Bound
2.1 0.0242312 0.109271 —30 155x107% 6.33 x 1077
2.2 0.0105138 0.0386885 —-2.8 1.32 % 10~% 6.76 x 10~7
2.3 0.0029352 0.0182120 —2.6 7.95 x 10~7 1.05 x 10~7
2.4 0.0013262 0.00644808 —~2.4 6.79 x 10~7 1.13 x 1077
2.5 0.0138323 0.109271 —-22  128x107% 6.76x 1077
2.6 0.0064225 0.0386885 —2.0 7.96 x 10~¢ 6.76 x 10~7
12.  (a) (b)
T Actual Error  Error Bound @ Actual Error  Error Bound
1.05 0.0484600 0.2185438 - 3.0 0.004666 0.006427
1.10 0.0210325 0.0773769 —2.8 0.003763 0.005262
1.15 0.0058693 0.0364240 —2.6 0.000711 0.001071
1.20 0.0026524 0.0128962 —2.4 0.000591 0.000877
1.25 0.0276704 0.2185438 —2.2 0.004041 0.006427
1.30 0.0128401 0.0773769 —2.0 0.003329 0.005262
13. f'(3) = {5[f(1) — 8£(2) + 8F(4) — £(5)] = 0.21062, with an error bound given by
[FO) (z) |t 23 _
ax —m——— < — = (.76.
11%1;%5 30 — 30 0-76
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14. f'(3) =~ 1[f(4) — f(2)] = 0.21210, with an error bound given by

1 2
O

Zax 5 = 0.66.

SR

15. From the forward-backward difference formula (4.1), we have the following approximations:

(a) f(0.5) ~ 0.852, f/(0.6) ~ 0.852, f'(0.7) = 0.7960
(b) £(0.0) ~ 3.707, £'(0.2) ~ 3.153, f'(0.4) ~ 3.153

16. For the endpoints of the tables, we use Formula (4.7). The other approximations come from
Formula (4.6).

(a) f/(1.1) ~ 17.75, f/(1.2) ~ 22.17, f/(1.3) = 27.10, f'(1.4) =~ 32.50,
(b) #/(8.1) ~ 3.075, f'(8.3) ~ 3.125, f'(8.5) ~ 3.150, f'(8.7) = 3.150,
(©) £(2.9) ~5.080, f'(3.0) ~ 6.655, f/(3.1) ~8.220, f'(3.2) ~ 9.760,
(@) £(2.0) ~ 0.1600, f'(2.1)~ —0.1000, f'(2.2) ~ —0.3300, f(2.3) ~ —0.5500,

17. For the endpoints of the tables, we use Formula (4.7). The other approximations cone from
Formula (4.6).

(a) f/(2.1) ~3.884 f(2.2) ~ 2806 f(2.3) ~ 2249 f/(24) ~ 1836 f(2.5) ~ 1.550
7(2.6) ~ 1.348
(b) f/(—3.0) ~ —5.883  f/(-2.8) ~ —5467 [/(~26) & —5.050 f/(~2.4) ~ —4.650
F{—2.2) = —4.208 f'(—2.0) = —3.875
18.  (a)

(41) h=06 —0.8889958 (4.8) h=02 —1.191050
h=04 —0.6979043
h=02 —0.5486810
h=-02 —0.3104710

(44) h=02 —0.3994578

(45) h=02 —0.4295760
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F(0.4) £1(0.4)
(41) h=04 —1.059153 (4.8) h=04 —1.573943
h=02 —0.8471275 h=02 —1.492233

h=-02 —0.5486810
h=—04 —0.4295760

(44) h=02 —0.6351018
h=-02 —0.6677860

(45) h=04 —0.7443646
h=02 —0.6979043

(46) h=02 —0.6824175

19. The approximation is —4.8 x 107°. f(0.5) = 0. The error bound is 0.35874. The method is
very accurate since the function is symmetric about z = 0.5.

20. With h = 0.1, we have 36.641, and with h = 0.01, we have 36.5. The actual value is 36.5935.

21 (a) f'(0.2) = —0.1951027  (b) F/(1.0) ~ —1.541415 (©) f'(0.6) ~ —0.6824175

22. We have the Taylor expansions:

o = k) = f(z0) = h'(ao) + 5h2 " (wo) = h*§"(a0) + = 1D a0) + O (%)
Flwo 1) = f(ao) + h'(a0) + 2" (@) + 5" (a0) + = FD(a0) + O (1)
Flzo +2h) = f(zo) + 2hf' (o) + 202" (o) + %i-ﬂf'"(ww + §h4f<4> (z0) + O (n°) ;

f(:Co + 3h) = f(CLQ) + 3hf/($o) -+ g—hzf”(l‘o) + ghsfl”(wo> + 2—;—]7,4]0(4) (’LD) +0 (hs) .
Thus,

Af(zo — h) + Bf(zo + h) + Cf(zo + 2h) + D f (o + 3h) =
F(@0)(A+ B +C + D) + f'(w0)hl—A + B +2C + 3D + f"(z0)12 (%A +3B+20+ gD)

1

1
pl1! 3 —ZA

4.9 1 12 o1
4oy 9 Ot (Lar Lp20, 27
B+3C+2D>+f (o) <24A+24B+3C+ 8D>.

We want to eliminate the terms involving f(zo), f*(z0), and f*)(z4) and have the coefficient
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of f'(zo) equal 1. Thus,

—A+B+20+3D=1

1 1 9
fud ot W0 +-D =
2A + 2B +2C + 2D 0
—lA—I—lB—I—éC’—i—gD:O
6 2
A+ B + C+ 27'D 0
24 8§
The solution to this linear system is
1 3 1 1
AZ"'Z, B——§ CZ‘"Z):, a,nd D-—"‘—"i—'?:
Thus,
1, 3, 1, 1., o 13 1 1 , 5
_Z-f(a’o_h')+§f(10+]1)_§f(10+2]1)+ﬁf(l0+3h) = f($0> <_Z + 5 — 5 E)—H?,f (lfo)—i-o (h )

Solving for f'(zg) gives

7o) = 1 | Fwo)g + 3 F(zo — h) — 5 f(@o+h) + 2 F(zo +2h) — = flao + 3h>] +0 ().
Finally,
f'(xo) = 1,,] [3f(z0 — h) — 10f(z0) + 18f (w0 + k) — 6f(xo + 2R) + f(zo +3h)] + O (h%).

23. /(0.4) = —0.4249840 and f'(0.8) ~ —1.032772.

24. (a) Assume that the computed values f(zo + h) and f (xg) are related to the true values
f(wo + h) and f(xg) by the formulas f(zo + h) = f(zo + h) + e(zo + h) and f(xo) =
f(zo) + e(xg). The total error in the approximation becomes

flzo+h) — flzo)  elzo+h)

f/(mo) IEAS ’h _ ‘h_ 6(1‘0) _ gf,/(&))-

If le(zo + h)| < e, |e(zo)| < &, and |f"(&)] < M, then

f/(xo)

fl@o + h) — flxo) L2 hM
h ~ h 2
(b) The function in Example 2 is
fl@)=ae®, for 1.8<z<22
We have f'(z) = ze® + €® and f"(z) = ze® + 2¢®. Thus,

M= max |f'(z)] = f"(2.2) = 37.9050567.

1.8<2<2.2
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26.

o
~I

Exercise Set 4.2

The numbers in the table are given to 6 decimal places, so it is reasonable to let & =
0.0000005. The optimal value of h is

: 0.0000005
=2, /= = 24 0 600999703,
' =2\77 =2\ 370050567 — 0-000220703

The three-point formulas give the results in the following table.

The three-point formulas give the results in the following table.

& | 100 | 101 | 1.02 | 1.03 | 1.04
e(t) | 2.400 | 2.408 | 3.386 | 5.352 | 7.320

The approximations eventually become zero since the munerator becomes zero.
By averaging the Taylor polynomials we have

£ (a0) = [ — 570 = 20) + Jleo — h) = Flzo + W)+ 1 flao + 20)| = 2 0(c),

where £ is between g — 2h and zg + 2.
Since €'(h) = —e/h* 4+ hM /3, we have €/ (h) = 0 if and only if 4 = {/ 3e/M. Also, e'(h) <0
if h < {/3¢/M and e'(h) > 0if h > {/3e/M, so an absolute minimum for e(h) occurs at

h = {/3¢/M.

Exercise Set 4.2, page 184

1. (a) f/(1) ~ 1.0000109 (b) #'(0) ~ 2.0000000
(¢) #/(1.05) ~ 2.2751459 (d) f'(2.3) ~ —19.646799
2. (a) /(1) = 0.99999998 (b) /(0) = 1.9999999
(c) f'(1.05) ~ 2.2751458 (d) £'(2.3) ~ —19.646796
3. (a) f'(1) ~ 1.001 (b) £'(0) ~ 1.999
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(c) f(1.05) ~ 2.283 (d) f/(2.3) ~ —19.61
4. (a) f'(1) ~0.9999 (b) f/(0) ~ 1.997
(c) f'(1.05) ~ 2.282 (d) £(2.3) ~ —19.66

5. fow sinz dz ~ 1.999999

6. 7% cosa dr ~ —1.000135

7. With h = 0.1, Formula (4.6) becomes

| =

F'(2) = — [1.8¢"® —8(1.9¢") + 8(2.1)e* " — 2.2¢%%] = 22.166995.

1.

o)

With & = 0.05, Formula (4.6) becomes

1 ;
F1(2) ~ o5 [1.9¢1? — 8 (1.95¢"9°) + 8(2.05)e>%° — 2.1e*!] = 22.167157.

8. The formula f'(x0) = 137 [f(zo + 4h) — 12f (20 + 2k) + 32f (z0 + h) — 21 f(zg)] is O (h?).
9. Let

No(h)=N <E> + <M) and N3(h) = Ns (g—) -+ (NZ_(%_)___NQ_UI)) .

Then N3(h) is an O(h3) approximation to M.

[N}

10. Let No(h) = N (%) + § (N (%) — N(h)) and Ny(h) = N3 (&) + & (N (&) — Na(h)). Then
N3(h) is an O (h8) approximation to M.
11. Let N(h) = (1+h)"/*, Ny(h) = 2N (&) — N(h), N3(h) = Na (&) + L(Ns (&) — Ny(R)).

(a) N(0.04) = 2.665836331, N(0.02) = 2.691588029, N(0.01) = 2.704813829

(b) N2(0.04) = 2.717339727, N5(0.02) = 2.718039629. The O(h3) approximation is N3(0.04) =
2.718272931.

(c) Yes, since the errors seem proportioned to h for N(h), to h? for Ny(h), and to h3 for
N3(h).

12.  (a) We have

—In(2-h
i (2 + ) — In(2 — h) ~ lim 1 1

=1
h—0 h h—0 2 ~+ h + 2—h !

850

1/h
lim (210 — lim edn@HR)~InG-R)] _ 1 _
h—0\2—h h—0
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(b) N(0.04) = 2.718644377221219, N(0.02) = 2.718372444800607,
N(0.01) = 2.718304481241685

(c) Let No(h) = 2N (&) —N(h) and N3(h) = Na (£)+3 [N2 (&) — Na(h)]. Then N»(0.04) =

2.718100512379995, N(0.02) = 2.718236517682763 and N3(0.04) = 2.718281852783685.
N3(0.04) is an O (h®) approximation satisfying |e — N3(0.04)| < 0.5 x 1077,

@ 2\ a4 m\Y"

(e) Let
e=N(h) + Kih+ Koh® + Kzh® 4 - .
Replacing h by —h gives
e = N(~h) — K1h + Ksb® — K3h® + - -,
but N(—h) = N(h), so that
e=N(h) — Kih+ Kyh®> — Ksh3 + ... .

Thus,
Kih+ K3h® 4. = —K1h— Ksh®-- -,
and it follows that {1 = K3 = K5 = --- =0 and
e=N(h) + Koh?> + Kyh* + - .
(f) Let
h 1 h
=3 (£) 2 (v (2) - )
and L ) L
Ng(h) = Ny (§> + 'i'g (Ng <§) - Ng(h)> .
Then
N5(0.04) = 2.718281800660402, N2(0.02) = 2.718281826722043
and

N3(0.04) = 2.718281828459487.
N3(0.04) is an O (h®) approximation satisfying

le — N3(0.04)] < 0.5 x 1072,

13.  (a) We have

Po’l(ili) =

Similarly,
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(b) We have
B
Poals) = (z ._h]fl) N, (B) . (% - IE) ]:72(77:)7 o Poa(0) = 16N (&) — Ng(h).
2= —ht hi — B 15
14. All the approximations of the form Ny; (h/27), for i = 1,2,... and j = 0,1,2,..., will be

upper bounds for M, and all the approximations of the form Na;41 (&), fori=10,1,2,... and

7=0,1,2,..., will be lower bounds for M.

15. (a) The polygonal approximations are in the following table.

k 4 8 16 32 64 128 256 512
pe | 2v/2 | 3.0614675 | 3.1214452 | 3.1365485 | 3.1403312 | 3.1412723 | 3.1415138 | 3.1415729
Py 4 3.3137085 | 3.1825979 | 3.1517249 | 3.144184 | 3.1422236 | 3.1417504 | 3.1416321

Values of p;, and P, are given in the following tables, together with the extrapolation

results:

For pi, we have :

2.8284271
3.0614675
3.1214452
3.1365485
3.1403312

3.1391476
3.1414377
3.1415829
3.1415921

3.1415904
3.1415926
3.1415927

3.1415927
3.1415927

3.1415927

For P;, we have :

4

3.3137085
3.1825979
3.1517249
3.1441184

3.0849447
3.1388943
3.1414339
3.1415829

3.1424910
3.1416032
3.1415928

3.1415891
3.1415926

3.1415927

Exercise Set 4.3, page 195

1. The Trapezoidal rule gives the following approximations.

(a)

(e) —0.8666667

0.265625

(b)

(f)

—0.2678571

—~0.1777643

(c) —0.17776434

(g) 0.2180895

(h) 4.1432597

(d) 0.1839397
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2. The Trapezoidal rule gives the following approximations.

(a) 0.4693956405 (b) 0.08664339760 (c) —0.03702425262 (d) 0.2863341726

3. For the approximations in Exercise 1 we have the following.

Actual error  Error bound

0.0663431 0.0807455
1.554631 2.298827

(a)  0.071875 0.125
(b) 7943 x107* 9.718 x 1074
(¢)  0.0358147 0.0396972
(d)  0.0233369 0.1666667
(e)  0.1326975 0.5617284
(f) 9.443 x 107* 1.0707 x 10~3
)
)

—~
= 0a

4. For the approximations in Exercise 2 we have the following.

Actual error Error bound

0.0203171288  0.02083333333
0.03407359031 0.0625

0.01664745664  0.02444080544
0.0138202920  0.02904245657

o oo

e D e T

5. Simpson’s rule gives the following approximations.

(a) 0.1940104 (b) —0.2670635 (c) 0.1922453 (d) 0.16240168

(e) ~0.7391053 (f) —0.1768216 (g) 0.1513826 (h) 2.5836964

6. Simpson’s rule gives the following approximations.

(a) 0.4897985467 (b) 0.05285463857 (c) —0.02027158961 (d) 0.2762704525
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7. Simpson’s rule gives the following approximations.

Actual error Error bound

(a) 2.604 x 107*  2.6042 x 1074
(b) 7.14x 1077 9.92 x 1077
(c) 1.406 x 1075  2.170 x 1075
(d) 1.7989 x 1073  4.1667 x 10~*
(e) 5.1361 x 1073 0.063280
(f)  1.549 x 1078  2.095 x 10~°
(g) 3.6381 x10™* 4.1507 x 10~*
(h) 4.9322 x 1073 0.1302826
8.

Actual error FError bound
(a) 0.0000857774  0.0000868056
(b) 0.00028483128  0.001215277778
(¢) 0.00010520637 0.0001147849363
(d) 0.0001565719  0.0005334208049

9. The Midpoint rule gives the following approximations.
(a) 0.1582031 (b) —0.2666667 (c) 0.1743309 (d) 0.1516327

(e) —0.6753247 (f) —0.1768200 (g) 0.1180292 (h) 1.8039148

10. The Midpoint rule gives the following approximations.

(a) 0.5 (b) 0.03596025906  (c) —0.01189525810 (d) 0.2658385924
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11. The Midpoint rule gives the following approximations.
Actual error  Error bound
(a) 0.0355469 0.0625
(b) 3.961 x 107*  4.859 x 104
(c) 0.0179285 0.0198486
(d) 8.9701 x 10~3 0.0833333
(e) 0.0564448 0.2808642
(f) 4.698x 10™* 5.353 x 10~*
(&) 0.0337172 0.0403728
(h) 0.7847138 1.1494136
12.
Actual error Error bound
(a) 0.0102872307 0.01041666667
(b) 0.01660954823 0.03125
(c) 0.00848153788 0.01222040272
(d) 0.0066752882  0.01452122828
13. f(1)=3
14. Simpson’s rule gives the result %
15. The degree of precision is 3.
16. 'The degree of precision is 3.
17. coz%,q:%,@:%
1B =51, a=—3c=%
19 g =1 = % gives the highest degree of precision, which is 2.
20. ¢ = %, zp = 0.211324865 and z; = 0.788675135 give the highest degree of precision, 3.
21. The following approximations are obtained from Formula (4.23) through Formula (4.30), re-

spectively.

(a) 0.1024404, 0.1024598, 0.1024598, 0.1024598, 0.1024695, 0.1024663, 0.1024598, and 0.1024598
(b) 0.7853982, 0.7853982, 0.7853982, 0.7853982, 0.7853982, 0.7853982, 0.7853982, and 0.7853982
(c) 1.497171, 1.477536, 1.477529, 1.477523, 1.467719, 1.470981, 1.477512, and 1.477515
(d) 4.950000, 2.740909, 2.563393, 2.385700, 1.636364, 1.767857, 2.074893, and 2.116379
(e) 3.203182, 2.407901, 2.359772, 2.314751, 1.965260, 2.048634, 2.233251, and 2.249001
(f) 0.5000000, 0.6958004, 0.7126032, 0.7306341, 0.7937005, 0.7834709, 0.7611137, and 0.7593572

e

f
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22.

) ti w; y (ti )

(4.23)  (4.24)  (4.26)  (4.27)  (4.29)
5.43476 5.03420 5.03202 4.83393 5.03180

23. The errors in Exercise 16 are 1.6x 1075, 5.3x 1078, —6.7x1077, —7.2x10™7, and —1.3x 1075,
respectively.

24. For

f(z) =z : apzo + ay (a0 + h) + as(wg + 2h) = 229k + 2h%;

2(zo + 2h)° = 2z5h + daph” + ?;

flz) =22 : agal + a1 (zo 4+ h)? + ag(
f(z) =23 : agad + ay(wo + h)3 4 aa(wo + 2h) = 223k + 622h2 + 8zoh® + 4R*.

Solving this linear system for ag, a1, and ag gives ag = bgr =2 and ay = L. Using
g 3 3 3
f(a) = ot gives fH(€) = 24, 50

1 h

3 (2§ — 2§) = 3 (2§ + 4z + 23) + 24k.

Replacing 1 with o + h, 22 with zg + 2h and simplifying gives k = —h5/90.

25. If E(z%) =0, for all k = 0,1,...,n and E(z"+') # 0, then with p,.;(2) = 2", we have a
polynomial of degree n + 1 for which E(pnp41(2)) # 0. Let p(z) = apa™ + -+ + a1z + ag be
any polynomial of degree less than or equal to n. Then E(p(z)) = anE(x™) + -+ a1 E(z) +
apE(1) = 0. Conversely, if E(p(z)) = 0, for all polynomials of degree less than or equal to
n, it follows that E(z*) =0, for all k = 0,1,...,n. Let ppy1(z) = an12™t 4+ +ag be a
polynomial of degree n + 1 for which E(pn4+1(z)) # 0. Since a,41 # 0, we have

, 1 .
"t = Pnta(z) — I gn o 20
41 Qp41 Q41
Then
E(z™) E(pni1(z) — —2E(z") ~ - — —E(1)
An-1 An+1 An+1
1

= L B £0
Gn+1

Thus, the quadrature formula has degree of precision n.

26. Using n = 3 in Theorem 4.2 gives

b 3 5 p(4) 3
/ fla)dx = Zaif(rc.i) + h—%—L—l—@ /0- t(t— 1)t — 2)(t — 3)dt.
a =0 -

Since
9

3
/O t(t = 1)(¢ = 2)(6 ~ B)dt =~
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the error term is
—3h° F(¢)/80.
Also,

T3

T —; )

a; :/ H L dx, foreach i=0,1,2,3.
w0 joo Ti T T

ey
deti

Using the change of variables = = xq + th gives

3 3 .
t_,
(Li:h/ H J,dt, for each 1=0,1,2,3.
0 Guot—J
i

; : " _3h . _ 9h _ 9h _ 3h
Evaluating the integrals gives ag = 5001 = 5,02 =, and a3 = L.

Exercise Set 4.4, page 203

1. The Composite Trapezoidal rule approximations are:

(a) 0.639900 (b) 31.3653 (c) 0.784241 (d) —6.42872

A

(e) —13.5760 (£) 0.476977 (g) 0.605498 (h) 0.970926

Composite Trapezoidal Approximation Actual Integral

(a) 0.91193343 0.92073549
(b) 0.09363001 0.08802039
() —0.66468785 —0.66293045
(d) 0.36487225 0.36423547

3. The Composite Simpson’s rule approximations are:

(a) 0.99999998 (b) 1.9999999 (c) 2.2751458 (d) —19.646796

Composite Simpson’s Approximation Actual Integral

(a) 0.92088605 0.92073549
(b) 0.08809221 0.08802039
(c) —0.66292308 —0.66293045
(d) 0.36423967 0.36423547
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5. The Composite Midpoint rule approximations are:

(a) 0.633096 (b) 11.1588 (c) 0.786700 (d) —6.11274

(e) —14.9985 (f) 0.478751 (g) 0.602961 (h) 0.947868

Composite Trapezoidal Approximation Actual Integral

0.92862909 0.92073549
0.08177145 0.08802039
-0.66067279 -0.66293045
0.36342511 0.36423547

QLo o

e~

7. (a) The Composite Trapezoidal rule approximation is 3.15947567.
(

b) The Composite Simpson’s rule approximation is 3.10933713.

)
)
(c) The Composite Midpoint rule approximation is 3.00906003.
8. (a) The Composite Trapezoidal rule approximation is 0.4215820.
(b) The Composite Simpson’s rule approximation is 0.4227162.
)

(¢) The Composite Midpoint rule approximation is 0.4249845.
9. a=0.75
10. f(=1)=1, f(-0.5) =2, f(0) =6, f(0.5) =3, f(1) =1
11.  (a) The Composite Trapezoidal rule requires & < 0.000922295 and n > 2168.

(b) The Composite Simpson’s rule requires & < 0.037658 and n > b4.
(¢) The Composite Midpoint rule requires 2 < 0.00065216 and n > 3066.
(

(b) The Composite Simpson’s rule requires 7 < 0.132749 and n > 24.

)
)
)
a) The Composite Trapezoidal rule requires h < 0.0069669 and n > 451.
)
¢) The Composite Midpoint rule requires A < 0.0049263 and n > 636.

)

(
13.  (a) The Composite Trapezoidal rule requires k < 0.04382 and n > 46. The approximation is
0.405471.

(b) The Composite Simpson’s rule requires h < 0.44267 and n > 6. The approximation is
0.405466.

(c) The Composite Midpoint rule requires h < 0.03098 and n > 64. The approximation is
0.405460.

14.  (a) The Composite Trapezoidal rule requires & < 0.01095 and n > 91. With n = 91, the
approximation is 0.6363013.
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(b) The Composite Simpson’s rule requires h < 0.173205 and n > 6. With n = 6, the
approximation is 0.6362975.

(c) The Composite Midpoint rule requires A < 0.0077460 and n > 128. With n = 130, the
approximation is 0.6362875.

15. (a) Because the right and left limits at 0.1 and 0.2 for £, f/, and f” are the same, the
functions are continuous on [0,0.3]. However,

6, 0<z<0.1
f2) =412, 01<z<02
12, 02<2<03

is discontinuous at x = 0.1.
(b) We have 0.302506 with an error bound of 1.9 x 10~

(c) We have 0.302425, and the value of the actual integral is the same.

16. To show that the sum
n/2

D rWE)2h

Jj=1

is a Riemann Sum, let y; = x9;, for i =0,1,... 5. Then Ay; = yip1 —ys =2h and y;—1 <& <

y;. Thus,
n/2 n/2
Zf(‘l)(gj)AyJ’ = qu)(scj)gh
J=1 J=1

is a Riemann Sum for fab f® (2)dz. Hence,

j=1
R h.4
i ~180 ) (z) dz = T80 [F(0) = £ (a)]
17.  (a) For the Composite Trapezoidal rule, we have
J h’g $ 1" " 9 - Il
B(f)=-15 2 (&) = (6 Zf (&) A;,
j=1 ] =1

. . _ L - . . n 37 . .o . .
where Az; = z;41 — x; = h for each j. Since ) ;_,; f"(§;)Az; is a Riemann sum for

J2 () dz = f'(b) - f'(a), we have

h?

B(f) =~ (') - /(a)].
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(b) For the Composite Midpoint rule, we have

B3 n/2 B2 n/2

B(f) =35> e = Zf” £)(2h).
j=1

Bus Z"/q F"(&;)(2h) is a Riemann sum for fab ' (x) dz = f'(b) — f'(a), so

l\')

B(f) ~ 17 0) — (@)

18.  (a) Composite Trapezoidal Rule: With i = 0.0069669, the error estimate is 2.541 x 10-5.
(b) Composite Simpson’s Rule: With h = 0.132749, the error estimate is 3.252 x 10~5.
(c) Composite Midpoint Rule: With h = 0.0049263, the error estimate is 2.541 x 1073,
19.  (a) The estimate using the Composite Trapezoidal rule is —2h%In2 = —6.296 x 1076,
(b) The estimate using the Composite Simpson’s rule is —51-h% = —3.75 x 1076,
(¢) The estimate using the Composite Midpoint rule is $h?In2 =6.932 x 1076,
20. (a) 0.68269822 obtained using n = 10 in Composite Simpson’s rule.
(b) 0.95449101 obtained using n = 14 in Composite Simpson’s rule.
(c) 0.99729312 obtained using n = 20 in Composite Simpson’s rule.

21. The length is approximately 15.8655.

22. The length of the track is approximately 9858 ft.

23. Composite Simpson’s rule with h = 0.25 gives 2.61972 s.

24. An approximation for T' is 1054.694.

25. The length is approximately 58.47082, using n = 100 in the Composite Simpson’s rule.

26. (a) For pg = 0.5, we have pg = 1.644854 with n = 20.
(b) For pg = 0.5, we have pg = 1.645085 with n = 40.

Exercise Set 4.5, page 211
1. Romberg integration gives Rj3 3 as follows:
(a) 0.1922593 (b) 0.1606105 (c¢) —0.1768200 (d) 0.08875677

(e) 2.5879685 (f) —0.7341567 (g) 0.6362135 (h) 0.6426970
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o

Romberg integration gives R3 3 as follows:

(a) 1.45281435 (b) 0.32795861 (c) —10.51261013

Romberg integration gives Ry 4 as follows:
(a) 0.1922594 (b) 0.1606028 (¢) —0.1768200

(e) 2.5886272  (f) —0.7339728 (g) 0.6362134

Romberg integration gives R, 4 as follows:

(a) 1.45466031 (b) 0.32456706 (c) —10.52012212

Romberg integration gives:

Exercise Set 4.5

(d) 0.52681555

(d) 0.08875528

(h) 0.6426991

(d) 0.52659385

(a) 0.19225936 with n =4 (b) 0.16060279 with n =5
(c) —0.17682002 with n =4 (d) 0.088755284 with n =5
(e) 2.5886286 with n =16 (f) —0.73396918 with n =6
(g) 0.63621335 with n =4 (h) 0.64269908 with n =5

(a) Rg, = 1.45464871, Actual Integral= 1.454648713

(b) Ry =0.32433216, Actual Integral= 0.3243321549

(¢) Rgg = —10. 59001521 Actual Integral= —10.52001520
(d) Rf, s = 0.52658903, Actual Integral= 0.5265890342

R33 = 11.5246
Ro1 = 0.2361
£(2.5) = 0.43459
f(1/2) =55
Rz =5

Romberg integration gives:

(a) 62.4373714, 57.2885616, 56.4437507, 56.2630547, and 56.2187727 vields a prediction of

56.2.

(b) 55.5722917, 56.2014707, 56.2055989, and 56.2040624 yields a prediction of 56.20.
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(c) 58.3626837, 59.0773207, 59.2688746, 59.3175220, 59.3297316, and 59.3327870 vields a
prediction of 59.330.

(d) 58.4220930, 58.4707174, 58.4704791, and 58.4704691 yields a prediction of 58.47047.

(e) Consider the graph of the function.

13. We have

Ry — 4Rk — R—11
' 3
2k~2
1 ) :
= 3 Ri11+ 2hp Z fla+ (- 1/2))h1ﬁ_1)} , from (4.35),
i=1
1 hy g
i—1, » g g .
_ g[ =L (7(a) + F(8)) + i ; Fa+ihs_1)
2/\:-2
+2hr Y fla+(i— 1/2)hk_1)},
i=1
from (4.34) with £ — 1 instead of k. Hence,
ok—2_q gk—2
Rpy = = [hk( Fla)+ ) +2h Y fla+2iha) +4h > fla+ (20— 1)h)]
i=1 i=1

It
wl =

M~-1 M
Fl@)+ ) +2 ) fla+2ih)+4>  fla+ (2i~ 1)h)] ,
=1 =1

where h = hy, and M = 2+—2,

14. First consider

2N-—-1
> g() =g(1) +9(2) + g(3) + -+ + g(2N — 2) + g(2N — 1)
i=1

=91 +9B) +- -+ 92N —1)] + [9(2) + g(4) +--- + g(2N —2)]
-1

N
=> g(2i-1)+ Y g(2i).
i=1

1

z

i

The result follows by setting

gli)=171 (a + %hk_l) and N = 2F-2,

<
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15. Equation (4.35) follows from

I 2h=1_1
Ri1 = h?]‘ fla)+ f(b) +2 Z f(a-%—z'h.k)}

i=1

B ok—1__q
= % Fla)+ f(b) +2 Z fla+- hh 1)]

gk—1_q ok—2
— ’% Fla@)+f®)+2 Y f(a+z‘hk_1>+2Zf<a+<i—1/2>hk-1)}

i=1 i=]1

2k=2_q

2F k—
= % {h"; [f(a) + f(b) +2 ; f(a‘f’ihk—l)jl + hi_1 ; fla+(i— 1/2)hk~—1)}

ok—2
Rp—11+ hy— 12]‘ (@+(t—1/2)hg— 1)].

i=1

16. The approximation erf(1) ~ 0.84270079 is obtained using n = 6.

Exercise Set 4.6, page 218
1. Simpson’s rule gives
(a) S(1,1.5) = 0.19224530, S(1,1.25) = 0.039372434, S(1.25,1.5) = 0.15288602, and the
actual value is 0.19225935.

(b) S(0,1) = 0.16240168, S(0,0.5) = 0.028861071, 5(0.5,1) = 0.13186140, and the actual
value is 0.16060279.

(c¢) S5(0,0.35) = —0.17682156, 5(0,0.175) = —0.087724382, 5(0.175,0.35) = —0.089095736,
and the actual value is —0.17682002.

(d) S(0, l) = 0.087995669, S{(0, 8) = (.0058315797, S’(% g) = 0.082877624, and the actual
value is 0.088755285.

(e) S(0,%) = 2.5836964, S(0,%) = 0.33088926, S(%,T) = 2.2568121, and the actual value
is 2.5886286.

(f) S(1,1.6) = —0.73910533, S(1,1.3) = —0.26141244, S(1.3,1.6) — —0.47305351, and the
actual value is —0.73396917.

(g) 5(3,3.5) = 0.63623873, S5(3,3.25) = 0.32567095, S(3.25,3.5) = 0.31054412, and the
actual value is 0.63621334.

(h) 5(0,%) = 0.64326905, S(0,F) = 0.37315002, S(%,%) = 0.26958270, and the actual
value is 0.64269908.
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2. Adaptive quadrature gives:

(a) 0.19226 (b) 0.16072 (c) —0.17682 (d) 0.088709

(e) 2.58770 (f) —0.73447 (g) 0.63622 (h) 0.64273
3. Adaptive quadrature gives:

(a) 108.555281 (b) —1724.966983 (c) —15.306308 (d) —18.945949
4.

Adaptive Quadrature Approximation Actual Integral

(a) 2.00000103 2.00000000

(b) 1.37296499 1.372964103

(c) 0.23222233 0.23222150

(d) 5.11383291 5.113832671

5. Adaptive quadrature gives:

Simpson’s Number Error Adaptive Number Error
rule evaluation quadrature  evaluation
(a) —0.21515695 57 6.3 x 1076 —0.21515062 229 1.0 x 1078
(b) 0.95135226 83 9.6 x 1076 0.95134257 217 1.1 x 1077
(c) -—6.2831813 41 40x 1076 —6.2831852 109 1.1 x 1077
(d) 5.8696024 27 2.6 x 1078 5.8696044 109 4.0x 107°
6. Adaptive quadrature gives
21 21
/ sin — dzr ~= 1.1454 and cos — dx = 0.67378.
0.1 T 0.1 xZ

27
7. / u(t) dt ~ 0.00001
0

8. (EL) 61:—%,6226%6

9. We have, for h =b —aq,

lT(a, b)—T <a,

(b) [ u(t) dt ~ —0.02348194

a+b a+b hd .,
) -7 (50|~

79
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and ,
b -+ b B3
/Efm)da:—T(a,“;‘ )—T(”j ,b)’z@f"(u)l.
So

b a-+b a+b 1 a+b a+b
/Qf(:c)d:u—T<a,—2—>—T< 5 ,b> zng(a,b)—T<a, 5 >—T<T,b>‘.

10. For ¢ between o and 1 we have the following values.

t c(t) s(t)

0.1 0.0999975 0.000523589
0.2 0.199921  0.00418759
0.3  0.299399 0.0141166
0.4 0.397475 0.0333568
0.5 0.492327 0.0647203
0.6 0.581061 0.110498
0.7 0.659650 0.172129
0.8 0.722844 0.249325
0.9  0.764972 0.339747
1.0 0.779880 0.438245

Exercise Set 4.7, page 226

1. Gaussian quadrature gives:
(a) 0.1922687 (b} 0.1594104 (c) —0.1768190 (d) 0.08926302

(e) 2.5913247 (f) —0.7307230 (g) 0.6361966 (h) 0.6423172

2. Gaussian quadrature with n = 3 gives:
(a) 0.1922594 (h) 0.1605954 (¢) —0.1768200 (d) 0.08875385

(e) 2.5892580 (f) —0.7337990 (g) 0.6362132 (h) 0.6427011
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3. Gaussian quadrature gives:

() 0.1922594 (b) 0.1606028 (c) —0.1768200 (d) 0.08875529

(h) 0.6426991

(e) 2.5886327 (f) —0.7339604 (g) 0.6362133

4. Gaussian quadrature with n = 5 gives:

(a) 0.1922594 (b) 0.1606028 (c) —0.1768200 (d) 0.08875528
(e) 2.5886286 (f) —0.7339687 (g) 0.6362133 (h) 0.6426991
5 a=1,b=1c¢c=3d=—%
6 a:l—g,bz%ﬁ,c:l—g,d:fg, ‘3:_115
7. The Legendre polynomials Py(x) and Ps(z) are given by
Py(z) = E (32°—1) and Pi(z) = = (52° — 3z)
2(2) = 5 (3 3(’ 5 z),
so their roots are easily verified.
For n =2,
. /1 z +0.5773502692
1T ), 1.1547005 B
and
o /1 © — 05773502692 ,
2T )T —1.1547005 T
For n =3,
/1 z(z + 0.7745966692) 5
& = doe = =,
-1 1.2 9
/3L (z + 0.7745966692)(z — 0.7745966692) 8
g = de = —,
—1 —0.6 9
and
o /1 z(w — 0.7745966692) , 5
L 1.2 )

8. Let P(z)=TI{_;(z — z;)% Then Q(P) =0 and [, P(z) dz #0.
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Exercise Set 4.8, page 239

1. Algorithm 4.4 with n = m = 4 gives:

(a) 0.3115733 (b) 0.2552526 (c) 16.50864 (d) 1.476684

2. Algorithm 4.4 gives:
(a) 0.3115733 with n =m = 2 (b) 0.2552526 with n =m = 4

(¢) 16.50864 with n =m = 4 (d) No result since it requires n,m > 800.

3. Algorithm 44 withn=4and m=8 n=8and m=4, andn=m=26 gives:

(a) 0.5119875, 0.5118533, 0.5118722 (b) 1.718857, 1.718220, 1.718385
(c) 1.001953, 1.000122, 1.000386 (d) 0.7838542, 0.7833659, 0.7834362
(e) —1.985611, —1.999182, —1.997353 (f) 2.004596, 2.000879, 2.000980
(g) 0.3084277, 0.3084562, 0.3084323 (h) —22.61612, —19.85408, —20.14117

4. Algorithm 4.4 gives:

(2) 0.51184555 with n = m — 14 (b) 1.7182827 with n = m = 20

(c) 1.80000081 with n =m = 28 (d) 0.78333417 with n =m = 20

(e) —1.99999913 with n =m = 44 (f) 2.00000092 with n =m =34

(g) 0.30842563 with n = m — 12 (h) —19.73920077 with n — m — 144

5. Algorithm 4.5 with n = m = 2 gives:

(a) 0.3115733 (b) 0.2552446 (c) 16.50863 (d) 1.488875

6. Algorithm 4.5 gives:

(a) 0.3115733 with n =m = 2 and 4 function evaluations

(b) 0.2552519 with n = m = 3 and 9 function evaluations



Numerical Differentiation and Integration 83

(c) 16.508640 with » = m = 3 and 9 function evaluations

(d) no result, since it requires n,m > 5
7. Algorithm 4.5 withn=m=3,n=3and m=4,n=4andm=3, and n=m = 4 gives:

(a) 0.5118655, 0.5118445, 0.5118655, 0.5118445, 2.1 x 1075, 1.3 x 10™7, 2.1 x 1075, 1.3 x 10~7
(b) 1.718163, 1.718302, 1.718139, 1.718277, 1.2 x 10™%, 2.0 x 1075, 1.4 x 104, 4.8 x 10~6
(e) 1.000000, 1.000000, 1.0000000, 1.000000, 0, 0, 0, 0

(d) 0.7833333, 0.7833333, 0.7833333, 0.7833333, 0, 0, 0, 0

(e) —1.991878, —2.000124, —1.991878, —2.000124, 8.1x1073, 1.2x10™%, 8.1x10~3, 1.2x 10~*
(f) 2.001494, 2.000080, 2.001388, 1.999984, 1.5 x 1073, 8 x 1072, 1.4 x 10~3, 1.6 x 10~

(g) 0.3084151, 0.3084145, 0.3084246, 0.3084245, 1075, 5.5 x 10~7, 1.1 x 1075, 6.4 x 10~7
(h) —12.74790, —21.21539, —11.83624, —20.30373, 7.0, 1.5, 7.9, 0.564

8. Algorithm 4.5 with n = m = 5 gives:

(a) 0.51184464, error 3 x 10710 (b) 1.7182816, error 2.2 x 107
(¢) 1.0000000, error 0 (d) 0.78333333, error 0

(e) —1.9999989, error 1.1 x 108 (f) 2.0000001, error 1.1 x 10~7
(g) 0.30842509, error 4.3 x 1078 (h) —19.712428, error 0.0268

9. Algorithm 4.4 with n = m = 14 gives 0.1479103, and Algorithm 4.5 with n = m = 4 gives
0.1506823.

10, [fg Vay + 92 dA ~13.15229

11. The approximation to the center of mass is (Z,7), where T = 0.3806333 and 7 = 0.3822558.
12. The approximation from Algorithm 4.5 with n = m =5 is T = 0.3820547 and ¥ = 0.3813976.
13. The area is approximately 1.0402528.

14. The area approximation from Algorithm 4.5 is 1.0402523.

15. Algorithm 4.6 with n = m = p = 2 gives the first listed value. The second is the exact result.

(a) 5.204036, e(e® — 1)(e — 1)? (b) 0.08429784,
(c) 0.08641975, L (d) 0.09722222, L
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16.

17.

18.

19.

Exercise Set 4.9
(e) 7.103932, 2+ 72 (f) 1.428074, 2(e* 4+ 1) —e

Gaussian quadrature with n = m = p = 3 gives:
(a) 5.206442 (b) 0.08333333 (c) 0.07166667

(d) 0.08333333 (e) 6.928161 (f) 1.474577

Algorithm 4.6 with n = m = p = 4 gives the first listed value. The second is from Algorithm
46 withn=m=p=25.

(a) 5.206447, 5.206447 (b) 0.08333333,0.08333333  (c) 0.07142857,0.07142857

(d) 0.08333333,0.08333333 (&) 6.934912,6.934801 (f) 1.476207, 1.476246

Gaussian quadrature with n = m = p = 4 gives 3.0521250. The exact result is 3.0521249.

The approximation 20.41887 requires 125 functional evaluations.

Exercise Set 4.9, page 245

1.

bo

The Composite Simpson’s rule gives:

(a) 0.5284163 (b) 4.266654 (c) 0.4329748 (d) 0.8802210

The Composite Simpson’s Rule gives:

(a) 1.076163 (b) 20.07458

The Composite Simpson’s rule gives:

(a) 0.4112649 (b) 0.2440679 (c) 0.05501681 (d) 0.2903746

The Composite Simpson’s Rule gives:

(a) 1.1107218 with n = 16 (b) 0.58904782 with n = 12

The escape velocity is approximately 6.9450 mi/s.
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6. The polynomial L,(z) has n distinct zeros in [0, c0). Let z1,...,z, be the n distinct zeros of
Ly and define, for each i = 1,.

’L = Zj
—’E
C'l?. i H
. — T]
J#t

Let P(z) be any polynomial of degree n— 1 or less, and let P,_ 1(z) be the (n—1)th Lagrange
polynomial for P on the nodes 1, ..., 2,. As in the proof of Theorem 4. 7,

/ P(x)e ™™ dz = / P,1(x)e ™ dx = ch,iP(z )
0 0 i=1

so the quadrature formula is exact for polynomials of degree n — 1 or less.
If P(z) has degree 2n — 1 or less, then P(z) can be divided by the nth Laguerre polynomial
Ly (z) to obtain :

P(z) = Q(z)Ln(z) + R(z),
where () and R(z) are both polynomials of degree less than n. As in proof of Theorem 4.7
the orthogonality of the Laguerre polynomials on [0, c0) implies that

Qz) = Z d:Li(z),

for some constants d;.

Thus,
oo n—1 o7}
/O e *P(z) do = / ZdL e dr—i—/o e °R(z) dz
i / e T dr+ Z CnilRR
=0
= chz ch i
But,
P(z;) = Q(2:) Ln(2:) + R(zs) = 0+ R(z;) = R(z,),
SO

0

/00 e " P(z) dz = i i P(2s).
i=1

Hence the quadrature formula has degree of precision 2n — 1.

o0
7. (a) / ™" f(z)dz ~ 0.8535534 f(0.5857864) + 0.1464466 £(3.4142136)
0

(b) / e " f(z) do ~ 0.7110930 f(0.4157746)+0.2785177 £(2.2942804)40.0103893 £(6.2899451)
0

8. For n = 2 we have 0.9238795. For n. = 3 we have 0.9064405.
9. For n = 2 we have 2.9865139. For n = 3 we have 2.9958198.






Initial-Value Problems for
Ordinary Differential Equations

Exercise Set 5.1, page 255

1. (a) Since f(t,y) = ycost, we have g—i(t, y) = cost, and [ satisfies a Lipschitz condition in y

with L=1on
D={{t,y0<t<1l,—00<y< oo}

Also, f is continuous on D, so there exists a unique solution, which is y(t) = "%

af _ 2

(b) Since f(t,y) = 2y +t%e!, we have 5y = 1» and [ satisfies a Lipschitz condition in y with

L=2on
D={(t,yl <t <2 -00 <y < oo}

Also, f is continuous on D, so there exists a unique solution, which is y(t) = t2(ef — e).

c) Since f(t,y) = —2y + t2et, we have 9f = —~2 and f satisfies a Lipschitz condition in y
7Y By 1

with L = 2 on
D={{yl<t<2 —c0 <y < oo}

Also, f is continuous on D, so there exists a unique solution, which is

y(t) = (the — deBel + 126%e" — 24te’ + 24e’ + (V2 — 9)e) /1.

3 ¢ i . . . ., . - 0
d) Since f(t,y) = 2% we have &L = ia,“ and f satisfies a Lipschitz condition in y with
T+t By — 1+t :

L=2on
D= {(t,y)]0 <t <1,—00 <y < co}.

Also, f is continuous on D, so there exists a unique solution, which is y(t) = 1 +#*

2. (a) Since f(t,y) = €' ¥, we have g—{;(t, y) = —e'¥, and f does not satisfies a Lipschitz

condition in y on
D={ty)]0<t<1,—00<y< oo}

But there is a unique solution, which is y(¢) = In(ef — 1 + e).

(b) Since f(t,y) = t~2(sin(2t)—2ty), we have g_zf = —2/t, and f satisfies a Lipschitz condition

iny with L =2 on
D={{ty1<t<2~0 <y <oco}

Also, f is continuous on D, so there exists a unique solution, which is y{t) = (4 + cos2 —

cos(2t))t2/2.

87
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Exercise Set 5.1

(c) Since f(t,y) = —y + ty'/?, we have % = —1+ (t/2)y~%/?, and f does not satisfies a
Lipschitz condition in y on

D={(t,y)2<t<3,—0c0 <y < o0}

. . Y on 2
But there is a unique solution, which is y(¢) = (t — 2+ V2elt/ 2.
d) Since f(t,y) = ¥ we have 9 = 1 and f does not satisfies a Lipschitz condition
Yy ty--¢ oy 7 t{y+1)

inyon
D={(t,y))2<4<1,—00 <y < oo}.

But there is a unique solution, which is implicitly given by y(t) — ¢t — 2 = In(2¢/y(t)).

(a) Lipschitz constant L = 1; it is a well-posed problen.
(b) Lipschitz constant L = 1; it is a well-posed problem.
(¢) Lipschitz constant L = 1; it is a well-posed problem.
(d) The function f does not satisfy a Lipschitz condition, so Theorem 5.6 cannot be used.

(a) The function f does not satisfy a Lipschitz condition, so Theorem 5.6 cannot be used.

(b) Lipschitz constant L = 1; it is a well-posed problem.

(¢) Lipschitz constant L = 1; it is a well-posed problem.
)

(d) The function f does not satisfy a Lipschitz condition, so Theorem 5.6 cannot be used.

(a) Differentiating y°t + yt = 2 gives 3y?y't + y* +y't +y = 0. Solving for 3/ gives the
original differential equation, and setting t = 1 and y = 1 verifies the initial condition.
To approximate y(2), use Newton’s method to solve the equation y® +y — 1 = 0. This
gives y(2) ~ 0.6823278.

(b) Differentiating ysint + t%e¥ + 2y — 1 = 0 gives y' sint + y cost + 2te¥ + t2e¥y’ + 2y = 0.
Solving for 3’ gives the original differential equation, and setting t = 1 and y = 0 verifies

the initial condition. To approximate y(2), use Newton’s method to solve the equation
(2+sin2)y +4e¥ — 1 = 0. This gives y(2) ~ —0.4946599.

Let (,91) and (t,y2) be in D. Holding ¢ fixed, define g(y) = f(t,y). Suppose y; < yo. Since
the line joining (t,%1) to (f,y2) lies in D and f is continuous on D, we have g € Cly1,ya].
Further, ¢'(y) = —@fétlTy) Using the Mean Value Theorem on g, a number &, for 13 < € < ys,
exists with

9(y2) — g(y1) = g"(€)(y2 — 1)

Thus,

Flty2) — flty) = afgy, 2 (Y2 —y1)

and
[f(ty2) = f(t, )| < Llya —wi].

The proof is similar if ya < 3;. Therefore, f satisfies a Lipschitz condition on D in the variable
y with Lipschitz constant L.
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Initial-Value Problems for Ordinary Differential Equations
—00 < Y3 < 00, and —oco <

Let (t1,y1) and (t2,y2) be in D, with a < t; < b, a <ty < b,
< (1—A)b and Aa < Atz < Ab. Hence,

7.
Y2 < 00. For 0 < A <1, Wehave(l— Aa < (1-Mt <
=1 =XNa+Xda < (1—Nt1 + Mz < (1= A)b+Ab=b. Also, —co < (1 — A)y1 + Ay < o0,
so D is convex.
8. (a) Sincey(t) =1-e*, wehave z(t) =1—et+5(t —1+e~*) +ege? and |y(t) — z(t)] <

2|6] + |eo| < 3e, so the problem is well posed.
(b) Since y(t) = ~t — 1, we have 2(t) = —t — 1+ 6 (—t — 1+ e*) + eget and |y(t) — 2(t)] <
4.4]0| + 7.4|ep| < 11.8¢, so the problem is well posed.
(c) Since y(t) = t? (e’ — e), we have z(t) = t? (¢! — e) + % (ep + 6 Int) and |y(t) — 2(t)| <

leo| + In2]8]) < 6.8¢, so the problem is well posed.

(d) Since
thef — dtdel + 12t%! — 24tet + 24t (V2-9)e
y(t) = 2 +

we have
det — 4t3et 4+ 12426t — 24tet + 246t Vv2—-9)e
2y = —— 27 o~ b +(\/—t2 Je Ly

and
2(t)| < |6] + |eo| +6]/4 < 2.25¢,

ly(t) —
so the problem is well posed.

9. (a) Since y' = f(t,y(t)), we have

So _
y(t) — yla) = / F(eru(z)) dz

and

t
y(t) = Cl'-i-/ flz,y(2)) d=.

The iterative method follows from this equation.
(b) We have yo(t) =1, y1(t) = 1+ 3¢, ya(t) = 1+ 512 — 2%, and ys(¢) = 1+ 3¢ — 1434 Lot
(c) We have y(t) =1+ 517 — 13 + 414 — o5+ -+
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Exercise Set 5.2, page 263

1. Euler’s method gives the approximations in the following tables.

(2) (b)
2 t; w; y(ti) ] 1y w4 y(tz’)
1 0.500 0.0000000 0.2836165 1 2500 2.0000000 1.8333333
2 1.000 1.1204223 3.2190993 2 3.000 2.6250000 2.5000000
(c) (d)
i t; wy y(t,j) i t; w; y(t,,;)
1 1.250 2.7500000 2.7789294 1 0.250 1.2500000 1.3291498
2 1.500 3.5500000 3.6081977 2 0.500 1.6398053 1.7304898
3 1.750 4.3916667 4.4793276 3 0.750 2.0242547 2.0414720
4 2.000 5.2690476 5.3862944 4 1.000 2.2364573 2.1179795

2. Kuler’s method gives the approximations in the following tables.

(a) (b)
ti wy ti w;
0.5 1.183939721 1.5 2.333333333
1.0 1.436252216 2.0 2.708333333
(c) (d)
ti Wi t; w;
2.25 2.207106781 1.25  1.227324357
2.50  2.490998908 1.50 0.8321501572
2.75  2.854680348 1.75  0.5704467722
3.00 3.302596464 2.00 0.3788266146

3. The actual errors and error bounds for the approximations in Exercise 1 are given in the
following tables.

(a) (b)

t  Actual error  Error bound t Actual error  Error bound

0.5  0.2836165 11.3938 2.5 0.166667 0.429570
1.0 2.0986771 42.3654 3.0 0.125000 1.59726
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(c) (d)
t Actual error  Error bound t Actual error
125  0.0289294 0.0355032 0.25  0.0791498
1.50  0.0581977 0.0810902 0.50  0.0906844
1.75  0.0876610 0.139625 0.75  0.0172174
2.00 0.117247 0.214785 1.00 0.118478

For Part (d), error bound formula (5.10) cannot be applied since L = 0.

4. The actual errors and error bounds for the approximations in Exercise 1 are given in the
following tables.

(a) (b)

Error bound t;

ti o Jwi —y(t)]

0.5 0.030083340 0.06651369683
1.0 0.053627909  0.3254413801

|w; — y(t;)] Error bound

1.5 0.020768633 0.02518894623
2.0 0.033324054 0.05494617010

(c) (d)
t; Jw; — y(£;)] Error bound t; |w; —y(t;)]  Frror bound
2.25 0.037014328 0.04985076072 1.25  0.175874613  0.3053253946
2.50 0.073453039  0.1100812516 1.50 0.1842599898  0.8087218666
2.75 0.110513485  0.1828526997 1.75 0.1675629993  1.638682338
3.00 0.148690185 0.2707763338 2.00 0.1508604834  3.007055822

5. Euler’s method gives the approximations in the following tables.

(a) b
(] t; w; y(ti) i t; w; y(ti)
2 1.200 1.0082645 1.0149523 2 1400 0.4388889 0.4896817
4 1.400 1.0385147 1.0475339 4 1.800 1.0520380 1.1994386
6 1.600 1.0784611 1.0884327 6 2.200 1.8842608 2.2135018
8 1.800 1.1232621 1.1336536 8 2.600 3.0028372 3.6784753
10 2.000 1.1706516 1.1812322 10 3.000 4.5142774 5.8741000
() (d)
2 ti wy y (tl) 7 ti W; Yy (ti_)
2 0.400 —1.6080000 —1.6200510 2 0.2 0.1083333 0.1626265
4 0800 -~1.3017370 —1.3359632 4 0.4 0.1620833 0.2051118
6 1.200 —-1.1274909 —1.1663454 6 0.6 0.3455208 0.3765957
8 1.600 —1.0491191 —1.0783314 8 0.8 0.6213802 0.6461052
10 2.000 -1.0181518 —1.0359724 10 1.0 0.9803451 1.0022460
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6. FEuler's method gives the approximations in the following tables.

(a)

) t; w;

2 0.2 1.374257426

3 0.3 1.513709064

9 0.9 1.631412128
10 1.0 1.579669485
1t w;

5 2.0 —1.248872291
6 22 —1.217791320
8 2.6 —1.174414016
9 2.8 —1.158657534

(b)

1 t; Wy

2 1.2 -1.253297013
3 13 —1.181899131
9 1.9 —0.9150285539
10 2.0 —0.8861569244
) tz' Wy

5 0.5 1.255609618

6 0.6 1.352114314

9 0.9 1.624904878
10 1.0 1.700214869

Exercise Set 5.2

7. The actual errors for the approximations in Exercise 3 are in the following tables.

(a)

t  Actual error
1.2 0.0066879
1.5 0.0095942
1.7 0.0102229
2.0 0.0105806

t  Actual error
0.4 0.0120510
1.0 0.0391546
1.4 0.0349030
2.0 0.0178206

(b)

t  Actual error
1.4  0.0507928
2.0 0.2240306
2.4 0.4742818
3.0 1.3598226

t  Actual error

0.2 0.0542931
0.5 0.0363200
0.7 0.0273054
1.0 0.0219009
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8. The actual errors for the approximations in Exercise 5 are in the following tables.

(a) (b)
t  Actual error t Actual error
0.2 0.028103580 1.2 0.015002391
0.3 0.045819156 1.3 0.018712043
0.9 0.084450802 1.9 0.0241936829
1.0 0.079669485 2.0  0.0240823020
(c) (d)
t  Actual error t  Actual error
2.0 0.084461042 0.5 0.034195658
2.2 0.076326327 0.6 0.028816902
2.6 0.063681222 0.9 0.007708304
2.8 0.058733770 1.0 0.001655184

9. FEuler’s method gives the approximations in the following table.

it w; y(t:)

1 1.1 0.271828  0.345920
5 1.5 318744 3.96767

6 1.6  4.62080 5.70296
9
0

1.9 11.7480 14.3231
2.0 15.3982 18.6831

(b) Linear interpolation gives the approximations in the following table.

t Approximation y(t) Error
1.04 - 0.108731 0.119986 0.01126
1.55 3.90412 478864  0.8845
1.97 14.3031 17.2793 2.976

(c) h < 0.00064
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10.

11.

12.

13.

14.

Exercise Set 5.2

z t; W; y(ts)

1 1.05 -0.9500000 —0.9523810
2 110 —0.9045353 —0.9090909
11 1.5 —0.6263495 -0.6451613
12 1.60 —0.6049486 —0.6250000
19 1.95 —0.4850416 —0.5128205
20 2.00 —-0.4712186 —0.5000000

(b) (1) y(1.052) =~ —0.9481814  (ii) y(1.555) ~ —0.6242094 (iii) y(1.978) ~ —0.4773007
(¢) h <0.029
(a) Euler’s method produces the following approximation to y(5) = 5.00674.
| h=02 ] h=01| h=0.05
wy | 5.00877 | 5.00515 | 5.00592

(b) h =2 x 1076 ~ 0.0014142.

For ¢ > 0, the approximations are zero and are not adequate approximations until the solution
becomes close to zero. This behavior does not violate Theorem 5.9.

(a) 1.021957 = y(1.25) ~ 1.014978, 1.164390 = y(1.93) =~ 1.153902

(b) 1.924962 = y(2.1) ~ 1.660756, 4.394170 = (2.75) ~ 3.526160

(c) —1.138277 = y(1.3) ~ —1.103618, —1.041267 = y(1.93) ~ —1.022283
)

(d) 0.3140018 = y(0.54) ~ 0.2828333, 0.8866318 = y(0.94) ~ 0.8665521

(a) 1.411764706 = y(0.25) ~ 1.443983245, 1.533594295 = 1/(0.93) ~ 1.615889335

(b) —1.233151731 = y(1.25) ~ —1.217598072, —0.9302304614 = y(1.93) ~ —0.9063670650
(c) —1.3125 = y(2.10) ~, —1.233331806 —1.2222222222 = y(2.75) ~ —1.162596654

(d) 1.326196852 = y(0.54) =~ 1.294211496, 1.661361751 = (0.94) ~ 1.655028874

(a) h=10""/2

(b) The minimal error is 10~"/?(e — 1) + 5e10~ ™1,

(c)
Error
t  wh=01) w(h=0.01) y(1) (n=28)
0.5 0.40951 0.39499 0.39347 1.5 x 10*

1.0 0.65132 0.63397 0.63212 3.1 x 107
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16.
j tj Wy
20 2 0.702938
40 4 —0.0457793
60 6 0.294870
80 8 0.341673
100 10  0.139432

(c) Since p(t) =1 — 0.99e0-092¢ (50) = 0.10421.

Exercise Set 5.3, page 271

1. Taylor’s method of order two gives the approximations in the following tables.

w;

y(t:)

0.12500000
2.02323897

0.28361652
3.21909932

wy

y(t)

1.25
1.50
1.75
2.00

2.78125000
3.61250000
4.48541667
5.39404762

2.77892944
3.60819766
4.47932763
5.38629436

Wi

y(ts)

1.75000000
2.42578125

1.83333333
2.50000000

Wy

y(t:)

0.25
0.50
0.75
1.00

1.34375000
177218707
2.11067606
2.20164395

1.32914981
1.73048976
2.04147203
2.11797955

2. Taylor’s method of order two gives the approximations in the following tables.

Wi

y(t:)

0.50
1.00

1.2130077
1.4893295

1.2140231
1.4898801

Wy

y(t:)

2.25
2.50
2.75
3.00

2.2437184
2.5634054
2.9633902
3.4486992

2.2441211
2.5644519
2.9651394
3.4512866

(b)
t; w; y(ts)
1.50 2.3564815 2.3541020
2.00 2.7454763 2.7416574
(d)
t; w; y(t:)
1.25 1.4626530 1.4031990
1.50 1.0785177 1.0164101
1.75 0.79184185 0.73800977
2.00 0.574516240 0.52068710

95
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3. Taylor’s method of order four gives the approximations in the following tables.

(a) (b)
t; w; y(ti) ti w; y(t:)
0.50 0.25781250 0.28361652 2.50 1.81250000 1.83333333
1.00 3.05529474 3.21909932 3.00 2.48591644 2.50000000
() (d)
ti Wy y(t:) ti w; y(ts)
1.25 2.77897135 2.77892944 0.25 1.32893880 1.32914981
1.50 3.60826562 3.60819766 0.50 1.72966730 1.73048976
1.75  4.47941561 4.47932763 0.75 2.03993417 2.04147203
2.00 5.38639966 5.38629436 1.00 2.11598847 2.11797955

4. Taylor’s method of order four gives the approximations in the following tables.

(a) — b)
t; w; y(t;) t; w; y(t;)
0.50 1.2140485 1.2140231 1.50  2.3541059 2.3541020
1.00 1.4898968 1.4893801 2.00 2.7416702 2.7416574
(c) (d)
t; w; y(t:) t; Wy y(ti)
225 2.2441297 2.2441211 1.25  1.4090648 1.4031990
2.50 2.5644662 2.5644519 1.50 1.0217897 1.0164101
2.75 2.9652116 2.9651394 1.75  0.74234451  0.73800977
3.00 3.4513065 3.4512866 2.00 0.53314083 0.52968710

5. Taylor’s method of order two gives the approximations in the following tables.

(a) (b)
Order 2 Order 2
1 ti w; y(t,) i tz‘ w; y(ti)
1 1.1 1.214999 1.215886 1 0.5 0.5000000 0.5158868
2 1.2 1.465250 1.467570 2 1.0 1.076858 1.001818




Initial-Value Problems for Ordinary Differential Equations

(c) (d)
Order 2 Order 2
2 fi w; y(ti) 7 ti w; y(ti)
1 1.5 -—2.000000 —1.500000 1 0.25 1.093750 1.087088
2 20 -=1777776 —1.333333 2 050 1.312319 1.289805
3 2.5 -—1.585732 —1.250000 3 0.75 1.538468 1.513490
4 3.0 -—1.458882 —1.200000 4 1.0 1.720480 1.701870

6. Taylor’s method of order two gives the approximations in the following tables.

(a) (b)

it w; it w;

2 0.2 1.3492187 2 1.2 —1.2697379

4 0.4 1.5546191 4 14 —1.1441477

6 0.6 1.6184028 6 1.6 —1.0485714

8 0.8 1.5840995 8 1.8 -—0.97321601

10 1.0 1.4976289 10 2.0 —-0.91214217
(2) (b)

it w; it w;

2 14 -1.6024604 2 0.2 1.0581740

4 1.8 —1.4206863 4 0.4 1.2044189

6 2.2 —1.3217746 6 0.6 1.3846529

8 2.6 —1.2601896 8 0.8 1.5584034

10 3.0 -—1.2182831 10 1.0 1.7043395

7. Taylor’s method of order four gives the approximations in the following tables.

(a) (b)
Order 4 Order 4
Tt w; y(t:) it w; y(t:)
1 1.1 1.215883 1.215886 1 0.5 0.5156250 0.5158868
2 1.2 1467561 1.467570 2 1.0 1.091267 1.091818
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(c) (d)
Order 4 Order 4
it w; y(t;) 7 t; Wy y(t:)
1 1.5 —2.000000 —1.500000 1 0.25 1.086426 1.087088
2 20 -1.679012 —1.333333 2 0.50 1.288245 1.289805
3 25 —1.484493 —1.250000 3 075 1.512576 1.513490
4 3.0 -1.374440 -—1.200000 4 1.0 1.701494 1.701870

8. Taylor’s method of order four gives the approximations in the following tables.

(a) (b)
i t; w; ) t; W
2 0.2 1.3461270 2 12 —1.2683126
4 0.4 1.5517144 4 14 -1.1422607
6 0.6 1.6176616 6 16 —1.0465749
8 0.8 1.5853873 8 1.8 —0.97124644
10 1.0 1.5000175 10 2.0 —0.91025180
(c) (d)
) ti w; ) ti w;g
2 14 —1.5618034 2 0.2 1.0571619
4 1.8 -—1.3887436 4 04 1.2014475
6 2.2 —1.2971040 6 0.6 1.3809015
8 2.6 —1.2404156 8 0.8 1.5550142
10 3.0 -—1.2018912 10 1.0 1.7018616

9. (a) Taylor's method of order two gives the results in the following table.

7 ti w; y (ti )

1 1.1 03397852  0.3459199
5 1.5  3.910985 3.967666

6 1.6 5.643081 5.720962
9
0

1.9 14.15268 14.32308
2.0 18.46999 18.68310

(b) Linear interpolation gives y(1.04) = 0.1359139, y(1.55) =~ 4.777033, and y(1.97)
17.17480. Actual values are y(1.04) = 0.1199875, y(1.55) = 4.788635, and y(1.97)
17.27930.

2



Initial-Value Problems for Ordinary Differential Equations 99

(c) Taylor’s method of order four gives the results in the following table.

i t; W
1 11 0.3459127
5 1.5 3.967603
6 1.6 5.720875
9 19 14.32290
10 2.0 18.68287

(d) Cubic Hermite interpolation gives y(1.04) ~ 0.1199704, y(1.55) ~ 4.788527, and y(1.97) ~
17.27904.

10.  (a) Taylor’s method of order two gives the results in the following table.

7 i W y(ti)

1 1.06 —0.9525000 —0.9523810
2 110 -0.9093138 —0.9090909
11 1.5 —0.6459788 —0.6451613
12 1.60 —0.6258649 —0.6250000
19 195 -—0.5139781 —0.5128205
20 2.00 ~-0.5011957 —0.5000000

(b) Linear interpolation gives y(1.052) ~ —0.9507726, y(1.555) ~ —0.6439674, and y(1.978) ~
—0.5068199. Actual values are y(1.052) = —0.9505703, y(1.555) = —0.6430868, y(1.978) =
—0.5055612.

(c) Taylor’s method of order four gives the results in the following table.

1 t; w; y(t:)

1 1.05 -0.9523813 —0.9523810
2 110 -0.9090914 —0.9090909
11 1.55 —0.6451629 —0.6451613
12 1.60 —-0.6250017 —0.6250000
19 1.95 —0.5128226 —0.5128205
20 2.00 -0.5000022 —0.5000000

(d) Cubic Hermite interpolation gives y(1.052) ~ —0.9505706, y(1.555) ~ —0.6430884, and
y(1.978) ~ —0.5055633
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11.  (a) The approximations for the velocity are in the following table.

t; Order 2 Order 4

o,

2 02 5.86595 5.86433
5 05 2.82145 2.81789
7 07 0.84926 0.84455
10 1.0 —-2.08606 —2.09015

(b) The maximum height occurs at approximately 0.8 s.

12. Taylor’s method of order two gives the following:

ti w; y(ti)

5 0.5 0.5146389
10 1.0 1.249305
15 1.5 2.152599
20 2.0 2.095185

Exercise Set 5.4, page 280

1. The Modified Euler method gives the approximations in the following tables.

() (b)
t  Modified Euler y(t) t  Modified Euler y(t)
0.5 0.5602111 0.2836165 2.5 1.8125000 1.8333333
1.0 5.3014898 3.2190993 3.0 2.4815531 2.5000000
() (d)
t  Modified Euler y(t) t  Modified Euler y(t)
1.25 2.7750000 2.7789294 0.25 1.3199027 1.3291498
1.50 3.6008333 3.6081977 0.50 1.7070300 1.7304898
1.75 4.4688294 4.4793276 0.75 2.0053560 2.0414720
2.00 5.3728586 5.3862944 1.00 2.0770789 2.1179795

2. The Modified Euler method gives the approximations in the following tables.

(a) (b)
i; W y(t;) t; Wi y(t:)

0.50 1.2181261 1.2140231 1.50 2.3541667 2.3541020

1.00 1.4975545 1.4898801 2.00 27417451 2.7416574




Initial-Value Problems for Ordinary Differential Equations

(c)

t;

Wy

y(t:)

2.25
2.50
2.75
3.00

2.2454995
2.5671560
2.9691945
3.4565684

2.2441211
2.5644519
2.9651938
3.4512866

(d)

t; w; y(t:)
1.25 1.4160751 1.4031990
1.50 1.0310111 1.0164101
1.75  0.75226668 0.73800977
2.00 0.54324500 0.52968710

3. The Modified Euler method gives the approximations in the following tables.

(a)

(b)
Modified Euler - Modified Euler
t: w; y(t:) i w; y(t:)
1.2 1.0147137 1.0149523 1.4 0.4850495 0.4896817
1.5 1.0669093 1.0672624 2.0 1.6384229 1.6612818
1.7 1.1102751 1.1106551 2.4 2.8250651 2.8765514
2.0 1.1808345 1.1812322 3.0 5.7075699 5.8741000
(d)
Modified Euler Modified Euler
t; w; y(t;) t; w; y(t:)
0.4 —1.6229206 —1.6200510 0.2 0.1742708 0.1626265
1.0 —1.2442903 —1.2384058 0.5 0.2878200 0.2773617
1.4 —1.1200763 —1.1146484 0.7 0.5088359 0.5000658
2.0 —1.0391938 —1.0359724 1.0 1.0096377 1.0022460

4. The Modified Euler method gives the approximations in the following tables.

(a)

Modified Euler
t; w; y(t:)
0.5 1.597265955 1.6
0.6 1.615015699 1.617647059
0.9 1.545108042 1.546961326
1.0 1.498430678 1.5

(b)
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Modified Euler
1; Wy y(t:)
1.1 —1.347996027 —1.347822707
1.2 —1.268565970 —1.268299404
1.9 —0.9395411781 —0.9392222368
2.0 —0.9105471247 —0.9102392264
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(c) (d)
Modified Euler Modified Euler
ti wi y(ti) t,j wW; y(ti)
1.2 —1.72 —1.714285714 0.5 1.289770701 1.289805276
1.4 —1.561272503 —1.555555556 0.6 1.380583709 1.380931216
2.8 —1.219717333 —1.217391304 0.9 1.631230851 1.632613182
3.0 -—1.202119310 —1.2 1.0 1.700210296 1.701870053

5. The Heun’s method gives the approximations in the following tables.

(a)

Heun
Wy

y(t:)

0.50
1.00

0.3397852
3.6968164

0.2836165
3.2190993

Heun
w;

y(ts)

1.25
1.50
1.75
2.00

27767857
3.6042017
4.4736520
5.3790494

2.7789294
3.6081977
4.4793276
5.3862944

(b)

6. The Heun’s method gives the approximations in the following tables.

Wy

y(ti)

1.2162971
1.4946300

1.2140231
1.4898801

w

y(t:)

2.25
2.50
2.75
3.00

2.2449130
2.569210
2.9672822
3.4539728

2.2441211
2.5644519
2.9651938
3.4512866

Heun
t; Wy y(t;)
2.50 1.7916667 1.8333333
3.00 2.4641747 2.5000000
Heun
173 w; y(t:)
0.25 1.3295717 1.3291498
0.50 1.7310350 1.7304898
0.75 2.0417476 2.0414720
1.00 2.1176975 2.1179795
i; w; y(ts)
1.50 2.3548851 2.3541020
2.00 2.7429031 2.7416574
t; w; y(ti)
1.25 1.4291561 1.4031990
1.50  1.0442023 1.0164101
1.75  0.76315468 0.73800977
2.00 0.55179038 0.52968710
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7. The Heun’s method gives the approximations in the following tables.
(b)
Heun Heun

ti w; y(t:) ti w; y(t:)

1.2 1.0151123 1.0149523 1.4 0.4858314 0.4896817

1.5 1.0674528 1.0672624 2.0 1.6421387 1.6612818

1.7 1.1108444 1.1106551 2.4 2.8327728 2.8765514

2.0 1.1814172 1.1812322 3.0 5.7286247 5.8741000
(d)

Heun Heun

ti w; y(t:) ti w; y(t:)

0.4 —1.6205037 —1.6200510 0.2 0.1729167 0.1626265

1.0 —1.2415866 —1.2384058 0.5 0.2858097 0.2773617

1.4 —1.1183618 —1.1146484 0.7 0.5066965 0.5000658

2.0 —1.0385425 —1.0359724 1.0 1.0074357 1.0022460

8. The Heun’s method gives the approximations in the following tables.
(b)
Heun Heun

t; w; y(ts) t; Wy y(t:)

0.5 1.598648069 1.6 1.1 —1.348234488  —1.347822707

0.6 1.615982010 1.617647059 1.2 —1.268944094  —1.268299404

0.9 1.544980898 1.546961326 1.9 —0.9400673364 —0.9392222368

1.0 1.498084836 1.5 2.0 —0.9110627956 —0.9102392264
(d)

Heun Heun

ti w; y (ti) ﬁ.i wW; Yy (ti)

1.2 —1.731764706 —1.714285714 0.5 1.290920932 1.289805276

1.4 —1.573191120 —1.555555556 0.6 1.381907849 1.380931216

2.8 —1.224847323 —1.217391304 0.9 1.632649344 1.632613182

3.0 -—1.206809668 -1.2 1.0 1.701562784 1.701870053
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9. The Midpoint method gives the approximations in the following tables.

(a) (b)
t Midpoint y(t) t  Midpoint y(t)
0.5 0.2646250 0.2836165 2.5 1.7812500 1.8333333
1.0 3.1300023 3.2190993 3.0 2.4550638 2.5000000
(c) (d)
% Midpoint y(t) t Midpoint y(t)
1.25 29777778 2.7789294 0.25 1.3337962 1.3291498
1.50 3.6060606 3.6081977 0.50 1.7422854 1.7304898
1.75  4.4763015 4.4793276 0.75 2.0596374 2.0414720
2.00 5.3824398 5.3862944 1.00 2.1385560 2.1179795

10. The Midpoint method gives the approximations in the following tables.

(a) (b)
t w; y(t:) t; W; y(t:)
0.50 1.2154305 1.2140231 1.50 2.3552632 2.3541020
1.00 1.4932390 1.4898801 2.00 2.7435126 2.7416574
(e) (d)
t; wy y(t:) t; wy y(t:)
2.25 22446171 2.2441211 1.25  1.4365103 1.4031990
2.50 2.562980 2.5644519 1.50 1.0516739 1.0164101
2.75 2.9663178 2.9651938 1.75 0.76935826  0.73800977
3.00 3.4526648 3.4512866 2.00 0.55667863 0.52968710

11. The Midpoint method gives the approximations in the following tables.

(a) (b)
Midpoint Midpoint
ti w; y(t:) ti w; y(t:)
1.2 1.0153257 1.0149523 1.4 0.4861770 0.4896817
1.5 1.0677427 1.0672624 2.0 1.6438889 1.6612818
1.7 1.1111478 1.1106551 2.4 2.8364357 2.8765514

2.0 1.1817275 1.1812322 3.0 5.7386475 5.8741000
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(c) (d)
Midpoint Midpoint
t; w; y(t:) t; w; y(t:)
04 —-1.6192966 —1.6200510 0.2 0.1722396 0.1626265
1.0 —1.2402470 —1.2384058 0.5 0.2848046 0.2773617
1.4 —1.1175165 —1.1146484 0.7 0.5056268 0.5000658
2.0 -—-1.0382227 —1.0359724 1.0 1.0063347 1.0022460
12. The Midpoint method gives the approximations in the following tables.
(a) (b)
Midpoint Midpoint
tqj wW; Y (t,,;) t«i wy Y (ti )
0.5 1.599403030 1.6 1.1 —1.348356626  —1.347822707
0.6 1.616526285 1.617647059 1.2 —1.269137742  —1.268299404
0.9 1.544954509 1.546961326 1.9 —0.9403364427 —0.9392222368
1.0 1.497941308 1.5 2.0 —0.9113264950 ~0.9102392264
(c) (d)
Midpoint Midpoint
t; w; y(t:) t; w; y(t:)
1.2 —1.738181818 —1.714285714 0.5 1.291506468 1.289805276
1.4 —1.579759806 —1.555555556 0.6 1.382581697 1.380931216
2.8 —1.227670824 —1.217391304 0.9 1.633368805 1.632613182
3.0 —1.209389666 -1.2 1.0 1.702247783 1.701870053

13. The Runge-Kutta method of order four gives the approximations in the following tables.

(a)
Runge-Kutta
t; w; y(t:)
0.5 0.2969975 0.2836165
1.0 3.3143118 3.2190993

(b)

Runge-Kutta
t; w; y(ti)
2.5 1.8333234 1.8333333
3.0 2.4999712 2.5000000
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(©) (d)
Runge-Kutta Runge-Kutta
t w; y(t:) & w; y(ti)
1.25 2.7789095 2.7789294 0.25 1.3291650 1.3291498
1.50 3.6081647 3.6081977 0.50 1.7305336 1.7304898
1.75 4.4792846 4.4793276 0.75 2.0415436 2.0414720
2.00 5.3862426 5.3862944 1.00 2.1180636 2.1179795

14. The Runge-Kutta method of order four gives the approximations in the following tables.

(a) (b)
t; w; y(t:) ti w; y(t:)
0.50 1.2140409 1.2140231 1.50 2.3541032 2.3541020
1.00 1.4899213 1.4898801 2.00 2.7416591 2.7416574
(c) (d)
t; w; y(t;) t; w; y(ti)
2.25  2.2441194 2.2441211 1.25 1.4033566 1.4031990
2.50 2.5644488 2.5644519 1.50 1.0165586 1.0164101
2.75 2.9651894 2.9651938 1.75 0.73813168 0.73800977
3.00 3.4512811 3.4512866 2.00 0.52978556 0.52968710

15. The Runge-Kutta method of order four gives the approximations in the following tables.

(a) (b)
Runge-Kutta Runge-Kutta
t; w; y(t:) t; w; y(ts)
1.2 1.0149520 1.0149523 1.4 0.4896842 0.4896817
1.5 1.0672620 1.0672624 2.0 1.6612651 1.6612818
1.7 1.1106547 1.1106551 2.4 2.8764941 2.8765514

2.0 1.1812319 1.1812322 3.0 5.8738386 5.8741000
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(c)
Runge-Kutta
ti w; y(ti)
0.4  —1.6200576 —1.6200510
1.0 —1.2384307 —1.2384058
1.4 —1.1146769  —1.1146484
2.0 -1.0359922  —1.0359724

()

Runge-Kutta

t; w; y(ti)
0.2 0.1627655 0.1626265
0.5 0.2774767 0.2773617
0.7 0.5001579 0.5000658
1.0 1.0023207 1.0022460

16. The Runge-Kutta method gives the approximations in the following tables.
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(a) (b)
Runge-Kutta Runge-Kutta
ti w; y(ts) i w; y(t:)
0.5  1.599998664 1.6 1.1 —1.347822676  —1.347822707
0.6 1.617645445 1.617647059 1.2 —1.268299357  —1.268299404
0.9 1.546959536  1.546961326 1.9  —0.9392221816 —0.9392222368
1.0 1.499998299 1.5 2.0 -—0.9102391733 —0.9102392264
(c) (d)
Runge-Kutta Runge-Kutta
t; w; y(t;) t; w; y(ts)
1.2 —1.714245180 —1.714285714 0.5 1.289807149  1.289805276
1.4 —1.555522884 —1.555555556 0.6 1.380932547 1.380931216
2.8 —1.217380872 —1.217391304 0.9 1.632611867 1.632613182
3.0 —1.199990539 -1.2 1.0 1.701867708 1.701870053

17.  Linear interpolation gives the following results.

(a) 1.0221167 ~ y(1.25) = 1.0219569, 1.1640347 ~ y(1.93) = 1.1643901
(b) 1.9086500 = y(2.1) = 1.9249616, 4.3105913 r+ y(2.75) = 4.3941697
—1.1382768, —1.0454854 =~ y(1.93) = —1.0412665

)
(c) —1.1461434 = y(1.3)
)

(d) 0.3271470 ~ y(0.54) = 0.3140018, 0.8967073 ~ (0.94) = 0.8866318
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18.

19.
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Linear interpolation gives the following results.
(a) 1.604365853 ~ y(0.54) = 1.610405698, 1.526437096 ~ y(0.94) = 1.528987046
(b) —1.234746062 ~ y(1.25) = —1.233151731, —0.9308429621 =~ y(1.93) = —0.9302304614
)
)

(c) —1.640636252 ~ y(1.3) = —1.625, —1.208278618 ~ y(2.93) = ~1.205761317
(d) 1.326095904 = y(0.54) = 1.326196852, 1.658822629 = y(0.94) = 1.661361751

Linear interpolation gives the following results.

(a) 1.0225530 ~ y(1.25) = 1.0219569, 1.1646155 ~ y(1.93) = 1.1643901

(b) 1.9132167 = y(2.1) = 1.9249616, 4.3246152 ~ y(2.75) = 4.3941697

(c) —1.1441775 = y(1.3) = —1.1382768, —1.0447403 ~ y(1.93) = —1.0412665
(d) 0.3251049 ~ y(0.54) = 0.3140018, 0.8945125 = y(0.94) = 0.8866318

Linear interpolation gives the following results.

(a) 1.605581645 ~ y(0.54) = 1.610405698, 1.526222473 ~ y(0.94) = 1.528987046
(b) —1.235164819 = y(1.25) = —1.233151731, —0.9313659742 = y(1.93) = —0.9302304614
(c) —1.652477913 ~ y(1.3) = —1.625, —1.213122847 ~ y(2.93) = —1.205761317
(d) 1.327315699 ~ y(0.54) = 1.326196852, 1.660214720 ~ y(0.94) = 1.661361751

Linear interpolation gives the following results.

(a) 1.0227863 ~ y(1.25) = 1.0219569, 1.1649247 ~ y(1.93) = 1.1643901

(b) 1.9153749 = y(2.1) = 1.9249616, 4.3312939 ~ y(2.75) = 4.3941697

(c) —1.1432070 = y(1.3) = —1.1382768, —1.0443743 ~ y(1.93) = —1.0412665
(d) 0.3240839 = y(0.54) = 0.3140018, 0.8934152 ~ y(0.94) = 0.8366318

Linear interpolation gives the following results.
(a)
(b) —1.235379256 = y(1.25) = —1.233151731, —0.9316334584 ~ (1.93) = —0.9302304614
(c) —1.658970812 = y(1.3) = —1.625, —1.215788071 =~ y(2.93) = —1.205761317
(d) 1.327936560 = y(0.54) = 1.326196852, 1.660920396 ~ y(0.94) = 1.661361751

a) 1.606252332 ~ y(0.54) = 1.610405698, 1.526149229 ~ y(0.94) = 1.528987046

Linear interpolation gives the following results.

(a) 1.0223826 ~ y(1.25) = 1.0219569, 1.1644292 ~ y(1.93) = 1.1643901

(b) 1.9373672 =~ y(2.1) = 1.9249616, 4.4134745 = y(2.75) = 4.3941697

(c) —1.1405252 ~ y(1.3) = —1.1382768, —1.0420211 ~ y(1.93) = —1.0412665
(d) 0.31716526 ~ y(0.54) = 0.3140018, 0.88919730 ~ y(0.94) = 0.8366318
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24. Linear interpolation gives the following results.

(a) 1.607057376 ~ y(0.54) = 1.610405698, 1.528175041 ~ ¥(0.94) = 1.528987046
(b) —1.234455238 ~ y(1.25) = —1.233151731, —0.9305272791 ~ y(1.93) = —0.9302304614
(c) —1.634884032 ~ y(1.3) = —1.625, —1.206077156 ~ y(2.93) = —1.205761317

) 1

(d 26257308 = y(0.54) = 1.326196852, 1.660314203 ~ y(0.94) = 1.661361751

25. Cubic Hermite interpolation gives the following results.

(a) 1.0219569 = y(1.25) ~ 1.0219550, 1.1643902 = y(1.93) ~ 1.1643898
(b) 1.9249617 = y(2.10) ~ 1.9249217, 4.3941697 = y(2.75) ~ 4.3039943
(c) —1.138268 = y(1.3) ~ —1.1383036, —1.0412666 = y(1.93) ~ —1.0412862
(d) 0.31400184 = (0.54) ~ 0.31410579, 0.88663176 = 7/(0.94) ~ 0.88670653

26. Cubic Hermite interpolation gives the following results.

a) 1.610403108 ~ y(0.54) = 1.610405698, 1.528087622 ~ y(0.94) = 1.528087046
b) —1.233149620 ~ y(1.25) = —1.233151731, —0.9302302474 ~ y(1.93) = —0.9302304614
(c) —1.624806746 ~ y(1.3) = —1.625, —1.214642601 ~ y(2.93) = —1.205761317
(d) 1.326195390 ~ y(0.54) = 1.326196852, 1.661358558 ~ 1/(0.94) = 1.661361751

(
(

27. With f(t,y) = —y +t -+ 1, we have

h h I .
w; + hf <ti + ;7,101' + ;f(fi,'wq:)> = w; + % [f(ts, wi) + Ftivr, wi + hf(t, wy))]

2 2
= w; + % [f(fi,,wz‘) +3f (ti + gh, w; + ghf(ti, wi)>:|

h? h
=wi<l—h—l—?> <h“‘?>+h

28.  (a) The water level is 6.526747 ft.
(b) The tank will be empty in 25 min.

29. In 0.2 seconds we have approximately 2099 units of KOH.
30. Using the notation y;11 = y(tit1), i = y(t:), and f; = f(t;,y(t:)), we have

hiv1 = Yipr —yi —ar fi — aa f (8 + o, y; + 8o fi).
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Expanding y;41 and f(; + o,y + d2fi) in Taylor series about ¢; and f(%;, ;) gives

]2
htipn =(h—ay —a2)fi + —L,;ff — ag0a fi(ti, yi)

h3 " a3
— ag0a fi fy(ts, ys) + n()“fi - a27“ftt(ti7 Yi)

. 62
— a0 fi fiy (L, y3) — a2§f§fyy(tz’7yz’) +o

2

(h—ay —aa)fi + <h7 - a2a2> felti, ys)

&

h2 ],3 2
+ (? - CL252> Jify (i ys) + (% — a2%>ftt(tiyyi)

h3 3 52
+ (3 - a20z252> Sife (s, ys) + <h— —ag2

6

3
w0 o)+ ST+

> fLQ f‘tt (ti) yl)

Regardless of the choice of aj,as,as, and s, the term %3 [fe(ya, ta) Fy (b ve) + Fif 2 (as )]

cannot be canceled.

31. The appropriate constants are

a1 =0 =«

1
2:62:")/2:73:’)/4:’)/5:’)/6:")/7:—2—

Exercise Set 5.5, page 289

and w3 =03 =1.

1. The Runge-Kutta-Fehlberg Algorithm gives the results in the following tables.

(a)

.

ti

w; hi Yi

AN IR, JECRYN

0.2093900
0.5610469
0.8387744
1.0000000

0.0298184 0.2093900 0.0298337
0.4016438 0.1777496 0.4016860
1.5894061 0.1280905 1.5894600
3.2190497 0.0486737  3.2190993

N

t

w; hi Yi

=W N =

2.2500000
2.5000000
2.7500000
3.0000000

1.4499988 0.2500000 1.4500000
1.8333332  0.2500000 1.8333333
2.1785718 0.2500000 2.1785714
2.5000005 0.2500000 2.5000000
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()

s,

t; w; hi Yi

1.2500000 2.7789299  0.2500000 2.7789294
1.5000000 3.6081985 0.2500000 3.6081977
1.7500000 4.4793288 0.2500000 4.4793276
2.0000000 5.3862958 0.2500000 5.3862944

I A

1 t; w; hi Vi

0.2500000 1.3291478 0.2500000 1.3291498
0.5000000 1.7304857 0.2500000 1.7304898
0.7500000 2.0414669 0.2500000 2.0414720
1.0000000 2.1179750 0.2500000 2.1179795

> W b

2. The Runge-Kutta-Fehlberg Algorithm gives the results in the following tables.

(a)

e,

t; w; s Yi

1.0500000 1.1038574 0.0500000 1.1038574
1.1000000 1.2158864 0.0500000 1.2158863
1.1500000 1.3368393 0.0500000 1.3368393
1.2000000 1.4675697 0.0500000 1.4675696

= O DN

(b)

z t; w; hy Yi

0.2500000 0.2522868 0.2500000 0.2522868
0.5000000 0.5158867 0.2500000 0.5158868
0.7500000 0.7959445 0.2500000 0.7959446
1.0000000 1.0918182 0.2500000 1.0918183

[ A

=3,

t; W; h; Yi

1.1382206 —1.7834313 0.1382206 ~—1.7834282
1.6364797 —1.4399709 0.3071709 —1.4399551
2.6364797 —1.2340532 0.5000000 —1.2340298
3.0000000 —1.2000195 0.3635203 —1.2000000

O O W o=




112

t;

w;

hi

Yi

[NV N

0.5000000
1.0000000
1.5000000
2.0000000

0.0416667
0.3333333
1.1250000
2.6666667

0.5000000
0.5000000
0.5000000
0.5000000

0.0416667
0.3333333
1.1250000
2.6666667

Exercise Set 5.5

The Runge-Kutta-Fehlberg Algorithm gives the results in the following tables.

(a)

) ti Wi hi Yi
1 1.1101946 1.0061237 0.1101946 1.0051237
5 1.7470584 1.1213948 0.2180472 1.1213947
7 23994350 1.2795396 0.3707934 1.2795395
11 4.0000000 1.6762393 0.1014853 1.6762391
'I: ti wy h,,]: yi
4 1.5482238 0.7234123 0.1256486 0.7234119
7 1.8847226 1.3851234 0.1073571 1.3851226
10 2.1846024 2.1673514 0.0965027 2.1673499
16 2.6972462 4.1297939 0.0778628 4.1297904
21 3.0000000 5.8741059 0.0195070 5.8741000
% ti Wy hi Yi
1 0.1633541 —1.8380836 0.1633541 —1.8380836
5 0.75685763 —1.3597623 0.1266248 —1.3597624
9 1.1930325 —1.1684827 0.1048224 —1.1684830
13 1.6229351 -1.0749509 0.1107510 —1.0749511
17 2.1074733 —1.0291158 0.1288897 —1.0291161
23 3.0000000 —1.0049450 0.1264618 —1.0049452
4 t; w; h; Yi
1 0.3986051 0.3108201 0.3986051 0.3108199
3 0.9703970 0.2221189 0.2866710 0.2221186
5 1.5672905 0.1133085 0.3042087 0.1133082
8 2.0000000 0.0543454 0.0902302 0.0543455
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4. Steps 3 and 6 must use the new equations. Step 4 must now use

i3]

1 1

~ | 60"

T 17952

125 K3+

12

— Ky~

144 1955

3
Ky — — K,
L5 1 6+

125
iy
11592 "

+

43

616

K87
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and in Step 8 we must change to § = 0.871(TOL/R)/5. Repeating Exercise 3 using the
Runge-Kutta-Verner method gives the results in the following tables.

(a)

i ti wy hz' Ui
1 1.42087564 1.05149775 0.42087564 1.05150868
3 2.28874724  1.25203709 0.50000000 1.25204675
5 3.28874724 1.50135401 0.50000000 1.50136369
7 4.00000000 1.67622922 0.21125276 1.67623914
(b)
7 t; W; ]Li Yi
1 1.27377960 0.31440170 0.27377960 0.31440111
4 1.93610139 1.50471956 0.20716801 1.50471717
7 2.48318866 3.19129592 0.17192536 3.19129017
11 3.00000000 5.87411325 0.05925262 5.87409998
(c)
i t; w; hi Yi
1 0.50000000 —1.53788271 0.50000000 —1.53788284
5 1.26573379 —1.14736319 0.17746598 —1.14736283
9 1.99742532 —1.03615509 0.19229794 —1.03615478
14 3.00000000 —1.00494544 0.10525374 —1.00494525
(d)
) tj, W h.i i
1 0.50000000 0.29875168 0.50000000 0.29875178
2 1.00000000 0.21662609 0.50000000 0.21662642
4 1.74337001 0.08624885 0.27203938 0.08624932
6 2.00000000 0.05434531 0.03454832 0.05434551

(a) The number of infectives is (30) ~ 80295.7.

(b) The limiting value for the number of infectives for this model is lim;_,o, y(¢) = 100,000.
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6. With TOL = 0.01, HMIN = 0.01, HMAX = 1, we have 2(30) ~ 81, #(30) ~ 19754, and
y(30) ~ 80165.

Exercise Set 5.6, page 301

1. The Adams-Bashforth methods give the results in the following tables.

(a)

i

2-step

3-step

4-step

5-step

y(t)

0.2
0.4
0.6
0.8
1.0

0.0268128
0.1200522
0.4153551
1.1462844
2.8241683

0.0268128
0.1507778
0.4613866
1.2512447
3.0360680

0.0268128
0.1507778
0.4960196
1.2961260
3.1461400

0.0268128
0.1507778
(0.4960196
1.3308570
3.1854002

0.0268128
0.1507778
0.4960196
1.3308570
3.2190993

2-step

3-step

4-step

5-step

y(t)

2.2
2.4
2.6
2.8
3.0

1.3666667
1.6750000
1.9632431
2.2323184
2.4884512

1.3666667
1.6857143
1.9794407
2.2488759
2.5051340

1.3666667
1.6857143
1.9750000
2.2423065
2.4980306

1.3666667

1.6857143.

1.9750000
2.2444444
2.5011406

1.3666667
1.6857143
1.9750000
2.2444444
2.5000000

2-step

3-step

4-step

5-step

y(t)

1.2
1.4
1.6
1.8
2.0

2.6187859
3.2734823
3.9567107
4.6647738
5.3949416

2.6187859
3.2710611
3.9514231
4.6569191
5.3848058

2.6187859
3.2710611
3.9520058
4.6582078
5.3866452

2.6187859
3.2710611
3.9520058
4.6580160
5.3862177

2.6187859
3.2710611
3.9520058
4.6580160
5.3862944

2-step

3-step

4-step

5-step

y(t)

0.2
0.4
0.6
0.8
1.0

1.2529306
1.5986417
1.9386951
2.1766821
2.2369407

1.2529306
1.5712255
1.8827238
2.0844122
2.1115540

1.2529306
1.5712255
1.8750869
2.0698063
2.0998117

1.2529306
1.5712255
1.8750869
2.0789180
2.1180642

1.2529306
1.5712255
1.8750869
2.0789180
2.1179795
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2. The Adams-Bashforth methods give the results in the following tables.

(a)

(d)

115

t 2-step 3-step 4-step 5-step y(t)

0.2 1.349857812 1.346153846

0.4 1.556590819 1.548505437 1.551742825 1.551724138

0.6 1.618098483 1.613103414 1.618495896 1.618045413 1.617647059

0.8 1.581123788 1.581537429 1.586784646 1.585534486 1.585365854

1.0 1.493132968 1.497482321 1.501365685 1.499907131 1.5

t 2-step 3-step 4-step 5-step y(t)

1.2 —1.270097903 —1.268299404
1.4 —1.145585721 —1.14555416 —1.142395930 —1.142245242
1.6 —1.050436722 —1.045646519 —1.046822255 —1.046486051 —1.046559939
1.8 —0.9752223844 —0.9702763545 —0.9715163192 —0.9711385301 —0.9712326550
2.0 —0.9141608282 —0.9093053788 —0.9105163922 —0.9101442242 —0.9102392264
t 2-step 3-step 4-step 5-step y(t)
1.4 —1.608147341 —1.555555556
1.8 —1.1429612993 —1.359101590 —1.404013030 —1.384615385
2.2 ~1.331187984 —1.269164344 —1.314903737 —1.283404253 —1.294117647
2.6 —1.268712599 —1.217326056 —1.253881487 —1.229097787 —1.238005238
3.0 —1.225776866 —1.182688385 —1.212496957 —1.192208061 —1.200000000
t 2-step 3-step 4-gtep 5-step y(t)

0.2 1.058717655 1.057181007

0.4 1.207722688 1.202476610 1.200816932 1.201486010

0.6 1.389363032 1.381043540 1.379947852 1.381296110 1.380931216

0.8 1.562852894 1.554374654 1.554384988 1.555455875 1.555031423

1.0 1.707692156 1.700926322 1.701562220 1.702136018 1.701870053

3. The Adams-Bashforth methods give the results in the following tables.

(a)

t

2-step

3-step

4-step

5-step

y(t)

1.2
14
1.6
1.8
2.0

1.0161982
1.0497665
1.0910204
1.1363845
1.1840272

1.0149520
1.0468730
1.0875837
1.1327465
1.1803057

1.0149520
1.0477278
1.0887567
1.1340093
1.1815967

1.0149520
1.0475336
1.0883045
1.1334967
1.1810689

1.0149523
1.0475339
1.0884327
1.1336536
1.1812322
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2-step

3-step

4-step

5-step

y(t)

1.4
1.8
2.2
2.6
3.0

0.4867550
1.1856931
2.1753785
3.5849181
5.6491203

0.4896842
1.1982110
2.2079987
3.6617484
5.8268008

0.4896842
1.1990422
2.2117448
3.6733266
5.8589944

0.4896842
1.1994320
2.2134792
3.6777236
5.8706101

0.4896817
1.1994386
2.2135018
3.6784753
5.8741000

2-step

3-step

4-step

5-step y(t)

0.5
1.0
1.5
2.0

—1.8357010
—1.2374093
—1.0952910
—1.0366643

—1.5381988
—1.2389605
—1.0950952
—1.0359996

~1.5379372
—1.2383734
—1.0947925
—1.0359497

—~1.6378676 —1.5378828
—1.2383693 —1.2384058
—1.0948481 —1.0948517
—1.0359760 —1.0359724

2-step

3-step

4-step

5-step

y(t)

0.2
0.4
0.6
0.8
1.0

0.1739041
0.2144877
0.3822803
0.6491272
1.0037415

0.1627655
0.2026399
0.3747011
0.6452640
1.0020894

0.1627655
0.2066057
0.3787680
0.6487176
1.0064121

0.1627655
0.2052405
0.3765206
0.6471458
1.0073348

0.1626265
0.2051118
0.3765957
0.6461052
1.0022460

4. The Adams-Moulton methods give the results in the following tables.

(1a)

t

2 step

3 step

4 step

y(ts)

0.2
0.4
0.6
0.8
1.0

0.0268128
0.1533627
0.5030068
1.3463142
3.2512866

0.0268128
0.1507778
0.4979042
1.3357923
3.2298092

0.0268128
0.1507778
0.4960196
1.3322919
3.2227484

0.0268128
0.1507778
0.4960196
1.3308570
3.2190993

2 step

3 step

4 step

y(t:)

1.2
1.4
1.6
1.8
2.0

2.6187859
3.2711394
3.9521454
4.6582064
5.3865293

2.6187859
3.2710611
3.9519886
4.6579866
5.3862558

2.6187859
3.2710611
3.9520058
4.6580211
5.3863027

2.6187859
3.2710611
3.9520058
4.6580160
5.3862944
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(1d)

e

(a)

2 step

3 step

4 step

y(t:)

0.2
0.4
0.6
0.8
1.0

1.2529306
1.5700866
1.8738414
2.0787117
2.1196912

1.2529306
1.5712255
1.8757546
2.0803067
2.1199024

1.2529306
1.5712255
1.8750869
2.0789471
2.1178679

1.2529306
1.5712255
1.8750869
2.0789180
2.1179795

w;

y(ti)

0.2
0.4
0.6
0.8
1.0

0.0269059
0.1510468
0.4966479
1.3408657
3.2450881

0.0268128
0.1507778
0.4960196
1.3308570
3.2190993

Wy

y(t:)

1.2
1.4
1.6
1.8
2.0

2.6187787
3.2710491
3.9519900
4.6579968
5.3862715

2.6187859
3.2710611
3.9520058
4.6580160
5.3862944

(b)

5. Algorithm 5.4 gives the results in the following tables.

w;

y(ti)

2.2
2.4
2.6
2.8
3.0

1.3666610
1.6857079
1.9749941
2.2446995
2.5003083

1.3666667
1.6857143
1.9750000
2.2444444
2.5000000

Wy

y(t:)

0.2
0.4
0.6
0.8
1.0

1.2529350
1.6712383
1.8751097
2.0796618
2.1192575

1.2529306
1.5712255
1.8750869
2.0789180
2.1179795

6. Algorithm 5.4 gives the results in the following tables.

(a)

Wi

0.2
0.4
0.6
0.8
1.0

1.3461536
1.5516984
1.6175240
1.5851977
1.4998499

(b)

w;

1.2
1.4
1.6
1.8
2.0

—1.2682994
-1.1422321
—1.0465369
—0.9712077
—0.9102149

117
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(a)

t; W;

1.2 —1.7142452
1.6 —1.4545197
2.0 —1.3312918
2.4 —1.2614431
2.8 —1.2159883

Exercise Set 5.6

Wy

0.2
0.4
0.6
0.8
1.0

1.0571822
1.2015654
1.3810423
1.5550968
1.7018941

7. The Adams Fourth-order Predictor-Corrector Algorithm gives the results in the following

tables.
(a) (b)
t w y(t) t w y(t)
1.2 1.0149520 1.0149523 1.4 0.4896842 0.4896817
1.4 1.0475227 1.0475339 1.8 1.1994245 1.1994386
1.6 1.0884141 1.0884327 2.2 22134701 2.2135018
1.8 1.1336331 1.1336536 2.6 3.6784144 3.6784753
2.0 1.1812112 1.1812322 3.0 5.8739518 5.8741000
(c) (d)
t w y(t) t w y(t)
0.5 —1.5378788 —1.5378828 0.2 0.1627655 0.1626265
1.0 —1.2384134 —1.2384058 0.4 0.2048557 0.2051118
1.5 —1.0948609 —1.0948517 0.6 0.3762804 0.3765957
2.0 -1.0359757 —1.0359724 0.8 0.6458949 0.6461052
1.0 1.0021372 1.0022460
8. The new algorithm gives the results in the following tables.
(a)
ti wilp=2) wilp=3) wi(p=4) y(t:)
1.2 1.0149520 1.0149520 1.0149520 1.0149523
1.5 1.0672499 1.0672499 1.0672499 1.0672624
1.7 1.1106394 1.1106394 1.1106394 1.1106551
2.0 1.1812154 1.1812154 1.1812154 1.1812322
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(b)

t;

w;(p = 2)

w;(p = 3)

wi{p =4)

y(ts)

1.4
2.0
24
3.0

0.4896842
1.6613427
2.8767835
5.8754422

0.4896842
1.6613509
2.8768112
5.8756045

0.4896842
1.6613517
2.8768140
5.8756224

0.4896817
1.6612818
2.8765514
5.8741000

w;(p = 2)

w;i(p =

3)

w;(p = 4) y(t:)

0.4
1.0
1.4
2.0

-1.6200494
—1.2384104
—1.1146533
—1.0359139

—1.6200494
—1.2384105
—1.1146536
—1.0359740

—1.6200494 —1.6200510
—1.23841056 —1.2384058
—1.1146536 —1.1146484
—1.0359740 —1.0359724

wi(p = 2)

w;(p = 4)

y(ts)

0.2
0.5
0.7
1.0

0.1627655
0.2774037
0.5000772
1.0022473

0.1627655
0.2773333
0.5000259
1.0022273

0.1627655
0.2773468
0.5000356
1.0022311

0.1626265
0.2773617
0.5000658
1.0022460

119

9. (a) With h = 0.01, the three-step Adams-Moulton method gives the values in the following

table.

1

t

w;

10 0.1 1.317218
20 0.2 1.784511

(b) Newton’s method will reduce the number of iterations per step from three to two, using
the stopping criterion

|w§k) — wgk_l)} <1078,
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10. Milne-Simpson’s Predictor-Corrector method gives the results in the following tables.

(a) (b)
[N 7 w; y(ti) Tt w; y(t)
2 1.2 1.01495200 1.01495231 2 14 0.48968417 0.48968166
5 1.5 1.06725997 1.06726235 5 2.0 1.66126150 1.66128176
7 L7 111065221 1.11065505 7 24 2.87648763 2.87655142
10 2.0 1.18122584 1.18123222 10 3.0 5.87375555 5.87409998
(¢) (d)
) ti Wy y(ti) 1 t,i w; y(ti)
5 0.5 —1.53788255 —1.53788284 2 0.2 0.16276546 0.16262648
10 1.0 —1.23840789 —1.23840584 5 0.5 0.27741080 0.27736167
15 1.5 —1.09485532 —1.09485175 7 0.7 0.50008713 0.50006579
20 2.0 —1.03597247 —1.03597242 10 1.0 1.00215439 1.00224598

11.  (a) For some &; in (t;—1,t;),

Ftyts) = Py + SV .

2

where P (t) is the linear Lagrange polynomial

Pu(t) = == pteyte) + i)
Thus,
/‘ ) = t(tL th’l)) / = ti) de ___f(t;z:y_(f; 1)) /t'ﬁl(t——t,;) dt
| _3h ' 1

S, u(6) — 2 F b1, y(ti).

Since (¢ — 1;)(t — t;—1) does not change sign on (#;,%;.1), the Mean Value Theorem for
Integrals gives

[ GO b)) [y a

_5R2 " (p y(u))
12 ‘

Replacing y(t;) with wy, for j =i — 1,4, and 4+ 1 in the formula

bi

Y(tien) = y(ts) + / " () dt

Li
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gives
B3 f(ti,wi) — fti—, wiq)]

9 3

Wiy = W; +
and the local truncation error is

5h2y" (1)

Tir1(h) = 12 )
for some p in (t;-1,t;41).

(b) Using the backward difference polynomial with m = 4 gives

A:fwrl f(ty() dt:g)ka(ti,y(ti))h(—l)k /01 <25> s

15 1
+ 37 [ s )06+ 2)(6 4 97D e w(60) ds.

From Table 5.10 we have,

/t‘ " ) a :n[m,y( ) + 5V (el D+ 35V ky(e)

Y ig

+ 2 >>J

1
—i—% s(s +1)(s +2)(s + 3)f ™ (&, y(&)) ds
Since
V(i y(t) =F (i, y(t)) — f(tic1, y(tiz1)),
oy () =F (b y(6)) = 2 (-1, y(tim1)) + F(tia, y(tio2)),
PPt y(t) = (b y(t)) = 3F (tio1, y(tim1)) + 3F (bima, y(ti2)) — Fltims, ylti_s)),
and s(s +1)(s+2)(s +3) does not change sign on (0, 1), we can simplify this and use the

Mean Value Theorem for Integrals to obtain

/t““f(t,y(t)) dt = {55f( 3 y(t3)) = B9F (bimy, y(ti1)) + 37F (tis, y(ti_))

i

1
0t ylti 3>>] + 2O () | sts 16+ 2065 +9) as

for some g in (t;—3,%;+1). The local truncation error form follows from the fact that

_ 251

1
/0 (s +1)(s +2)(s+3) ds = L

12. Using the notation y = y(¢;), f: f(ti,y(t)) fi = fi(ti, y(t:)), ete., we have
y+hf+ (ft )+ E (fn + fefy +2ffyt+f + 12 fyy)

=y +ahf +bh [z‘ —h(fe+ ffy) 2 (ftt + fely + 2F Fue + FF2 + P2 L)
+ch [f = 2h(f: + ff,) + 2h? (ftt + fefy +2f fur + 12+ PP f)]
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13.

14.

Exercise Set 5.6

Thus, a+b+c =1, —b—2¢c = %, and 2042c = % This system has the solution a = %%, b= ——31[—6—,
and ¢ = B B - -
and ¢ = 5.

Newton's divided-difference formula gives

Flt,y(t) =-2%(75 =) (t = tiy1) ftior, y(tiza)) — ;;5(75 —ti1)(t — tig1) f(ts, y(2:))

1

-+ ﬁ(f - ti—l)(t — t,) f(t'i—l—l, 'U(f"i-i-l))

6dt3f(£ Y€t —tic)( — ) (t — tiga),

tig1 tig1
IRCES | e @

21 i

50

and

o . big1
Y(tiv1) —y(t:) 2&:1—2’%2 /t (t —t)(t —tip1) dt

_ f(t“hlo(t ) / (t—tia)(t — ts) dt

i+1
+ Z+191J~ i+1) / (t—ti_1)(t — ;) dt
v i

b [ 2Este)

i

i

T (=) (E = ) (E = tiq) dt

:—Igf(ti_l,y(t ))+—f(t,,y( ))+r Fltivr, y(tivt))

£ y() [
+ TR /f (t —t;

JI;
21

)t =)t = tigq) dt.

The last part follows from Theorem 4.2. Further integration yields Formula (5.36) and the
local truncation error.

We have

Y(ten) = yltis) = / £t y()dt

ti—1
h X h?
= [Fim, y (1)) +4F (i y(8)) + f (i, y(tien)] = = FP(E 9(€)).
3 90
This leads to the difference equation

Rf(tior,wimy) + 45 (i, wi) + F(tipr, wi)]
3 H

Wit = Wi—1 +

with local truncation error

—hAy®) (g
Tit1(h) = "—go—()
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15. To derive Milne’s method, integrate y'(t) = f(¢,y(t)) on the interval [t;_s,;+1] to obtain

Y(tien) — y(tis) = / " () de.

Jija
Using the open Newton-Cotes formula (4.29) on page 194, we have

4]L[2f(tl7y(tz)) — f(tz 1 y( )) + Of( -27y(ti—2))] + 14h/5j(4) ’Svy(g)) )

Y(tipr) — y(tizz) = 3 4é

The difference equation becomes

hI8Ff(ti, ws) — A4 f(tim1, wim1) + 8 (ti—2, wi—2)]
3 b

Wip1 = Wi—3 +

with local truncation error
_ 14nty©)()

T (h 15

16. The entries are generated by evaluating the following integrals:

k‘zO:(—l)k’/O1 (;:) d$=/01 ds =1,

1 1 1
B=1:-1" [ do=— [ —sas=1,
Q 0
1
ds:/ s(s—l—l) ds:i,
0

o ’S:ﬁ’ and

1 9 |
dom— [ AADAD I 95
; 120 988

d5=/ ss—!—l)( +2)(s+3) d 251
0

Exercise Set 5.7, page 307

1. The Adams Variable Step-Size Predictor-Corrector Algorithm gives the results in the following
tables.

()

o,

t; w; hi Yi

0.04275596 0.00096891 0.04275596 0.00096887
0.22491460 0.03529441 0.05389076 0.03529359
0.60214994 0.50174348 0.05389076 0.50171761
0.81943926 1.45544317 0.04345786 1.45541453
0.99830392 3.19605697 0.03577293 3.19602842
1.00000000 3.21912776 0.00042395 3.21909932

I e
(=230 NN B S R ]
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t;

wy

hy

Yi

2.06250000
2.31250000
2.62471924
2.99915773
3.00000000

1.12132350
1.55059834
2.00923157
2.49895243
2.50000535

0.06250000
0.06250000
0.09360962
0.09360962
0.000210587

1.12132353
1.55059524
2.00922829
2.49894707
2.50000000

t;

Wi

i

Yi

1.06250000
1.25000000
1.85102559
2.00000000

2.18941363
2.77892931
4.84179835
5.38629105

0.06250000
0.06250000
0.15025640
0.03724360

2.18941366
2.77892944
4.84180141
5.38629436

1

w;

hi

Yi

0.06250000
0.31250000
0.62500000
0.81250000
1.00000000

1.06817960
1.42861668
1.90768386
2.08668486
2.11800208

0.06250000
0.06250000
0.06250000
0.06250000
(.06250000

1.06817960
1.42861361
1.90767015
2.08666541
2.11797955

Exercise Set 5.7

2. The Adams Variable Step-Size Predictor-Corrector Algorithm gives the results in the following

tables.

(a)

t;

w;

h;

Yi

=W o

1.05000000
1.10000000
1.15000000
1.20000000

1.10385717
1.21588587
1.33683848
1.46756885

0.05000000
0.05000000
0.05000000
0.05000000

1.10385738
1.21588635
1.33683925
1.46756957

oo,

t;

Wi

hr,',

Ui

Ot W N~

0.20000000
0.40000000
0.60000000
(0.80000000
1.00000000

0.20120278
0.40861919
0.62585310
0.85397394
1.09183759

0.20000000
0.20000000
0.20000000
0.20000000
0.20000000

0.20120267
0.40861896
0.62585275
0.85396433
1.09181825
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(c)

g t; Wy h Yi

5 1.16289739 —1.75426113 0.03257948 —1.75426455
10 1.32579477 —1.60547206 0.03257948 —1.60547731
15 1.57235777 —1.46625721 0.04931260 —1.46626230
20 1.92943707 —1.34978308 0.07694168 —1.34978805
25 247170180 —1.25358275 0.11633076 —1.25358804
30 3.00000000 —1.19999513 0.10299186 —1.20000000

) ti wy h,i Yi

1 0.06250000 1.00583097 0.06250000 1.00583095
5 0.31250000 1.13099427 0.06250000 1.13098105
10 0.62500000 1.40361751 0.06250000 1.40360196
12 0.81250000 1.56515769 0.09375000 1.56514800
14 1.00000000 1.70186884 0.09375000 1.70187005

3. The following tables list representative results from the Adams Variable Step-Size Predictor-
Corrector Algorithm.

i t; w; I Yi

5 1.10431651 1.00463041 0.02086330 1.00463045
15 1.31294952 1.03196889 0.02086330 1.03196898
25 1.59408142 1.08714711 0.03122028 1.08714722
35 2.00846205 1.18327922 0.04824992 1.18327937
45  2.66272188 1.34525123 0.07278716 1.34525143
52 3.40193112 1.52940900 0.11107035 1.52940924
57 4.00000000 1.67623887 0.12174963 1.67623914

i ti wy hi Yi

5 1.18519603 0.20333499 0.03703921 0.20333497
15 1.55558810 0.73586642 0.03703921 0.73586631
25 1.92508016 1.48072467 0.03703921 1.48072442
35 2.29637222 251764797 0.03703921 2.51764743
45 2.65452689 3.92602442 0.03092051 3.92602332
55  2.94341188 550206466 0.02584049 5.50206279
61 3.00000000 5.87410206 0.00122679 5.87409998
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()
i t; w; h; Yi
5 0.16854008 —1.83303780 0.03370802 —1.83303783
17 0.64833341 —1.42945306 0.05253230 —1.42945304
27 1.06742915 —1.21150951 0.04190957 —1.21150932
41 1.75380240 —1.05819340 0.06681937 —1.05819325
51  2.50124702 —1.01335240 0.07474446 —1.01335258
61 3.00000000 —1.00494507 0.01257155 —1.00494525
(d)
9 ti W; ]7,1' i
5 (.28548652 0.32153668 0.05709730 0.32153674
15 0.85645955 0.24281066 0.05709730 0.24281095
20 1.35101725 0.15096743 0.09891154 0.15096772
25 1.66282314 0.09815109 0.06236118 0.09815137
29 1.91226786 0.06418555 0.06236118 0.06418579
33 2.00000000 0.05434530 0.02193303 0.05434551

4. Change the following steps:

STEP 1

Exercise Set 5.7

Set up an algorithm, denoted RK'5, for the Runge Kutta Method of Order 5.
STEP 3 Call R.KS(h, wO,to,wl,tl,’U)g,tQ,’LUE;, t3,7.U4,t4) .

Set NFLAG =1;

1901 f (tio1, wimy) — 2774 f (b2, wi—2)

+2616 f (ti—3, wi—3) — 1274 f(ti_g, wi—g) + 251 f (t;i—5, wi—s) |;

Wi -l-% 25lf(t, ‘/VP) + 646f(t2‘_1, wi_l) — 264f(tv,j_2, ’U)i_g)

+106f (i3, wi—3) — 19f (tima, wi—y) |;

If NFLAG =1 then for j =4 — 4,i — 3,4 — 2,i — 1,

1 = b;
t=1ts+h.
STEP 5 Set
WP =w_y +-
WC =
o = 27|WC —WP|/(502)h.
STEP 8
STEP 12 Set ¢ = (0.5TOL/o)3
STEP 15 Ift;_y +5h >b, thenset h= (b—1;_1)/5
STEP 16

Call RK5(h,w;i—1,ti—1, Wi, ti, Wit1, Lig1, Wita, by, Wits, Lit3);
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Set NFLAG =1,
i=1+4.
STEP 17 Set = (0.5TOL/o)%.
STEP 19 else
if NFLAG =1 then set i =1 — 4;
Call RE5(h, wi—1,ti—1,Ws, ti, Wig1, bit1, Wi, bio, Wit3, Lira);
set i =1+ 4;
NFLAG=1.
The following are the results obtained by applying the new algorithm to the problems in

Exercise 3.

t;

W4

hi

Yi

15
25
35
40

1.17529879
1.56737794
2.25808774
3.51328927
4.00000000

1.01186066
1.08139480
1.24445586
1.55692781
1.67623932

0.03505976
0.05580055
0.08897663
0.14118166
0.09734215

1.01186063
1.08139470
1.24445574
1.55692763
1.67623914

t;

W

hy

Yi

15
25
30
34

1.33993400
2.13987639
2.78633514
2.99000695
3.00000000

0.40368020
2.03689764
4.58497685
5.80662141
5.87410012

0.06798680
0.07343117
0.05029339
0.00249826
0.00249826

0.40368021
2.03689764
4.58497677
5.80662127
5.87409998

t;

Wi

h;

Yi

15
20
25
29
33
39

0.32371968
0.98679855
1.39921950
1.81164045
2.23962447
2.76565574
3.00000000

—1.68713369
~1.24400623
—1.11481699
—1.05200140
—1.02242929
—1.00789049
—1.00494544

0.06474394
0.08248419
0.08248419
0.08248419
0.13150782
0.13150782
0.02056729

—1.68713361
—1.24400610
—1.11481718
—1.05200171
—1.02242946
—1.00789033
—1.00494525




5. The current after 2 seconds is approximately i(2) = 8.693 amperes.

t;

w;

hi

Yi

15
20
25
27

0.49509708
1.27560008
1.65480865
1.94399098
2.00000000

0.29938376
0.16486635
0.09938119
0.06049879
0.05434569

0.09901942
0.03572768
0.10258441
0.02800451
0.02800451

0.29938377
(0.16486623
0.09938111
0.06049858
0.05434551

Exercise Set 5.8, page 313

1. The Extrapolation Algorithm gives the results in the following tables.

(a)

(b)

()

SN

h

t; w; k Yi
1 0.25 0.04543132 0.25 3 0.04543123
2 0.50 0.28361684 0.25 3 0.28361652
3 0.75 1.05257634 0.25 4 1.05257615
4 1.00 3.21909944 0.25 4 3.21909932
i ti wy h k Ui
1 225 144999987 0.25 3 1.45000000
2 2,50 1.83333321 0.26 3 1.83333333
3 2.75 217857133 0.25 3 2.17857143
4 3.00 249999993 0.25 3  2.50000000
) t; Wy h k Ui
1 1.25 277892942 0.25 3 2.77892944
2 1.50 3.60819763 0.25 3 3.60819766
3 1.75 447932759 0.25 3 4.47932763
4 2.00 5.38629431 0.25 3 5.38629436
1 t,; w; h k Y
1 0.25 1.32914981 0.25 3 1.32914981
2 0.50 1.73048976 0.25 3 1.73048976
3 0.75 2.04147203 0.25 3 2.04147203
4 1.00 211797954 0.25 3 2.11797955

Exercise Set 5.8
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2. The Extrapolation Algorithm gives the results in the following tables.

(a)

1 t; w; h; k Yi

1 1.06 1.10385729 0.06 2 1.10385738

2 1.10 1.21588614 0.05 2 1.21588635

3 1.15 1.33683891 0.056 2 1.33683925

4 1.20 1.46756907 0.056 2 1.46756957

7 t; w; h; k Yi

1 0.25 0.25228680 0.25 3 0.25228680

2 0.50 0.51588678 0.25 3 0.51588678

3 0.75 0.79594460 0.25 2 0.79594458

4 1.00 1.09181828 0.25 3 1.09181825

% ti Wy hi k Ui

1 1.50 —1.50000055 0.50 5 —1.50000000
2 2.00 -—1.33333435 0.50 3 —1.33333333
3 250 -—1.25000074 0.50 3 —1.25000000
4 3.00 -1.20000090 0.50 2 —1.20000000
7 ti Wy h, k Yi

1 0.25 1.08708817 0.25 3 1.08708823

2 0.50 1.28980537 0.25 3 1.28980528

3 0.75 1.51349008 0.25 3 1.51348985

4 1.00 1.70187009 0.25 3 1.70187005
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3. The Extrapolation Algorithm gives the results in the following tables.

(a)
i t; Wy h k Yi
1 1.50 1.06726237 0.50 4 1.06726235
2 200 1.18123223 050 3 1.18123222
3 2.50 1.30460372 0.50 3 1.30460371
4 3.00 1.42951608 0.50 3 1.42951607
5 3.50 1.55364771 0.50 3 1.55364770
6 4.00 1.67623915 0.50 3 1.67623914
(b)
3 t'i w; h ]\1' Yi
1 1.50 0.64387537 0.50 4 0.64387533
2 200 1.66128182 050 5 1.66128176
3  2.50 3.25801550 0.50 5 3.25801536
4 3.00 5.87410027 0.50 5 5.87409998
(c)
) t; wW; h k Ui
1 050 -1.53788284 0.50 4 —1.53788284
2 1.00 -—1.23840584 0.50 5 —1.23840584
3 1.50 —1.09485175 0.50 5 —1.09485175
4 2,00 -1.03597242 0.50 5 —1.03597242
5 2.50 -1.01338570 0.50 5 —1.01338570
6 3.00 -—1.00494526 0.50 4 —1.00494525
(d)
7 t; w; h k Yi
1 0.50 0.29875177 0.50 4 0.29875178
2 1.00 0.21662642 0.50 4 0.21662642
3 1.50 0.12458565 0.50 4 0.12458565
4 2,00 0.056434552 0.50 4 0.05434551

4. The population after five years is y(5) ~ 56,751.

FExercise Set 5.8
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Exercise Set 5.9, page 322
1. The Runge-Kutta for Systems Algorithm gives the results in the following tables.
(a)
t; W4 Uy; Wa; Ua;
0.200  2.12036583  2.12500839  1.50699185  1.51158743
0.400  4.44122776  4.46511961  3.24224021  3.26598528
0.600  9.73913329  9.83235869  8.16341700  8.25629549
0.800 22.67655977 23.00263945 21.34352778 21.66387674
1.000 55.66118088 56.73748265 56.03050296 57.10536209
b Wi U1 Wa; Ug;
0.500 0.95671390 0.95672798 —1.08381950 —1.08383310
1.000 1.30654440 1.30655930 —0.83295364 —0.83296776
1.500 1.34416716 1.34418117 —0.56980329 —0.56981634
2.000 1.14332436 1.14333672 —0.36936318 —0.36937457
t; Wy U3 Wa; Ug; Ws; U3;
0.5 0.70787076 0.70828683 —1.24988663 —1.25056425 0.39884862 0.39815702
1.0 —0.33691753 —0.33650854 —3.01764179 ~—3.01945051 —0.29932204 —0.30116868
15 —2.41332734 —2.41345688 —5.40523279 —5.40844686 —0.92346873 —0.92675778
2.0 —5.80479008 —5.89590551 —8.70970537 —8.71450036 —1.32051165 —1.32544426
(d)
t; Wi Ui Way U2; Wi Ui
0.2 1.38165297 1.38165325 1.00800000  1.00800000 —0.61833075 —0.61833075
0.5 1.00753116 1.90753184 1.12500000 1.12500000 —0.09090565 —0.09090566
0.7 2.25503524 2.25503620 1.34300000 1.34000000 0.26343971 0.26343970
1.0 2.83211921 2.83212056 2.00000000 2.00000000 0.88212058 0.88212056

2. The Runge-Kutta for Systems Algorithm gives the results in the following tables.

()

t wy wy Uy Uz
0.2 —0.80590898 0.28590898 —0.8059123490 0.2859123490
0.4 —0.65276041 0.77276041 —0.652770464 0.772770464
0.6 —0.60003597 1.52003597 —0.600058462 1.520058462
0.8 —0.73647147 2.61647147 -0.736516212 2.616516212

1.0 —1.19444462 4.19444462 —1.194528050  4.194528050
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(b)

t wn wWa U1 Un

0.2 —3.62420001 5.28560000 —3.624208274 5.285611032

0.6 —5.10631940 6.48842582 —5.106356400 6.488475200

1.0 —7.15475346 8.87300454  —7.154845484  8.87312731

1.4 —10.20540766 13.02054346 —10.20559990 13.02079987

1.8  —14.90857362 19.79809804 —14.90894239 19.79858986
(c)
t wy wa w3 Uy Us us
0.2 2.82820001 —1.36717100 1.29430535 2.828199216 —1.367172763 1.294303950
0.4 2.34715282 —1.70213314 1.35096843 2.347150799 —1.702138886 1.350962985
0.6 1.61165492 —2.06862759 1.12031748 1.611651361 —2.068641364 1.120303523
0.8 0.68019035 —2.55506790 0.53282506 0.680185091 —2.555096786 0.532795132
1.0 -0.38623048 —3.28594071 —0.51207026 —0.386237443 —3.285996825 —0.512128574
(d)
t wy wo w3 U1l U3 us
0.2 5.85399925 —6.58493690 —5.51120222 6.655197738 —6.582587709 —5.507713390
0.6 13.58890681 —2.95418927 —4.51808620 14.00287757 —2.921029767 —4.45343131
1.0  41.49825592 13.88034475 26.10907731 41.57707969 14.18586490 26.71881714
1.4 13458778600 135.26098840 267.46411360 134.5550923 137.5527145 272.0466805
1.8 443.12659480 882.03172470 1760.52619100 443.8948036 897.3731894 1791.208540

3. The Runge-Kutta for Systems Algorithm gives the results in the following tables.

(a)

Wi

Yi

0.200
0.500
0.700
1.000

0.00015352
0.00742968
0.03299617
0.17132224

0.00015350
0.00743027
0.03299805
0.17132880
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(b)

(d)

4. The Runge-Kutta for Systems Algorithm gives the results in the following tables.

(a)

Wy

Yi

1.200
1.500
1.700
2.000

0.96152437
0.77796897
0.59373369
0.27258237

0.96152583
0.77797237
0.59373830
0.27258872

wWig

Yi

1.000
2.000
3.000

3.73162695
11.31424573
34.04395688

3.73170445
11.31452924
34.04517155

LU

Wa;

1.200
1.500
1.700
2.000

0.27273759
1.08849079
2.04353207
4.36156675

0.27273791
1.08849259
2.04353642
4.36157780

t wy wy y(t)
0.2 2.58096738 3.92714601  2.580977391
0.4 3.62954528 6.73995658  3.629577204
0.6 5.36685193 10.90938990 5.366926682
0.8 8.12969935 17.13695552 8.129852884
1.0 12.42741665 26.46948024 12.42770981
t wy Wo y(t)
1.2 4.77485600 4.64248546  4.774444444
1.6 7.11125088 6.91189139  7.110625000
2.0 10.25079116 8.75041113  10.25000000
2.4 14.09462248 10.45592060 14.09361111
2.8 18.60884185 12.10964620 18.60755102

133
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(c)
i wy Wa ws y(t)
0.2  2.98086667 .82393333 9.46726667  2.980875497
0.6 4.16962578  5.48759308  15.03205266  4.170122771
1.0 7.89009498 14.13487020 30.45672422  7.892270823
1.4 16.74506147 32.50687231  66.24043865  16.75205379
1.8 36.77072349 72.93612397 146.58698330 36.79085705
(d)
t w1y wa w3 y(t)
1.2 3.73466631  9.41446279  8.04259896  3.734666667
1.4 578971770  11.19022983 9.67114868  5.789714286
1.6 8.23100886 13.27065559 11.11173381 §.231000000
1.8 11.11645980 15.62867678 12.45708169 11.11644444
2.0 14.50002275 18.25003892 13.75001862 14.50000000

Exercise Set 5.9

5. To approximate the solution of the mth-order system of first—order initial-value problems

wy = fi(t,un,ug,. ..

) Um ),

i=1,2,...,m,

at (n 4+ 1) equally spaced numbers in the interval [a, bl;

INPUT endpoints a, b; number of equations m; integer N; initial conditions «y, ..
OUTPUT approximations w; ; to u;(t;).
h=(b—a)/N;
J=12,...,mset wy; = o;.
STEP 3 OUTPUT (to, Wp,1, Wp,2, -
STEP 4 Fori= 1,2,3 do Steps 5-11.
STEP5 Forj=1,2,..
kl,j = ]L]L7 (tz’—h Wi—1,15- -
STEP 6 For j=1,2,..
ko =hfi (tiet + 2 wimin + Sk11, wic1 2 + 2k e,
STEP7 Forj=1,2,...
ks = hfj (tio1 + %3101:—1,1 + 2k, w19 + 1koa,

STEP 1
STEP 2

Set
For

.. awO,'m)-
., m set
., m set

,m set

STEP 8 For j=1,2,....,m set
kaj=hfitici +hywi—i1 + ks, wici2+kao, .., Wim1m + k3 m)-

STEP 9

Forj=1,2,...

, m set

. 7wi—1,m)~

Wi j = wi-1,j + (k1j + 2ka,; + 2k 5 + ka,5)/6.
STEP 10 Set t; = a + ih.

STEP 11 OUTPUT (t,j, Wi, Wi 2, .

ey Wim)-

for a <t <b, uj(a)=a;, 7=1,2,...,m

. Q-

17,
<oy Wi—1m + §I‘f1,m) .

1.
ces Wimlm '2‘]"'2,171) .
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STEP 12 Fori=4,...,N do Steps 13-16.
STEP 13 Set t; = a+ ih.
STEP 14 For j =1,2,...,m set

w®

+37fi(tims, wims,1,- o, Wimgm) — 95 (Fica, Wima 1, .. 7'wi—4,m):| /24-

Wi 5 = Wi—1 5 +h [9]0] (ti,w
= 5fi(tico, wica 1, ..., Wimam) + fi(timg, Wi—a 1. .., wi—a,m)] /24-

STEP 16 OUTPUT (t;, w;1,w; 2, .

STEP 17 STOP

STEP 15For j =1,2,...,m set

cey ’U-’i,'m)

'g?l)7 . 7“’5%) +19f5(ti—, wima1, -, Wis1,m)

135

i = Wi-1j +h [55]"}(&—1;1011—1,1, o Wit m) — 59 (tica, Wisa 1, ...y Wi m)

6. The Adams Fourth-Order Predictor-Corrector method for systems applied to the problems in
Exercise 2 gives the results in the following tables.

(a)

t.i wn (ti) U (ti) Wo (tz) U (tj)

0.2 —0.80590898 —0.80591235 0.28590898 0.28591235

0.4 —0.65276394 —0.65277046 0.77276394 0.77277046

0.6 —0.60005208 —0.60005846 1.52005208 1.52005846

0.8 —0.73651161 —0.73651621 2.61651161 2.61651621

1.0 —1.19452854 —1.19452805 4.19452854 4.19452805

ti wy (ti) U1 (tz) Wy (tT) U (tz)

0.2 —3.62420001 —3.62420827  5.28560000 5.28561103

0.8 —5.10631940 —5.10635640  6.48842583 6.48847520

1.0 —7.15480610 —7.15484549  B8.87307476 8.87312731

1.4 —10.20556525 —10.20559990 13.02075362 13.02079987
1.8  —14.90892678 —14.90894239 19.79856900 19.79858986
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(c)
t; wi (1) 1 (t;) wa(t;) ua(ti) ws (i) ug(ts)
0.2 2.82820001 2.82819922  —1.36717100 ~—1.36717276 1.29430535 1.29430395
0.4  2.34715270 2.34715080  —1.70213589 —1.70213889 1.35096690 1.35096298
0.6  1.61165288 1.61165136  —2.06863957 —2.06864136 1.12030805 1.12030352
0.8  0.68018456 0.68018509  —2.55500734 —2.55509679  0.53279799 0.53279513
1.0 —0.38624142 —0.38623744 —3.28600244 —3.28599682 —0.51213132 —0.51212857
(d)
g wi () wy () wa () ua(t:) wa(t:) uz(t;)
0.2 5.85399925 6.656519774 —6.58403690  —6.58258771 -5.51120222 —5.50771339
0.8  13.58890681 14.00287756  —2.95418927  —2.92102977 —4.51808620 ~4.45343131
1.0 41.45180376 41.57707970 13.61528979 14.18586491 25.57139128 26.71881709
1.4 134.28466702 134.55509227 132.41520876 137.55271457  261.76615143

1.8

441.61837376

443.89480356

860.12763808

897.37318983

1716.71350110

272.04668062
1791.20854020

7. The Adams Fourth-Order Predictor-Corrector method for systems applied to the problems in
Exercise 1 gives the results in the following tables.

(a)
t; W14 Uy Wa; Un;
0.200 2.12036583 2.12500839 1.50699185 1.51158743
0.400 4.44122776 4.46511961 3.24224021 3.26598528
0.600 9.73913329 9.83235869 8.16341700 8.25629549
0.800 22.52673210 23.00263945 21.20273983 21.66887674
1.000 54.81242211 56.73748265 55.20490157 57.10536209
(b)
iy W4 U1 Wa; Ug;
0.500 0.95675505 0.95672798 —1.08385916 —1.08383310
1.000 1.30659995 1.30655930 —0.83300571 —0.83296776
1.500 1.34420613 1.34418117 —0.56983853 —0.56981634
2.000 1.14334795 1.14333672 —0.36938396 —0.36937457
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()

ty Wi U4 Wa; U2; Wai ug;

0.5 0.70787076 0.70828683 —1.24988663 —1.25056425 0.39884862 0.39815702

1.0 -0.33691753 —0.33650854 —3.01764179 —3.01945051 —0.29932294 —0.30116868
1.5 —241332734 —2.41345688 —5.40523279 —5.40844686 —0.92346873 —0.92675778
2.0 —5.88968402 —5.89590551 —8.72213325 —B.71450036 —1.32072524 —1.32544426

t w1 W14 Wayg Uz; W34 Ug;

0.2 1.38165297 1.38165325 1.00800000 1.00800000 —0.61833075 —0.61833075
0.5 1.90752882 1.90753184 1.12500000 1.12500000 —0.09090527 —0.09090566
0.7 2.25503040 2.25503620 1.34300000 1.34300000  0.26344040 0.26343970
1.0 2.83211032 2.83212056 2.00000000 2.00000000  0.88212163 0.88212056

8. 'The approximations for the swinging pendulum problems are given in the tables:

(a) (b)
t; 8 t; g
1.0 —0.365903 1.0 —0.338253
2.0 —0.0150563 2.0 —0.0862680

9. The predicted number of prey, z1,, and predators, xs;, are given in the following table.

% t; T14 To4

10 1.0 4393 1512
20 2.0 288 3175
30 3.0 32 2042
40 4.0 25 1258

10. The predicted number of prey, x1;, and predators, z;, are given in the following table.

) tq; Wiy Wa;

6 1.2 2211 11469
12 24 175 17492
18 3.6 2 19704

A stable solution is 1 = 8000 and x4 = 4000.
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Exercise Set 5.10, page 333
1. Let L be the Lipschitz constant for ¢. Then
U1 — Vi1 = s — v + h[d(t;, ug, h) — ¢(ti,vs, b)),

S0
l'lb,;+1 - ’U,j+1| S (1 + hL)|’U,i — 'qul S (1 + hL)i+1|UO — ’UQ|.

2. (a) For the Adams-Bashforth Method,

S

F(ty, hywig1, Wi, w1, wi—g,Wi—3) =
4

55f(ti, wi) — 59f (ti—1, wi—1)

Do

+37f(ti—o, wi—a) — 9f (tis, wi—s) |,

so if f =0, then F' = 0. The same result holds for the Adams-Moulton method.
(b) If f has Lipschitz constant L, then

L
lF(ti, hy Wity .oy Wi—g) — F(ty, by vig1, - - ,’U,L'_3)| Sﬂ 55|wi - 'U,i| -+ 59|'w1:_1 - 'U-i—ll
+ 37 wi—g — vi—a| + 9wz — vi_3||,

so C = %L will suffice. A similar result holds for the Adams-Moulton method, but with
C=UrI.
3. By Exercise 31 in Section 5.4, we have

ot,w,h) = éf(t,'w) + %f(t + %h,w + éhf(t,w))

1 1 1. . 1 1, .
+ §f<t + §h, w+ éhf (t + §h’ w+ §}l-f(1" w)))

1, 1 1 1 1
—i—6,7‘<t—l—h,w—|—hf(t—!—§h,w—l—§hf<t—|-§h,w+§hf(t,w)>>>,

S0
¢(t7wa 0) = é.f(t’ 'll)) + %f(tﬂu) + %f(t:w) + %f(t7’u}) = f(taw)'

4. (a) Expand y(t;41) and y(t;12) in Taylor polynomials and simplify.

(b) ws = 0.18065 ~ y(0.2) = 0.18127,ws = 0.35785 ~ y(0.5) = 0.39347, w; — 0.15340 ~
y(0.7) = 0.50341, and wyp = —9.7822 = y(1.0) = 0.63212

(¢) wag = —60.402 = y(0.2), wsp = —1.37 x 1017 = y(0.5), wrg = —5.11 x 10?6 ~ y(0.7) ,
and wipp = —1.16 x 10* ~ y(1.0)

(d) The method is consistent but not stable or convergent.
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5

(a) The local truncation error is 73,1 =

113y (g;), for some £, where t;_y < & < tiyq.

(b) The method is consistent but unstable and not convergent.

For h = 0.1:

wyp = 0.3678826 ~ y(1) = 0.3678794, and wigy = 3.84917 ~ y(10) = 0.0000454.
For h = 0.01:

wypo = 0.3678794 ~ y(1) = 0.3678794 and wiggp = 0.0001091 ~ y(10) = 0.0000454.

The method is unstable.

wy = 4e, wg = 13¢, wy = 40e, ws = 121e, wg = 364¢

Exercise Set 5.11, page 340

1. Euler’s method gives the results in the following tables.

2.

()

t;

Wy

0.200
0.500
0.700
1.000

0.027182818
0.000027183
0.000000272
0.000000000

0.449328964
0.030197383
0.004991594
0.000335463

Wi

Yi

0.500
1.000
1.500
2.000

16.47925
256.7930
4096.142
65523.12

0.479470939
0.841470987
0.997494987
0.909297427

(b)

Euler’'s method gives the results in the following tables.

(a)

t;

Wy Yi

0.2
0.4
0.6
0.8
1.0

1.4631026
1.5421118
1.8223081
2.2104643
2.6960402

t; w; Yi

0.200 0.373333333 0.046105213

0.500 —0.093333333 0.250015133

0.700 0.146666667 0.490000277

1.000 1.333333333  1.000000001
(d)

t; wj Yi

0.200 6.128259  1.000000001

0.500 —378.2574 1.000000000

0.700 —6052.063 1.000000000

1.000 387332.0  1.000000000
(b)

i, Wy Yi

0.2 02

04 04

0.6 0.6

0.8 0.8

1.0 1.0

139
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t; w; Yi
1.25 0.2500008
1.75 —1.5816058
2.25 —13.2433087
2.75 —100.7565966

Exercise Set 5.11

t; w; Yi
0.25 5.0000000
0.75 65.1372119
1.25  1030.7343970
1.75 16486.4972000

3. The Runge-Kutta fourth order method gives the results in the following tables.

(a)

i W Yi
0.200 0.45881186 0.44932896
0.500 0.03181595 0.03019738
0.700 0.00537013 0.00499159
1.000 0.00037239 0.00033546

t; wW; Yi
0.500 188.3082 0.47947094
1.000 35296.68 0.84147099
1.500 6632737 0.99749499
2.000 1246413200 0.90929743

(b)

t; W Yi
0.200 0.07925926 0.04610521
0.500 0.25386145 0.25001513
0.700 0.49265127 0.49000028
1.000 1.00250560 1.00000000

t; W; Yi
0.200 —215.7459 1.00000000
0.500 —555750.0 1.00000000
0.700 —104435653 1.00000000
1.000 —269031268010 1.00000000

4. The Runge-Kutta fourth order method gives the results in the following tables.

(a)

Wi Yi

0.2
0.4
0.6
0.8
1.0

1.5895980
1.6274132
1.8720749
2.2439777
2.7251239

(b)

Wi Yi

0.2
0.4
0.6
0.8
1.0

0.5822584
0.4537551
0.6075593
0.8010630
1.0001495
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()

5. The Adams Fourth-Order

t;

w;

Yi

1.25  0.8240614
175  4.9786559
2.25 66.9187958
2.75 930.8525134

(d)

t; w; Yi
0.25 —12.8205769
0.75 —2591.6979180
1.25 —487165.7249000
1.75 —91547464.7500000

141

Predictor-Corrector Algorithm gives the results in the following

tables.
(a)

t; w; Yi
0.200 0.4588119  0.4493290
0.500 —0.0112813 0.0301974
0.700 0.0013734 0.0049916
1.000 0.0023604 0.0003355

(c)

t; wW; Vi
0.500 188.3082 0.4794709
1.000 38932.03 0.8414710
1.500 9073607 0.9974950
2.000 2115741299 0.9092974

(b)

t; Wy Yi
0.200 0.0792593 0.0461052
0.500 0.1554027 0.2500151
0.700 0.5507445 0.4900003
1.000 0.7278557  1.0000000

b W Yi
0.200 —215.7459 1.000000001
0.500 —682637.0 1.000000000
0.700 —159172736 1.000000000
1.000 —566751172258  1.000000000

6. The Adams Fourth-Order Predictor-Corrector Algorithm gives the results in the following

tables.
(a)
t; Wy
0.2 1.5895980
0.4 1.6263206
0.6 1.8709345
0.8 2.2432194
1.0 2.7246942
(c)
t; W;
1.25 0.8240614
1.75 4.9786559
2.95 200.8236197
2.75 10272.0539300

(b)

ti w;
0.2 0.5822584
0.4 0.3911238
0.6 0.5971191
0.8 0.7826888
1.0 1.0082013

ti (1
0.25 —12.8205769
0.75 —2591.6979180
1.25 —598288.8787000
1.75  —139504990.3000000
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7. The Trapezoidal Algorithm gives the results in the following tables.

(a)

(a)

Exercise Set 5.11

(b)
i w; k Yi b w; k Yi
0.200 0.39109643 2 0.44932896 0.200 0.04000000 2 0.04610521
0.500 0.02134361 2 0.03019738 0.500 0.25000000 2 0.25001513
0.700 0.00307084 2 0.00499159 0.700 0.49000000 2 0.49000028
1.000 0.00016759 2 0.00033546 1.000 1.00000000 2 1.00000000
(d)
t; w; k Yi t; w; k Yi
0.500 0.66291133 2 0.47947094 0.200 —1.07568307 4 1.00000000
1.000 0.87506346 2 0.84147099 0.500 —0.97868360 4 1.00000000
1.500 1.00366141 2 0.99749499 0.700 —0.99046408 3 1.00000000
2.000 0.91053267 2 0.90929743 1.000  —1.00284456 3  1.00000000
8. The Trapezoidal Algorithm gives the results in the following tables.
(b)
t; w; ko y(t;) t; w; Eooyl(t:)
0.2 1.58152229 2 0.2 0.50203131 2
0.4 1.62161373 2 0.4 0.43355903 2
0.6 1.86902118 2 0.6 0.60372878 2
0.8 2.24264359 2 0.8 0.80041431 2
1.0 2.72470482 2 1.0 1.00004603 2
(d)
t; w; kooylt:) t; w; ko y(t:)
1.25 0.49787835 2 0.25 1.39753016 2
1.75 0.18503499 2 0.75 0.81057360 2
2.25 0.08754204 2 1.25 0.33002435 2
2.75 0.04802381 2 1.75 -0.17533094 2
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9. (a)

t; Wy U4 Wa; Ug;
0.100 —96.33011 0.66987648 193.6651 —0.33491554
0.200 —28226.32 0.67915383 56453.66 —0.33957692
0.300 —82140566 0.69387881 16428113 —0.34693941

0.400  —2390290586  0.71354670 4780581173 ~0.35677335
0.500 —695574560790 0.73768711 1391149121600 —0.36884355

i; W1 U4 Wo; Ui

0.100 0.61095960 0.66987648 —0.21708179 —0.33491554
0.200 0.66873489 0.67915383 —0.31873903 —0.33957692
0.300 0.69203679 0.69387881 —0.34325535 —0.34693941
0.400 0.71322103 0.71354670 —0.35612202 —0.35677335
0.500 0.73762953 0.73768711 —0.36872840 —0.36884355

10. Since y’ = Ay, we have ky = hAw;, ko = hA(w;+h w;/2), ks = hX (w; + haw; /2 + R2A%w; /4) ,
and ky = kA (w; + hAw; + h2X2w;/2 + B3 \3w; / 4). Thus,
1
Wip1 = w; + g(lﬁ + 2ka + 2k3 + ky)
= w; + % (hA 4 20X+ RPX% 4+ 210X + B3N + B33 /2 4+ hA + 2A? + h3X3/2 + R /4)
= [1+hA+R*X2/2+ K323 /6 4+ h*At/24] w;.

11. Using (4.23) gives Tye1 = -—1—121/” (&)h?, for some t; < & < t;41, and by Definition 5.18, the
Trapezoidal method is consistent. Once again using (4.23) gives

h y" (&)

Ylbign) = y(t) + 5 [F (0 y(8)) + f (Fir, y ()] = =35

Subtracting the difference equation and using the Lipschitz constant L for f gives

hL hL h3
ly(tit1) — wita| < Jy(ts) —wi| + = ly(t:) —wil + 5 [y(tien) —wina| + E Y (&)

Let M = maXq<g<p |y (z)]. Then, assuming hL # 2,

2+ hL h3
i - W < 2% B 1 D ——— ’.[
wltia) = winal < 5= 7 Iyt) — wil + 602 —hL)"
Using Lemma 5.8 gives
_ o Mhp? Mh?2
y(tisr) — wiga| < 27D/ C=hL) {—12—]; + o~ wo[] BT

Thus, if AL # 2, the Trapezoidal method is convergent, and consequently stable.
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12. The Backward Euler method applied to ¥ = \y gives w; 1, = oy, 50 Q(RA) = ﬁ

13. The following tables list the results of the Backward Euler method applied to the problems in

Exercise 1.

(1a)

i ti wy k Ui
2 0.2 0.75298666 2 0.44932896
5 0.5 0.10978082 2 0.03019738
7 0.7 0.03041020 2 0.00499159
10 1.0 0.00443362 2 0.00033546
(1b)
) t; w; k Yi
2 0.2 0.08148148 2 0.04610521
5 0.5 0.25635117 2 0.25001513
7 0.7 049515013 2 0.49000028
10 1.0 1.00500556 2 1.00000000
(1c)
i ti w; k Ui
2 0.5 0.50495522 2 0.47947094
4 1.0 0.83751817 2 0.84147099
6 1.5 0.99145076 2 0.99749499
8 2.0 0.90337560 2 0.90929743
(1d)
7 t; w; k Yi
2 0.2 1.00348713 3 1.00000000
5 0.5 1.00000262 2 1.00000000
7 0.7 1.00000002 1 1.00000000
10 1.0 1.00000000 1 1.00000000
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14. The following tables list the results of the Backward Euler method applied to the problems in

Exercise 2.
(22)
1 ti Wy ]\, Ui
2 0.2 1.67216224 2 1.58928220
4 04 1.69987544 2 1.62715998
6 0.6 1.92400672 2 1.87190587
8 0.8 2.28233119 2 2.24385657
10 1.0 2.75757631 2 2.72501978
(2b)
it w; k Yi
2 0.2 0.87957046 2 0.56787944
4 04 0.56989261 2 0.44978707
6 0.6 0.64247315 2 0.60673795
8§ 0.8 0.81061829 2 0.80091188
10 1.0 1.00265457 2 1.00012341
(2¢)
it w; k Yi
1 1.25 0.55006309 2 0.51199999
3 1.75 0.19753128 2 0.18658892
5 2.25 0.09060118 2 0.08779150
7 2.75 0.04900207 2 0.04808415
(2d)
it w; k Yi
1 025 0.79711852 2 0.96217447
3 0.75 0.72203841 2 0.73168856
5 1.25 0.31248267 2 0.31532236
7 175 -0.17796016 2 -0.17824606

15.  (a) The Trapezoidal method applied to the test equation gives

1-- IléA
’lUj+1 = 1— I3 ’Ujj,
2
SO 5 4 B
Q(hN) = 3
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Thus, |Q(hA)| < 1, whenever Re(hA) < 0.
(b} The Backward Euler method applied to the test equation gives

W
Wil = 1 AN
SO
QAN = ——.
1—hA

Thus, |Q(hA)| < 1, whenever Re(hA) < 0.



Direct Methods for Solving Linear
Systems

Exercise Set 6.1, page 356

1. (a) Intersecting lines with solution x; =z = 1.
(b) One line, so there is an infinite number of solutions with z3 = £ ~ La;.
(c) One line, so there is an infinite number of solutions with 2o = —iz4.
(d) Intersecting lines with solution z; = % and x5 = —1—71.

2. (a) Intersecting lines whose solution is z:; = x5 = 0.
(b) Parallel lines, so there is no solution.
(c) Three lines in the plane that do not intersect at a common point.

(d) Two planes in space which intersect in a line with z; = —225 and z3 = 25 + 1.

3. Gaussian elimination gives the following solutions.

(a) €T = 1.0, Ty = —0.98, I3 = 2.9 (b) Iy = 1.1, Iy = —1.1, Iy — 2.9

4. Gaussian elimination gives the following solutions.

(a) T = —0.70,582 = 1.1,:’133 =29 (b) I — —0.88,:132 = 074, I3 = 3.0

5. Gaussian elimination gives the following solutions.

(a) =1 = 1.1875, 5 = 1.8125,z3 = 0.875 with one row interchange required
(b) 1 = —1,25 = 0,z5 = 1 with no interchange required

(¢) 1 = 15,29 = 2,23 = —1.2,24 = 3 with no interchange required

(d) No unique solution

6. Gaussian elimination gives the following solutions.

(a) 1 = —4, 3 = —8, z3 = —6 with one row interchange required
(b) 1 = 29—2, Ty = —%, T3 = %,1‘4 = 1 with one row interchange required
(¢) 1 =13, 23 = 8, 3 = 8,24 = 5 with one row interchange required.

d) 1 = —1, 33 =2, ¥3 = 0,24 = 1 with one row interchange required.
g
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10.

11.

Exercise Set 6.1
Gaussian elimination with DIGITS:=10 gives the following solutions:
(a) z1 = —227.0769, x5 = 476.9231, x3 = —177.6923;
(b) z1 = 1.001291, 25 = 1, z3 = 1.00155;
(¢) z1 = —0.03174600, x5 = 0.5952377, 3 = —2.380951, x4 = 2.777777,;
(d) =7 =1.918129, zo = 1.964912, x5 = —0.9883041, z4 = —3.192982,x5 = —1.134503.

Gaussian elimination with DIGITS:=10 gives the following solutions:

(a) 21 = 0.9798657720, s = 4.281879101, x5 = 17.48322147;
(b) 7 = 6.461447620, xo = 8.394321092, z3 = —0.01347368618;
¢) xy = 1.349448559, x5 = —4.67798776, x5 = —4.032893779, =, = —1.656637732;
(d) =1 = 13.49999998, z; = —11.5000000000, x3 = 23.75000003, x4 = 121.5000003,z5 =
97.75000025.
(a) When o = —1/3, there is no solution.

(b) When o = 1/3, there is an infinite number of solutions with z; = zo + 1.5, and =g is
arbitrary.

(¢) If o # £1/3, then the unique solution is

= 73 and 9 = 7_3
~ 21+ 3a) 27T 2(1+3a)

T
(a) a=1 (b)) a=-1
() zy=-1/1—a),za =123 =1/(1 — @)

Suppose @, ..., z}, is a solution to the linear system (6.1).
(i) The new system becomes

Eianz + a4+ a1 = b
E; Aa;ix1 + Aagpxs + .+ AQinTn = Ab;

E, can121 + apao - ... + apntn = by

Clearly, x,...,z], satisfies this system. Conversely, if z7,..., 2} satisfies the new system, di-
*

viding F; by A shows 27, ..., z} also satisfies (6.1).
(ii}) The new system becomes

Ey i00131 - 01022 .+ Q12 = 0y
E; :(ail + /\ajl)ml + (a,ig =+ /\ajg)ib‘g 4+ ...+ (G,m + /\a,jn).'ll‘n =b; + )\bj

E, 0,101 + Qpoo + ...+ Gpndn = by
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13.

14.

15.

Clearly, x7, ..., 2/, satisfies all but possibly the ith equation. Multiplying E; by A gives

/\ajlw/l -+ /\ijgﬂllz + ...+ /\a,j,n,x; = >\bj
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which can be subtracted from E; in the new system results in the system (6.1). Thus, z}, ..., z/,
satisfies the new system. Conversely, if z¥, ...,z is a solution to the new system, then all but
possibly E; of (6.1) are satisfied by =7, ..., . Multiplying F; of the new system by —\ gives

WK . B _ . S .
—Aa;17] — A@j2%5 — ... — Aajnly, = —Abj.

Adding this to F; in the new system produces E; of (6.1). Thus, x],..., x5 is a solution of

(6.1).

(iii) The new system and the old system have the same set of equations to satisfy. Thus, they

have the same solution set.
Change Algorithm 6.1 as follows:

STEP1 Fori=1,...,ndoSTEPS 2, 3, and 4.
STEP 4 Forj=1,...,i—1,i+1,...,n do STEPS 5 and 6.
STEP 8 Fori= 1, ceey set z; = a,,jm,+1/a7;,,;.

In addition, delete STEP 9.
The Gauss-Jordan method gives the following results.

(a) T = 098,%2 = —0.98,5[?3 =29
(b) I = 1.1,1?2 = —1.0,3)3 =29

The Gauss-Jordan method with single precision arithmetic gives the following solutions.

(a) m = —227.0787, 2o = 476.9262, z3 = —~177.6934

(b) 23 = 1.000036, zo = 0.9999991, z3 = 0.9986052

(c) @1 = —0.03177120, 2o = 0.5955572, w3 = —2.381768, z, = 2.778329

(d) w1 =1.918129, z» = 1.964912, x5 = —0.9883036, 24, = —3.192982, z5 = —1.134503

The results for are listed in the following table. (The abbreviations M/D and A/S are used

for multiplications/divisions and additions/subtractions, respectively.)

Gaussian elimination  Gauss-Jordan

n  M/D A/S M/D  A/S
3 17 11 21 12
10 430 375 595 495

50 44150 42875 64975 62475
100 343300 338250 509950 499950
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16.  (a)

Exercise Set 6.1

The Gaussian elimination procedure requires

(2n3 + 3n? — 5n)
6

Multiplications/Divisions

and
nd—n

Additions/Subtractions.
The additional elimination steps are:
Fori=nn-1,..,2

forj=1,...,i—1,
5504 nt1

set a’j,TL-{-l = aj’n+1 — M_

i
This requires

n(n — 1) Multiplications/Divisions

and .
nin=1) Additions/Subtractions.

Z

Solving for

@ = i n-t1
@i
requires n divisions. Thus, the totals are
3 2 =
n 3n on ..
3 + = "% Multiplications/Divisions
and .
n® n® bBn
5 +5 - 5 Additions/Subtractions.

The results are listed in the following table. In this table the abbreviations M/D and
A /S are used for Multiplications/Divisions and for Additions/Subtractions, respectively.

Gaussian Elimination Gauss-Jordan Hybrid
n M/D A/S M/D A/S M/D A/S
3 17 11 21 12 20 11
10 430 375 595 495 475 375
50 44150 42875 64975 62475 45375 42875

100 343300 338250 509950 499950 348250 338250
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17. The Gaussian-Elimination-Gauss-Jordan hybrid method gives the following results.

(a) Ty = 1.0,.’132 = —0.98,333 =29 (b) €Iy = 1.0, Ty = -—1.0,.7}3 =29

18. The Gauss-Jordan hybrid method with single-precision arithmetic gives the following solutions.

—227.0788, 476.9262, —177.6934 (b) 0.9990999, 0.9999991, 0.9986052

)
) —0.03177060, 0.5955554, —2.381768, 2.778329
d) x; = 1.918126, x5 = 1.964916, 23 = —0.9883027, 2, = —3.192982, =5 = —1.134503
)
)
)

19.  (a) There is sufficient food to satisfy the average daily consumption.
(

increased by 650, or species 3 could be increased by 150, or species 4 could be increased
by 150.

(d) Assuming none of the increases indicated in parts (b) or (c) were selected, species 3 could
be increased by 150, or species 4 could be increased by 150.

20. (a) For the Trapezoidal rule m =n =1, 25 =0, 23 = 1 so that for i = 0 and 1, we have
1
() = Flws) + / K (m, )ult) dt
Jo
. 1. .
= fz;) + 5 (K (zi,0)u(0) + K (z;, Du(1)].

Substituting for x; gives the desired equations.

(b) Wehaven=4,h=2,20=0,z1 =3, a2 =1, 23=3, and a4 =1, 50

w(ws) =f(2;) + = { (mT,O)u(O)+2K< i) <1>
+2K <Z%>u<%>+2K <m > ( >+Ix i, 1)u (1)],

for i =0,1,2,3,4. This gives

17 . . 1 . 1 . :
u(z;) = m?+g [e“‘i‘u(o) + 2elm=3ly <1> + 9elz=dly (;) + 2elmi—kly <%> + e[‘“_“u(l)] ;

for each ¢ = 1,...,4. The 5 x 5 linear system has solution u(0) = —1.154255, u (%) =
—0.9093298, u (3) = —0.7153145, u (2) = —0.5472949, and u(1) = —0.3931261.

(c) The Composite Simpson’s rule gives

/O' Kl tult) dt :% {K(mi,O)u(O) 44K (:1, %) y (D +oK (M ; ) " (%) +
4K (:1, -2) " @) + Kz, 1)u(1)] ,
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which results in the linear equations

1 . .. 1 ) 1 . :
u(z;) = :L?-i-ﬁ e"u(0) + delm=3ly (Z) + 2elri—3ly (:‘2—) + delzi=ily (%) + e‘““llu(l)} .

The 5 x 5 linear system has solutions u(0) = —1.234286, u (1) = —0.9507292, u (3) =
—0.7659400, u (3) = —0.5844737, and u(1) = —0.4484975.

Exercise Set 6.2, page 368

1. The following row interchanges are required for these systems.
(a) none (b) Interchange rows 2 and 3.

(c) none (d) Interchange rows 1 and 2.

2. The following row interchanges are required for these systems.
(a) none (b) none

(c) none (d) none

3. The following row interchanges are required for these systems.

(a) Interchange rows 1 and 2. (b) Interchange rows 1 and 3.

{c) Interchange rows 1 and 2, then interchange rows 2 and 3.

(d) Interchange rows 1 and 2.

4. The following row interchanges are required for these systems.

(a) Interchange rows 2 and 3. (b) Interchange rows 1 and 3.

(¢) Interchange rows 1 and 3, then interchange rows 2 and 3.

(d) Interchange rows 1 and 2.

5. The following row interchanges are required for these systems.

(a) Interchange rows 1 and 3, then interchange rows 2 and 3.
(b) Interchange rows 2 and 3.
(c) Interchange rows 2 and 3.

(d) Interchange rows 1 and 3, then interchange rows 2 and 3.
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6. The following row interchanges are required for these systems.

(a) Interchange rows 2 and 3. (b) none

(c) Interchange rows 1 and 2, then interchange rows 2 and 3.

(d) none

7. The following row interchanges are required for these systems.

(a) Interchange rows 1 and 2, and columns 1 and 3, then interchange rows 2 and 3, and
columuns 2 and 3.

(b) Interchange rows 1 and 2, and columns 1 and 3, then interchange rows 2 and 3.
(¢) Interchange rows 1 and 2, and columns 1 and 3, then interchange rows 2 and 3.

(d) Interchange rows 1 and 2, and columns 1 and 2, then interchange rows 2 and 3; and
columns 2 and 3.

8. The following row interchanges are required for these systems.

(a) Interchange rows 1 and 2, and columns 1 and 3.
(b) Interchange rows 1 and 2, and columns 1 and 2, then interchange rows 2 and 3.

(c) Interchange rows 1 and 3, and columns 1 and 2, then interchange rows 2 and 3, and
columns 2 and 3.

(d) Interchange rows 1 and 2.

9. Gaussian elimination with three-digit chopping arithmetic gives the following results.

() z1 = 30.0,z9 = 0.990 (b) z1 =0.00,z5 = 10.0, 25 = 0.142

(c) z1 =0.206, 72 = 0.0154, 23 = —0.0156, 2, = —0.716
(d) x1 = 0.828, 25 = —3.32, 23 — 0.153, 2, = 4.91

10. Gaussian elimination with three-digit chopping arithmetic gives the following results.

(a) z1 = 1.00, z2 = 9.98 (b) z1 =12.0, z3 = 0.492, 3 = —9.78

(c) 1 = —8.25, 3 = —8.00,z3 = —0.0339, 4 = 0.0566
(d) Iy = 1.33,(122 = —4.66,:)33 = -—4.04, Ty = —1.66

11. Gaussian elimination with three-digit rounding arithmetic gives the following results.

(a) &1 = —10.0, zo = 1.01 (b) 21 =0.00, 2 = 10.0, z5 = 0.143

(c) 1 =0.185, T3 = 0.0103, 23 = —0.0200, z, = —1.12
(d) Iy = 0799, T = —3.12, I3 = 0.151, Ty = 4.56



13.

14.

15.

16.

17.

Exercise Set 6.2

Gaussian elimination with three-digit rounding arithmetic gives the following results.

(a) =1 =1.00, zo = 10.0 (b) 21 =12.0, o = 0.499, x5 = —1.98

(c) z1 = 0.0896, x5 = —0.0639, z3 = —0.0361,z4 = 0.0467
(d) 21 =1.35,29 = —4.73, 23 = —4.07,24 = —1.65

Gaussian elimination with partial pivoting and three-digit chopping arithmetic gives the fol-
lowing results.
(a) 1 =10.0, z9 = 1.00 (b) z; = —0.163, 2 = 9.98,x3 = 0.142

(e) z1 =0.177, zg = —0.0072, z3 = —0.0208, £, = —1.18
(d) z; =0.777, g = —3.10, x3 = 0.161, x4 = 4.50

Gaussian elimination with partial pivoting gives the following results.

(a) 3 =1.00, z, = 9.98 (b) =3 =12.0, z3 = 0.504, 23 = —9.78

(c) z1 = 0.0928, 25 = —0.0631, x5 = —0.0356, T4 = 0.0468
(d) €I = 1.33,.7)2 = —4.66,:233 = —4.04, Ty = —1.66

Gaussian elimination with partial pivoting and three-digit rounding arithmetic gives the fol-
lowing results.
(a) 1 = 10.0, z; = 1.00 (b) =3 =0.00, z = 10.0, x3 = 0.143

(C) T = 0178, Tg = 0.0127, Ty — —00204, Ly — —1.16
(d) z; = 0.845, 25 = —3.37, 3 = 0.182, z4 = 5.07

Gaussian elimination with partial pivoting and three-digit chopping arithmetic gives the fol-
lowing results.
(a) T = 100, T = 10.0 (b) I = 12.0, Iy = 0499, T3 = —1.98

(¢) z1 =0.0927,29 = —0.0631, z3 = —0.0362, x4 = 0.0465
(@) =y = 135,25 = —4.73,z3 = —4.07,24 = —1.65

Gaussian elimination with scaled partial pivoting and three-digit chopping arithmetic gives
the following results.
(a) z; = 10.0, z9 = 1.00 (b) =y = —0.163, z2 = 9.98, x5 = 0.142

(©) 1 = 0.171, my = 0.0102, 3 = —0.0217, z4 = —1.27
(d) 21 = 0.687, zy = —2.66, m3 = 0.117, 74 = 3.59
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18. Gaussian elimination with scaled partial pivoting gives the following results.

(a) z1 = 1.00, 25 = 9.98 (b) @y = 0.993, zo = 0.500, z3 = —1.00
(c) z1 = 0.0930, 22 = —0.0631, 23 = —0.0359, x4 = 0.0467
(d) 2 —-1=1.33,20 = —4.66,23 = —4.04, 2, = —1.66

19. Gaussian elimination with scaled partial pivoting and three-digit rounding arithmetic gives
the following results.

(a) z; =10.0, z5 = 1.00 (b) 1 = 0.00, zz = 10.0, 23 = 0.143
(c) @1 = 0.180, x5 = 0.0128, 23 = —0.0200, 24 = —1.13
(d) Ty = 0783, Ty = —3.12, I3 = 0147, T4 = 4.53

20. Gaussian elimination with scaled partial pivoting and three-digit chopping arithmetic gives
the following results.

(a) @1 = 1.00, z9 = 10.0 (b) 2y = 1.03, 23 = 0.502, z3 = —1.01

(c) x1 = 0.0927, 5 = —0.0630, 23 = —0.0360, 24, = 0.0467
(d) @1 = 1.35, 39 = —4.73, 23 = —4.07, 24 = —1.65

21. Using Algorithm 6.1 in Maple with Digits:=10 gives

(a) z1 = 10.00000000, 2 = 1.000000000

(b) z1 = 0.000000033, zz = 10.00000001, 3 = 0.1428571429

(¢) z1 = 0.1768252958, x5 = 0.0126926913, x3 = —0.0206540503, 24 = —1.182608714
(d) =1 = 0.7883937842, x5 = —3.125413672, 23 = 0.1675965951, 4 = 4.557002521

22. Using Algorithm 6.1 in Maple with Digits:=10 gives

(a) z1 = 1.000000000, x5 = 10.000000000
(b) z; = 1.000000300, x5 = 0.500000001, z3 = —1.000000306
(c) z1 = 0.0927610467, xo = —0.06299433926, 23 = —0.03624582267, x4 = 0.04670801939
(d) 21 = 1.349448559, x5 = —4.677987755, x5 = —4.032893779, 24 = —1.656637732
23. Using Algorithm 6.2 in Maple with Digits:=10 gives
(a) z1 = 10.00000000, z» = 1.000000000
(b) z; = 0.000000000, z5 = 10.00000000, z3 = 0.142857142
)
)

(¢) x1 = 0.1768252975, z5 = 0.0126926909, 3 = —0.0206540502, z4 = —1.182608696
(d) z1 = 0.7883937863, x5 = —3.125413680, 23 = 0.1675965980, z, = 4.557002510
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24.

25.

26.

28.

29.

Exercise Set 6.2

Using Algorithm 6.2 in Maple with Digits:=10 gives

(a) z1 = 1.000000000, z2 = 10.000000000

(b) 21 = 1.000000300, z2 = 0.500000001, z3 = —1.000000306

(c) @1 = 0.09276104704, z» = —0.06299433961, z3 = —0.03624582264, 74 = 0.04670801938
(d) @1 = 1.349448559, ©q = —4.677987755, 13 = —4.032893779, 74 = —1.656637732

Using Algorithm 6.3 in Maple with Digits:=10 gives

(a) z1 = 10.00000000, z2 = 1.000000000

(b) z1 = 0.000000000, 2 = 10.00000000, z3 = 0.1428571429

(€) x1 = 0.1768252977, x5 = 0.0126926909, z3 = —0.0206540501, z, = —1.182608693
(d) z1 = 0.7883937842, x5 = —3.125413672, x5 = 0.1675965952, x4 = 4055700252

Using Algorithm 6.3 in Maple with Digits:=10 gives

(a) z1 = 1.000000000, z2 = 10.000000000

(b) z; = 1.000000000, z2 = 0.500000000, z3 = —1.000000000

(¢) @1 = 0.09276104705, 22 = —0.06299433961, x5 = —0.03624582264, x4 = 0.04670801938
(d) zq = 1.349448559, 9 = —4.677987755, 3 = —4.032893779, x4 = —1.656637732

Using Gaussian elimination with complete pivoting gives:

(a) z1 = 9.98, 25 = 1.00 (b) 21 = 0.0724, 25 = 10.0, 253 = 0.0952

(¢) 21 = 0.161, 25 = 0.0125, 23 = —0.0232, 74 = —1.42
(d) 21 =0.719, 25 = —2.86,x3 = 0.146, 24 = 4.00

Gaussian elimination with complete pivoting gives the following results.

(a) 21 = 1.00, 20 = 9.98 (b) 21 = 0.982,z5 = 0.500,z3 = —0.994

(c) @1 = 0.0933, ws = —0.0631, 23 = —0.0360, 0.0464
(d) 1 =1.33, 25 = —4.66,23 = —4.04, 24 = —1.65

Using Gaussian elimination with complete pivoting and three-digit rounding arithmetic gives:

(a) z1 = 10.0,25 = 1.00 (b) 21 = 0.00, 5 = 10.0, 23 = 0.143

(c) =y = 0.179, 25 = 0.0127, 23 = —0.0203, 7, = —1.15
(d) z1 = 0.874, 29 = —3.49, 3 = 0.192, 24 = 5.33
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7

30. Gaussian elimination with complete pivoting and three-digit rounding gives the following

31.
32.

results.

(a) o3 =10.0, 25 = 1.00 (b) z; = 10.0, x5 = 1.00

(c) z1 =0.0926,35 = —0.0629,x3 = —0.0361,14 = 0.0466

(d) Ty = 1.33,562 = —4.68,.’63 = —4.06,334 = —1.65
The only system which does not require row interchanges is (a), where a = 6.
Change Algorithm 6.2 as follows:
Add to STEP 1.

NCOL(i) =1

Replace STEP 3 with the following.
Let p and ¢ be the smallest integers with i < p, g < n and

|a(NROW(p), NCOL(q))| = maxi<r,j<nla( NROW(k), NCOL(5))|.

Add to STEP 4.

A(NROW(p), NCOL(q)) = 0
Add to STEP 5.

If NCOL(q) # NCOL(i) then set

NCOPY = NCOL();
NCOL(i) = NCOL(g);
NCOL(q) = NCOPY.

Replace STEP 7 with the following.

Set ] '
m(NROW(j), NCOL(i)) = Z((]]\\;ﬁ(o)?;(é))’]]\\;ggé((z))))

Replace in STEP 8:

m(NROW(j),i) by m(NROW(j), NCOL(i))
Replace in STEP 9:

a(NROW(n),n) by a(NROW(n), NCOL(n))
Replace STEP 10 with the following.

Set
_ a(NROW(n),n+1)
X(NCOL(m) = NROW(n), NCOL(n))

Replace STEP 11 with the following.
Set

a(NROW(i),n+1) — Y7, a(NROW(3), NCOL(j)) - X (NCOL(3))

X(NCOL(i)) = A(NROW(1), NCOL(:))
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Replace STEP 12 with the following.
OUTPUT (‘X (', NCOL(3),*) =", X (NCOL(3)) for i = 1,...,n).
33. Using the Complete Pivoting Algorithm in Maple with Digits:=10 gives
(a) 21 = 10.00000000, z5 = 1.000000000
(b) 1 = 0.000000000, 25 = 10.00000000, z3 = 0.1428571429
(c) z1 = 0.1768252974, z5 = 0.01269269087, 3 = —0.02065405015, z4 = —1.182608697
(d) @, = 0.17883937840, za = —3.125413669, z3 = 0.1675965971, =, = 4.557002516
34. Using the Complete Pivoting Algorithm in Maple with Digits:=10"gives
(a) z; = 1.000000000, 29 = 10.000000000
b) x4 = 1.000000001, x2 = 0.5000000000, z3 = —1.000000001

(b)
c¢) z1 = 0.09276104701, 5 = —0.06299433960, z3 = —0.03624582267, x4 = 0.04670801937
(d) z1 = 1.349448557, 5 = —4.677987750, x3 = —4.032893778, 2, = —1.656637732

Exercise Set 6.3, page 378

1. Determine if the matrices are nonsingular, and if so, find the inverse.

(a) The matrix is singular.

(b)

00[Co 0ol a|r

ool Cojun et
o0l 0ofi= [

(¢) The matrix is singular.

e 0 00
1

@ [ g 00

= -2 10

| -3 1 -1 1

2. Determine if the matrices are nonsingular, and if so, find the inverse.

(a) . .
1 2 —177} 3 L -3
1 1 1
0 1 2 = 5 5 5
/ 1 3 1
-1 4 3 ] i) 5 T 10
(b)
_1 r—i 1 1
1 2 07 4 i 1
5 _1 _1
2 1 -1 = 8 8 8
1 5 3
3 1 1 | 5 3
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(c) The matrix is singular.

(d) i i
2 0 o 21 ¢ 1 0 1 -1
5
1 1 0 2 -1 2 % -1
2 -1 3 1 =1-1 2 2 0
3 -1 4 3 0
0 -1 —% 1

3. The solutions to the linear systems obtained in parts (a) and (b) are, from left to right,

3,—6,-2,—1 and 1,1,1,1.

4. The solutions to the linear systems obtained in parts (a) and (b) are, from left to right and
top to bottom:

2 18 3 17 19 4
714 147 77 140 14’

1,1,1 and -—

e
~| -

=

5. (a) Suppose A and A are both inverses of A. Then AA = AA =TI and AA = AA = I. Thus,
A=Al = A(AA) = (AA)A=T4A = A.
(b) (AB)(BT'A 1) = A(BB 1)A ' = ATA™' = AA~' =T and (BT'A1)(AB) = B~Y(A~'A)B

B™'IB=B"1B =150 (AB)~' = B~'A~! since there is only one inverse.

(c) Since A™'A = AA~! =1, it follows that A~! is nonsingular. Since the inverse is unique,
we have (471)~! = A,
6. (a) Not true. Let

2 1 I -1 1 0
A—L O} and B—[_l 2] Then AB—|:1 -1]

is not symmetric.
t

(b) True. Let A be a nonsingular symmetric matrix. By Theorem 6.13 (d), (47 = (A't)_1 .
Thus, (A_l)t — (A" = A1 and A~ is symmetric.

(c) Not true. Use the matrices A and B from part (a).

7. (a) If C = AB, where A and B are lower triangular, then a;; = 0 if & > i and by = 0 if

k < j. Thus,
n i
Cij = Z Qikbrj = Z @ik by,
k=1 k=j

which will have the sum zero unless j < 4. Hence C is lower triangular.

(b) We have a;; = 0if k < and by; = 0if k > j. The steps are similar to those in part (a).
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(c) Let L be a nonsingular lower triangular matrix. To obtain the ith column of L™!, solve
n linear systems of the form

My O 01 _ _
T
lor oo To (0]
: 0
_i0
T - 1 ’
lLl li? lu 0
ol 0]
Tn
U Lo Lmd =T

where the 1 appears in the 7th position to obtain the ith column of L1,

8. (a) Following the steps of Algorithm 6.1 with m — 1 additional columns in the augmented
matrix gives the following:

Reduction Steps 1-6:
Multiplications/Divisions:

Z Z {1+m+n—19)}= Z{ﬂ (m+n+1)— (m+2n+1)i+i}

i=1 j=i+41
B 1 L1 1,1
= —2-m11 - 5mn+ 577’ — 5”
Additions/Subtractions:
n—-1 n
Z Z{m—i—n—c} Z{n(m—l—n (m +2n)i+ %}
=1 j=i--1
1 , 1 1, 1., 1
= gmn —§mn+ gn — 3" +E

Backward Substitution Steps 8-9:
Multiplications/Divisions:

n—1
1 1 1
m [1+;(n—i+1)j| =m [1-}-?—(—71;———) —1] = §mng+§mn

Additions/Subtractions:

n—1 1 1
m |:E (Il—’l,):I = 2mn 277’2//1

i=1
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Total:
Multiplications/Divisions: $n? +mn? — in
Additions/Subtractions: 3n® +mn? — In? — mn + in

(b) For the reduction phase: Multiplications/Divisions:

n n n-4m n n n
SN {1+ > 1} =Y > (mtntl-i)=> {(n—1)(m+n+1)—(n—1)}
i=1 j=154 k=i-F1 i1 j=1j7i i=1

1713 + mn? — mn — ln

2 2

4

Additions/Subtractions:

n n+m
Z > 1—2 Z n4m—1i) Z{(n—l)(m—l—n)—(n—l)z’}
i=1 j=1j%#1 k=i+1 i=1 j=1j51 im=1

1 o 1
:—577,3 +mn® —mn-n?+ ;'n,

Backward Substitution Steps:

Multiplications/Divisions:
n

m
Z 1=mn

k=1 i=1

Additions/Subtractions: none

Totals:

Multiplications /Divisions .—)’n -+ mn — 3n
Additions/Subtractions: ,,77 +mn? —n? —mn + 5N

(c) When m = n we have the following:
Gaussian Elimination
_lp =43

- . . s e . l 3 \ 2 1 1
Multiplications/Divisions: zn’® +mn? gn = 3N 371

Additions/Subtractions: in® + mn? — 171 —mn+in=3n®—3n241 n
3 2 3 2

Gauss-Jordan Elimination

Multlphcat1o1ls/D1v151onb 977 +mn? 2_in 3713 - %n
Additions/Subtractions: in®+mn? —n? —mn + 2 in= —2n + in

(d) To find the inverse of the n x n matrix A:
INPUT n x n matrix A = (a;5).
OUTPUT n x n matrix B = A~
Step 1 Initialize the n x n matrix B = (b;;) to
h:{0¢¢$
i 1 i=j
Step2 Fori=1,...,m—1do Steps 3, 4, and 5
Step 3 Let p be the smallest integer with i < p < n and ap; 7 0.
If no integer p can be found then
OUTPUT (‘A is singular’);
STOP.
Step 4 If p # i then perform (E,) « (E;).
Step 5 For j=i+1,...,n do Steps 6 through 9.
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Step 6 Set mj; = aji/aii.
Step7 Fork=i+1,...,n
set ajr = ajr — Myiaix; a; = 0.
Step8 Fork=1,...,i—-1
set by, = bji — mj.ibik.
Step 9 Set bj; = —myi.
Step 10 If a,, = 0 then OUTPUT (‘A is singular’);
STOP.

Step 11 For j=1,...,n do Steps 12, 13 and 14.

Step 12 Set an = b’n_}/ann.
Step 13 Fori=n-—1,...,3

set by = ( i ZZ:H—I aikbr; ) /@
Step 14 Forizj—l,...,l

set byy = — [Zzziﬂ aik,bk.j] /.

Step 15 OUTPUT (B);
STOP.

Reduction Steps 2-9:
Multiplications/Divisions:

Tj_ i {1+ Z 1+Zl} Z Xn:{1+n—i+i—1}=”2(#9-

k=i+-1 i=1 j=i41

Additions/Subtractions:

5—: Z { Z 1+i‘1}:§ Xn: {n—i-i—i—l}:n(?%—l—)i
i=1 +1 \k k=1

=i =ikl i=1 j=¢-+1

Backward Substitution Steps 11-14:
Multiplications/Divisions:

j=1 k=i+1 i=1 k=i+1
Jj—1
+> (n+1- i)}

i=
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Additions/Subtractions:

n n—1 j—1 n n—1
DAY A+n—i—-D+D (n—i-1)p=>> (n—i)—j+1
J=1 \ i=j i=1 j=1 i=1

:g[@{—l)Jrl—jJ

2

_n*(n—1) n{n+1)

=gt
n?

————nz—f——l-n
T2 2

Totals: . .
Multiplications/Divisions: = (’g_l) +z (";“) =p3

Additions/Subtractions: "(L;l)i + %3 —n?4+3n=n®-2n2+n

(e) Let [A_l]i_j denote the entries of A=, for 1 < 4,5 < n. For each i = 1,...,n, we have

T = Z[A—.l]i’jbj'
j=1

This requires n multiplications and n — 1 additions for each i. The total number of
computations is n? Multiplications/Divisions and n? — n Additions/Subtractions.

(f) For m linear systems, we have mn? Multiplications/Divisions and m(n? — n) Addi-
tions/Subtractions.

Gaussian Elimination Inverting A
(part a) and forming A~'h
n Multiplications Additions Multiplications Additions
Divisions Subtractions Divisions Subtractions
8 9+ 8 6m+ 5 9m + 27 G+ 12
10 100m + 330 90m + 285 100m + 1000 90m - 810

50 2500m + 41650 2450m + 40425 2500m + 125000  2450m + 120050
100 10000m + 333300  9900m + 328350 10000 + 1000000  9900m + 980100

9. The answers are the same as those in Exercise 1.

10. No, since the products A;; By, for 1 <4, 7, k < 2, cannot be formed.

(c) The following are necessary and sufficient conditions:

(i) The number of columns of A is the same as the number of rows of B.
(ii) The number of vertical lines of A equals the number of horizontal lines of B.
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13.

(c) A7t =

Exercise Set 6.3

(iii) The placement of the vertical lines of A is identical to placement of the horizontal

lines of B.
0 20 100
(a) A2= [0 0 3|, A*=|0 1 0|, A*=A, A°=42 AS=1,. ..
00 001

Year 1 Year 2 Year3 Year4d

Agel 6000 36000 12000 6000
Age2 6000 3000 18000 6000
Age 3 6000 2000 1000 6000

o= Q O

2 0

0 3} . The i, j-entry is the number of beetles of age i necessary to produce
0 0

f age 7.

one beetle of ag

(a) For each & = 1,2,...,m, the number a;, represents the total number of plants of type

v; eaten by herbivores in the species hy. The number of herbivores of types A eaten by
species ¢; is by;. Thus, the total number of plants of type v; ending up in species ¢; is
ai by + Gizbaj 4 .. + Gimbry = (AB)y;.

(b) We first assume n = m = k so that the matrices will have inverses. Let x1, ..., 2, represent

the vegetations of type vy, ..., Un, let y1, ..., ¥, represent the number of herbivores of species

hi,..; hn, and let zi, ..., z, represent the number of carnivores of species ¢y, ..., ¢y
Iy 1 hn Ty
T3 Y2 Y2 _q | T2
=Al| . |, then | =A
T, Yn Yn, T

Thus, (A™!); ; represents the amount of type v; plants eaten by a herbivore of species
h;.
Similarly, if

Y1 Z1 21 3
Y2 22 22 1 Y2
=B1.|, then .| =B~
Yn, Zn Zn UYn,

Thus, (B_l)i p represents the number of herbivores of species h; eaten by a carnivore of
species ¢;. If z = Ay and y = Bz, then 2 = ABz and z = (AB)!z. But, y = A~'z and
z=B"1y,s0 2= B~'A 'z

(a) We have

7 4 4 0 2(.’1:0 - .’151) + g + o 2(.730 — 1) + 3ag + 304
-6 -3 —6 0] |3(z1—wo) — a1 —2a0| _ |3(z1 —2z0) — 301 — Bap

0 0 3 0 Qg - 3ag

0 0 0 1 I Lo
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-1 -3 40
2 I 929
(b) B=A4"1= SO
0 0 %0
0 0 0 1

14.  (a) In component form:
(an1m1 — by + a122 — biaye) + (b1121 + a11y1 + bia®s + a1ay2)i = ¢1 +idy,

(a2171 — bo1yy + aga®a — bagya) + (2121 + an1y1 + boa®a + ageys)i = ¢y + ida,

which yields

@111 + @122 — b1y — biays = ¢y,
bi121 + b1aTs + a1y + a1oys = ds,
2131 + Q222 — baryr — basys = ca,

ba11 + baoa + ag1y1 + azays = do.

(b) The system

1 3 2 -2 5

-2 2 1 3 1 2

2 4 -1 -3 ?2 = |4

1 3 2 4 Y1 -1
Y2

has the solution 21 = —1.2, 2o =1, 3 = 0.6, and y5 = —1.

Exercise Set 6.4, page 386

1. The determinants of the matrices are:

(a) —8 (b) 14 () 0 () 3

X

The determinants of the matrices are:

(a) 8 (b) -8 (c) 0 (d) 0

3. The answers are the same as in Exercise 1.
4. The answers are the same as in Exercise 2.
5. The matrix is singular when o = —2 and when o = 2.

6. The matrix is singular when o = 6.

165
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10.

Exercise Set 6.4

The system has no solutions when o = —5
The system has no solutions when a = —5.

When n = 2, det A = a11a23 — a1202; requires 2 multiplications and 1 subtraction. Since

"

the formula holds for n = 2. Assume the formula is true for n = 2,...,m, and let A be an
(m+1) x (m+ 1) matrix. Then

=2 and 2!—-1=1,

?“|;.._a

m4-1

det A = Z (LijA,L'j,
j=1

for any 4, where 1 <4 < m + 1. To compute each A;; requires

m—
1
m! Z pl multiplications and m!—1 additions/subtractions.

E

Thus, the number of multiplications for det A is

m—1

m—1
mlz } (m+1)=(m+1)! { 7l ﬁ

and the number of additions/subtractions is

(m+1)

=(m+1)! Z%

(m+1)[m—-1]4+m=m+1)I-1

By the principle of mathematical induction, the formula is valid for any n > 2.

Let
a1 aiz @13 N a1 G2z 423
A= |asn a2 az| and A= |a;1 a2 013
@31 a3z 33 i3] Q32 33

Expanding along the third rows gives

det A =as; det [5519 213] — gy det [an 0113:| + ags det [an aaz]

22 23 ao1 423 a1 Q929

=CL31(&12G23 - a,13a22) - CL32(CL11(123 - 01130/21) + a33(a11022 - amazl)

and
i G2 G2 an1 a2 22
det A =agq det 3 - azp det ! 23 + azz det
12 413 a11 11 adi2
=a31(013a22 - Cblzaas) - a32(a13a21 - a11a23) + CL33(CL12G21 - CL11¢122) = —det A.

The other two cases are similar.
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11. The result follows from det AB = det A - det B and Theorem 6.17.

12.

(
13, (

(a) The solution is xy = 0, xe = 10, and z3 = 26.

(b) We have Dy = —1, Do =3, D3 =7, and D = 0, and there are no solutions.

(¢) We have Dy = Dy = D3 = D =0, and there are infinitely many solutions.
)
)

and if D = det A4, then

(b) (n+1)! (2

-1 T o
i F) -+ n multiplications/divisions;

;= D;/D, for i=1,...,n.

1

(n+ 1)l — n — 1 additions/subtractions.

Exercise Set 6.5, page 395

1. The solutions to the linear systems are as follows.

(a) 2y = -3, 22 =3, 235 =1

2. The solutions to the linear systems are as follows.

(a) Ty = 11/20, Tro = 3/10, I3 — 2/5

1
3. (a) P=10

o= o O

]

o

oo O

(b) P =

(@) P=

= O o QO

0

—

[0

—_= o O

1

oo

oo = O

oo o =

167

d) Cramer’s rule requires 39 Multiplications/Divisions and 20 Additions/Subtractions.

a) If D; is the determinant of the matrix formed by replacing the ith column of A with b

X}
8
[
|
o~

(b) @y =176, zp = —50, x5 = 24

oL, o O



168

and

oo O

= oo O
O = O O
OO Q

15 1 1
1

~2.106719
| 3.067193
(1 0
0.5 1
0
1

0
1

0
0

-2 1
-1.33333 2

1
—1.849190
~0.4596433
| 2.768661

2.175600 4.023099
13.43947

0
0
0

0
0

10
2 1
-1 1/2

(1 0
3/5 1
6/5 —38/11 1

0

OO O N

[1 0 0
15 1 0} andU =

1.197756

0

1
—0.2501219
—0.3079435

0 1
0l and U = |0
1 0

0} and U =

2 -1 1
0 45 75
0 0

0
0
0
1

—-5.3

—2.173199
—4.018660
—0.8929510
0

1/3
0
;

= O O

141/25

0
0
1
52

Exercise Set 6.5

OO O
O = O O
OO = O
- o O

—2.132
—0.3955257
0

3.104
—0.4737443
—8.939141

[l o R e R w

0
0
0
283 1

5.196700
10.80698
5.091692
12.03614

1/2
11/30
0

—1/4
21/40
241/88
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1 0 0 0
0 1 0 0
(d) L= —0.606196 —0.168465 1 0
0.413289 0.778816 —0.707723 1
and
51312 1.414 3.141 0
- 0 5.193 —2.197 5.92056
o 0 0 4.25195 4
0 0 0 12.6828

7. The modified LU algorithm gives the following:

(a).’L‘]_Zl,.’Bg:Q,iEg:—l (b)$1:1,1}2=1,$3=1

(c) &1 =15, g = 2, x5 = —1.199998, z4 = 3
(d) z1 = 2.939851, 29 = 0.07067770, z3 = 5.677735, x4 = 4.379812
8. The modified LU algorithm gives the following:
(EL) I = —12, Ty — —14, g = 17
(b) z, = —495/241, zo = 840/241, z3 =56/241
(¢) x1 = —29/47, xo = 58/47, g = 32/141, x4 =52/141
)z

(d) z; = —0.706123, z2 = —0.187410, x5 = 0.569188, x4 = 0.528704

0 1 0|1 0 0|1t 1 -1
9. (a) PILU= |1 0 0| |0 1 0|0 2 3
0 0 10 —3 1|0 0 3
1 0 01 0 0]ft 2 -1
M) PPLU=10 0 1] |2 1 o]0 =5 6
010 [to1lo o 4
1 0 0 0]t 0 0 O] 1 -2 3 0]
0 0O 112 1t 0 0}]0 5 -2 1
tTTT —
() PLU=19 1 0 o/{1 0 1 0|0 0 -1 -2
0o 10/[3001 0 0 0 3
[1 0 0 0]t 0 0 O] 1 -2 3 0]
0 00 1}}2 1 0 0110 5 -3 -1
tTTT —
(d)PLU_DOIO 1 0 1 0]10 0 -1 -2
0o 1o00/[10010 0 0 1
10. (a) To compute P*LU requires in® — In Multiplications/Divisions and in® — n® + ¢n

Additions/Subtractions.

(b) If P is obtained from P by a simple row interchange, then det P = —det P. Thus, if P
is obtained from P by k interchanges, we have det P = (—1)* det P.
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{(c¢) Ouly n — 1 multiplications are needed in addition to the operations in part (a).

(d) Wehave det A = —T741. Factoring and computing det A requires 75 Multiplications/Divisions
and 55 Additions/Subtractions.

11.  (a) The steps in Algorithm 6.4 give the following:

Multiplications/Divisions  Additions/Subtractions

Step 2 n—1 0

Step 4 S i—1 Z?__gl i—1
Step5 >, 27 i 260 =1)+1] 300 27 1200 —1)
Step 6 n—1 n-—1

Totals %77,3 — %n %77,3 —1ln? 4 %n

(b) The equations are given by

-1
Lijy;
lii

b ; o
ylzl—l and y; =b; — , for i=2,...,n.

u j=1

If we assume that [;; = 1, for each i = 1,2,...,n, then the number of Multiplica-
tions/Divisions is

- n(n —1)
I

and the number of Additions/Subtractions is the same.

Multiplications/divisions ~ Additions/subtractions

Factoring into LU ipd —1n ipd —in2 4 1in
) 3 3 3 3 6
Solving Ly = b %ng — %n %ng — %n
Solving Uz =y %772 + %n %'nfz — %n
1,3 2_1 L3, 1.2 5
Total " +n®—3n 5n° + 3n® —gn
(d)
Multiplications/divisions Additions/subtractions
\ine int 1.3_1 1.3 _1p2, 1
Factoring into LU 3n° —3n 3n” — 5N+ zn
Solving Ly = p*) (3n% — tn)m (3n? — in)m
; k) — o (k 1.2 4 1.y, 1pn2 1
Solving Uz(k) = y(k) (3n° + 5n)m (5n* —sn)m

Total snd +mn? - In snd +(m—3n?—(m—)n
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Exercise Set 6.6, page 409

) The only symmetric matrix is (a).

) All are nonsingular.

(iii) Matrices (a) and (b) are strictly diagonally dominant.
)

The only positive definite matrix is (a).

Matrices (a) and (c) are symmetric.

Matrices {(a), (b), and (c) are nonsingular.

) (
) (a), (b

(iii) Matrices (a) and (b) are strictly diagonally dominant.
) Matrices (b) and (c) are positive definite.

3. The LDL! factorization of the matrices A have the following forms.

10 0 2 0 0
(@ L=|-3 1 0/, D=0 % 0
2
0 -3 1 00 ¢
r 1 0 0 0 0 0
) = |02 1 0 0 0 0
= 10.25 —0.45454545 1 0 1.1818182 0
025 0.27272727  0.076923077 1 0 1.5384615
o1 0 0 0 400 0
0.25 1 0 0 0 275 0 0
(@) =1 _g25 —oarararzr 1 o|° PT o 0 45454545 o0
|0 0 0.44 1 0 0 0 3.12
Tl 0 0 0 6 0 0 0
0.33333333 1 0 0 0 3.3333333 0 0
(d) L= 016666667 0.2 1 o° P=1o 0 3.7 0
| -0.16666667 0.1 —0.24324324 1 0 0 0 2.5810811

4. The LDL? factorization of the matrices A have the following forms.

o1 0 0T 4 0 0
(a) L= |—0.25 1 0|, D= [0 275 0
0.25 0.09090909 1 0 0 172727273
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1 0 0 0 4 0 0 0

0 1 0 0 D= 0 3 0 0

0.5 —0.3333333 1 o)’ T |0 0 4.666667 0
0.25 0.3333333 0.6.0714286 1 0 0 0 5.696429
1 0 0 0 4 0 0 0
0.25 1 0 0 D= 0 275 0 0
0.25 —0.9090909 1 0’ |0 0 1727273 0
0.25 —0.4545455 0.3684211 1 0 0 0 2.947368

5. Cholesky’s Algorithm gives the following results.

| —0.4082483 0.1825741

1.414213 0 0
—0.7071069 1.224743 0
| 0 —0.8164972 1.154699
2 0 0 0
0.5 1.658311 0 0
0.5 -0.7537785  1.087113 0
0.5  0.4522671 0.08362442 1.240346
[ 2 0 0 0
0.5 1.658311 0 0
—0.5 —0.4522671 2.132006 O
| 0 0 0.9380833 1.766351
[ 2.449489 0 0 0
0.8164966 1.825741 0 0
0.4082483 0.3651483  1.923538 0

—0.4678876 1.606574

6. Cholesky’s Algorithm gives the following results.

2 0 0
-1/2 V112 0

| 1/2 /11/22 /209/11

2 0 0

1 V5 0

11 V5/5 /95/5

2 0 0 0

0 V3 0 0

1 —V3/3 /42/3 0

|1/20 /3/3  17/42/84 +/4466/28
2 0 0 0
1/2 V11/2 0 0
1/2 —V/11/22  209/11 0
[1/2 —5v11/22 7+/200/209 2./266/19



Direct Methods for Solving Linear Systems

7. The modified factorization algorithm gives the following results.

(a) z1 =1, a9 =~1,23 =0

(b) @y = 0.2, 23 = —0.2, x5 = —0.2, 74 = 0.25

() ;1=1,20=2,23=—1, 24 =2

(d) @ = —0.8586387, x5 = 2.418848, x5 = —0.9581152, 24 = —1.272251

8. The modified factorization algorithm gives the following results.
(a) —13/19, T3 = 21/19, a3 = 54/19

(b) Ty = ——3/38, To = 4/19, T3 = —1/19

(¢) z1 = —452/319, m9 = 373/319, z3 = 763/319, x4 = —356/319
(d) 5171'-—:5/28, .’172:5/7, .’113=1/4, $4:9/28

I

9. The modified Cholesky’s algorithm gives the following results.

173

(a) zp=1l,ma=—-1,23=0
(b} 21 =0.2,29 = —-0.2,23 = —0.2,24, = 0.25
()1 =1z =203 =—1, 24 =2
(d) =y = —0.85863874, zg = 2.4188482, x5 = —0.95811518, x4 = —1.2722513
10. (a) 21 = —0.6842105265, 20 = 1.105263158, 3 = 2.842105263
(b) 23 = —0.07894736890, x5 = 0.2105263158, 23 = ~0.05263157895
(c) =y = —1.416927900, 2 = 1.169278997, z5 = 2.391849530, 24 = —1.115987461
(d) z; = 0.1785714286, o = 0.7142857142, x5 = 0.25, x4 = 0.3214285714

11. The Crout Factorization Algorithm gives the following results.

(a) 11 =05, 20 =05, z3 =1

(b) z7 = —0.9999995, z, = 1.999999, z3 =1

(¢ mi=1,z2=-1,23=0

(d) =1 = —0.09357798, o = 1.587156, w3 = —1.167431, x4 = 0.5412844

12. The Crout Factorization Algorithm gives the following results.

(a) z; = 3.600000000, zo = —4.200000000, z3 = 2.800000000

(b) 1 = 3.944444444, o = 2.888888889, z3 = —0.7222222222

(¢) =7 = 2.380952381, o = 1.761904762, x3 = 1.904761905, x4 = 2.047619048
(d) x1 = 0.6666666667, x2 = 0.3333333334, 23 = —0.6666666666, =4

25 = 0.000000000
13. Wehave z; =1, foreachi=1,...,10.

= —1.000000000,
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14. The modified LDL? factorization gives the following results.

(a)
"1 0 0 3 0 0
L=|-1 10|, D=]|0 -1 0
2 1 1 0 0 2
(b)
10 0 300
L=|-2 1 o, D=0 20
3 -1 1 000
(c)
1 00 0 -1 00 0
-2 10 0 0 10 0
E=1o 210" P=|lo 01 o
~1 1 4 1 0 00 —4
(d)
1 0 0 0 2 00 0
11 0 0 0100
=19 0 1 0" P=lo0 20
—2 1 -1 1 000 3

15. Only the matrix in (d) is positive definite.

16. When o > % the matrix is positive definite.

17. When -2 < a< % the matrix is positive definite.

18. When 0 < 8 < £ and 8+ 2 < |a| < 3 the matrix is strictly diagonally dominant.
19. When 0 < 8 <1 and 3 < a < 5 — 4 the matrix is strictly diagonally dominant.

20. (a) Yes.

(b) Not necessarily. Consider

. .
— I

e 1

| S———— |

(c¢) Not necessarily. Consider

— 1 W N N b
|
—
| SE——

(d) Not necessarily. Consider

(e) Not necessarily. Consider

T ]
o
| EEE—)
o
=)
o
| e |
| o
s
o |
ot
1

21. (a) No; for example, consider

=
=]
| I |
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(b) Yes, since A = A’
(c) Yes, since x*(A + B)x = x*Ax + x*Bx.

(d) Yes, since x*A%x = xtA'Ax = (Ax)*(Ax) > 0, and because A is nonsingular, equality
holds only if x = 0.

O] and B = [

1 10 0
01 ’

(e) No; for example, consider A = { 0 10

22.  (a) When o = 2 the matrix is singular.
(b) The matrix A cannot be strictly diagonally dominant regardless of c.
(c) The matrix is symmetric for all values of .

(d) The matrix is positive definite when « > 2.

23. (a) Since det A = 3 — 2f3, the matrix A is singular if and only if o = 24/3.
(b) The matrix is strictly diagonally dominant when |a| > 1 and |3| < 1.
(¢) The matrix is symmetric when g = 1.

(d) The matrix is positive definite when o > % and 0 =1.

24. Yes, since A*B? = (BA)! = (AB)* = B*A".

. 1.0 0.2
25. One example is A = [0.1 1‘0} .

26. Partition A®) into the form

e 1 1 1 1)
o off ... oY oy . al)
0 a,gz?) e aéi,) agzz PR ag?%
& B (k k k
0 0 a® ., . a® | A AW
A®) = F) 400
Ay’ Agp
(k k) k
o0 ... 0 a‘k-izl,k. a§e+1,k+1 e a’gc—gl,n
0 .. 0 aq(f ;c a,(llj,{ PR anl‘:zl
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The multiplier matrix M *~ and A%*~1) can be similarly partitioned into

1 0 ... 0 0 ... ... 0]

0

0 ... 0 1 0 : :

k-1
270D 0 ... 0 —Me k=1 1 0 ... ... 0 ]\”[1(1 ) 0O
: = MED P

0 ... 0 —TMg41,k—1 0 1 0 ... 0

. . . . 0 .

: : : : : o0

0 ... 0 —Mp k-1 0 0 ... 0 1

where ]\/[1(]1c s a k x k lower triangular matrix, O is a k x (n — k) block of zeros, .MQ(]f_l) is
an (n — k) x k matrix, [ is an (n — k) x (n — k) identity matrix, and

[ g
AV = i —
Ay AT

Here Agl'{-'l) iskxk, Ag’;_l) is kx(n—k), Agi—l) is (n—k)x k, and Ag;'—l) is (n—k) x (n—k).
The formation of A{¥) can be obtained from the partitioned product of M1 and A1)
and is given by
k k—1) 4(k—1 k—1 k—1) 4(k—1
Agl) = Zul(l )Agl : +0- A:(zl )= AMf'L )Agl )

In a similar manner, each of M*=2, . M® and A®-2 . AD can be partitioned to
obtain

k (k=1 k—1 k—1 r(k—2 k—2 r(k—1 r{k—2 (L 1
AR = M ABED = gl kD) 4 V== MO D 4D

3

where Agll) = Aj; is the k x k leading principal submatrix of A. Assume all leading principal
submatrices of A are nonsingular. Then ay; # 0, and the elimination process can be started.
For the inductive hypothesis, assume that k — 1 elimination steps can be performed without
row interchanges. It follows that aﬁ), ce ai_’“_?%_l are all nonzero and the above equation
holds. Taking determinants produces ’

aofYafy) . af ) 0] = det AD) = det Y det AP L det MY det Ary £ 0.

Hence, af‘f,)c # 0 and the process can continue. By mathematical induction all pivot ele-

ments ag_l), . .,a,({;)l are nonzero and Gaussian elimination can be performed without row

interchanges.
Conversely, suppose Gaussian elimination can be performed without row interchanges. It

follows that all the pivot elements a&ll), cee a,(f’% are nonzero. Thus,

det Aj; = a.g}l)agé) o aﬂ”z # 0,
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and the k x k principal leading submatrix is nonsingular, for each & =1,2,...,n.

27. The Crout Factorization Algorithm can be rewritten as follows:

STEP 1 Set ll =ai, Uy = Cl/ll.

STEP2 Fori=2,...,n—1set l; = a; — byu;—1;u; = ¢; /1.
STEP 3 Set l,, = a,, — bptn—1.

STEP 4 Set zy = d1/11.

STEP 5 Fori=2,...,nset z; = (d; — bizi—1)/li.

STEP 6 Set x,, = z,.

STEP 7 Fori=n—1,...,1set ©; = 2; — U;Ti+1.

STEP 8 OUTPUT (z1,...,24);

STOP.
28. First, |l11] = lay1] > 0 and luis| = lasal 1 1p general, assume |l;;| > 0 and |uj ;41| < 1, for
Tl i3 7.
j=1,...,i~1. Then
[Lis| = lass — Liic1tio1,4] = |@s — Giic1tio1,i] 2 |ai] — |agi—1ws—14] > |ai| — lai,i—1] > 0,
and
lai ‘i+1| Iai z‘+1|
U; 4 — ] 5 < 1
il | lasl = lasioa| = 7
for i = 2,...,n — 1. Further,
llnn[ = Ia'nn - ln,n—-lun—l,-n| = Iafn'n - an,n—lu‘n—l,nt > Ia"n.n‘ - Ian,n—ll > 0.

So

det A=detL -detU =141 loa...lnn-1>0.

290. 4p = 0.6785047, i, =0.4214953, i3 =0.2570093, i, = 0.1542056, 5= 0.1028037

30. The Crout Factorization Algorithm requires 5n — 4 Multiplications/Divisions and 3n — 3 Ad-
ditions/Subtractions.

31. (a) Mating male i with female j produces offspring with the same wing characteristics as
mating male j with female 1.

(b) No. Consider, for example, x = (1,0, —1)%.
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32. (a)

[Vdi: 0 0] [Vda © 0

0 CZ22 0 d22
1/2p1/2 _ ] )
DD : . . 0 : .. . 0

[diy 0O 0]
0 doa
0 0 dnn

(b) We have
(Epv2) (£02)" = iDV> (D7) it = EDV2DM20¢ = EDif = A

Since LL* = A, we have LD'/2 = [.
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Exercise Set 7.1, page 427

1. (a) We have ||x||cc = 4 and ||x]|]2 = 5.220153(b) We have ||x||cc = 4 and ||x||z = 5.477226.
(c) We have [}x]|o = 2° and |xly = (14 4)1/2
(d) We have [|x|loc = 4/(k +1) and [[x||2 = (16/(k +1)* + 4/k* + k*e™2")!/2.

2. (a) Since ||x||1 = >0, |zi| > 0 with equality only if z; = 0 for all ¢, properties (i) and (i)
in Definition 7.1 hold.

Also,
n n: T
laxlly =D " laws| =Y lalle = lal Y = = lallx]),
i=1 i=1 i=1

so property (#41) holds.
Finally,

n n

e+ yll =D lwi +9:l < 3 (il +lyal) = D |l + Z lyal = Il + Iyl

i=1 i=1 i=1 i=1

so property (iv) also holds.
(b) (1a) 85 (1b) 10 (lc) |sink|+|cosk|+ef (1d) 4/(k-+1) +2/k% + k?eF
(c) We have

2
%I} = (Z lfCil) = (Jza| + |wa| + - + [2n])?
i=1
n

> 21+ f2al® + -+ e = ) Jaal® = %1,

i=1

Thus, [x]ly > [x]l2.

179
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3. (a) We have limy_,o, x®) = (0,0, 0)*. (b) We have limy_., x®) = (0,1, 3)*.
(c) We have limj_,o x*) = (0,0, 1)%. (d) We have limy_.qo x*) = (1, —1,1).
4. The || - ||oo norms are as follows:
(a) 25 (b) 16 (c) 4 (d) 12

5. (a) We have |[|x — %[|oc = 8.57 x 107 and ||A% — b||eo = 2.06 x 1072,
(b) We have ||x — %||oc = 0.90 and ||4% — b||e = 0.27.
(c) We have ||x — X||oc = 0.5 and ||A% — b||e = 0.3.
(d) We have ||x — %||oc = 6.55 x 1072, and || A% — b]|s, = 0.32.

6. The || - ||co norms are as follows:
(a) 16 (b) 25 (c) 4 (d) 12
7. Let A= |- M and B=|" Y| Then |4B| =2 but 4@ |Blq =1
' 0 1 1 1) ®=% @17l ="
8. Showing properties (i) — (iv) of Definition 7.8 is similar to the proof in Exercise 2a. To show

property (v),

T

|AB = ZZ

i=1 j=1

n

Z @b

k=1

n n n
<D0 laukllbeg]

i=1 j=1 k=1

g {; as g lbkjl} < Z (Z lau»l) (ZZ lbwl)

=1 \k= k=1 j=1

(ii] m!) IBlo = lAllollBllo-

i=1 k=1

The norms of the matrices in Exercise 4 are (4a) 26, (4b) 26, (4c) 10, and (4d) 28.



Iterative Techniques in Matrix Algebra 181

9. (a) Showing properties (1)-(iv) of Definition 7.8 is straight-forward. Property (v) is shown as

follows:
n 2
=12
(z‘:l j=1 )

< ZZ(Z‘“N Z[b,ﬂ )) by Theorem 7.3

3

=3 [Iaml (Z 3 Ibisl? ﬂ
i=1 k=1 j=1k=1

=33 lanPIBIE = B33 lasl® = [ BIZIAIE = |AIZIBI.
i=1 k=1 i=1 k=1

(b) We have
(4a) | AllF = v/326
(4b) || Allr = v/326
(4c) || Allr = 4
(c) (4d) |4l = V148.

2 2
i n k3

| A2 —”H!lla.x Z Zaing) max Z <Z|a,j]|m]|)
Jj=1 i=1

T lxlle=
< e, D (Z|a“'2> (Zl‘ﬂjﬁ) " el Z(Zmiﬂz) (Zmp)
o=l j=1 j=1 i=1 =1 j=1
=3 lay* = 143

=1 j=1

=
W=
N =

Let j be fixed and define

Then Ax = ((Llj, a2y - - - ,CLn]‘)t, 50

JA[5 > 14x]15 > D lai]*.

i=1
Thus,
1A =) lasl = ZZ lai|* < Z IAlZ = n]lAll3.
i=1 j=1 i=1i=1
Hence, [|All2 < [|A]lr < vnllAll2.
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10. We have

2

n

2
n n T
| Ax||3 = Z Zaijl‘j < Z Z laijl|z;]

i=1 |j=1 i=1 \j=1
Using the Cauchy-Buniakowsky-Schwarz inequality gives

2

(&
g

n n n 7 n
IAx)3 <> | [ D laws? > layl? = D lagl® | I3 = AN I3
1=1 =1 j=1 i=1 j=1

Thus, || Ax|lz < |4 rlixll2-

11. That ||x|| > 0 follows easily. That ||x|| = 0 if and only if x = 0 follows from the definition of
positive definite. In addition,

i 5 PR 3
lax|| = [(ex') S(ax)]? = [a®x'Sx]* = || (x'Sx)* = |al|x].
From Cholesky’s factorization, let S = LL!. Then
x'Sy =x'LL'y = (th)t (Lf’y)
1/2
< (@) (L)) [ty ()]

= (*'LLx) " (y'LLYy)? = (x'5%)"? (yisy) .

1/2

Thus,

I+ yI2 =[x +9)" S (x+y)] = [x5x + ¥ Sx + xSy +y'Sy]
<xtSx + 2 (x5%)'? (y'Sy) '/ + (y'Sy)"/?
=x'Sx + 2|x||llyll +¥*Sy = (=l + Iy [})"-
This demonstrates properties (é) — (4v) of Definition 7.1.
12. Since ||x|" = 0 implies ||Sx|| = 0, we have Sx = 0. Since S is nonsingular, x = 0. Also,
lx+ 3l = [1SG+y) = 15x + Syl < [[5x[| + || Syl = lIx|" + Iy |l

and
lex|l” = [[S(cx)|| = |af [|Sx| = |a| [Ix]|".

13. It is not difficult to show that (7) holds. If || A]] = 0, then ||Ax| = 0 for all vectors x with
x|l = 1. Using x = (1,0,...,0)%, x = (0,1,0,...,0)%,..., and x = (0,...,0,1)* successively
implies that each column of A is zero. Thus, ||A|| =0 if and only if A = 0. Moreover,

lecAll = e f[(eAx)]| = |af max [|Ax]| =|af - 1AL,

4+ Bl = max [(4-+ B)x| < s (|4x] + | Bx),

x|
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80
A+ B < fmax [l Ax|| + e | Bx[| = [|A[ + 1Bl
and
AB| = max (AB)x| = fax | A(B=x)].
Thus,

||AB|| < max
ljcfl=1

All 1Bxl| = 1]l pmax || Bx]| = |lAll | B]l

14.  (a) We have

n 22 n T n Y
- L -2 Sl + d
D DVIRE.; B S22 12 Tyl 172 ; i Y
a J=1"3 j=1Y5 =
n IL"y.
=1-2 /zL ; iz T1
i=1 (Z;’L:l 33?) (22;1 3/?)
Thus,
2
22;1 TiYi 1 1 Ti Ys
=1-3 - .

() (o)™ PE () (Bm)”

(b) Since
9
1 n T Ui
bp w12 - w2 >0,
i=1 (Zj=1 zJ> (Zj:l TJj)
we have
D Tili <
n N\Y? (e \YV2 T
(Ej:l 567) (Zj=1 yJ-‘)
and

2

n n 1/2 n 1/2
i=1 =1

i=1
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Exercise Set 7.2, page 435

1. (a) The eigenvalue \; = 3 has the eigenvector x; = (1, —1)¢, and the eigenvalue Ay = 1 has
the eigenvector xo = (1,1)%.
(b) The eigenvalue A\, = 1+2‘/§ has the eigenvector x = (1, (1 + /5)/ 2)t, and the eigenvalue
Ag = 1'2‘/5 has the eigenvector x = (1, (1 — \/5)/2)t

(¢) The eigenvalue A\; = % has the eigenvector x; = (1,1)%, and the eigenvalue Ay = —% has
the eigenvector x2 = (1, —1)%.

(d) The eigenvalue A; = 1 has the eigenvector x; = (1, —1,0)%, and the eigenvalue Ay = )3 =
3 has the eigenvectors xz = (1,1,0)* and x5 = (1,1,1)%.

(e) The eigenvalue A; = 1 has the eigenvector x; = (1,1,4)t, the eigenvalue Ay = —1 has the
eigenvector xo = (1,0,0), and the eigenvalue A3 = 3 has the eigenvector x3 = (1, 2,0)%.

(f) The eigenvalue A; = Ay = 1 has the eigenvectors x; = (—1,0,1)! and x5 = (1, 1,0),
and the eigenvalue A3 = 5 has the eigenvector x = (1,2, 1)*.

2. (a) The eigenvalue A; = 0 has the eigenvector x; = (1,—1)%, and the eigenvalue Ay = —1 has

the eigenvector xp = (1, —2).

(b) The eigenvalue A\; = (3 + +/74)/2 has the eigenvector x; = (1 —+/7i)/2,1)t, and the
eigenvalue Ay = (3 — v/74)/2 has the eigenvector x; = (1 + Vi) /2, 1)L,

(c) The eigenvalue A\; = —1 has the eigenvector x; = (I, —1)%, and the eigenvalue A, = 4 has
the eigenvector x» = (4, 1),

(d) The eigenvalue A, = 3 has the eigenvector x; = (—1, 1, 2)t, the eigenvalue Ay = 4 has the
eigenvector xy = (0,1, 2)%, and the eigenvalue A3 = —2 has the eigenvector x = (—3,8, 1)t

(e) The eigenvalue A\; = Ay = 1/2 has the eigenvector x; = (0,5,12)%, and the eigenvalue
Az = —1/3 has the eigenvector x3 = (0,0, 1)*.

(f) The eigenvalue A; = 2 + 2 has the eigenvector x; = (0, —2i, 1)t, the eigenvalue Ay =

2 — 2i has the eigenvector x; = (0,2i,1)%, and the eigenvalue A3 = 2 has the eigenvector
Xg = (1, O, O)f

3. The spectral radii for the matrices in Exercise 1 are;

(a) 3 B) E (o) 1/2 () 3 (e) 7 (f) 5
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4. The spectral radii for the matrices in Exercise 2 are:

(a) 1 (b) 2 (¢) 4 (d) 4 (e) 1/2
5. Only the matrix in 1(c) is convergent.
6. Only the matrix in 2(e) is convergent.
7. The || - ||z norms for the matrices in Exercise 1 are:
(a) 3 (b) 1.618034 (c) 0.5 () 3 (e) 8.224257
8. The || - ||2 norms for the matrices in Exercise 1 are:

(a) 3.162278 (b) 2.828427 (c) 5.036796 (d) 5.601152 (e) 2.896954

9. Since
k = k_ I 7 ti i k = .
A=l5E 2 ] wehove  Jim 451 g
Also,
27k 0 0 0
E : k _
Az = zlkS_kl 9—k| 1+ 50 A}B{.lo Ay = lo D} .

10. If y is an eigenvector, then x = Wg’;ﬂ is also an eigenvector.

(f) 5.203527

(f) 4.701562

11. Let A be an n X n matrix. Expanding across the first row gives the characteristic polynomial

p(A) = det(A — AI) = (a1 — A)Myy + > (=1 ay; M.

j=2
The determinants M;; are of the form
a1 Gz — A a1 as j+1
asy asz2 as,i—1 03,541
Gj-1,1  Gj-1.2 Gj-1j5-1—A  Gj-1j41
My; =det | aj, aj,2 Qj,j—1 5,541
Q1,1 G541,2 Aj+1-1  Ojgig41 = A
Qn1 Gn3 Gn,5—-1 Gn, 541

Apn — A

Q2n

A3n

Gj—1,n
Gjn 3
Qj+i,n
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13.

14.

15.

16.

17.
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for j =2,...,n. Note that each My; has n — 2 entries of the form a;; — A. Thus,
p(\) = det(A — AI) = (a11 — A\)M11 + {terms of degree n — 2 or less}.
Since

Qg3 — A Qo3 e e aon

]\1{11 = det

a'n—l,n
Gn2 e ot lGpopn—1 Qup — )\_

is of the same form as det(A — AI), the same argument can be repeatedly applied to determine
p(A) = (a1 — A)(aga — A) - - (@nn — ) + {terms of degree n — 2 or less in A}.
Thus, p(A) is a polynomial of degree n.
(a) PA) =M —=A)...(An =) =det(A —\),s0 P(O)=XA1--- Ay, =det A,

Since A7 'x = %x, we have (A71)%x = %A‘lx = 7\15)(. Mathematical induction gives

(A~ rx = /\ihx
(e) If Ax = Ax, then
g A x =gox+qAx+ ...+ G AFx = gox + @ dx+ . A Px = g(V)x
(f) Let A — o be nonsingular. Since Ax = Ax,
(A—alx=Ax—alx=Ax—ax=(A—a)x.
Thus,
;\i—ax =(A—al)'x.

Since A'A = A% and Ax = Ax, we have A?x = A2x. Thus, p (A*4) = p (4%) = [p(A)]* and
4lle = o (44)] = p(4).

(a) We have the real eigenvalue A = 1 with the eigenvector x = (6,3,1)".

(b) Choose any multiple of the vector (6,3, 1)*.

For
11 10
A= [0 1} and B = [1 J ,

we have p(A) = p(B) =1 and p(A+ B) = 3.

Let Ax = Ax. Then |\ ||x]| = |4x]| < ||4]| ||x||, which implies |A| < ||4]. Also, (1/A)x =
A~ x50 1/|A| < [|[A7Y| and [JATY|7T < A
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Exercise Set 7.3, page 449

1. Two iterations of Jacobi’s method gives the following results.
(a) x® = (0.1428571, —0.3571429,0.4285714]b) x® = (0.97,0.91,0.74)t

(c) x& = (-0.65,1.65, —0.4, —2.475)" (d) x® = (1.325,-1.6,1.6,1.675, 2.425)

)

Two iterations of Jacobi’s method gives the following results.

(a) x® = (1.2500000, —1.3333333,0.2000000)*

(b) x3) = (~1.0000000, 1.0000000, —1.3333333)*

(c) x® = (—0.5208333, —0.04166667, —0.2166667, 0.4166667)"
(d) x® = (0.6875,1.125,0.6875, 1.375, 0.5625, 1.375)*

3. Two iterations of the Gauss-Seidel method give the following results.

( 0.5,2.64, —0.336875, —2.267375)*
= (1.189063, —1.521354, 1.862396, 1.882526, 2.255645)"

4. Two iterations of the Gauss-Seidel method give the following results.

(a) x@ = (1.250000000, —0.9166666667, 0.06666666666)*

(b) x(® = (—1.666666667, 1.333333334, —0.8888888894)!

(c) x® = (—0.625,0, —0.225,0.6166667)*

(d) x® = (0.6875, 1.546875, 0.7929688, 1.71875, 0.7226563, 1.878906)*

5. Jacobi’s Algorithm gives the following results.

(a) x(9 = (0.03507839, —0.2369262, 0.6578015)*

(b) x® = (0.9957250,0.9577750, 0.7914500)

= (~0.7975853, 2.794795, —0.2588888, —2.251879)*

= (—0.7529267, 0.04078538, —0.2806091, 0.6911662)*

= (0.7870883, —1.003036, 1.866048, 1.912449, 1.985707)*

) x(7) = (0.9996805, 1.999774,0.9996805, 1.999840, 0.9995482, 1.999840)¢

»
—
[
v}
~—

6. Jacobi’s Algorithm gives the following results.

(a) — (1.447642384, —0.8355647882, —0.0450226618)

(b) = (—1.500322611, 1500322611, —0.9997048580)

(@) x<14> (—0.7529267, 0.04078538, —0.2806091, 0.6911662)*

(d) x(D = (0.9996805, 1.999774, 0.9996805, 1.999840, 0.9995482, 1.999840)*

X
X
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~1

The Gauss-Seidel Algorithm gives the following results.

(a) x(® = (0.03535107, —0.2367886,0.6577590)"

(b) x™ = (0.9957475,0.9578738, 0.7915748)*

() x(19) = (—0.7973091, 2.794982, —0.2589884, —2.251798)*
(d) x(M = (0.7866825, —1.002719, 1.866283, 1.912562, 1.989790)¢

8. The Gauss-Seidel Algorithm gives the following results.

)

b) x® = (—1.500228624, 1.499713760, —0.9998475841)*
) x® = (-0.7531763, 0.04101049, —0.2807047, 0.6916305)*
)

9. Two iterations of the SOR method with w = 1.1 give the following results.

(a) x<°> = (0.05410079, —0.2115435,0.6477159)*

(b) x@ = (0.9876790, 0.9784935, 0.7899328)"

(c) x® = (~0.71885,2.818822, —0.2809726, —2.235422)*

(d) x@ = (1.079675, —1.260654, 2.042489, 1.995373, 2.049536)*

10. Two iterations of the SOR method with w = 1.1 give the following results.
a) x( = (1.512775000, —0.8298491667, —0.0843373667)"
) = (—1.58523750, 1.37885688, —0.7039212812)*
(c) x@ = (-0.6604902, 0.03700749, —0.2493513, 0.6561139)*
(d) x® = (0.3781250000, 1.445468750, 0.3596914062, 1.458531250, 0.3071921875, 1.572124727)¢

11. Two iterations of the SOR method with w = 1.3 give the following results.

(a) x® = (—0.1040103, —0.1331814, 0.6774997)*

(b) x® = (0.957073,0.9903875, 0.7206569)*

(c) x? = (—1.23695, 3.228752, —0.1523888, —2.041266)*

(d) x® = (0.7064258, —0.4103876, 2.417063, 2.251955, 1.061507)"

12. Two iterations of the SOR method with w = 1.3 give the following results.
(a) x(@ = (1.455783334, —0.7721494442, —0.0805396228)"
(b) x® = (~1.42073750, 1.595758125, —0.8597927812)"
(c) x® = (—0.7268893,0.1251483, —0.2923371, 0.7037018)*
(d) x® = (0.5281250000, 1.480781250, 0.322816406, 1.359718750, 0.4288171875, 1.505949961)*
13. The SOR Algorithm with w = 1.2 gives the following results.

(a) x11?) = (0.03488469, —0.2366474, 0.6579013)*
(b) x(M = (0.9958341, 0.9579041,0.7915756)*
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14.

16.

17.

18.

(c) x® = (—0.7976009, 2.795288, —0.2588293, —2.251768)*

(d) x(M = (—0.7534489,0.04106617, —0.2808146, 0.6918049)*

(e) x(19 = (0.7866310, —1.002807, 1.866530, 1.912645, 1.989792)*

(f) x( = (0.9999442, 1.999934, 1.000033, 1.999958, 0.9999815, 2.000007)*

The SOR Algorithm with w = 1.2 gives the following results.

(a) x(® = (1.447503814, —0.8359297624, —0.0445516532)*

(b) x(ﬁ = (—1.454582850, 1.454498863, —0.7273302714)*

(¢) x(M = (—0.7534489, 0.04106617, —0.2808146, 0.6918049)*

(d) x( = (0.3571284945, 1.428582240, 0.3571489731, 1.571440116, 0.2857000650, 1.571445036)¢

The tridiagonal matrices are in parts (b) and (c).
(9b): For w = 1.012823 we have x*) = (0.9957846, 0.9578935, 0.7915788)".
(9¢): For w = 1.153499 we have x(7) = (~0.7977651, 2.795343, —0.2588021, —2.251760)".

The tridiagonal matrix is in part (d).
(10d): For w = 1.033370453 we have

x® = (0.3571407017, 1.428570817, 0357142771, 1.571421010, 0.2857118407, 1.571428256)".

(a)

(el

and  det(\ — T}) = A* + ~x.

T =
0 4

NI ]
b

W= Ol
|
—

Thus, the eigenvalues of T; are 0 and :I:éi, so p(Ty) = @ > 1.
(b) x5 = (~20.827873, 2.0000000, —22.827873)
(c)

(&I
|

b3
!

)
and det(A\ —T,) = A ()\ + 1) .

0
T,= |0 — :
0

0

[ SIS

Thus, the eigenvalues of T, are 0, —%, and —3; and p(T}) =

1
3

(d) x®3 = (1.0000023, 1.9999975, —1.0000001)" is Wlthln 10~° in the I, norm.

0o -2 2
(@) Tj=|—-1 o —1| and det(A\ —=Tj) = X3, so p(T}) = 0.
-2 =2 0
(b) x¥ = (1.00000000, 2.00000000, —1.00000000)¢ is within 1075 in the o norm.
0 -2 2
() Ty= |0 2 —3| anddet(Al —T,) =A(A—2)% s0 p(T,) =
0 O 2

(d) x(%) = (1.30 x 10°, —1.325 x 10°,3.355 x 107)t
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19. (a) A is not strictly diagonally dominant.

(b)
0 0 1
T; =105 0 025 and p(T;)=097210521.
-1 05 0
Since T} is convergent, the Jacobi method will converge.
(¢) With x(© = (0,0,0)*, x187) = (0.90222655, —0.79595242, 0.69281316)*
(d) p(T;) = 1.39331779371. Since T; is not convergent, the Jacobi method will not converge.
20. (a) A is not strictly diagonally dominant.
(b) We have
0 0 1
T;=105 0 025 and p(Ty)=0.97210521.
-1 05 0

Since T} is convergent, the Jacobi method will converge.
(c) With x(® = (0,0,0)?, x(*87) = (0.90222655, —0.79595242, 0.69281316)*
(d) p(Ty) = 1.39331779371. Since T} is not convergent, the Jacobi method will not converge.
21. (a) Subtract x = Tx 4 ¢ from x(*) = Tx*~1) 4 ¢ to obtain x* —x = T(x*~ 1) —x). Thus,
I — x| < 7 Y — .

Inductively, we have
™) — x| < 1T} —x]|.
The remainder of the proof is similar to the proof of Corollary 2.5.
(b) The last column has no entry when ||T|o = 1.

@ —xloe Tl ITIZ IO ~ oo LT [x® — x|l
1(a) 0.22932 0.857143 0.48335 2.9388
1(b) 0.051579 0.3 0.089621 0.11571
1 (c) 1.1453 0.9 2.2642 20.25
1(d) 0.27511 1 0.75342
1 (e) 0.59743 1 1.9897
1(f) 0.875 0.75 1.125 3.375

22. The matrix T; = (t;;) has entries given by

b = 0, i=kforl<i<nandl<k<n
T _au i#Fkforl<i<mand1l<k<n.

aqi’
Since A is strictly diagonally dominant,

T

1T lloo = 22
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23. Let Ay, ..., A, be the eigenvalues of T,. Then

fI A =det T, = det <(D —wL)™Y(1 - w)D + wU]>

=1
=det(D — wL) " det((1 — w)D 4+ wU) = det (D) det((1 — w)D)

:<m> <(1 —w)"ar1ass ... a,,m)) = (1—w)™

Thus,
p(T) = max [Nl > o =1,

and |w—1| < 1if and only if 0 < w < 2.

24.  (a) We have Py = 1, so the equation P, = 3P + $P3 gives P, — P, = 1. Since P, =

3Pi_1+ 3 Piy1, we have —1P_y + P, — 1Py =0, for i = 2,...,n — 2. Finally, since
P, =0and P,y = $P,_2+ £P,, we have —1P,_5 + P,_; = 0. This gives the linear
system.

(b) The solution vector is (0.89996431, 0.79993544, 0.69991549, 0.59990552, 0.49990552,
0.39991454, 0.29993086, 0.19995223, 0.09997611)%, using 86 iterations with a tolerance
1.00 x 107% in I, with the Gauss-Seidel method.

The solution vector is (0.96289774, 0.92595527, 0.88925042, 0.85285897, 0.81685427,
0.78130672,0.74628346,0.71184798, 0.67805979, 0.64497421, 0.61264206, 0.58110953,
0.55041801, 0.52060401, 0.49169906, 0.46372973, 0.43671763, 0.41067944, 0.38562707,
0.36156768, 0.33850391, 0.31643400, 0.29535198, 0.27524791, 0.25610805, 0.23791514,
0.22064859, 0.20428475, 0.18879715, 0.17415669, 0.16033195, 0.14728936, 0.13499341,
0.12340690,0.11249111, 0.10220596, 0.09251023, 0.08336165, 0.07471709, 0.06653267,
0.05876386,0.05136562, 0.04429243, 0.03749843, 0.03093747,0.02456315, 0.01832893,
0.01218814, 0.00609407)¢, using 231 iterations with tolerance 1.00 x 1072 in [, with the
Gauss-Seidel method.

The solution vector is (0.96305854, 0.92627494, 0.88972613, 0.85348706, 0.81763026,
0.78222543, 0.74733909, 0.71303418, 0.67936983, 0.64640101, 0.61417841, 0.582748186,
0.55215178, 0.52242602, 0.49360287,0.46570950, 0.43876832, 0.41279701, 0.38780868,
0.36381196, 0.34081114, 0.31880642, 0.29779408, 0.27776668, 0.25871338, 0.24062014,
0.22346997, 0.20724328, 0.19191807,0.17747025, 0.16387393,0.15110162, 0.13912457,
0.12791297,0.11743622, 0.10766312, 0.09856216, 0.09010163, 0.08224988, 0.07497547,
0.06824731, 0.06203481, 0.05630801, 0.05103770, 0.04619548, 0.04175387, 0.03768638,
0.03396754, 0.03057293, 0.02747926, 0.02466435, 0.02210715,0.01978772, 0.01768725,
0.01578806, 0.01407350, 0.01252803, 0.01113710, 0.00988718, 0.00876568, 0.00776092,
0.00686210, 0.00605926, 0.00534321, 0.00470552, 0.00413844, 0.00363490, 0.00318842,
0.00279312, 0.00244363, 0.00213509, 0.00186308, 0.00162362, 0.00141311, 0.00122831,
0.00106630, 0.00092447, 0.00080047, 0.00069221, 0.00059781, 0.00051560, 0.00044409,
0.00038197, 0.00032806, 0.00028132, 0.00024082, 0.00020575, 0.00017539, 0.00014909,
0.00012629, 0.00010648, 0.00008920, 0.00007405, 0.00006067, 0.00004871, 0.00003787,
0.00002786, 0.00001839, 0.00000919)*, using 233 iterations with tolerance 1.00 x 10~2 in
loo norm with the Gauss-Seidel method.
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25.

Jacobi Gauss-Seidel SOR (w =1.2)
33 8 13

iterations iterations iterations

1 1.53873501  1.53873270 1.53873549
zz 0.73142167  0.73141966 0.73142226
zz 0.10797136  0.10796931 0.10797063
zy 0.17328530  0.17328340 0.17328480
x5 0.04055865  0.04055595 0.04055737
zg 0.08525019  0.08524787 0.08524925
zr  0.16645040  0.16644711 0.16644868
zg 0.12198156  0.12197878 0.12198026
rg 0.10125265  0.10124911 0.10125043
1o 0.09045966  0.09045662 0.09045793
zy; 0.07203172  0.07202785 0.07202912
z1z  0.07026597  0.07026266 0.07026392
13 0.06875835  0.06875421 0.06875546
z14 0.06324659  0.06324307 0.06324429
x5 0.05971510  0.05971083 0.05971200
z1e 0.05571199  0.05570834 0.05570949
zyy  0.05187851  0.05187416 0.05187529
213 0.04924911  0.04924537 0.04924648
z1g 0.04678213  0.04677776 0.04677885
oo 0.04448679  0.04448303 0.04448409
a1 0.04246924  0.04246493 0.04246597
T2 0.04053818  0.04053444 0.04053546
23  0.03877273  0.03876852 0.03876952
za4 0.03718190  0.03717822 0.03717920
225 0.03570858  0.03570451 0.03570548
226 0.03435107  0.03434748 0.03434844
zor  0.03309542  0.03309152 0.03309246
xag  0.03192212  0.03191866 0.03191958
Tag  0.03083007  0.03082637 0.03082727
3o  0.02980997  0.02980666 0.02980755
x3;  0.02885510  0.02885160 0.02885248
32 0.02795937  0.02795621 0.02795707
z3zz 0.02711787  0.02711458 0.02711543
34 0.02632478  0.02632179 0.02632262

193
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Jacobi Gauss-Seidel SOR (w =1.2)
33 8 13
iterations iterations iterations

z3s 0.02557705  0.02557397 0.02557479
z3s 0.02487017  0.02486733 0.02486814
37 0.02420147  0.02419858 0.02419938
z3g  0.02356750  0.02356482 0.02356560
39 0.02296603  0.02296333 0.02296410
z4p 0.02239424  0.02239171 0.02239247
z41 0.02185033  0.02184781 0.02184855
z4o  0.02133203  0.02132965 0.02133038
z43 0.02083782  0.02083545 0.02083615
z44 0.02036585  0.02036360 0.02036429
zys  0.01991483  0.01991261 0.01991324
T4 0.01948325  0.01948113 0.01948175
T47 0.01907002  0.01906793 0.01906846
T4g 0.01867387  0.01867187 0.01867239
T49 0.01829386  0.01829190 0.01829233
zso 0.71792896  0.01792707 0.01792749
r5,  0.01757833  0.01757648 0.01757683
zs  0.01724113  0.01723933 0.01723968
z53 0.01691660  0.01691487 0.01691517
rs4 0.01660406  0.01660237 0.01660267
zs5  0.01630279  0.01630127 0.01630146
z5s 0.01601230  0.01601082 0.01601101
rzr  0.01573198  0.01573087 0.01573077
zsg  0.01546129  0.01546020 0.01546010
zs9 0.01519990  0.01519909 0.01519878
zep 0.01494704  0.01494626 0.01494595
zgr 0.01470181  0.01470085 0.01470077
zgy 0.01446510  0.01446417 0.01446409
zgz 0.01423556  0.01423437 0.01423461
zg4 0.01401350  0.01401233 0.01401256
zes 0.01380328  0.01380234 0.01380242
zgs 0.01359448  0.01359356 0.01359363
zgr 0.01338495  0.01338434 0.01338418
Tgg 0.01318840  (0.01318780 0.01318765
zgg 0.01207174  0.01297109 0.01297107
zro 0.01278663  0.01278598 0.01278597
rr 0.01270328  0.01270263 0.01270271
T2 0.01252719  0.01252656 0.01252663
z73  0.01237700  0.01237656 0.01237654
z7g  0.01221009  0.01220965 0.01220963
r7s  0.01129043  0.01129009 0.01129008
T7s  0.01114138  0.01114104 0.01114102
7y 0.01217337  0.01217312 0.01217313
zrg  0.01201771  0.01201746 0.01201746
z7g  0.01542910  0.01542896 0.01542896
zgo 0.01523810  0.01523796 0.01523796
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26. (a) Since A is a positive definite, a;; > 0 for 1 < i < n and A is symmetric. Thus, A can be
written as A = D — L — L*, where D is diagonal with d;; > 0 and L is lower triangular.
The diagonal of the lower triangular matrix D — L has the positive entries di1 = ai1,
dos = aaa, -+, dnn = Gnn, 50 (D — L)~! exists.

(b) Since A is symmetric,
P'= (A-T!AT,)" = A' ~ TEA'T, = A~ T'AT, = P.

Thus, P is symmetric.
(¢) T, = (D~ L)'L so

(D-L)T,=L'=D-L-D+L+L'=(D-L)—(D-L—-LY)=(D—L)— A

Since (D — L)~ exists, we have Ty =1 — (D — L)1 A.
(d) Since @ = (D — L)™* A, we have Ty = I — Q. Note that Q! exists. By the definition of

P we have
P=A-T'AT,=A—[I-(D-L)'A]"A[I— (D - L)' 4]
=A-[I- QLA -Q]=A-(I-Q)AI-Q)
—A-(A-QA)(I-Q)=A—-(A—Q'A— AQ+Q'AQ)
—Q'A+AQ - Q'AQ = Q' [4+ (") AQ - 4Q]
=Qt [AQ—l +(@) P A- A] 0.
(e) Since
AQ'=A[AYD-L)]=D-1L
and
@) A=D-1,
we have
AQr 4+ (@) 'A-A=D-L+D-L'~(D-L-L') =D.
Thus,

P=0 [AQ—l +(@) tA- A] 0 = Q'DQ.

So for x € R, we have x! Px = x!Q*DQx = (Qx)!D(Qx).
Since D is a positive diagonal matrix, (@x)!D(Q@x) > 0 unless @x = 0. However, @ is
nonsingular, so @x = 0 if and only if x = 0. Thus, P is positive definite.

(f) Let X be an eigenvalue of T, with the eigenvector x # 0. Since x*Px > 0,
xt [A — T;ATH] x>0
and

xtAx — xtT;ATgx > 0.
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Since Tyx = Ax, we have x'T} = Ax' so
(1-— /\2) xP Az = xt Ax — N2xP Az > 0.
Since A is positive definite, 1 — A? > 0, and A% < 1. Thus |A] < 1.
(g) For any eigenvalue A of Ty, we have |A| < 1. This implies p(T,) < 1 and T} is convergent.

27. For0<w <2, let T, = (D —wL) (1 —w)D +wL!]. Let P = A — T} AT,, and note that P
is symmetric.

As in Exercise 16 we derive a new representation for 7.,
(D—wL)T,=(1-w)D+wLl*=(D-wLl)—wA, so T, =1 —-w(D—-wL) A,

Let Q =w(D —wL)'Aand Q' =wA [(D - wL)_l]t.

Agmnpzuy[AQ—1+(QU‘H4—A}QJ&mAQ—l:gﬂp—wL)mﬁxQﬁ‘lA::%up—wLw
so that

1

AQ4+@Q"A—A:éULmL+D—Mﬂ—A

2 ’
—ZD-D+D—-L-I'—4
w

2
- (- _ 1>D.
w
Thus P = (2 — 1) @'DQ. Since 0 < w < 2, we have 2 —~ 1 > 0 and P is positive definite.

This proof follows Exercise 16 with Tj, replaced by T,,. Hence, T, is convergent.

28.  (a) The system was reordered so that the diagonal of the matrix had nonzero entries.

(b) (i) The solution vector using 30 iterations is

(0.00362, — 6339.744638, —3660.253272, —8965.755808, 6339.744638, 10000,
— 7320.508959, 6339.746729)".

(i) The solution vector using 57 iterations is

(—0.002651, — 6339.744637, —3660.255362, —8965.752851, 6339.748259, 10000,
— 7320.506544, 6339.748258)".

(iii) Method does not converge using w = 1.25. However, using w = 1.1 and using 132
iterations gives the solution vector

(0.0045175, — 6339.744528, —3660.253009, —8965.756179, 6339.743756, 10000,
— 7320.509547, 6339.747544)".
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Exercise Set 7.4, page 461

1.

-1

The || - ||oo condition number is:

(a) 50 (b) 241.37 (c) 600,002 (d) 339,866
The || - ||oo condition numbers are:

(a) 12.24012756 (b) 12.24012756 (¢) 12 (d) 198.17
We have

x5l Koo(A)b — ARloa/ Al

(a) 8.571429 x 10~* 1.238095 x 10~?
(b) 0.1 3.832060
(c) 0.04 0.8
(d) 20 1.152440 x 10°
We have
Hx—ﬁ”oo I(OO(A)”b_AiHOO/“A”oo
(a) 20 65.03241
(b) 0.02 720.5764
(c) 0.1 3.727412 x 1071
(d) 6.551700 x 102 9.059201

Gaussian elimination and iterative refinement give the following results.

(a) (i) (—10.0,1.01)t, (i) (10.0,1.00)¢

(b) (i) (12.0,0.499, —1.98)%, (ii) (1.00,0.500, —1.00)*

(c) (i) (0.185,0.0103, —0.0200, —1.12)¢, (ii) (0.177,0.0127, —0.0207, —1.18)*
(d) (1) (0.799,—3.12,0.151,4.56)¢, (ii) (0.758, —3.00,0.159, 4.30)*

Gaussian elimination and iterative refinement give the following results.

12.00, 0.9990)¢, (10.00, 1.000)*

a) (
(1.200,0.5002, —1.380)¢, (1.000, 0.5000, —0.9998)*
(
(

(a)
(b)
(c)
(d)

0.1756,0.01305, —0.02075, —1.192)t, (0.1768, 0.01269, —0.02065, —1.182)*
0.7963, —3.152,0.1705,4.615)*, (0.7889, —3.128,0.1678, 4.561)*

The matrix is ill-conditioned since Ky, = 60002. We have x = (—1.0000, 2.0000)*.

The matrix A is ill-conditioned since Ko, (A) = 600,002 and % = (1.818192,0.5909091)¢

197
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9. For any vector x, we have

Ibell = A7 Ax|| < {|A7H] JlAxll, so [|14x] 2 nﬂu'
Let x 5 0 be such that ||x|| = 1 and Bx = 0. Then
il 1(A = B)x| 1 1
A - B)x Ax| > and > =
A = Bl = I = gy E R(A)
Sinee ||x|| =1,
|A— B 1
A-Bx|| <||[A-B| ||x|| = |lA— B| and > —.
(4~ B)xll < |14~ Bl <l = |14~ B o2 R

10. The approximate condition numbers are as follows:

2
(a) With B = H 5] , we have K (A) > 30,000.

4.0 1.6

(b) With B = {7.0 2.8] , we have J(,o(4) > &L

11. (a) Ko (H®) = 28,375
(b) Koo (H®) =943, 656
(c) actual solution x = (—124, 1560, —3960, 2660);

)

approximate solution % = (—124.2, 1563.8, —3971.8, 2668.8)¢; [x—%||co = 11.8; BTl —

[E3[P
0.02980;
I&DO(A) [l]db”m L ]|6A||Do] B 28375 { 6.6 x 10_6}
b A B 6.5x10-9 2.083
(4) (1A= Lol ™ T4l | 1 — psy7s (a0 083
= (0.09987.
12. For the 3 x 3 Hilbert matrix H, we have
8.968 —35.77 20.77 0.9799 0.4870 0.3238
H-'=|-3577 190.6 —178.6(, H = 104860 0.3246 0.2434],
29.77 -—178.6 178.6 0.3232 0.2433 0.1949

and ||H — H||oo = 0.04260.
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Exercise Set 7.5, page 476

1. (a) (0.18,0.13)! (b) (0.19,0.10)*

(a) Gaussian elimination gives the best answer since v(?) = (0,0)* in the conjugate gradient
method.

(b) (0.13,0.21)*. There is no improvement, although v(?) =£ 0.

2. (a) (1.0,1.0) (b) (1.0,1.0)t

(a) Both answers are the same. However, more operations are required in the conjugate
gradient method.

(b) (1.1,1.0)*. The answer is not as good due to rounding error.

3. (a) (1.00,—1.00,1.00)¢ (b) (0.827,0.0453, —0.0357)!

(c) Partial pivoting and scaled partial pivoting also give (1.00, —1.00, 1.00).

(d) (0.776,0.238, —0.185)*;
The residual from (3b) is (—0.0004, —0.0038,0.0037)¢, and the residual from part (3d)
is (0.0022, —0.0038,0.0024)t. There does not appear to be much improvement, if any.

Rounding error is more prevalent because of the increase in the number of matrix mul-
tiplications.

4. (a) (0.9999999997, —1,1)t

(b) (0.9999991959, —1.000066419, 0.9999996693)*;
The residual is (0.11236 x 10~°,0.6242 x 106,0.4387 x 10-6)°

(c) Partial pivoting gives the same answer as in part (a).
(d) (1.000000364, —0.999999391, 1.000000888)%;

The residual is (—0.10001 x 1075, —0.63087 x 1075, —0.4691 x IO_G)t.
There does not seem to be an improvement in this preconditioning method.

5. Two steps of the Conjugate Gradient method with C' = C~! = T give the following:

(a) x@ = (0.1535933456, —0.1697932117, 0.5901172091)¢,
0.9993129510, 0.9642734456, 0.7784266575)*, ||r(® |0 = 0.144.

) ( r®|| o = 0.221.
(b) (
(c) x®) = (—0.7290954114, 2.515782452, —0.6788904058, —2.331943982)¢, | ||oo = 2.2.
(d) (

) (

@ —

—0.7071108901, —0.0954748881, —0.3441074093, 0.5256091497)t, ||r® o = 0.39.

0.5335968381, 0.9367588935, 1.339920949, 1.743083004, 1.743083004)%, ||r(? oo =
1.3.

(f) x® = (1.022375671, 1.686451893, 1.022375671, 2.060919568, 0.8310997764, 2.060919568)*,
[r® oo = 1.13.
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6. Two steps of the Conjugate Gradient method with C~! = D~1/2 give the following:

)
)
¢) x® = (~0.3365802625, 2.120693189, ~0.7600395580, —2.703196814)", ||r(®||__ = 2.35
)
)

(
(d) x® = (0.5927721564, —0.3791968233, —0.02649943827, 0.0197727283)", ||[r®|| _ = 0.146
(e) x(® = (0.4414248576,0.8089276500, 1.463760200, 1730537721, 1.895808600)*,

[r@|_ =1.06

(f) x® = (1.022375670, 1.686451892, 1.022375670, 2.060919568, 0.8310997753, 2.060919568)¢,
e[| = 1.13
oo

7. The Conjugate Gradient method with C = C~! = I gives the following:

(a) x® = (0.06185567013, —0.1958762887,0.6185567010)¢, [|[r® || = 0.4 x 10~°.
(b) x(® = (0.9957894738, 0.9578947369, 0.7915789474)*, [|r(®) |40 = 0.1 x 10~°.
(c) x¥) = (~0.7976470579,2.795294120, —0.2588235305, —2.251764706)¢, ||r¥)]|cc = 0.39 x

1077,

(d) x® = (~0.7534246575,0.04109589039, —0.2808219179, 0.6917808219)*, ||r¥) |0 = 0.11 %
107°. ‘

(e) x® = (0.4516120032, 0.7096774197, 1.677419355, 1.741935483, 1.806451613)¢, [[£®)]|os =
0.2 x 107°.

(f) x™) = (1.000000000, 2.000000000, 1.000000000, 2.000000000, 0.9999999997, 2.000000000)",
1|00 = 0.44 x 1072,

8. The Conjugate Gradient method with C~! = D~1/2 gives the following:
(a) x(® = (0.06185567019, —0.1958762885,0.6185567006)%, ||r®||_ =0.12 x 108

(b) x() = (09957894739, 0.9578947368, 0.7915789475)", ||r®||__ = 0.19 x 10~8

(c) x™ = (—0.7976470596, 2.795294118, —0.2588235287, —2.251764706)t,
[ ||OO =0.7%x 1078

(d) xt = (0.6164383560, —0.3972602742, 0.04794520550, —0.02054794525)"
[x®]|_, =0.76 x 1072

(e) x(5) = (0.4516129026,0.7096774190, 1.677419356, 1.741935484, 1.806451615)t,
[e®)]]_, = 0.61 x 10710

(f) x™ = (0.9999999992, 1.999999999, 0.9999999992, 2.000000000, 0.9999999989, 2.000000000)*,
[e®]|  =0.11 x 107°
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9. Approximations to within 1075 in the I;, rty are shown in the tables.

Jacobi Gauss-Seidel SOR (w =1.3) Conjugate Gradient

(a) 49 28 13 9
iterations iterations iterations iterations
xp 0.93406183  0.93406917 0.93407584 0.93407713
x9 0.97473885  0.97475285 0.97476180 0.97476363
xz 1.10688692  1.10690302 1.10691093 1.10691243
xzg 1.42346150  1.42347226 1.42347591 1.42347699
x5 0.85931331  0.85932730 0.85933633 0.85933790
zg 0.80688119  0.80690725 0.80691961 0.80692197
x7 0.85367746  0.85370564 0.85371536 0.85372011
rg 1.10688692  1.10690579 1.10691075 1.10691250
xg 0.87672774  0.87674384 0.87675177 0.87675250
z1p  0.80424512  0.80427330 0.80428301 0.80428524
z11 0.80688119  0.80691173 0.80691989 0.80692252
z12  0.97473885  0.97475850 0.97476265 0.97476392
z13  0.93003466  0.93004542 (0.93004899 0.93004987
z14 0.87672774  0.87674661 0.87675155 0.87675298
z15 0.85931331  0.85933296 (0.85933709 0.85933979
216 0.93406183  0.93407462 0.93407672 0.93407768




o
™o

Jacobi Gauss-Seidel  SOR (w=1.2) Conjugate Gradient

(b) 60 35 23 11.
iterations iterations iterations iterations
1 0.39668038 0.39668651 0.39668915 0.39669775
Ty 0.07175540 0.07176830 0.07177348 0.07178516
z3 —0.23080396 —0.23078609 —0.23077981 —0.23076923
Ty 0.24549277 0.24550989 0.24551535 0.24552253
Ts 0.83405412 0.83406516 0.83406823 0.83407148
Tg 0.51497606 0.51498897 0.51499414 0.51500583
Ty 0.12116003 0.12118683 0.12119625 0.12121212
zg —0.24044414 —0.24040991 —0.24039898 —0.24038462
g 0.37873579 0.37876891 0.37877812 0.37878788
T10 1.09073364 1.09075392 1.09075899 1.09076341
T11 0.54207872 0.54209658 0.54210286 0.54211344
T12 0.13838259 0.13841682 0.13842774 0.13844211
z13 —0.23083868 —0.23079452 —0.23078224 —0.23076923
214 0.41919067 0.41923122 0.41924136 0.41925019
T15 1.15015953 1.15018477 1.15019025 1.15019425
T16 0.51497606 0.51499318 0.51499864 0.51500583
T1y 0.12116003 0.12119315 0.12120236 0.12121212
z1g  —0.24044414 —0.24040359 —0.24039345 —0.24038462
T1g 0.37873579 0.37877365 0.37878188 0.37878788
Tap 1.09073364 1.09075629 1.09076069 1.09076341
To1 0.39668038 0.39669142 0.39669449 0.39669775
Taa 0.07175540 0.07177567 0.07178074 0.07178516
oz —0.23080396 —0.23077872 —0.23077323 —0.23076923
Ta4 0.24549277 0.24551542 0.24551982 0.24552253
Tas 0.83405412 0.83406793 0.83407025 0.83407148

Exercise Set 7.5
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Jacobi Gauss-Seidel  SOR (w=1.1) Conjugate Gradient

(c) 15 9 8 8
iterations iterations iterations iterations
z; —3.07611424 —3.07611739 —3.07611796 —3.07611794
T9 —1.65223176 —1.65223563 —1.65223579 —1.65223582
rz —0.53282391 —0.53282528 —0.53282531 —0.53282528
r4 —0.04471548 —0.04471608 —0.04471609 —0.04471604
5 0.17509673 0.17509661 0.17509661 0.17509661
26 0.29568226 0.29568223 0.29568223 0.29568218
T7 0.37309012 0.37309011 0.37309011 0.37309011
T8 0.42757934 0.42757934 0.42757934 0.42757927
Tg 0.46817927 0.46817927 0.46817927 0.46817927
210 0.49964748 0.49964748 0.49964748 0.49964748
211 0.52477026 0.52477026 0.52477026 0.52477027
212 0.54529835 0.54529835 0.54529835 0.54529836
213 0.56239007 0.56239007 0.56239007 0.56239009
T14 0.57684345 0.57684345 0.57684345 0.57684347
Z15 0.58922662 0.58922662 0.568922662 0.58922664
T1g 0.59995522 0.59995522 0.59995522 0.59995523
17 0.60934045 0.60934045 0.60934045 0.60934045
T8 0.61761997 0.61761997 0.61761997 0.61761998
Z1p 0.62497846 0.62497846 0.62497846 0.62497847
Zag 0.63156161 0.63156161 0.63156161 0.63156161
221 0.63748588 0.63748588 0.63748588 0.63748588
22 0.64284553 0.64284553 0.64284553 0.64284553
Za3 0.64771764 0.64771764 0.64771764 0.64771764
To4 0.65216585 0.65216585 0.65216585 0.65216585
Zos 0.65624320 0.65624320 0.65624320 0.65624320
Tog 0.65999423 0.65999423 0.65999423 0.65999422
Ta7 0.66345660 0.66345660 0.66345660 0.66345660
Zog 0.66666242 0.66666242 0.66666242 0.66666242
Zag 0.66963919 0.66963919 0.66963919 0.66963919
T30 0.67241061 0.67241061 0.67241061 0.67241060
T31 0.67499722 0.67499722 0.67499722 0.67499721
T3 0.67741692 0.67741692 0.67741691 0.67741691
Z33 0.67968535 0.67968535 0.67968535 0.67968535
T34 0.68181628 0.68181628 0.68181628 0.68181628
T35 0.68382184 0.68382184 0.68382184 0.68382184
T36 0.68571278 0.68571278 0.68571278 0.68571278
237 0.68749864 0.68749864 0.68749864 0.68749864
238 0.68918652 0.68918652 0.68918652 0.68918652
T39 0.69067718 0.69067718 0.69067718 0.69067717
T4 0.68363346 0.68363346 0.68363346 0.68363349
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10. n = 10: The solution vector is
(0.90909091, 0.81818182, 0.72727273, 0.63636364, 0.54545455, 0.45454545, 0.36363636, 0.27272727,
0.18181818, 0.09090909)¢,
using 10 iterations with ||r9||__=o0.

n = 50: The solution vector is

(0.98039216,0.96078432, 0.94117648, 0.92156863, 0.90196079, 0.88235295, 0.86274511, 0.84313727,
0.82352943, 0.80392158, 0.78431374, 0.76470590, 0.74509806, 0.72549021, 0.70588237, 0.68627453,
0.66666668, 0.64705884, 0.62745100, 0.60784315, 0.58823531, 0.56862747, 0.54901962, 0.52941178,
0.50980394, 0.49019609, 0.47058825, 0.45008041, 0.43137256, 0.41176472, 0.39215688, 0.37254903,
0.35294119, 0.33333335, 0.31372550, 0.29411766, 0.27450981, 0.25490197, 0.23529413, 0.21568628,
0.19607844, 0.17647060, 0.15686275, 0.13725491, 0.11764706, 0.09803922, 0.07843138, 0.05882353,
0.03921569, 0.01960784)*,

using 50 iterations with a tolerance 1.00 x 1073 in lo and ||r®?]|_=0.

n = 100: The solution vector is

(0.99009901, 0.98019803, 0.97029704, 0.96039606, 0.95049507, 0.94059409, 0.93069310, 0.92079212,
0.91089113, 0.90099014, 0.89108916, 0.88118817, 0.87128718,0.86138620, 0.85148521,0.84158422,
0.83168323, 0.82178225, 0.81188126, 0.80198027, 0.79207928, 0.78217830, 0.77227731, 0.76237632,
0.75247533, 0.74257434, 0.73267335, 0.72277237,0.71287138, 0.70297039, 0.69306940, 0.68316841,
0.67326742, 0.66336643, 0.65346544, 0.64356445, 0.63366347,0.62376248, 0.61386149, 0.60396050,
0.59405951, 0.58415852, 0.57425753, 0.56435654, 0.55445555, 0.54455456, 0.53465357,0.52475258,
0.51485159, 0.50495059, 0.49504960, 0.48514861, 0.47524762, 0.46534663, 0.45544564, 0.44554465,
0.43564366, 0.42574267, 0.41584168, 0.40594068, 0.39603969, 0.38613870, 0.37623771,0.36633672,
0.35643573, 0.34653474, 0.33663374, 0.32673275, 0.31683176, 0.30693077, 0.29702978, 0.28712879,
0.27722779, 0.26732680, 0.25742581, 0.24752482, 0.23762383, 0.22772283, 0.21782184, 0.20792085,
0.19801986, 0.18811886,0.17821787, 0.16831688,0.15841589, 0.14851489, 0.13861390, 0.12871291,
0.11881192, 0.10891092, 0.09900993, 0.08910894, 0.07920794, 0.06930695, 0.05940596, 0.04950497
0.03960397, 0.02970298, 0.01980199, 0.00990099)¢,

using 100 iterations with a tolerance 1.00 x 1073 in lo, and |[r@9|| =0.
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11.  (a)

Solution Residual

2.556613420  0.00668246
4.09171393 —0.00533953
4.60840390 —-0.01739814
3.64309950 —0.03171624
5.13950533  0.01308093
7.19697808 —0.02081095
7.68140405 —0.04593118
5.93227784  0.01692180
5.81798997  0.04414047
5.85447806  0.03319707
5.94202521 —0.00099947
4.42152959 —0.00072826
3.32211695  0.02363822
4.49411604  0.00982052
4.80968966  0.00846967
3.81108707 —0.01312902

This converges in 6 iterations with tolerance 5.00 x 1072 in the I, norm and ||r(® ||, =
0.046.

(b)

Solution Residual

2.55613420  0.00668246
4.09171393 —0.00533953
4.60840390 —0.01739814
3.64309950 —0.03171624
5.13950533  0.01308093
7.19697808 —0.02081095
7.68140405 —0.04593118
5.93227784  0.01692180
5.81798996  0.04414047
5.85447805  0.03319706
5.04202521 —0.00099947
4.42152959 —0.00072826
3.32211694  0.02363822
4.49411603  0.00982052
4.80968966  0.00846967
3.81108707 —0.01312902

This converges in 6 iterations with tolerance 5.00 x 1072 in the lo, norm and ||r(® ||, =
0.046.

(c) All tolerances lead to the same convergence specifications.
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12. With (x,y) = x'y, we have

(xy) =x"y = y'x = (y,x); (i)

(ex,y) = (ex)ty = exly = c(x,y) = xtey = (x, cy); (ii)
(x+2z,y)=(x+2)y= (xt -+ zt) y=x'y +z'y = (x, v) +{(z,¥); (iii)
(x,x) = x'x = ||x||2 > 0. (iv)

We show (v) as follows:

If (x,x) = ||x||2 = 0, then x = 0 by the properties of norms. If x = 0, then 0 = x'x = (x,x).

13.  (a) Let {v(),...,v(™} be a set of nonzero A-orthogonal vectors for the symmetric positive
definite matrix A. Then (v, Av()) =0, if { £ j. Suppose

v fegv® 4o v™ =
where not all ¢; are zero. Suppose k is the smallest integer for which ¢ # 0. Then
Ckv(k) + ck+lv(k+1) RS cnv(") =0.

We solve for v(*) to obtain

v® = Gl 1) Cn(m)
Cl Cl
Multiplying by A gives
Av) = L g et L Cn g )
Cr Ci
S0
(vONEAv(E) = _SEEL Gy A Gl S (v Bty gy (m)
Ck Cf
= Sl gylern)y EAMORON
Ck Ck;
= G g _& oy
Cl, Cl

Since A is positive definite, v(¥) = 0, which is a contradiction. Thus, all ¢; must be zero,
and {v(Y), ..., v(®} is linearly independent.

b) Let {v(¥,...,v(™} be a set of nonzero A-orthogonal vectors for the symmetric positive
g .

definite matrix A, and let z be orthogonal to v{¥, for each i = 1,...,n. From part

(a), the set {v(}),...v(M} is linearly independent, so there is a collection of constants

Bls" . ,ﬂn with
2= fivd,
i=1

Hence,
k13 . T
(z,2) = 2'z = Zﬂiztv(’) = Z'Bi -0=0,
i=1 i=1

and Theorem 7.30, part (v), implies that z = 0.
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14. To prove Theorem 7.33 by mathematical induction:

(a)

First note that we have

(v, x(®)

xM = x4 ¢ v1) = x© 4 mv(l)_
Thus,
Ax(D = Ax© 4 Zi—‘(f(l)—r(—?—%Av(l
and (v, r(©)
b — Ax®M =b — Ax(O) - mmﬂ).
Hence,
r(1) — p0) _ (v, x @) Av®

Taking the inner product with v(*) gives

(v, @)

<r<1)7v<1)> - <r(0),v<1>> ooy < AviD) v >
=<r(0),v(1)> <<1> <o>> 0.

This establishes the base step.

For the inductive hypothesis we assume that <r(k),v(j )> =0, forall k <[ and j =
1,2,...,k We must then show

<r(l+1)’v(j)> 207 for 7 :1’2,,l+1

We do this in two parts.
First, for j = 1,2,...,1, we will show that (r(:+1) v(9)) = 0. We have
xUH) = x@ g (D
(v O
<V(l+1), Av(l+1)>

—x MCE

SO

(14+1) ()
(I+1) _ A (v ) (1+1)
Ax = Ax\ + <v(l+1),Av(l+1)>Av .

Subtracting b from both sides gives

(VD 2O

) ey @ N 0
(2) r i+ (v 4D

(1+1)

Taking the inner product of both sides of (2) with v(¥) gives

(+1) +0
. /) @\ ) (0) <V A >
(3) <r ,V > = <r \V > + <v(l+1),Av(l+1)>

<Av”+1), v(i)> _
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The first term on the right-hand side of (3) is 0 by the inductive hypothesis, and the factor
<Av(l+1),v(i)> is 0 because of A-orthogonality. Thus, (r(l+1),v(i)> =0, for 1,2,...,L

(c) For the second part we take the inner product of both sides of (2) with v(*1) to obtain

<v(l+1), r(l)>
(v Ay (D)

_ <r(z+1)7v(z+1)> - <r(z)7v(z+1)> I <Av(l+1),v(l+1)> .

Thus,
_ <ru+1), V(z+1)> =— <r(l>,v(z+1>> i <V<l+1>?r<w> = 0.

This completes the proof by induction.
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Exercise Set 8.1, page 490

1.
2.

The linear least-squares polynomial is 1.707842 4 0.89968.

The least-squares polynomial of degree two is Py(z) = 0.4066667 + 1.154848z 4 0.03484848z2,
with FF = 1.7035.

The least-squares polynomials with their errors are, respectively, 0.6208950 + 1.219621z, with
E = 2.719 x 1075; 0.5965807 + 1.253293z — 0.01085343z%, with E = 1.801 x 107%; and
0.6290193 + 1.185010z + 0.03533252x% — 0.01004723z2, with £ = 1.741 x 1075.

The least-squares polynomials with their errors are, respectively,

Pi(z) = 0.9295140 + 0.5281021z, with 2.457 x 1072;

Py(z) = 1.011341 — 0.3256988x + 1.14733022, with 9.453 x 10~%;

P3(z) = 1.000440 — 0.001540986z — 0.0115056752% + 1.0210232° with 1.112 x 10~%.

a) The linear least-squares polynomial is 72.0845z — 194.138, with error 329.

(
(b) The least-squares polynomial of degree two is 6.618212> — 1.14352z 4+ 1.23556, with error
1.44 x 1073,

(¢) The least-squares polynomial of degree three is —0.0136742z3 + 6.84557¢% — 2.37919z +

3.42904, with error 5.27 x 10~*.
(d) The least-squares approximation of the form be®® is 24.2588¢0-3723822 with error 418.

(e

The least-squares approximation of the form ba® is 6.2390322919%4 with error 0.00703.

a
b

The linear least-squares polynomial is P (x) = 1.665540x —0.5124568, with error 0.33559.

The least-squares polynomial of degree two is Py(z) = 1.1294242%—0.3114035240.08514393,
with error 2.4199 x 1073,

(¢) The least-squares polynomial of degree three is P3(x) = 0.2662081z% + 0.4029322z2 +
0.2483857x — 0.01840140, with error 5.0747 x 1078,

(d) The least-squares approximation of the form be®® is f(z) = 0.04570748e2 7072952  with
error 1.0750.

(e) The least-squares approximation of the form bz?® is f(z) = 0.950156521572009  with error
0.054477.

s ~—

(
(
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(a) k=0.8996, E(k)=0.295
(b) k=0.9052, E(k) = 0.128 Part (b) fits the total experimental data best.

=

8. Pi(z) = 0.22335x — 0.80283. For minimal A, 406; for minimal D, 272. The prediction for an
A is certainly unreasonable.

9. The least squares line for the point average is 0.101 (ACT score) + 0.487.
10. The percent occurrence is —0.0022550z (average weight) +13.146.
11. The linear least-squares polynomial gives y ~ 0.17952z + 8.2084.
12. The linear least-squares polynomial is 1.600393z + 25.92175

13. (a) nR=1In1.304+ 0.5756 In W
(b) E=2525
(c) InR =1n1.051 + 0.7006 In W + 0.06695(1n )2
)

d) E=%2 ( bLerc(anf)z) = 20.30

14 Foreachi=1,...,n+1land j =1,....,n+1, a;; = aj; = E,T::lzzﬂ"g, so A = (a;;) is
symimetric.
Suppose A is singular and ¢ # 0 satisfies ¢’ Ac = 0. Then

n+1n+1 n+1n+1 ™m m n-+ln+tl
0= A35CiC5 = Ty, 7 CiCj = |: CIC7IE}‘ = ],
i=1 j=1 i=1 j=1 \k=1 k=1 *i=1 j=1

80 ,

m n+1

> (Seait) -

Define P(z) = c1+cam+...+¢pp12™ Then Y pr, [P(x1)]” = 0 and P(x) has roots z1, . . . , Zm.

Since the roots are distinct and m > n, P(z) must be the zero polynomial. Thus, ¢; = ¢y =
.. = cpy1 =0, and A must be nonsingular.

Exercise Set 8.2, page 502

1. The linear least-squares approximations are:
(a) Pi(z) = 1.833333 - 4z (b) Py(z) = —1.600003 + 3.600003z
(¢) Pi(z) =1.140981 — 0.2958375x (d) Pi(z) = 0.1945267 + 3.000001z

(e) Py(z) = 0.6109245 + 0.09167105z (f) Pi(z) = —1.861455 + 1.666667z
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2. The linear least-squares approximations on [—1,1] are:

(a) Py(z) = 3.333333 — 2z (b) Pi(z) = 0.6000025z
(c) Pi(z) = 0.5493063 — 0.2958375z (d) Pi(z) = 1.175201 + 1.103639z
(e) Pi(z) = 0.4207355 + 0.4353975z (f) Py(z) = 0.6479184 + 0.52812267

3. The least squares approximations of degree two are:

(a) Po(z) =2+ 3z +2? = f()
(

b) Py(z) = 0.4000163 — 2.400054z + 3.0000282
(c) Py(z) = 1.723551 — 0.9313682z + 0.15888272
(d) Ps(z) = 1.167179 4 0.08204442z + 1.458979z>
(¢) Ps(z) = 0.4880058 + 0.8291830z — 0.7375119z2

(f) Py(z) = —0.9089523 + 0.6275723z + 0.259773622

4. The least squares approximation of degree two on [—1, 1] are:

(a) Py(z) =3 — 2z + 1.0000092>

(b) Ps(x) = 0.6000025z

(c) Py(z) = 0.4963454 — 0.2958375z + 0.158882712
(d) Pa(z) = 0.9962918 + 1.1036392 + 0.536728222
(e) Pa(z) = 0.4982798 + 0.4353975z — 0.2326330z>

(f) Py(z) = 0.6947898 + 0.52812261 — 0.14061412

5. The errors E for the least squares approximations in Exercise 3 are:
(a) 0.3427 x 1079 (b) 0.0457142 (c) 0.000358354

(d) 0.0106445 (e) 0.0000134621 (f) 0.0000967795

6. The errors for the approximations in Exercise 4 are:
(a) O (b) 0.0457206 (c) 0.00035851

(d) 0.0014082 (e) 0.00575753 (£) 0.00011949

7. The Gram-Schmidt process produces the following collections of polynomials:
(a) do(z) =1,¢1(x) =2—0.5, ¢o(z)=2?—z+%, and ¢3(2)=2°-1.5224+0.62—0.05
() do(z) =L 1(z) =2 —1, ¢o(z)=2®—2z+2, and ¢3(z)=2a%—322+ g2
(c) ¢o(z) =1,01(z) =2 -2, ¢o(x)=a’—4z+L, and ¢3(z)=2%—622+11.42-6.8
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8. The Gram-Schmidt process produces the following collections of polynomials.

(a) 3.833333¢0(x) -+ 4.0000006; (z) (b) 260(z) + 3.6¢1(z)
(c) 0.5493061¢(x) — 0.2958369¢ (2) (d) 3.194528¢0(z) + 361 ()
(e) 0.6567600¢(x) + 0.09167105¢; (z) (f) 1.471878¢0(x) + 1.66666761 (v)

9. The least-squares polynomials of degree two are:

(a) Pa(z) = 3.833333¢ () + 4¢1 (z) + 0.9999998¢5 ()

(b) Pa(z) = 2¢0(x) + 3.6¢1 () + 3¢a(z)

(c) Pa(z) = 0.5493061¢0(z) — 0.2958369¢ () + 0.1588785¢5(x)
(d) Pa(x) = 3.194528¢0(x) + 3¢ (2) + 1.458960¢ ()

(e) Pa(z) = 0.6567600¢0(z) + 0.09167105¢ () — 0.73751218¢x(z)
(f) Po(z) = 1.471878¢0(x) + 1.666667¢: () + 0.2597705¢s (z)

10. The least-squares polynomials of degree three are:

(a) Ps(z) = 3.833333¢0(z) + 4.000000¢ () + 0.9999998¢5 ()

(b) Ps(z) = 2¢o(x) + 3.661 (2) + 3¢a(z) + ¢3(z)

(c) Ps(z) = 0.5493061¢(x) — 0.2958369¢; (2:) + 0.1588785¢5(x) — 0.08524470¢5 ()
(d) P3(z) = 3.194528¢(z) + 3¢y (z) + 1.458960¢h0 () -+ 0.4787959¢h3 ()

(€) Ps(z) = 0.6567600¢0(w) + 0.09167105¢: (z) — 0.7375118¢(x) — 0.1876952¢5 (x)
() Ps(z) = 1.471878¢g(x) + 16666676 (a) + 0.2597705¢5(x) — 0.04559611¢h3(x)

11. The Laguerre polynomials arve Ly (2) = £—1, Lo(z) = 22 —4z+2 and Ls(z) = 23 —922+18z—6.

12. The least-squares polynomials of degrees one, two, and three are:

(a) 2Lo(w) + 4L1(z) + La(z)
(b) 3Lo(w) — 3L1(x) + fgLa(x) — g5 La(x)
(¢) BLo(x) + 18Ly (a) + 9La() + La(x)
(d) 3Lo(w) - §L1(z) + FLa(w) — 55 La(x)

13. Let {¢o(x ) 1(%), ..., dn(x)} be a linearly independent set of polynomials in 1, For each
i=0,1,...,n, let qbl( ) Yon—obriz®. Let Q(z) = Y _jap2® € [I,- We want to find
constants Co, - -+, Cp SO that

= Z cidi(x)
i=0

This equation becomes

n n mn
E CL],»,.”[JI"' = E C; E b},Ti(Ek
k=0 i==0 k=0
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-y (Zmbm)- ;
k=0 k=0
y = <Z b/ﬂ@) T
k= =0

But {1,z,...,2"} is linearly independent, so, for each k& =0, ..., n, we have

k23
Z brici = ax,
i=0

and

which expands to the linear system

box boz -+ Dbon
bin b1z -+ b co o
(&1 ay
b'nl bn‘z bn'n, :
Cn, Qan,
"This linear system must have a unique solution {cg, ¢1, ..., ¢, }, or else there is a nontrivial set
of constants {cp,c},...,c,}, for which
bDl ces b().n 66 0
b'n,l th b77,n C,’n 0
Thus,
C6¢U( ) +C1¢’1($) +. +C7z¢n ZOT
which contradicts the linear independence of the set {¢y, ..., ¢n}. Thus, there is a unique set
of constants {cg,...,cn}, for which

Q(.’L") = CD¢O(- )+ Cl¢1( )+ . - cndn ().

4. If S gCi¢i(z) =0, for all & <z < b, then
b n
/ (Z ciqﬁ‘i(m)) ¢j(z)w(z)de =0, foreachj=0,1,...,n.
Ja Ni=p
Thus, ¢; =0, for each § =0,1,...,n
15. The normal equations are

71 N b
Zak/ :L‘j+kd$=/ a! f(x)dz, foreach j=0,1,...,n.
k=0 a

a
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Let

b
bjk.:/ 29 t5de,  for each i=0,...,n, and k=0,...,n,
a

and let B = (b;j,). Further, let

b b t
a=(ag,...,a,)" and g= </ f(m)d:n,...,/ " f(z) dm) )

Then the normal equations produce the linear system Ba = g.
To show that the normal equations have a unique solution, it suffices to show that if f=0
then a =0. If f =0, then

n b n b
Zak/ 2 thde =0, for i=0,...,n, and Zaja.k/ @7 thde =0, for i=0,...,n,
k=0 a k=0 a

and summing over j gives
T

Z iajak /b aI ke = Q.
a

=0 k=0

b o on ) b n ] 2
/ Z Z aj;tjak,a:kdw =0 and / (Z ajm3> dz = 0.
a o) §=0

J=0 k=0

Thus,

Define P(z) = ag + a1z + - -+ + apz™. Then jab [P(x))]*dz = 0 and P(z) = 0. This implies
that ap = a1 = --- = a, = 0, so a = 0. Hence, the matrix B is nonsingular, and the normal
equations have a unique solution.

Exercise Set 8.3, page 512

1. The interpolating polynomials of degree two are:

(a) Py(z) = 2.377443 + 1.590534(z — 0.8660254) -+ 0.5320418(x — 0.8660254)z
(b) Py(z) = 0.7617600 + 0.8796047(z — 0.8660254)

(c) Pa(x) = 1.052926 + 0.4154370(x — 0.8660254) — 0.1384262x(z — 0.8660254)
(d) Pa(z) = 0.5625 + 0.649519(z — 0.8660254) + 0.75z(x — 0.8660254)

2. The interpolating polynomials of degree three are:

(2) Ps(z) = 2.519044 + 1.945377(z — 0.9238795)
+0.7047420(2 — 0.9238795)(z — 0.3826834)
+0.1751757(x — 0.9238795) (z — 0.3826834) (x: + 0.3826834)

)
)
(b) Pa(z) = 0.7979459 + 0.7844380(z — 0.9238795)
—0.1464394(z — 0.9238795)(x — 0.3826834)
—0.1585049(z — 0.9238795)(z — 0.3826834)(z + 0.3826834)
(c) Ps(z) = 1.072911 + 0.3782067(z — 0.9238795)
~0.09799213(z — 0.9238795)(z — 0.3826334)
+0.04909073 (2 — 0.9238795)(x — 0.3826834) (x + 0.3826834)



Approximation Theory 215

(d) P3(z) = 0.7285533 + 1.306563(z — 0.9238795)
+0.9999999(z — 0.9238795)(z — 0.3826834)

3. Bounds for the maximum errors of polynomials in Exercise 1 are:

(a) 0.1132617 (b) 0.04166667 (c) 0.08333333 (d) 1.000000

4. Bounds for the maximum errors of polynomials in Exercise 3 are:

(a) 0.01415772 (b) 0.004382661 (c) 0.03125000 (d) 0.1250000

5. The zeros of T3 produce the following interpolating polynomials of degree two.

(a) Pa(z) = 0.3489153 — 0.1744576(x — 2.866025) -+ 0.1538462(x — 2.866025)(z — 2)

(b) Py(x) = 0.1547375 — 0.2461152(z — 1.866025) + 0.1957273(x — 1.866025)(x — 1)
) Py(x) = 0.6166200 — 0.2370869(z — 0.9330127) — 0.7427732(z — 0.9330127)(x — 0.5)
) Py

(d) Pa(z) = 3.0177125 + 1.883800(z — 2.866025) + 0.2584625(z — 2.866025)(z — 2)

6. P(z)= 3840 + 384"3 + gi(’)m + 82 T3+ 2401 approximates ze®, with error at most 0.00718.

383

7. The cubic polynomial 551L — 35 2 2% approximates sinz with error at most 7.19 x 1074

8. Ifi> 7, then

(Tiyj(2) + Ti—j(z)) = % (cos(i -+ 7)8 4 cos(i — 7)8) = cosif cos j = T;(z)T;(z).

Z

| =

9. The change of variable & = cos # produces

! [cos(n arccos x)]? p

/ o [ R e = [ eontna)t de =T

Exercise Set 8.4, page 522
1. The Padé approximations of degree two for f(z) = e2® are:

n = 2,m=0:rp(z)=1+2z+ 222
lLm=1:r1(z)=1+z)/0 —=x)
n = 0,m=2:rga(z)=(1—2x+ 222"

n
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i w flz) reo(w)  rialwd) 7roa2(zs)
1 0.2 1.4918 1.4800 1.5000 1.4706
2 0.4 22255 2.1200 2.3333 1.9231
3 0.6 3.3201 2.9200 4.0000 1.9231
4 0.8 4.9530 3.8800 9.0000 1.4706
5 1.0 7.3891 5.0000 undefined 1.0000

The Padé approximations of degree three for f(z) = zIn(z + 1) are:

m=0,n=23 z2—
m=1n=2: —-———1_‘:1

m=1ln=2m=2,n=1landm=3,n=0 ;

5T

1.3
5T

T
T
+5T

e,

i

f(z:)

7‘3,0(1‘1‘)

7‘2,1(531)

0.2
0.4
0.6
0.8
1.0

Gt o

0.03646431
0.13458889
0.28200218
0.47022933
0.69314718

0.03600000
0.12800000
0.25200000
0.38400000
0.50000000

0.03636364
0.13333333
0.27692308
0.45714286
0.66666666

The Padé approximation of degree five for f(z) = e* with n = 2 and m = 3 is:

rog(z) =1+ %:L + %.’1}2)/(1 — %1 +

o,

T

flz:)

?“2,3(1‘1')

0.2
0.4
0.6
0.8
1.0

Ot WO

1.22140276
1.49182470
1.82211880
2.22554093
2.71828183

1.22140277
1.49182561
1.82213210
2.22563652
2.71875000

3,2

20

g

The Padé approximations of degree five for f(z) = €® with n =3 and m = 2 is:
rag(x) = (1+ x4+ $a° + ) / (1 — 22+ 552?)

7 T

f(=:)

r3,2(2;)

0.2
0.4
0.6
0.8
1.0

[ BRI R

1.22140276
1.49182470
1.82211880
2.22554093
2.71828183

1.22140275
1.49182390
1.82210797
2.22546816
2.71794872
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5. The Padé appmmmatlons of degree six for f(z) =sinz with m =n =3 is:

raa(z) = (2 — g52°) /(1 + g52%)
Maclaurin
polynomial of

i T Fzs) degree 6 r3,3(24)
0 0.0 0.00000000  0.00000000  0.00000000
1 0.1 0.09983342  0.09966675  0.09938640
2 0.2 0.19866933  0.19733600  0.19709571
3 0.3 0.29552021  0.29102025  0.29246305
4 04 0.38941834  0.37875200  0.38483660
5 0.5 047942554  0.45859375  0.47357724

6. The Padé approximations of degree six for f(z) = sinz are as follows.

(a) Withn=2and m =4 rp4(z) =2/ (1 + 22 + g524)

6"

(b) Withn =4 and m =2: rys(z) = (z— &Ha*) / (1 + %2?)

60°

o,

f(l“,) 7"2,4(%‘) 7"4,2(337:)

0.0
0.1
0.2
0.3
0.4
0.5

Qs WO D

0.00000000  0.00000000  0.00000000
0.09983342 0.09983342 0.09938640
0.19866933 0.19866936 0.19709571
0.29552021  0.29552065 0.29246305
0.38941834 0.38942158 0.38483660
0.47942554  0.47944065 0.47357724

7. The Padé approximations of degree five are:

+z+ 52 + tad + Lot + 5at) !

—22)/(1+ fo 4+ Fa? + L2 + Z52)
1-— %:1)-1-3%1‘2—60’13 )/(1+ 2z + 5a2?)
1—ga+ 352° — 152° + ga?) /(1 + 3)

o,

x; en 70,5(Ts) r1,4(;) 72,3(2;) 4,1 (24)

O = Lo N

0.2 0.81873075 0.81873081 0.81873074 0.81873075 0.81873077
0.4 0.67032005 0.67032276 0.67031942 0.67031963 0.67032099
0.6 0.54881164 0.54883296 0.54880635 0.54880763 0.54882143
0.8 0.44932896 0.44941181 0.44930678 0.44930966 0.44937931
1.0 0.36787944 0.36809816 0.36781609 0.36781609 0.36805556
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10.

11.

The continued fraction forms of the rational functions are shown.

5
T3

(a) 14 =Ly + 1
Ty

Ty f(:) 5 0 (%) 1y, (23) TTy.2 (T3)

1 025 0.77830078 0.74592811 0.78595377 0.74610974
2 050 0.60653066 0.56515935 0.61774075 0.58807059
3 1.00 0.36787944 0.40724330 0.36319269 0.38633199

For f(z) = cosz we have the following approximations.
m=3,n=0andm=2,n=1:
0.7306893Th(z)
To(z) + 0.3003238T5(z)

m=1,n=2and m=0,n=3:

0.7651975T(x) — 0.2298070T ()
To(=)

€ f(z)

TTo,3 (T) TTy,y (:I;)
and rp, ,(x) and ro ()

0.78539816 0.70710678
1.04719755  0.50000000

0.68276861
0.53792021

0.71149148
0.49098135

For f(xz) =sinz we have the following approximations.
0.91747T ()

~ To(z) + 0.088914T% (z)

L (l)

ECR

;

f=s)

L (7"!)

e W2 N = O

0.00
0.10
0.20
0.30
0.40

0.00000000
0.09983342
0.19866933
0.29552021
0.38941834

0.00000000
0.09093843
0.18028797
0.26808992
0.35438412

Exercise Set 8.4
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12.

13.

For f(z) = ¢® we have the following degree five approximations.
When m = 5,n = 0:

0.7898486Ty ()

219

To(z) — 0.8927799T () + 0.2144414T5 (z) — 0.03502476T5 () -+ 0.00433574174 (z) — 0.000433597475(z)

When m =4,n = 1:

0.8698859Ty (z) + 0.17929907T; (z)
To(z) — 0.7319036T% () + 0.1308634T (z) — 0.01374200T3 () + 0.00075163117 ()

When m = 3,n=2:

0.9455983Tp () + 0.3537814T} () + 0.02028345T% (z)
Ty(z) — 0.5848039T% (z) + 0.07467597T% (z) — 0.004402997T5(x)

When m =2,n = 3:

1.055167Tp(z) 4 0.6127802T% () + 0077408017} (2) + 0.004495996T5 ()
To(x) — 0.3785111T% (z) + 0.02224353T5 ()

When m=1,n = 4
1.153963Tp (z) 4 0.8522588T1 () -+ 0.1549949T () + 0.01686746Ts () + 0.001023136T4 (x)

To(w) — 0.1983568T% (x)

m=0,n=25:
1.266066Tp () + 1.13031877 () + 0.2714953T% () + 0.04433685T5(x)

+-0.005474240T () + 0.00054292637T5(x)

iom flz:) TTp,5 (1) 1o (@i) T () Ty 5 (%) Ty (2) 75,0 (%)

1 0.2 1.22140276 1.22137251 1.22142042 1.22140929 1.22141264 1.29573091 1.22142198
2 0.4 1.49182470 1.49190745 1.49184755 1.49184841 1.49183231 1.54914242 1.49179061
3 0.6 1.82211830 1.82224269 1.82211712 1.82213166 1.82211572 1.84678705 1.82208177
4 0.8 222554093 2.22539680 2.22551178 2.22550877 2.22553290 2.19970546 2.22557527
5 1.0 271828183 2.71856417 2.71831087 2.71832589 2.71828966 2.62151591 2.71823332

(a) e® = eMInVilts — MInvI0gs . on104 s _ 10% es

(D) e* = (14554 F55°+ 1355°) / (1 — 35 + Ls? — 155%), with |error] < 3.75 x 107
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Exercise Set 8.5

(c) Set M = round(0.8685889635z), s =« — M/(0.8685889633), amd
f= (1+ 35+ 45"+ 355%) / (1— 35+ 755° — 1355°). Then f = (3.16227766)™ f.

(a) Since
sin || = sin(Mn + s) = sin M7 cos s + cos Mnsins = (—1)M sin s,
we have
sinz = sign zsin |z| = sign (2)(—1) sins.
(b) We have

. 31 4 3 4 11 4
TR - — 14— —
sSInT (s 7945 )/( —1—493 +58805 )

with |error| < 2.84 x 1074
(c) Set M = Round(|z|/7), s = |z| — M, and

fi=(s—355%) / (1+ 5s* + 555*) - Then f = (—=1)M f; - z/|2] is the approximation.

d) Set y = x + Z, and repeat part (¢) with y in place of z.
2

Exercise Set 8.5, page 531

(3]

ot

Sa(z) = ——4cosm—!—cos2r
S3(z) = 2sinz —sin 2z

Sz(z) = 3.676078 — 3.676078 cosz + 1.470431 cos 2z — 0.7352156 cos 3z + 3.676078sinz —
2.940862 sin 2z

The general trigonometric least-squares polynomial is

et —e " ( Dre™ + (—1)"Hle ™ .
Sn(z) = o (772 1) cosne
n-—1
1 ( 1)k+1 — . .
+;;{ k9+1 (coskz — ksin kz).

Sn(z) =3+ 130l = ) sin kz
The general trigonometric least-squares polynomial is S, (z) = Y p_; = (1= (=1)F) sin ka.

The trigonometric least-squares polynomials are:

(a) Sa(z) = cos2z (b) S2(z)=0

(¢) Ss(z) = 1.566453+0.5886815 cos x—0.2700642 cos 22+0.2175679 cos 3z+ 0.8341640 sinz—
0.3097866 sin 2z

(d) S3(z) = —2.046326 + 3.883872 cos z — 2.320482 cos 2z + 0.7310818 cos 3z
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8. (a) E(S3)=0 (b) E(Sy) =4
(¢) E(S3) = 0.8259814 (d) E(S3) = 1.936668

9. The trigonometric least-squares polynomial is

S3(z) = — 0.4968929 + 0.2391965 cos = + 1.515393 cos 2z
-+ 0.2391965 cos 3z — 1.150649 sin 2,

with error E(S3) = 7.271197.
10. The trigonometric least-squares polynomial is

S3(z) =0.06201467 — 0.8600803 cos x + 2.549330 cos 2z
— 0.6409933 cos 3z — 0.8321197 sinz — 0.6695062 sin 2=,

with error 107.913.

The approximation in Exercise 10 is better because, in this case,

10

> (f(&) — Sa(§;))* = 397.3678,

=0
whereas the approximation in Exercise 9 has

10

S (&) — Sa(g))? = 569.3589.

=0

11. The trigonometric least-squares polynomials and their errors are
(a) S3(x) = —0.08676065— 1.446416 cos 7(z—3) —1.617554 cos 27 (z —3) +3.980729 cos 37 (z —
3) — 2.154320sin w(z — 3) + 3.907451 sin 27 (x — 3) with E(S3) = 210.90453

(b) S3(z) = —0.0867607 — 1.446416 cos (2 — 3) —1.617554 cos 27 (z — 3) +3.980729 cos 37 (z —
3)—2.354088 cos dm(x—3)—2.154320 sin w(x—3)+3.907451 sin 27 (2:—3)—1.166181 sin 37 (z—
3) with E(Sy) = 160.4943

12.  (a) The trigonometric least-squares polynomial is

Sy(z) =0.2772149 — 0.1180378 cos(2z — 1)m + 0.05649078 cos 2(2z — 1)m
— 0.08807404 cos 3(2z — 1) + 0.04715799 cos 4(2z — 1) + 0.1376064 sin(2z — 1)7
—0.001375524 sin 2(2z — 1) + 0.02118788sin 3(2z — 1)7.

(b) [y Sa(z)dz = 0.27721486 (¢) [} 2% sin wdz = 0.2232443
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13. Let f(—x) = —f(z). The integral ffa f(z) dz under the change of variable ¢t = —z transforms

’ —/aof(—t)dt:/:f(-t)dt=~/oaf(t)dt:‘/oaf(z)‘“

0 a a v
[ " fa) do = [ f(a:)dm—l—/o f(z)d:v:—/o f(:z;)da:+/0 @) do =

14. Let f(—z) = f(z). The integral f f(z) dx under the change of variable t = —z transforms

? [ rena=[revas [ o a= [ e a

f()d:v— f dm—i—/ jm)dw—/jr)dm—l—/f cl1=2/ flz) dz.

{3 -

Thus,

Thus,

15. The following integrations establish the orthogonality.

/—T;[q')g(a;)]z dz = /—: dz =,

/ [fr(2))? dz = (coskx)? dx = / B + % cos 2km] dr =m+ [ﬁ sin 2k$} =,

—7

/ [frrs(2))? dz = / (sin kx)? / {— — - cos 2kfc} de=m— {4—1]5 sin ka] =T,

/ dr(x)po(z) do = %/ cos kz dr [ mkz} =0,

™

po| =

—

Gnrr(T)po(z) do = ; smkmdm { coskx } = 5% —[cos km — cos(—km)] =

-
T

_77 d1(z) 5 () dm:/_ coskmcosyadr—if_ [cos(k + f)z + cos(k — f)z] dz =0,

v v

bnsil@)nrs(a) do = [

— —

sin kx sin jz dz = %/ [cos(k — j)z — cos(k + j)z] dz =0,

and

¥y ki3

1
cos kzsin jz dz = 3 / [sin(k + j)z — sin(k — 7)z] dz = 0.

-

m( 2) s () dz = /

-

16. The Fourier Series for f(z) = |z| is
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Assuming f(0) = S(0) gives

T 2e=(=1)F -1
0_5(0)~§+;§1 3
but
i (-DF—1 L0 L0 — 2
3 T T2 93 T2 T 42 = 2
= k 1 2 3 4 = (2k+1)
Thus,
T2 2
0==—-=
2 k_Z:O (2k+1)2°
from which
oo 2
Z 1 _ T
3 2
= 2k+1) 8
follows.

Exercise Set 8.6, page 543

1. The trigonometric interpolating polynomials are:

(a) Sa(z) = —12.33701 + 4.934802 cos z — 2.467401 cos 2z + 4.934802sin
(b) Sa(z) = —6.168503 + 9.869604 cos z — 3.701102 cos 2z + 4.934802 sin

(c) Sa(z) =1.570796 — 1.570796 cos = (d) Sa(z)=—0.5—0.5co82z +sinz

2. Parts (a) and (b) give the same answer: The trigonometric interpolating polynomial is
Si(x) = —4.626377 + 6.679518 cosz — 3.701102 cos 2z + 3.190086 cos 3z — 1.542126 cos 4z +
5.956833 sin ¢ — 2.467401 sin 2z + 1.022031 sin 3z.

3. The Fast Fourier Transform Algorithin gives the following trigonometric interpolating poly-
nomials.

(a) Si(z) = —11.1033142.467401 cos z —2.467401 cos 2z +2.467401 cos 3z —1.233701 cos 4z +
5.956833 sin 2 — 2.467401 sin 22 4 1.022030 sin 3z
(b) Si(z) = 1.570796 — 1.340759 cos = — 0.2300378 cos 3z

(c) Si(z) = —0.1264264+0.2602724 cos £—0.3011140 cos 2z-+1.121372 cos 32+0.04580648 cos 4x—
0.1022190sinz + 0.2754062 sin 2z — 2.052955 sin 3z

(d) Sa(z) = —0.1526819+0.04754278 cos x-+0.6862114 cos 22—1.216913 cos 3z+1.176143 cos dz—
0.8179387 sin z + 0.1802450 sin 2z + 0.2753402 sin 3z
4. (a) The trigonometric interpolating polynomial is

Sy(x) =0.1735500 — 0.02475498 cos(2z — 1) — 0.0697570 cos 2(2x — 1)
+0.08468317 cos 3(2z — 1)m — 0.04386479 cos 4(22 — 1) + 0.2268260 sin(2z — 1)«
~ 0.10216405in 2(2z — 1)7 4 0.04284648 sin 3(2z — 1).
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(b) 0.1735500 (c) 0.2232443

5.
Approximation Actual
(a)  —69.76415 —62.01255
(b) 9.869602 9.869604
(c) —0.7943605 —0.2739383
(d) —0.9593287 —0.9557781

6. The by, terms are all zero. The a; terms are ag = —4.01287586, a; = 3.80276903, a, =
—2.23519870, a3 = 0.63810403, as = —0.31550821, a5 = 0.19408145, ag = —0.13464491,
ar = 0.10100593, ag = —0.08015708, ag = 0.06643598, an = —0.05704353, a11 = 0.05046675,
a1z = —0.04583431, a;3 = 0.04262318, a;4 = —0.04051395, a;5 = 0.03931584, and a5 =
—(0.03892713.

7. The b; terms are all zero. The a; terms are as follows:

ap = —4.0008033
aq = —0.3030271
ag = —0.0663172
a1z = —0.0291807
a1 = —0.0166380
azo = —0.0109189
asq = —0.0078430
ass = —0.0060069
agzs = —0.0048308
aze = —0.0040398
aqp = —0.0034903

a; = 3.7906715

as = 0.1813613

ag = 0.0520612
13 = 0.0249129
a17 = 0.0148174
az; = 0.0099801
ass = 0.0072984
aszg = 0.0056650
a3z = 0.0046040
azr = 0.0038837
ay1 = 0.0033803

ag = —2.2230259

ag = —0.1216231
aip = —0.0420333
14 = —0.0215458
a1g = —0.0132962
azy = —0.0091683
asg = —0.0068167
—0.0053578
-0.0043981
azg = —0.0037409
a4 = —0.0032793

2 9
W W
[E =)
I

az = 0.6258042

a7 = 0.0876136
a11 = 0.0347040
a1s = 0.0188421
ajg = 0.0120123
ag3 = 0.0084617
as7 = 0.0063887
az1 = 0.0050810
azs = 0.0042107
asg = 0.0036102
ay3 = 0.0031866

a4y = —0.0031015 ay5 = 0.0030233 ays = —0.0029516 a4y = 0.0028858
a4g = —0.0028256 a49 = 0.0027705 a5 = —0.0027203 a5, = 0.0026747
asz = —0.0026333 a5z = 0.0025960 as4 = —0.0025626 as5 = 0.0025328

ase = —0.0025066
gy = —(0.0024345

as7 = 0.0024837
ag; = 0.0024242

asg — —0.0024642
gy = —0.0024169

asg = 0.0024478
ag3 = 0.0024125

8. Since (cosz)? = 1 + L cos 2,
2m—1 ‘ 1 2m—1 1 2m—1 2m~1
Z (cosmaz;)? = 3 Z 1+ 3 Z cos2mx; = m + 3 Z cos 2mz;.
=0 7=0 7=0 7=0
However,

cos 2max; = cos 2m, (—7r + %71’) = co8(2jm — 2mm) = cos(2j — 2m)w = (-1)¥ 2" =1,

Thus,

2m—1 2m—1

1
Z (cosmmj)2=m+—2- Z l=m+m=2m.

=0 =0
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9. From Eq. (8.28),

2m—1 R
SO = i (¢FY .
0 j=0

J

2m—1

gk

i
m

T

2m-1
=0

Cr

Thus,

?

|

Yo
Y1
Yom—1

cL = (LCk,Cgk,-..,g(Q‘m—l)k)t [

and the result follows.

Dy, where

Be,e=Cf, and f =

10. We have c = Ad, d

M

1

and

OO

e R

P )

o o

o O

1_._2
s

V2

(i+1)

o o O

jen i e BN an N e |

s
[em] __

<o O

0
0
0
0

—

<o

o O O O

o o ©

o o o O©

Note that ¢ = ABC Dy, which would give Eq. (8.28) if expanded.
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Exercise Set 9.1, page 555

1. (a) The eigenvalues and associated eigenvectors are Ay = 2,v(D = (1,0,0)%; Ag = 1,v(® =
(0,2,1)%; and A3 = —1,v(® = (=1,1,1)*. The set is linearly independent.

(b) The eigenvalues and associated eigenvectors are A; = 2,v(l) = (0,1,0)t; Ay = 3,v® =
(1,0,1)%; and A3 = 1,v(® = (1,0, —1)*. The set is linearly independent.

(c) The eigenvalues and associated eigenvectors are A; = 1,v() = (0,-1,1)% X = 1 +
V2,v® = (v/2,1,1)% and A3 =1 —+/2,v) = (=/2,1,1)%. The set is linearly indepen-
dent.

(d) The eigenvalues and associated eigenvectors are A} = Ay = 2 with v(!) = (1,0,0)! and
A3 = 3 with v® = (0,1,1)%. There are not three linearly independent eigenvectors.

2. (a) Eigenvalue \; = 1 has multiplicity 3 and eigenvectors v(!) = (—1,1,0)* and v(¥ =
(1,0,1)%. There are not three linearly independent eigenvectors.

(b} Eigenvalue A\; = 3 has multiplicity 2 and eigenvectors vl = (=1,1,0)* and v®» =
(—1,0,1)t. Eigenvalue Ay = 0 has eigenvector v(3) = (1,1,1)t. There are three linearly
independent eigenvectors.

(c) Bigenvalue \; = 4 has eigenvector v{ = (1,1,1)*. Eigenvalue A\» = 1 has multiplicity
2 and eigenvectors v(® = (—1,1,0)* and v® = (—1,0,1)!. There are three linearly
independent eigenvectors.

(d) Eigenvalue \; = 2 has multiplicity 2 and eigenvectors v(!) = (1,0,0)* and v(® =
(0,—1,1)t. Eigenvalue Ay = 3 has eigenvector v(®) = (1,1,0). There are three linearly
independent eigenvectors.

3. (a) The matrix in 1(b) is positive definite.

(b)

O
i
no
2[5 oS
o ool
[N [}



4. (a) The matrix in 2(c) is positive definite.

(b)

|
<[ S SelS
SIS

“|5=lS°lS

L

5. The eigenvalues are within the Gerdgorin circles that are shown.

(a)

Exercise Set 9.1

-y

N

av

AY (b)
2
/m 2
“Z&W : =
-2 27T
Ay (d) A
2 m 94
EAS NG S
-2 + 27T

=
T

6. The eigenvalues are within the Gerigorin circles that are shown.
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7. The vectors are linearly dependent since —2v; + 7vg — 3vs = 0.

8. Let w = (wy,ws, ws)t, x = (21,29, 23)%, ¥y = (¥1,Y2,¥3)" and z = (21, 22, 23)° be in R3.
If {w,x,y} is linearly dependent, then {w,x,y,z} also is linearly dependent.
Suppose w, x, and y are linearly independent. Consider the linear system

wy T1 Y1 |a 0
w2 T2 Yaf [by =10
ws X3 Y3 C 0

Since w, x, and y are linearly independé\nt, the only solution is @ = b = ¢ = 0. Thus the
determinant of the matrix is nonzero, and the linear system

w T1 a Eal
wy Ty Ya| |b| = |2
w3 T3 Y3 c z3

has a unique solution. Therefore, aw + bx + ¢y — z = 0, which implies that {w,x,y,z} is
linearly dependent.

9. If cyvy+ -+ cpvy = 0, then for any j, with 1 < j < k, we have e;vivy + - + e vivy = 0.

But orthogonality gives civz.v,,; =0, fori+# j, so CjV§Vj = (0 and since vf;‘.vj = 0, we must have
Cj = 0.
10. (a) Let Qq,...,Q,, denote the columns of Q. Since Q*Q =1,
Q!
Q:

|
~

Q| (Q,,Q, -, Q.

.t
Q'n

Thus, (Q°Q), ; = QiQ,; = (I):; and {Q;} is an orthonormal set.
(b) Since Q'Q = I, we have

[N

1Qllz = (p (Q'Q))* = (p(I))é =1

and 1/
= (

@, = (@((@)'@)) " = @uN™* =@ =1
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11. Since {v;}?, is linearly independent in IR", there exist numbers ci, ..., ¢, with
X=0CVi+ -+ ChVnp.
Hence, for any k, with 1 < k < n,

t i i L
VEX = CIVLVY + o CpVE Vi = CpVEVE = O

12. Let Ax() = \x®, for i = 1,2,...,n, where the \; are distinct. Suppose {x(")}izl is the
largest linearly independent set of eigenvectors of A, where 1 < k& < n. (Note that a re-
indexing may be necessary for the preceding statement to hold.)

. R . .
Since {x(") }1:1 is linearly dependent, there exist numbers ¢y, ..., cy41, not all zero, with
clx(l) 4ok CkX(k') 4 Ck+1x(k+1) =0.

L (—epx® — o gx®)).

Since {X(Z) }izl is linearly independent, ci+1 # 0. Thus, x(k+1) = e

Multiplying the first equation by A gives
et dx® 44 o Mx® 4 e A x BT = 0.
Substituting for x*+1) vields

et =0) @y, e =)

= 0.
But {x(i)}:zl is linearly independent and x5+ =£ 0, s0 A1 = Ay, for some 1 < i < k.
13. (a) The eigenvalues are
A1 = 5.307857563, Ag = —0.4213112993, A3 = —0.1365462647
with associated eigenvectors
(0.59020967,0.51643129, 0.62044441)*,
(0.77264234, —0.13876278, —0.61949069)",

and
(0.23382978, —0.84501102, 0.48091581)t,

respectively.
(b) A is not positive definite since Ay < 0 and Az < 0.

14. (a) Let u be an eigenvalue of A. Since A is symmetric, p is real and Theorem 9.13 gives
0 < pu < 4. The eigenvalues of A — 47 are of the form p — 4. Thus,

p(A—4I) = max|y — 4] = max(4 — p) =4 —minp =4 - A = |A —4].
(b) The eigenvalues of A — 41 are —3.618034, —2.618034, —1.381966, and —0.381960, so
p(A —4I) = 3.618034 and A = 0.381966. An eigenvector is (0.618034, 1,1, 0.618034)".
(c) Asin part (a), 0 < p <6, so |\ — 6| = p(B —61).

(d) The eigenvalues of B — 6] are —5.2360673, —4, —2, and —0.76393202, so p(B — 61) =
5.2360673 and A = 0.7639327. An eigenvector is (0.61803395, 1,1, 0.6180395)".
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Exercise Set 9.2, page 571

1. The approximate eigenvalues and approximate eigenvectors are:

a) u® =3.666667, xG) =

(a) 0.9772727,0.9318182, 1)*
(b) 3 =2.000000, x® =
)
)

1,1,0.5)¢
—0.2578947, 1, —0.2842105)*
1,0.2213741, 0.3893130, 0.4045802)*

(c) u® =5.000000, x® =
(d) u® =5.038462, x® =

,—\,\,-\/\

V]

The approximate eigenvalues and approximate eigenvectors are:

(a) p® =6.0508475, xO) = (1,0.57142857,0.77591036)"

(b) u¥ =5.5263158, x® = (0.17117117,0.45945946, 1,0.9459460)*

(c) u® =7531073, xB = (0.6886722, —0.6706677, —0.9219805, 1)
)

(d) 4 =4.106061, xB) = (0.1254613,0.08487085,0.00922509, 1)*
3. The approximate eigenvalues and approximate eigenvectors are:
(a) p® =1.027730, % = (—0.1889082,1,—0.7833622)"
(b) u® = —0.4166667, x® = (1,-0.75,—0.6666667)*
) u® =17.64493, x©) = (—0.3805794, —0.09079132, 1)¢
(d) u® =1.378684, x() = (-0.3690277,—0.2522880,0.2077438, 1)t

4. The approximate eigenvalues and approximate eigenvectors are:

(a)

(b) u® =2.6458436, x() = (0.60846040, 1, —0.326774888,0.03738318)¢
() p'¥ =3.996073, x( = (0.9991429,0.9932014,1,0.9939825)

(d) u® =4.105203, x( = (0.06281419,0.08704089,0.01825213, 1)t

5. The approximate eigenvalues and approximate eigenvectors are:

(3 =5.9182329, x® = (1,0.55263364, 0.81296561)°

(a) u® =3.959538, x® = (0.5816124,0.5545606, 0.5951383)

(b) u® =2.0000000, x® = (—0.6666667,—0.6666667, —0.3333333)¢

(c) u® =7.189567, x{) = (0.5995308,0.7367472,0.3126762)*
) p

(d) u® =6.037037, x®) = (0.5073714,0.4878571, —0.6634857, —0.2536857)¢
6. The approximate eigenvalues and approximate eigenvectors are:

(a) u® =3.8484163, x® = (0.29841319, —0.46893501, 0.8312939)*

(b = 4.6905660, x® = (—0.95557266, —0.29122214, 0.04550346)¢

)
(c) n(‘” = 5.142562, x® = (0.8373051,0.3701770,0.1939022, 0.3525495)
(d) u® =8593142, x® = (-0.4134762,0.4026664, 0.5535536, —0.6003962)t

231
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7. The approximate eigenvalues and approximate eigenvectors are:

(a) p® =3.999908, x(®) = (0.9999943,0.9999828, 1)

(b) p(® =2.414214, x(3 = (1,0.7071429,0.7070707)*

() u9 =5.124749, x® = (-0.2424476,1,—0.3199733)

(d) p® =5235861, x9 =(1,0.6178361,0.1181667,0.4999220)t

8. The approximate eigenvalues and approximate eigenvectors are:
(a)

(b) p =5.6658972, x(9 = (0.05520444,0.25749728, 1, 0.88861726)*

(c) ut7 =8.999667, x7) = (0.9999085, —0.9999078, —0.9999993, 1)t

)

(d) The method did not converge in 25 iterations. However, A\; ~ u(383) = 4.105309, x(363) —
(0.06286299, 0.08702754, 0.01824680, 1)t, Ay ~ n(1%) = —4.024308

p12) =5.9193476, %1% = (1,0.55478845, 0.80995816)*

9. The approximate eigenvalues and approximate eigenvectors are:

(a) p® =1.00001523 with x(® = (—0.19999391, 1, —0.79999087)*
(b) p(? = —0.41421356 with x(1?) = (1, —0.70709184, —0.707121720

(c) The method did not converge in 25 iterations. However, convergence occurred with
pt?) = 1.63663642 with x(*2) = (—0.57068151, 0.3633658, 1)

(d) u =1.38195929 with x¥) = (—0.38194003, —0.23610068, 0.23601909, 1)*

10. The approximate eigenvalues and approximate eigenvectors are:

(a
(b) u® =2.6459312, x(®) = (0.60756191, 1, —0.32506930, 0.03836926)"

)

)
(c) p® =3.999997, x6) = (0.9999939,0.9999999, 0.9999940, 1)t
(d) ) =4105293, x©® = (0.06281419, 0.08704089, 0.01825213, 1)t

1" =5.9196688, x(7) = (1,0.55484776,0.80997330)

11. The approximate eigenvalues and approximate eigenvectors are:

(a)

(b) ¥ =2.414214, x(3) = (~0.7071068, —0.5000255, —0.4999745)*

(c) u1® =7.223663, x(19 = (0.6247845,0.7204271,0.3010466)*

(d) p® =7.086130, % = (0.3325999,0.2671862, —0.7590108, —0.4918246)

12. The approximate eigenvalues and approximate eigenvectors are:

1® = 4.0000000, x® = (0.5773547,0.5773282, 0.5773679)"

(a) The method did not converge in 25 iterations. Dominant eigenvalues are v/15 and —+/15.
(b) ul'®) =4.8347780, x(16) = (—0.92904870, —0.36778361,0.04004662)

(c) w °1> =5.236068, x(Y = (0.7795539, 0.4815996, 0.09214214, 0.3897016)"

(d) p8) =9.0000000, x(%) = (—0.4999592,0.4999584, 0.5000408, —0.5000416)*
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13. The approximate eigenvalues and approximate eigenvectors are:

(a) Aomeptt) =1.000000, x() = (-2.999908,2.999908, 0)*

() A =1.000000, xM) = (0,—1.414214,1.414214)!

(c) Aomep(® =1.636734, x(©) = (1.783218, —1.135350, —3.124733)t

(d) Aomp(0 =3.618177, x(10) = (0.7236390, —1.170573,1.170675, —0.2763374)*

14. The approximate eigenvalues and approximate eigenvectors are:

(a) The method did not converge in 25 iterations. The remaining eigenvalues are complex

numbers.
(b) u“’) —96409095 x(®) = (~1.6930953, —2.7867383, 0.90582533, —0.10692842)*
(c) A =5.000051, x(Y) = (1.999338, —1.999603, 1.999603, —2.000198)*
(d) x(19) = (—8.151965, 2.100699, 0.7519080, —0.3554941),

15. The approximate eigenvalues and approximate eigenvectors are:

(a) n® =4.000001, x® = (0.9999773,0.99993134,1)*

(b) The method fails because of division by zero.

() uM =5.124890, x(M = (-0.2425938,1,—0.3196351)*

(d) p® =5236112, x(% = (1,0.6125369,0.1217216,0.4978318)*

16. The approximate eigenvalues and approximate eigenvectors are:

(a) p® =591971410, x© = (1,0.55478845,0.80995816)*

(b) p() = 566581211, x(11) = (0.0552044, 0.25749928, 1, 0.88861728)"
(c) 19 =8.999890, x(19 = (0.9944137,-0.9942148, —0.9997991, 1)t

(d) p*Y =4.105317, x1Y = (0.11716540,0.072853995,0.01316655, 1)t

17. The approximate eigenvalues and approximate eigenvectors are:

(a) p =1.000000, x® = (0.1542373,—0.7715828,0.6171474)*
(b) u) =1.000000, x(3) = (0.00007432, —0.7070723,0.7071413)"
(c) p(9 = 4961609, x4 = (—0.4814472,0.05180473, 0.8749428)"
(d) p7 =4.428007, xU7 = (0.7194230,0.4231908, 0.1153589, 0.5385466)*
18. The Power method was applied to the matrices in Exercise 1 using x(?) as given with T0L =

10~%. The following table summarizes the results. (Note: The results are very sensitive to
roundoff error.)

A1 number of As eigenvector
iterations
(1a) 3.999908 2 1.000037 (—0.1999411, 1, —0.799911)*
(1b)  2.414213562 15 1.000003 (0.00004881, —0.9999485, 1)*
(lc)  5.12488541 5 1.636636 (—0.5706569, 0.3633325, 1)
(1d)  5.23606796 13 3.617997  (—0.6180177,1, —0.9999990, 0.2360394)*
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19.

20.

23.

24.

Exercise Set 9.3

(a) We have |A| < 6 for all eigenvalues A.

(b) The approximate eigenvalue is p{t33) = 0.69766854, with the approximate eigenvector
x(133) = (1,0.7166727,0.2568099, 0.04601217).

(c) The characteristic polynomial is P(A) = A* — 1\ — -, and the eigenvalues are A\, =
0.6976684972, Ay = —0.2301775942 + 0.56965884i, A3 = —0.2301775942 — 0.569658841,
and Ay = —0.237313308.

(d) The beetle population should approach zero since A is convergent.

Since x* = ﬁ(aﬂ, @2, - . ., Qin), the ith Tow of B is
M) (1)
(a,,il, aig,y .- ,a,m) Y (’Ui i1, U; G2, .., Uy a,in> =0.
P
1

Using the Inverse Power method with x(® = (1,0,0,1,0,0,1,0,0,1)! and ¢ = 0 gives the
following results:

(a) {19 =1.0201926, so p(A~1) =~ 1/u( = 0.9802071;

(b) 13 =1.0404568, so p(A~1) ~ 1/u30) = 0.9611163;

(c) p®2) =1.0606974, so p(A~1) = 1/u2?) = 0.9427760.

The method appears to be stable for all o in [, 3].

(a) p(A™') =0.9801485
(b) p (A1) =0.9610699

(c) p (A7) =0.9427198

The method appears to be stable for a > 0.

Forming A~!B and using the Power method with x® = (1,0,0,1,0,0,1,0,0,1)* gives the
following results:

(a) The spectral radius is approximately (6 = 0.9800021.

(b) The spectral radius is approximately ;(*%) = 0.9603543.

¢) The spectral radius is approximately (8 = 0.9410754.

)

(c)

(a) A1 = —6, Ay = —5, Ag = —2, the system is stable.
)

(b) A1 = —2, \g = —1.1067711, A3 = —3.94664 + 0.82970¢, Ay = —3.94664 — 0.829704, the
system is stable.

Exercise Set 9.3, page 581

1.

Householder’s method produces the following tridiagonal matrices.

12.00000 —10.77033 0.0
(a) 1-10.77033 3.862069 5.344828
0.0 5.344828 7.137931
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(b)

()

(d)

2. Householder’s method produces the following tridiagonal matrices.

(a)

(b)

(d)

3. Householder’s method produces the following tridiagonal matrices.

(a)

1.414214
00

[ 1.0000000
~1.414214
00

[ 4.750000
~2.263846
0.0

[ 2.0000000
—2.8284271
| 0.0000000

[—1.0000000
—3.6055513
| 0.0000000
[ 5.0000000

—1.4142136
0.0000000

| 0.0000000

[2.0000000 1.414214

0.0
1.000000 0.0
0.0 3.0
—1.414214 0.0
1.000000 0.0
0.0 1.000000
—2.263846 0.0
4.475610 —1.219512
-1.219512  5.024390

[4.0000000 1.4142136
1.4142136 4.0000000 1.4142136

0

2.8284271 1.4142136
1.0000000 2.0000000
2.0000000  3.0000000

—3.0655513

0.0000000

—0.23076923 3.1538462
0.15384615 2.2307692

4.9497475
~2.0000000
—5.4313902

0.0000000

—1.4320780
—2.4855515
~1.4237288

1.5939865

0

0
0

0 1.4142136  4.0000000 0.0

0 0 0.0 4.0000000
[5.0000000 2.5495098 0 0
2.5495098 6.38461538 2.1407569 0

0 2.1407569  4.2700005 0.6912809

0 0 0.6012809 4.345384
[ 8.0000000 —2.3048861 0 0
—2.3048861  5.9294118  1.5022590 0

0 1.5022590  1.7714975 —4.8901511

0 0 -4.8901511 —0.4361218

0 0 0 —1.0898884
2.0000000 1.4142136 0
1.4142136 3.5000000 0.8660254

0 0.8660254 7.8333333 4.7140452

0 0 4.7140452 6.6666667 1.7320508

0 0 0 1.7320508  6.0000000

—1.5649769
1.8226448
—2.6486542
5.4237288

—1.0898884

235



236

4.0000000 1.7320508  0.0000000 0.000000
(d) 1.7320608  2.3333333  0.23570226  0.408248
0.0000000 —0.47140452 4.6666667 —0.577350
0.0000000 - 0.0000000  0.0000000 5.000000

Exercise Set 9.4, page 591

Exercise Set 9.4

0
29
27
0

1. Two iterations of the QR Algorithm produce the following matrices.

(@) 49 =

(b) A® =

(¢) A® =

(@) A© =

o

(2) 49 =

(b) A® =

(c) A® =

and

[ —2.672028 —0.3759745 0.0
—0.3759745 —1.473608 —0.03039696
|00 —0.03039696  0.04755953
[4.604137  1.212648 0.0
1.212648  3.601913  3.83 x 10~7
| 0.0 3.83 x 10~7  —0.00003705
[ 3.411387 —0.2969009 0.0
—0.2969009 1.784304 —1.207346 x 10~5
|00 —1.207346 x 1075 —0.00023045
[—4.358594 0.4423226 0.0 0.0
0.4423226 —2.957109 —0.3567744 0.0
0.0 —0.3567744 —1.663987  3.116382 x 10~°
0.0 0.0 3.116382 x 1075 0.00047839
[—6.265167  1.130297 0.0 0.0
1.130297 —5.868449 —0.1734156 0.0
0.0 —0.1734156 —2.621594  1.863997 x 109
|00 0.0 1.863997 x 109 4.4 x 1077
[—0.7176931  0.1454371 0.0 0.0
0.1454371  —0.5396606  0.1020836 0.0
0.0 0.1020836 0.1804138  —4.36 x 1075
0.0 0.0 —4.36 x 1075 0.00081211
[—5.45561561 —1.35080062 0
—1.35080062 —2.27854106 —0.00000293
I 0 —0.00000293  0.00017663
[4.1116483  1.0412970 0
1.0412970 2.2531208  0.00047034
|0 0.00047034 —0.00454260
[—4.00000000 1.41421356 0 0 0
1.41421356 —2.00000000  2.44948974 0 0
0 2.44948974  —1.33333333  1.88561808 0
0 0 1.88561808 —2.66666667 0
0 0 0 0 0.00000000
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[2.00000000 2.82842713 0
4(®) _ |2:82842713  2.00000000  2.00000000
0 2.00000000  2.00000000
0 0 0 0.00000000
[ 1.7403565  —0.27572512 0 0 0
—0.27572512 —3.02460213  0.46223885 0 0
(d) A® = 0 0.46223885 —0.66010053 —0.62771054 0
0 0 —0.62771054 —1.69278319 0.00000018
0 0 0 0.00000018  0.00001135

3. The matrices in Exercise 1 have the following eigenvalues, accurate to within 1075,

(a) 3.414214, 2.000000, 0.58578644 (b) —0.06870782,5.346462, 2.722246

(c) 1.267949, 4.732051, 3.000000

(d) 4.745281, 3.177283, 1.822717, 0.2547188
(e) 3.438803,0.8275517, —1.488068, —3.778287
(f) 0.9948440, 1.189091, 0.5238224, 0.1922421

4. The matrices have the following eigenvalues, accurate to within 1075,

(a) 3.9115033,2.1294613, —2.0409646 (b) 1.2087122,5.7912878, 3.0000000

(¢) 6.0000000, 2.0000000, 4.0000000, 7.4641016, 0.5358984
(d) 4.0274350, 2.0707128, 3.7275564, 5.7839956, 0.8903002

5. The matrices in Exercise 1 have the following eigenvectors, accurate to within 107°.

(a) (—0.7071067,1,—0.7071067)¢, (1,0, —1)t, (0.7071068, 1,0.7071068)!

(b) (0.1741299, —0.5343539, 1)t, (0.4261735, 1,0.4601443)t, (1, —0.2777544, —0.3225491)t
) (0.2679492,0.7320508, 1)t, (1, —0.7320508, 0.2679492)t, (1,1, —1)t
)

0.08029447, —0.3007254, 0.7452812, 1)*, (0.4592880, 1, —0.7179949, 0.8727118)¢,

(=
(
() (
(—
(0.8727118,0.7179949, 1, —0.4592880)" (1, —0.7452812, —0.3007254, 0.08029447)*
(-
(1,
(=

(d

(e) (—0.01289861, —0.07015299, 0.4388026, 1), (—~0.1018060, —0.2878618, 1, —0.4603102)?,

1,0.5119322,0.2259932, —0.05035423)* (—0.5623391, 1,0.2159474, —0.03185871)*

0.1520150, —0.3008950, —0.05155956, 1)t, (0.3627966, 1, 0.7459807, 0.3945081)¢,
(1,0.09528962, —0.6907921, 0.1450703)¢, (0.8029403, —0.9884448,1, —0.1237995)*

Y

6. (a) The inverse power method using x(® = (1,1,1)¢ gives the following eigenvalues and
eigenvectors.
A1 = 3.91150331, x(®) = (0.34132546, —0.51819891,1)*
A2 = 2.12046128, x®) = (1, -0.17819414, —0.21683219)"
A3 = —2.04096459, x(®) = (0.27053411, 1, 0.21292940)*



(b) The inverse power method using x(®) = (1,1,1)! gives the following eigenvalues

eigenvectors.

A; = 1.20871215,
5.79128785,
Az = 2.99999999,

Ag =

FExercise Set 9.4

and

x(?) = (0.5, —0.89564392, 1)*
x(®) = (0.35825757, 1,0.71654514)"
x(?) = (1,0, -0.5)t

The inverse power method using x(® = (1,1, 1, 1)t gives the following eigenvalues and

eigenvectors.

A1 = 5.99999999,
Az = 1.99999999,
Az = 3.99999999,
Ay = 7.46410162,
As = 0.53589838,

x(®) =

x(8) =

( 71a07_1=_1)t

( 7_17071 _“1)
x® = (1,0,-1,0,1)*
x(2) = (0.5,0.86602540, 1, 0.86602540, 0. 5)t
x® = (0.5, —0.86602540, 1, —0.86602540, 0.5)*

(d) The inverse power method using x(®) = (1,1,1,1)? gives the following eigenvalues and
eigenvectors. :
AL = 4.02743496, %@ = (—0.5009008, —0.4871586, —0.13534334, 1,0.97329762)*
Ae = 2.0707128, x{? = (—0.01115300, —0.03267035, 0.34106327, —0 92928720,1)t
A3 = 3.72755642, x® = (0.78588946, 1,0.06722944, 0.04156975,0.05713611)*
Ay = 5.78399557, x(¥ = (1,—0.78399557, —0. 03323416,0.00548238,0.00196925)t
As = 0.89030025, x(®) = (—0.01445632, —0.05941112, 1, 0.24454382, —0.11591404)¢
7. (a) Let
_|cosf —sinf
" |sinf  cosd
and y = Px. Show that [|x[|z = ||y[l2. Use the relationship z; + izy = re’®, where
r = ||x||l2 and o = tan~(xa/z1), and yy + iyg = rei(@t),
(b) Let x = (1,0) and 8 = /4.
8. Let P = (p;;) be a rotation matrix with nonzero entries p;; = p;; = cosd, p;; = —p;; = sin#,

Similarly, (PA),s
If r = 4, then

If s # 4,4, then prs = 0 unless k& = s. Thus, (AP),s
If s = 7, then

If s = 4, then

If r = j, then

(AP)x

(AP)yi = arjpji + aripis =
= 4y PriGks. If 7 # 4, j, then p,, = 0 unless r = k. Thus, (PA),s

(PA);s

and pgr = 1, if k 5 4 and k # j. For any n X n matrix A,

o3
AP)T‘.& = Z QrkPlks-
k=1

= COrg-

= QpjDjj + QriPij = Gpj €050 + apg sing.

—Gyy Sin @ + ar; cosf.

= Qyg-

(PA)is = pijajs + Distis = 5500 + a;5 cos.

= Djiljs —I—pj,;(bis = s cosf — Qis sin 6.
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9. Let C = RQ, where R is upper triangular and @ is upper Hessenberg. Then ¢;; = > 1_, Tikg;-
Since R is an upper triangular matrix, v, = 0 if & < 4. Thus ¢;; = ZZ:L. TikGrj. Since @ is an
upper Hessenberg matrix, gy =0if kb > j+ 1. Thus, ¢;; = Z?j TikQrj- Lhe sum will be zero
if i > j 4+ 1. Hence, ¢;; =0 if 4 > j + 2. This means that C is an upper Hessenberg matrix.

(a) We have

10.

(b)

(e —s3 0 0 0] 1 0O 0 0 0]
So Cy 0 0 0 0 Cy3 —83 0 0
0 0 1 0 0 0 s3 «¢3 0 0
tpt .
PPy = oo o 1
: o0 : 0
0 o0 0 1] o o o 0 1]
_CQ —89C3 89853 0 X
89 CaC3 —83Co 0 0
0 53 Cs 0
o0 0 1
: : : . .0
0 0 0 ... 0 1
Let Qr = PiP{--- P! be an upper triangular matrix except for the entries (Qr)21,
(Qr)3z2s -- -5 (Qk)ik~1, which may be nonzero. Since multiplying @ by the rotation
matrix (Py41)* can only change columns k and &+1 in forming Qg1 = P§P5 - -- P{Pf .,
we only need to consider the entries (Qg-1)i% and (Qr+1)ik+1, for i = k+2,...,n. First,
we have
k13
(Qrs1)ie = Y _(Qu)iy (Pir1); = (Qudigcrrs + (Qr)ip—18k+1-
J=1

However, (Qx)ix = 0 for i > k and (Qr)ik+1 =0, for i > k+ 1. Thus, (Qr+1)ik = 0,
for i > k + 2. Further,

(Qr+1)ik+1 = —(Qr)ikSk+1 + (@r)ik+1ck41 =0,

for i > k+ 2. Thus, Qpq1 = PyP}--- P, is upper triangular except for the entries in

positions (2,1), (3,2), ..., (k,k ~ 1), (k+ 1,%), which may be nonzero.
From parts (a) and (b) and mathematical induction, it follows that the matrix P{P} - .. PE
is upper triangular except that the entries in positions (2,1), (3,2), ..., (n,n — 1) may

be nonzero. Thus, the entries in positions (4, 7), for i > j + 2 are zero, which means that
PiPE... P! is an upper Hessenberg matrix.
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11. The following algorithm implements Jacobi’'s method for symmetric matrices.

INPUT: dimension n, matrix A = (a;;), tolerance TOL, maximum number of iterations .
OUTPUT: eigenvalues Ay,..., A, of A or a message that the number of iterations was exceeded.
STEP 1 Set FLAG=1; k1=1.
STEP 2  While (FLAG = 1) do Steps 3 ~ 10
STEP3 Fori=2,..,ndo Steps 4 — 8.
STEP 4 Forj=1,..,i—1 do Steps 5 — 8.
STEP 5 If Qi = Qjg then set
CO = 0.5v?2;
SI=CO
else set
b= |ai — aj4l;
c = 2ay; sign(a; — aj;);
CO =05 (1+b/ (¢ +17)*)";
1
SL=0.5¢/ (CO (2 +12)7) .
STEP6 Fork=1,..,n
if (k # i) and (k # j) then
set x = ay j;
Y = Qp,i;
aj,; = CO -+ SI -y;
a,; = CO -y+ SI -z;
T = ajk;
Y = Qik;
a;r = CO a+ SI -y;
a;, = CO -y— 81 -m.
STEP 7  Seta=a,;;
Y = Qi
aj; = CO - CO x4 2- SI-CO -qa;,;+ SI- ST -y;
a;; =8[58 -z —2.51-CO -q;;+ CO - CO -y.
STEP 8 Set a;; =0; a;;=0.

Wi
bal—

STEP 9  Set

5= Dimn 2= e
STEP10 Ifs< TOL thenfori=1,...n set

Ai = Qg
OUTPUT (A, ..., An);
set FLAG = 0.

else set k1 = k1 +1;
it k1 > N then set FLAG = 0.
STEP 11 If k1 > N then
OUTPUT ("Maximum number of iterations exceeded’);
STOP.
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12. Jacobi’s method produces the following eigenvalues, accurate to within the tolerance:

(a) 3.414214, 0.5857864, 2.0000000; 3 iterations

(b) 2.722246, 5.346462, —0.06870782; 3 iterations

(c) 4.732051, 3,1.267949; 3 iterations

(d) 0.2547188, 1.822717, 3.177283, 4.745281; 3 iterations

(e) —1.488068, —3.778287, 0.8275517, 3.438803; 3 iterations
(f) 0.1922421, 1.189091, 0.5238224, 0.9948440; 3 iterations
)

a) To within 1075, the eigenvalues are 2.618034, 3.618034, 1.381966, and 0.3819660.

b) In terms of p and p the eigenvalues are —65.45085p/p, —90.45085p/ p, —34.54915p/ p, and
—9.549150p/p.

13, (
(

14, (a) When « = 1/4, we have 0.97972997, 0.92060076, 0.82741863, 0.70771852, 0.57114328,
0.42886719, 0.29232093, 0.17255567, 0.07939063, and 0.02025441.

(b) When a = 1/2, we have 0.95945994, 0.84120152, 0.65483725, 0.41543703, 0.14228657,
—0.14226561, —0.41535813, —0.65488866, —0.84121873, and —0.95949118.

(¢c) When a = 3/4, we have 0.93918991, 0.76180227, 0.48225588, 0.12315555, —0.28657015,
—0.71339842, —1.12303720, —1.48233299, —1.76182810, and —1.93923676.
The method appears to be stable for a < %

15. The actual eigenvalues are as follows:
(a) When a = ll we have 0.97974649, 0.92062677, 0.82743037, 0.70770751, 0.57115742,
0.42884258, 0.29229249, 0.17256963, 0.07937323, and 0.02025351.

(b) When o = 3 we have 0.95949297, 0.84125353, 0.65486073, 0.41541501, 0.14231484,
—0.14231484, —0.41541501, —0.65486073, —0.84125353, and —0.95949297.

(¢c) When a = %— we have 0.93923946, 0.76188030, 0.48229110, 0.12312252, —0.28652774,
—0.71347226, —1.12312252, —1.48229110, —1.76188030, and —1.93923946. The method
appears to be stable for a < 1.






Numerical Solutions of Nonlinear
Systems of Equations

Exercise Set 10.1, page 605
1. Use Theorem 10.5
2. One example is F(z1,29) = <1, m)t
3. Use Theorem 10.5 for each of the partial derivatives.

4. The solutions are near (—1.5,10.5) and (2,11).

(a) The graphs are shown in the figure below.

A X2
=30+ D+2x= 18

(- D00, -6)'= 25

B R R I

t

Gi(x) = (—0.5 V225 — 775,64+ /25 — (w1 — 1)2)

and .
Ga(x) = (—0.5 — /225 — 17.75,6 + /25 — (21 — 1)2) .

For G1(x) with x(© = (2,11)?, we have x(®) = (1.5469466,10.969994)¢, and for Go(x)
with x(©) = (—1.5,10.5), we have x(3%) = (—2.000003, 9.999996)*.

[

(a) Continuity properties can be easily shown. Moreover,
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and
8 .7:1.'1:?) + 1+ 8
—_ 2 - < 2
0= 0 < 1.2875,
so G(x) € D, whenever x € D.
Further,
I _2m o 0909 3 O 2wy Oga)| 3
83)1 10 8()31 10 BCEQ 10 (9.’122 10
?ﬂ _ 341 o 8ga(x) < 325 and Ogo _ 2mizp © Aga(x) 45.
(911}1 10 811 10 6:1:2 10 6:02 10
Since
Jg:(x ) 0.9
<045 = —
’ Oz; b= 2’

for 4,7 = 1,2, all hypothesis of Theorem 10.6 have been satisfied, and G has a unique
fixed point in D

(b) With x(® = (0,0)* and tolerance 1075, we have x(12) = (0.9999973, 0. 9999973)%.
(c) With x(© = (0,0)* and tolerance 10~5, we have x(11) = (0.9999984, 0.9999991)*.

6. (a) G = (za/V5,0.25(sinz; -i—cosmz))t and D = {(21,22) | 0 < 2,21 < 1}
(b) With x(® = (
(

, -;3) we have x(19) = (0.1212440, 0.2711065)¢.
(c) With x@ = (1,1

1
2
1,1)", we have x(®) = (0.1212421,0.2711052)".

7. (a) With x(¥ = (1,1,1)*, we have x(5) = (5.0000000, 0.0000000, —0.5235988)*.
(b) With x(® = (1,1,1)%, we have x(%) = (1.0364011, 1.0857072, 0.93119113)¢.
(¢) With x© = (0,0,0.5)", we have x( = (0.00000000,0.09999999, 1.0000000)".
(d) With x© = (0,0,0)¢, we have x(5) = (0.49814471, —0.19960600, —0.52882595)*.

8. (a) With

t
G(x) = (\/1:1 — 22, \/”c% - 3:2) and x©® = (0.7,0.4)¢,

we have x() = (0.77184647, 0.41965131)t.
(b) With

x) = <m/\/§, (1+23) /(3:1:1))1E and x(@ = (0.4,0.7)¢,

we have x(9) = (0.4999980, 0.8660221)¢.
(c) With

G(x) = (V37 —23,va1 = 5,3 — 21 — l‘z)t and x@ = (5,1, —1)t,
we have x(10) = (6.0000002, 1.0000000, —3.9999971)*.
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10.

11.

(d) With

t
G(x) = (W"’S + g — 2232, \/(101-,3 +22) /8,:5%/(7.7;2)) and x@ = (0.5,0.5,0)¢,

we have x(09) = (0.5291548,0.4000018, 0.09999853)*.

a) With x(© = (1,1,1)*, we have x(® = (0.5000000, 0, —0.5235988)*.
b) With x(@ = (1,1,1), we have x4 = (1.036400, 1.085707,0.9311914)".
(c) With x(® = (0,0,0)%, we have x® = (0,0.1000000, 1.0000000)*.
) = ( V= (
)

d) With x© = (0, ,0,0)%, we have x*) = (0.4981447, —0.1996059, —0.5288260)*.
a) Using Gy (x) = (VZ1 — 22, V12 — z2)t and x(® = (0.7,0.4)" as in Exercise 8(a) gives a

square root of a negative number as the first iteration. Thus, the method fails.
i
(b) Using G;(x) = <r/\/§, V(1 +.7:13)/(3a:1)> and x(© = (0.4,0.7)" as in Exercise 8(b)
gives x(19) = (0.49999807, 0.86602652). The convergence is accelerated for this problem.
(c) Using Gy(x) = (V37 — 29, V1 — 5,3 — 21 — z2)¢ and x(® = (5,1, —1)! as in Exercise
8(c) gives x(l) = (6,1, —4)*. The convergence very much accelerated for this problem.

(d) Using G1(x) = (v/2x3 + 23 — 2292, /(1023 + 2:12)/8, 212/ (22))* and x(®) = (0.5,0.5,0)*

as in Exer mse S(d) leads to division by zero as the ﬁlst iter at1on Thus, the method fails.

A stable solution occurs when x1 = 8000 and x5 = 4000.

Let F(x) = (f1(x), ..., fo(x))t. Suppose F is continuous at xq. By Definition 10.3,
lim f;(x) = fi(xg), foreachi=1,..,n
X—Xq

Given € > 0, there exists §; > 0 such that

|fi(x) — filxo)| <,
whenever 0 < ||x — xq|| < §; and x € D.
Let § = minj<i<n ;. If 0 < ||x —xg|| < 6, then 0 < ||x — x| < 0; and |f;(x) — fi(xo)| < €,
for each i = 1,...,n, whenever x € D. This implies that
IF(x) = F(x0)lloo <€,
whenever ||x — xg|| < § and x € D. By the equivalence of vector norms, the result holds for
all vector norms by suitably adjusting é.

For the converse, let € > 0 be given. Then there is a § > 0 such that
IIF(x) — F(xo)|| <,

whenever x € D and ||x — xg|| < J. By the equivalence of vector norms, a number ¢’ > 0 can
be found with

1fs(x) — filxo)l <e,
whenever x € D and ||x — x| < ¢".

Thus, limy—.x, fi(x) = fi(x0), for i = 1, ..., n. Since F(x¢) is defined, the conditions in Defini-
tion 10.3 hold, and F is continuous at xg.
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Exercise Set 10.2, page 613

1. Newton’s method gives the following:

(a) x = (0.4958936,1.983423)¢ (b) x@ = (-0.5131616, —0.01837622)¢
(c) x@ = (-23.942626, 7.6086797)*

(d) xM) cannot be computed since J(0) is singular.

2. Newton’s method gives the following:

(a) x@ = (0.5001667,0.2508036, —0.5173874)*
(b) x@ = (4.350877,18.49123, —19.84211)!

(c) x = (1.03668708, 1.08592384, 0.92977932)*
(d) x® = (0.40716687, 1.30944377, —0.85895477)"

3. Graphing in Maple gives the following:

(a) (0.5,0.2)* and (1.1,6.1)*
(b) (~0.35,0.05)", (0.2, —0.45)¢, (0.4, ~0.5)* and (1,-0.3)¢

(¢) (—1,3.5), (2.5,4) (d) (0.11,0.27)*

4. Graphing in Maple gives the following:
(a) (0.5,0.5,—0.5) (b) (7,—-1,-2)t

© (1,1,1) (d) (1,-1,1)* and (1,1, —1)¢

[V

Newton’é method gives the following:

(a) Withx® = (0.5,2)%,x®) = (0.5,2)* Withx® = (1.1,6.1),x® = (1.0967197, 6.0409329)*

(b) With x(® = (-0.35,0.05)%,x® = (~0.37369822, 0.056266490¢ With x(® = (0.2, —0.45)%, x4 =

(0.14783924, —0. 43617762) With x(© = (0.4, —-0.5),x3) = (0.40809566, —0. 4996‘7939)
With x® = (1, -0.3)%, x4 = (1.0330715, —0. ‘77996184)

() Withx(©® = (-1,3.5)!, x() = (~1,3.5)" and x(®) = (2.5, 4)%, x(3) = (2.546047, 3.984998)*.
(d) With x(® = (0.11,0.27)%, x(® = (0.1212419,0.2711051)*.
6. Newton’s method gives the following:

(a) x11%) = (0.49999953, 0.00319906, —0.52351886)*

(b) x® = (6.17107462, —1.08216201, —2.08891251)*

(c) With x(0 = (1,1,1) , x® = (1.036401, 1.085707,0.9311914)¢.
)

(d) With x©@ = (1,-1,1)t, x® = (0.9,-1,0.5)%; and with x(©@ = (1,-1,1)t, x0) =
(0.5,1, -0.5)t.
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7. Newton’s method gives the following:

(a) x®) = (0.5000000, 0.8660254) (b) x(®) = (1.772454,1.772454)*
(¢) x®) = (~1.456043, —1.664230, 0.4224934)*
(d) x™® = (0.4981447, —0.1996059, —0.5288260)*

8.  (a) Suppose (z1, T2, z3,24)" is a solution to

Az — To + T3 =T124,
—x1 + 319 — 233 =TTy,
— 29 + 33 =23T4,

’IZ% + r% + :L§ =].

Multiplying the first three equations by —1 and factoring gives

H—z1) — (—22) + (—z3) =(~71)T4,

—(=z1) + 3(—m2) — 2(—23) =(—2)74,

(=z1) = 2(~22) + 3(—z3) =(—=3)24,
2

(—21)? + (—z2)? + (—x3)” =1.

Thus, (—x1, —T2, —23,T4)t is also a solution.

(b) Using x<°> (1,1,1,1)* gives x(® = (0,0.70710678, 0.70710678, 1)*.
Using x(9 = (1,0,0,0)* gives x(®) = (0.81649658, 0.40824829, —0.40824829, 3)*.
Using x(@ = (1,-1,1,—-1)* gives x®) = (0.57735027, —0.57735027,0.57735027, 6)*.
The other three solutions follow easily from part (a).

9. With x® = (1,1 — 1)* and TOL = 1075, we have x(9 = (0.5,9.5 x 107, —0.5235988)".

. Of;
10. Since fi(®1,...,2n) = ajiT1 + ajo2 + ... + ajn®y — b;, we have =L = aj;. Hence,

62731
a1n a2 ... QGip
a1 Q22 ... G2p
Jx)=| . | = A
Upl an2 ... Qpn
Further,
L(0)
ain a2 ... G| |B1 by
as as9 ... Q9 ,(0) bg
F (x(0)> _ 1 T i) _
p1 Qp2 ... GOpn ’L(O) b,
Tn

— 1 (x)x® -,
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11.

12.

13.

Exercise Set 10.2

Thus, given x(9, we have

<0 = x© _ 5 (x(°>) - ( 7 (x<°>) < _ b)
=xO (x(o)) - J (x(o)) x© 4 g (X(D)) - b
-1

=J(x®) b=4a"b.
So given any x(9| the solution to the linear system is x().
When the dimension n is 1, F(x) is a one-component function f(x) = fi(x), and the vector x
has only one component z; = z. In this case, the Jacobian matrix J(x) reduces to the 1 x 1
matrix [0f1/0z1(x)] = f/(x) = f/'(z). Thus, the vector equation

x®) = x(b=1) _ J(x D)1 p(x(k=1))

becomes the scalar equation

Tl = Th—1 — f(mk—l)—lf(ilz'k_l) =Ty — f(a;k——l)

f@p-1)

The constants required for the pressure equation are in part (a). The approximate radius is
in part (b).

(a) ki = 8.77125, kg = 0.259690, k3 = —1.37217

(b) Solving the equation

500

— = kye®e™ + kqr
wr

numerically, gives r = 3.18517.

With 92(0) =1, foreachi=1,2,...,20, the following results are obtained.

i 1 2 3 4 5 6
6% 014062 0.19954 024522 0.28413 0.31878 0.35045

i 7 8 9 10 11 12 13
955) 0.37990 0.40763 0.43398 0.45920 0.48348 0.50697 0.52980

) 14 15 16 17 18 19 20

91(5) 0.55205 0.57382 0.59516 0.61615 0.63683 0.65726 0.67746
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14. {(a) We have .
”‘"Z( IR b)c)(mib)c):o’
7 = ; <’ o b)°> ((mi :C;fw) ="

g1

and

Solving for a in the first equation and substituting into the second and third equations
gives the linear system.

(b) With x(® = (26.8,8.3)" = (by, )¢, we have x(7) = (26.77021,8.451831)*. Thus, a =
2.217952 x 10°, b = 26.77021, ¢ = 8.451831, and

k3

9
a
Wi — ——— | = 0.7821139.
Z(wy (:c,~,~b)c> 0.7821139

i=1

Exercise Set 10.3, page 622

1. Broyden's method gives the following:

(a) With x(9 = (0,0)*, we have x(? = (0.4777920,1.927557)*
(&

= (0.
(b) With x(© = (0,0)?, we have x(?) = (—0.3250070, —0.1386967)¢
(¢) With x(® = (0,0)*, we have x(® = (0.5229372,0.8243491)*
(d) With x(® = (0,0)*, we have x(? = (1.779500, 1.743396)*
2. Broyden’s method gives the following:
(a) With x© = (0,0,0)*, we have x() = (0.50023123, —1.08029909, —0.52382394)".

) ( )
(b) With x(® = (0,0,0)%, we have x(?) = (~67.005828, 38.314935, 31.690893)".
(c) With x(® = (0,0,0)?, we have x(? = (—1.40360242, —1.67987524, 0.45816509)*
(d) With x(® = (0,0,0)*, we have x(?) = (0.49840580, —0.19984209, —0.52851353)*

3. Broyden’s method gives the following:

t
’

(a) With x(9 = (0
(b) With x(®) = (
(c) With x(® = (
(d) With x(© = (

0)*, we have x(®) = (0.5, 2)".

0,0)* = (—0.3736982, 0.05626649)¢.
1,1)%, we have x(® = (0.5,0.8660254)%.

2,2)t, (1.772454,1.772454)¢.

, we have x(9) =

, we have x(® =
4. Broyden’s method gives the following:
(a) With x(® = (1,1,1)*, we have x{18) = (0.49999953,0.00319904, —0.52351886)".

(b) With x(© = (2,1, -1)¢, we have x(!9 = (6.000000000, 1.000000000, —4.000000000)*.
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(¢) With x(® = (=1, -2,1)%, we have x(®) = (—1.456043, —1.664231, 0.4224934).
(d) With x(® = (0,0,0)?, we have x(® = (0.4981447, —0.1996059, —0.5288260)".

5. Broyden’'s method gives the following:

(a) With x(©) = (2.5,4)*, we have x(®) = (2.546947, 3.984998)*

(b) With x(® = (0.11,0.27)¢, we have x(*) = (0.1212419, 0.2711052)".

(¢) With x(® = (1,1,1), we have x®) = (1.036401, 1.085707,0.9311914)¢.

(d) With x© = (1,-1,1)%, we have x® = (0.9, -1,0.5)%; and with x = (1,1, -1)*, we
have x(®) = (0.5,1,—0.5)%.

6. (a) Suppose (z1,Ts,73,T4)" is a solution to

4z — T2 + T3 =T1T4,

—x1 + 3Ty — 223 =TaTy,

Ty — 20 + dx3 =374,
2+ a2+ :L% =1.

Multiplying the first three equations by —1 and factoring gives

4(—21) — (—r2) + (—z3) =(—=1)z4,

=(=z1) + 3(—z2) — 2(—23) =(—a2)zy,

(=21) = 2(—22) + 3(—=z3) =(—23)z4,
(—21)? + (—22)* + (—23)% =

Thus, (—z1, —T2, —x3, —24)* is also a solution.

(b) Using x(® = (1,1,1,1)* gives x(®) = (0,0.70710678,0.70710678, 1)*.
Using x(@ = (1,0,0,0)¢ gives x(*%) = (0.81649659, 0.40824821, —0.40824837, 3)*.
Using x(@ = (1,-1,1, —1)* gives x{*) = (0.57735034, —0.57735023, 0.57735025, 6)*.
The other three solutions follow easily from part (a).

7. With x(© = (1,1—1)%, Broyden’s method gives x(5) = (0.5000591, 0.01057235, —0.5224818)*.

8. If gty =0, then z = z + 2z, where z; = 0 and zs = z. Otherwise, let

y'z

71 = 5
13

be parallel to y and let 2o = z — z;. Then

t t t

Yz z'y :

zhy =z'y —zly = z'y — {—t y] y=zy - —=y'y =0
vy vy

9. Let A be an eigenvalue of M = (I + uv?') with eigenvector x # 0. Then

AX = Mx = (I + uv"‘) X=X+ (VtX) u.
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Thus, (A — 1)x = (vtx)u. If A = 1, then vlx = 0. So A = 1 is an eigenvalue of M with
multiplicity n — 1 and eigenvectors x(, ..., x(*~1) where vix) = 0, for j = 1,...,n — 1.
Assuming X # 1 implies x and u are parallel. Suppose x = au. Then (A —1)au = (vi(au)) u.
Thus, a(A — 1)u = a(vtu)u, which implies that A — 1 = vlu or A = 1 + vtu. Hence, M
has eigenvalues A;, 1 <i < nwhere \; =1, fori =1,....,n—1and A\, = 1+ vtu. Since
det M =TT, A;, we have det M = 1+ viu.

10. (a) Since A~! exists we can write
det (A + xyt) = det (A -+ AA'lxyt) =det A (I + A_lxyt) = det Adet (I —+ A_lxyt) .
But A™' exists so det A # 0. By Exercise 9, det (/ + A 'xy") = 1 +y*A7'x. So
(A +xy") " exists if and only if ytA~1x # —1.
(b) Assume y*A=1x £ —1 so that (4 +xy*)”" exists. Therefore,
o A lxyt A1

A lxytAT1A A lxyt A~ Txy?

—_— | (A ) =474 - A lxyt - — 2 7
1+ytA-1x (4 +xy") 1+ ytA-1x + xy 1+ytA-Ix
—lgt Lt A=t
I A xy b A Tyt — A xyt A xy
1+ytA-Tx 14+ytA-1x
_7 A—lxyt _ A—lxyt _ ytA—le—lxyt + A——lxytA——lxyt
N 1+ytA-1x
I Y A XA xy! — v AT (A xyt) I
14 ytA—1x ’

11. With x(® = (0.75,1.25)*, we have x) = (0.7501948,1.184712)*. Thus, a = 0.7501948,b =
1.184712, and the error is 19.796.

Exercise Set 10.4, page 630

1. The Steepest Descent method gives the following:

(2) With x(® = (0,0)%, we have x(11) = (0.4943541, 1.948040)".
(b) With x(® = (1,1)?, we have x(*) = (0.50680304, 0.91780051)* .
(¢) With x(® = (2,2)*, we have x(1) = (1.736083, 1.804428)*.

(d) With x(© = (0,0)%, we have x(?) = (—0.3610092, 0.05788368)" .

2. The Steepest Descent method gives the following:

(a) With x(® = (0,0,0)!, we have x(**) = (1.043605, 1.064058, 0.9246118)¢.
(b) With x(® = (0,0,0)!, we have x(® = (0.4932739, 0.9863888, —0.5175964)".
(c) With x(® = (0,0,0)%, we have x('1) = (—1.608296, —1.192750, 0.7205642)".
(d) With x(® = (0,0,0)*, we have x™") = (0,0.00989056, 0.9890556)*.
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3. The Steepest Descent method with Newton’s method gives the following;

(a) x® = (0.5,2)¢ (b) x® = (0.5,0.8660254)*

(c) x™® = (1.772454, 1.772454)" (d) x® = (—0.3736982, 0.05626649)
4. The Steepest Descent method with Newton’s method gives the following:

(a) x(3) = (1.036400,1.085707,0.9311914)¢ (b) x® = (0.5, 1, —0.5)t

(c) x® = (~1.456043, —1.664230, 0.4224934)
(d) x® = (0.0000000, 0.10000001, 1.0000000)*

(¢

5. The Steepest Descent method gives the following:

(a) x® = (1.036400,1.085707,0.9311914)* (b) x® = (0.5,1, —0.5)¢

(c) x(® = (—1.456043, —1.664230, 0.4224934)
(d) x® = (0.0000000, 0.10000001, 1.0000000)*

6. (a) We have ay = 0, g1 = g(x1,...,2n) = g (x0) = h(ay), g3 = g (x© —a3Vyg (x@)) =
h(as), g2 = g (x© — @y Vg (x(o))) = h(as),

h :((gj :ill)) =g [x(o) —a Vg (X(O)) x(© _ asVg (X(o)>] — hlar, anl,
e {2 = 0 [~ 2 (x) X9 5Ty (x9)] = e,
o (12 = )

(az — )

The Newton divided-difference form of the second interpolating polynomial is

P(a) =hla;] + hlon, az](a — a1) + hlaa, as, as](a — a1) (o — az)
=g1 -+ ]7,1((1 - &1) + hg(a — 0{1)(05 - a’g)
=g + hia + hzo(a — as).

(b) P'(a) = hy — agha + 2hza, so P'(a) = 0 when a = 0.5(cg — hy /ha).
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Exercise Set 10.5, page 637

1. The Continuation method and Eulers method gives:

(a) (3,-2.25)! (b) (0.42105263,2.6184211)t (c) (2.173110,—1.3627731)"

2. The Continuation method and Eulers method gives:

(a) (2.3039880,—2.0010995)¢ (b) (0.59709702,2.2579684)" (c) (2.1094460, —1.3345633)"

3. Using the Continuation method and Eulers method gives:

(a) (0.44006047,1.8279835)" (b) (—0.41342613,0.096669468)"

{(c) (0.49858909, 0.24999091, —0.52067978)*
(d) (6.1935484, 18.532258, —21.725806)*
4. (a) (—15.78432724,5.29974589)" is not comparable using x(0) = (0,0)" as starting value.

Using the starting values as in 10.2 Exercise 5(c) gives:
x(0) = (~1,3.5)* leads to (—1,3.5)*, and x(0) = (2.5, 4)* leads to (2.54694647, 3.9849976)"

(b) (0.12124195,0.27110516)% using x(0) = (0.11,0.27)* is comparable to Newton’s method.
Using x(0) = (0,0)* leads to an error in the program.

(c) (1.03645880, 1.08572502,0.93136714)¢ is comparable to Newton's method.
(d) Using x(0) = (0,0,0)* does not allow computation of x(1). Using x(0) = (1, —1,1)* gives
(0.90016074, —1.00238008, 0.49661093)* which is nearly comparable to Newton’s method.

5. The Continuation method and the RungeKutta method of order four gives:

(a) With x(0
With x(0
(b) With x(0

( 1,3. 5)* the result is (—1,3.5)%.
(
(
(¢) With x(0
(
(

; E ¢ the result is (—1,3.5)%.

} = (0.11,0.27)% the result is (0.12124195,0.27110516)¢.

) = (1,1,1)! the result is (1.03640047, 1.08570655,0.93119144)%.
)=
)=

1,-1,1)* the result is (0.90016074, —1.00238008, 0.496610937)%.
1,1, —1)* the result is (0.50104035, 1.00238008, —0.49661093)*.

(d) With x(0
With x(0

6. The Continuation method and the RungeKutta method of order four gives:

(a) (0.49950451,0.86635691)t. This result is comparable since it required only 4 matrix
inversions to obtain an answer almost as accurate as in Section 10.2 Exercise 3a with 5
iterations.

(b) (1.7730066, 1.7703057)¢. This result is comparable since it required only 4 matrix in-
versions to obtain an answer almost as accurate as in Section 10.2 Exercise 3b with 6
iterations.
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(c) (~1.4569217, —1.6645292, 0.42138616). This result is comparable to the result obtained
in Section 10.2 Exercise 3c since it required only 4 mafrix inversions as compared to 5
iterations of Newton’s method.

(d) (0.49813364,—0.19957917, —0.52882773)t. This result is comparable to the result ob-
tained in Section 10.2 Exercise 3d.

The Continuation method and the RungeKutta method of order four gives:

(a) With x(0) = (—1,3.5)" the result is (—1,3.5)%.
With x(0) = (2.5,4)" the result is (2.5469465, 3.9849975)".

(b) With x(0) = (0.11,0.27)" the result is (0.12124191,0.27110516)".

(¢) With x(0) = (1,1,1)" the result is (1.03640047, 1.08570655, 0.93119144)".

(d) With x(0) = (1, —1,1)* the result is (0.90015964, —1.00021826, 0.49968944)¢.
With x(0) = (1,1, —1)! the result is (0.5009653, 1.00021826, —0.49968944)%.

Using x(0) = (1,1,1,1)* gives
x(1) = (1071°,0.7047619049, 0.7047619049, 1)t )
Using x(0) = (1,0,0,0)* gives

x(1) = (0.8171787148, 0.4035113851, —0.4035113850, 2.993229684)*.

Using x(0) = (1, 1,1, —1)* gives
x(1) = (0.5769841387, —0.5769841239, 0.5769841246, 6.019603162)".

The other three solutions follow easily from Exercise 6(a) of Section 10.2.

The Continuation method and the RungeKutta method of order four gives the approximate
solution, (0.50024553,0.078230039, —0.52156996)

The system of differential equations to solve by Euler’s method is

x'(A) = [T F((0)).

x(1) = x(0) + h[~J (x(0))] " F((0))
= x(0) — hJ(x(0)) " F(x(0))
= x(0) - T(x(0)) " F(x(0))

However, Newton’s method gives
<) _ O _ 5 (x<0>) ' p (X(O)) _

Since x(0) = x(?, we have x(1) = x(1).
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11. For each A, we have
0=G(\x(\) = F(x(A)) — e *F(x(0)),

50
0= Qﬁ%‘;{@g—’; + e F(x(0)) = J(x(A)x'(\) + e A F(x(0))
and
J(x(A)¥' (X) = =" F(x(0)) = —F(x(0)).
Thus,

X' (A) = =J(x(X)) " F(x(0)).
With N =1, we have h = 1 so that

x(1) = x(0) = J(x(0)) " F(x(0)).
However, Newton’s method gives
xD = x©@ — J(x@)~ 1O,
Since x(0) = %9, we have x(1) = x(1).

12.  (a) The CMRK4 algorithm with N = 1 requives the solution of 4 linear systems, which is
almost as much work as required for 4 iterations of Newton’s method.
Exercises 5, 6, and 8 yield appropriate comparisons. In only 5a, 5b, and 5¢ was CMRK4
competitive with Newton’s method. This suggests that CMRIK4 with N = 1 is not as
good as Newton’s Method.

(b) Generally, the CMRK4 algorithm would yield good initial approximations for Newton’s
method. This is well illustrated in Exercises 4b, 4c, 4d, 5, 6, and 8.

(c) The CMRK4 algorithm with N = 2 requires the solution of 8 linear systems, which is
almost as much work as required for 8 iterations of Newton’s method. Exercises 7 and 9
yield appropriate comparisons. Newton’s method outperformed CMRK4 in Exercise 7.
The CMRKA4 algorithm worked well in Exercise 9 which had the singular Jacobian. The
results here suggest that CMRK4 with N = 2 is not as good as Newton’s method.

(d) Since the CMRK4 algorithm with N = 1 generally yields good initial approximations for
Newton’s method, we would not need to use the CMRK4 algorithm with N = 2 for this
purpose.
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Exercise Set 11.1, page 648

1. The Linear Shooting Algorithm gives the results in the following tables.

(a)

€T Wi y(z;)

0.5 0.82432432 0.82402714

oo,

x; Wy y(x;)

W Do

0.25 0.3937095 0.3936767
0.50 0.8240948 0.8240271
0.75 1.337160 1.337086

2. The Linear Shooting Algorithm gives the results in the following tables.

(a)

i T; W4 y(:)

1 0.78539816 —0.28245222 —0.28284271
iox Wy y(w:)

1 =w/8 —0.31541496 —0.31543220

2 =w/4 —0.2828507 —0.282842712

3 3w/8 —0.20718437 —0.20719298

o
[S1
-~
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3. The Linear Shooting Algorithm gives the results in the following tables.

(a)

(b)
1 Tq W14 ’y(:DL') g €T Wy y(lz)
3 03 0.7833204 0.7831923 5 125 0.1676179 0.1676243
6 0.6 0.6023521 0.6022801 10 1.50 0.4581901 0.4581935
9 09 0.8568906 0.8568760 15 175 0.6077718 0.6077740
(d)
i ZTi W14 y(’Lq) 7 Zi W14 y(Zl)
3 03 -—0.5185754 —0.5185728 3 1.3 0.0655336 0.06553420
6 06 —0.2195271 —0.2195247 6 1.6 0.0774590 0.07745947
9 0.9 —0.0406577 —0.0406570 9 1.9 0.0305619 0.03056208

4. The Linear Shooting Algorithm gives the results in the following tables.

(a)

( Z Wy Wa;

1 0.15707963 1.05248506  0.25267869

2 0.31415927 1.07905470  0.08492370

3 0.47123890 1.07905469 —0.08492234
4 0.62831853 1.05248505 —0.25267729

@ Z wi; Waj

1 0.15707963 —~0.06061198 —0.29443007
2 031415927 —0.09117479 —0.09251254
3 0.47123890 —0.08959214  0.11091096
4 0.62831853 —0.05748564  0.29239128
) T; Wi Wo;

5 1.25000000 0.64314227 0.28800448
10 1.50000000 0.68324209 0.07407700
15 1.75000000 0.69226853 0.01166358
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(d)

1 Ty Wy, Wa;

(.60000000 —0.71219638 —1.82098025
1.00000000 —1.64068454 —2.81187530
1.60000000 -3.52051591 —2.83551329

o ot W

5. The Linear Shooting Algorithm with A = 0.05 gives the following results.

) T Wi

6 0.3 0.04990547
10 0.5 0.00673795
16 0.8 0.00033755

The Linear Shooting Algorithm with A = 0.1 gives the following results.

1 T; Wyj

3 0.3 0.05273437
5 0.5 0.00741571
8 0.8 0.00038976

6. For Eq. (11.3), let u1(2) = y and ug(x) =y'. Then
wi(z) =us(z), a<z<b, w(a)=«a

and
uh(z) = p(x)ua(z) + qlx)us(z) + r(z), a<z<b, wus(a)=0.

For Eq. (11.4), let vy (x) =y and va(x) =4'. Then

vi(z) =wva(z), a<x<b, wi(a)=0

and
vh(z) = p(z)va(z) + g(x)vi(z), a<a<b, wvifa)=1.

Using the notation uq; = uq(2:), ue,; = wo(®:), v1: = vi(;) and va; = va(w;) leads to the
equations in Step 4 of Algorithm 11.1.

7. (a) The approximate potential is u(3) ~ 36.66702 using h = 0.1.
(b) The actual potential is u(3) = 36.66667.
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8. Since y2(a) = 0 and y(b) = 0, the boundary value problem
Y =p(z)y +qlz)y, a<z<b, yla)=0, yb)=0
has y = 0 as a unique solution, so 3, = 0.

9. (a) There are no solutions if b is an integer multiple of 7 and B # 0.
(b) A unique solution exists whenever b is not an integer multiple of 7.

(c) There is an infinite number of solutions if b is an multiple integer of # and B = 0.

10. The unique solution is y(z) = B (e* —e™*) / (e® — e7*). For Exercise 9, we have g(z) < 0, so
Corollary 11.2 does not apply.

Exercise Set 11.2, page 655

1. The Nonlinear Shooting Algorithm gives w; = 0.405505 =~ In 1.5 = 0.405465.

2. The Nonlinear Shooting Algorithm with h = 0.25 requires 4 iterations and gives:

5.

5 Wi y(z:)

—0.75  0.44444651 0.44444444
—0.5  0.40000229 0.4
—0.25 0.36363809 0.36363636

W N =

3. The Nonlinear Shooting Algorithm gives the results in the following tables.

()

@ z Wiy Wa;

0 1.00000000 0.50000000 —0.24999645

1 1.20000000 0.45454784 —0.20660805

2 1.40000000 0.41667074 —0.17360737

3 1.60000000 0.38462082 —0.14792494

4 1.80000000 0.35714950 —0.12754660

5 2.00000000 0.33334113 —0.11110631

Convergence requires 3 iterations and gives t = —0.24999645.
(b)

i T w1 wa;

0 1.00000000 2.00000000 0.00037561

1 1.20000000 2.03368970 0.30438685

2 1.40000000 2.11465981 0.48837177

3 1.60000000 2.22530062 0.60800801

4 1.80000000 2.35575016  0.68995503

5 2.00000000 2.50001814 0.74803626
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Convergence requires 7 iterations and gives t = 0.0037560915.

(c)

i T wy; Wa;

2.00000000 1.19314718 0.24999064
2.20000000 1.24300222  0.24792509
2.40000000 1.29213370 0.24304604

2.60000000 1.34012348 0.23667511
2.80000000 1.38675666  0.22957777
3.00000000 1.43193699 0.22220426

Gl W N O

Convergence requires 3 iterations and gives ¢t = 0.24999064

1 T; wy; Wo;

0 1.00000000 0.00000000 1.00003300
1 1.10000000 0.12685765 1.55599879

2 1.20000000 0.31505131  2.22764352

3 1.30000000 0.57641412 3.02019435
4 1.40000000 0.92328031 3.93845898

5 1.50000000 1.36844649 4.98688802

6 1.60000000 1.92513857 6.16962437
7 1.70000000 2.60698306 7.49054305

8 1.80000000 3.42798193 8.95328379

9 1.90000000 4.40249050 10.56127800
10 2.00000000 5.54519780 12.31777134

Convergence requires 8 iterations and gives ¢t = 1.0000330

4. The Nonlinear Shooting Algorithm gives the results in the following tables.

(a) 4 iterations are required, giving: (b) 6 iterations are required, giving:
1 ZT; w14 y(El) 1 €T Wi y(’l)l)
3 1.3 04347934 0.4347826 3 1.3 2069249 2.069231
6 1.6 0.3846363 0.3846154 6 1.6 2.225013 2.225000

9 1.9 0.3448586 0.3448276 9 1.9 2426317 2.426316




o
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(c) 3 iterations are required, giving:

T X W4 y(z;)

3 2.3 1.2676912 1.2676917
6 2.6 13401256 1.3401268
9 2.9 1.4095359 1.4095383

(d) To apply the algorithm we need to redefine the initial value of TK to be 2. Then 7
iterations required, giving:

i T; wy; y(zq)

5 1.256 0.4358290 0.4358272
10 1.50 1.3684496 1.3684447
15 1.75 2.9992010 2.9991909

5. (a) Modify Algorithm 11.2 as follows:

STEP1 Set h=(b—a)/N;
k=2
TKl = (f—a)/(b—a).
STEP 2 Set W10 = O
W20 = TK1.
STEP3 For i=1,...,N do Steps 4 and 5.

STEP 4 Set z=a+ (i—1)h.
STEP 5 Set
kl,l = h'LUZ,i—l;
k12 =hf(z,wyi-1,wa,-1);
ka1 = h(wai—1 + k1,2/2);
koo =hf(x+h/2, w14 k11/2, w21 + k1 ,2/2);
k31 = hlwai—1 + ko 2/2);
k3o =nf(z+h/2,wii 1+ ka1/2,wa-1 + ko o/2);
ki = h(wa,i-1 + k3 2/2);
ki =nhf(z+h/2, w11+ ks, wa,i—1 + k3 2);
wi,; = w11 + (k11 + 2ke1 + 2ks 1 + ka1)/6;
wa; =wai—1 + (k1,2 +2ks o+ 2ks o + ka2)/6.
STEP6  Set TK2 = TK1+ (8 — win)/(b—a).
STEP 7  While (k < M) do Steps 8-15.
STEP 8 Set  wyg = TK2;
HOLD = wWy,N-
STEP9 For 4=1,...,N do Steps 10 and 11.
STEP 10 (Same as STEP 4 )
STEP 11 (Sameas STEP5 )
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STEP 12  If jwy,n — 8] £ TOL then do Steps 13 and 14.
STEP 13 Fori=0,...,N set x =a+ih;
OUTPUT (z, w4, W)
STEP 14 STOP.

STEP 15 Set
TK = TK2 — (un n — B)(TK2 — TK1)/(w1.nv — HOLD);
TK1 = TK?2;
TK2 = TK;
E=k+1
STEP 16 OUTPUT(Maximum number of iterations exceeded.”);
STOP.
(b) For 3(a), 3 iterations give: For 3(c), 3 iterations give:
i oz w; y(x;) i @ w; y(z:)

1.2 0.45453896 0.45454545
1.4 041665348 0.41666667
1.6 0.38459538 0.38461538

1.8 0.35711592 0.35714286

2.2 1.24299575 1.24300281
2.4 1.29211897 1.29213540
2.6 1.34009800 1.34012683

2.8 1.38671706 1.38676227

= Lo b
N

Exercise Set 11.3, page 661

1. The Linear Finite-Difference Algorithm gives following results.

(a) (b)

T T W14 y(z;) i Wi y(z;)

1 0.5 0.83333333 0.82402714 1 025 039512472 0.39367669
2 05 0.82653061 0.82402714
3 0.75 1.33956916 1.33708613
4(0.82653061) — 0.83333333
(c) ( )3 = 0.82426304

2. The Linear Finite-Difference Algorithm gives following results.

(a)

1@ w1 y(x;)

1 w/4 —0.28287080 —0.282842712
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i T; wWis ’y(:li‘i)

1 «/8 -0.31568540 —0.31543220
2 w/4 —0.28290585 —0.282842712
3 37/8 —0.20699563 —0.20719298

(c) Extrapolation gives

i

FExercise Set 11.3

4

3

I) , 4(=0.28200585) — (—0.28287080)

= —0.282917533.

3. The Linear Finite-Difference Algorithm gives the results in the following tables.

(a)

(b)
% Z; W; y(’[,'z)
2 0.2 1.018096 1.0221404
5 0.5 0.5942743 0.59713617
7 0.7 0.6514520 0.65290384
(d)
3 03 —0.5183084 —0.5185728
6 0.6 —0.2192657 —0.2195247
9 0.9 -—-0.0405748 —0.04065697

7 T W, y(z;)

5 1.25 0.16797186 0.16762427
10 1.50 0.45842388 0.45819349
15 1.75 0.60787334 0.60777401
1T wy; y(2;)

3 1.3 0.0654387 0.0655342
6 1.6 0.0773936 0.0774595
9 1.9 0.0305465 0.0305621

4. The Linear Finite-Difference Algorithm gives the results in the following tables.

(a)

) T Wy Z/(Tl)

1 0.15707963 1.05260081 1.05248562

2 0.31415927 1.07922974 1.07905555

3 0.47123890 1.07922974 1.07905555

4 0.62831853 1.05260081 1.05248562

7 T; w; y(zi)

1 0.15707963 —0.06141845 —0.06062540
2 0.31415927 —0.09240491 —0.09119581
3 0.47123800 —0.09080499 -0.08961338
4 0.62831853 -—0.05825827 —0.05749950
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(c)
1 T w; y(z;)
5 1.25 0.64328225 (.64314355
10 1.50 0.68332838 0.68324289
15 175 0.69230217 0.69226885
L]
(d)
(O w; y(zi)
3 0.6 —0.70664241 —0.71228492
5 1.0 -1.63674050 —1.64085909
8 1.6 —3.52936107 —3.52075148
5. The Linear Finite-Difference Algorithm gives the results in the following tables.
i oz wi(h=10.1) i wx;  wi(h=0.05)
3 0.3 0.05572807 6 0.3 0.05132396
6 0.6 0.00310518 12 0.6  0.00263406
9 0.9 0.00016516 18 0.9 0.00013340
6. The Linear Finite-Difference Algorithm with the extrapolation in Example 2 gives:
(a)
T w,(h = 01) ’w7(h = 005) w,;(h = 0025) Exth; EXtQi Ethqj
0.2 1.01809654 1.02113909 1.02189067 1.02215327  1.02214120 1.02214039
0.4  0.64736665 0.65004438 0.65070691 0.65093696 0.65092775 0.65092714
0.6  0.60014996 0.60175137 0.60214815 0.60228517 0.60228041 0.60228009
0.8 0.73896130 0.73961176 0.73977312 0.73982858  0.73982691  0.73982680
(b)
T4 'LUL'(]T, = 005) ’lUT',(h = 0025) w; (h = 00125) Exty; Eaxto; Exta;
1.2 0.07795820 0.07769625 0.07763091 0.07760893 0.07760913 0.07760914
14 0.36654278 0.36632776 0.36627411 0.36625609 0.36625623 0.36625624
1.6 0.52914512 0.52901406 0.52898134 0.52897037 0.52897043 0.52897044
1.8 0.62871452 0.62865682 0.62864241 0.62863759 0.62863761 0.62863761
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7. (a) The approximate deflections are shown in the following table.

iom Wy

5 30 0.0102808
10 60 0.0144277
15 90 0.0102808

(b) Yes, the maxinmum error on the interval is within 0.2 in.

(¢) Yes, the maximum deflection occurs at = 60. The exact solution is within tolerance,
but the approximation is not.

8. The approximate deflection at 1-in. intervals is give in the following table.

i Ty w;

10 10.0 0.1098549
20 20.0 0.1761424
25 25.0 0.1849608
30 30.0 0.1761424
40 40.0 0.1098549

9. First we have

gp(mi) < hE <1,
s0
|~ 1 Botea| =1+ hote) L Gole)| = 1 Rote)
Therefore,
]_1_ Lo +'—1+’§p<m — 9 <2 Hq(a),

for2<4i< N -1,
Since

h I
‘ -1+ ;)7-])(:1;1) <2< 2+h%(z;) and ’ -1- %p(mN)’ <2< 24 R q(zy),

Theorem 6.30 implies that the linear system (11.19) has a unique solution.
10. Let g(z) > w > 0 on [a,b]. Then using the sixth Taylor polynomial gives

Ey/"(t.) + Ey("))(z‘) +0 (h?)
6° 120 '

Y(zit1) — y(Tiz1)
2h

=y (z) +

and
y(@iv1) — 2y(x:) + y(wiza)
h?

],2
=y (@) + 59 () + O ().
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Thus,

2+ a(w) u(an) — (1= 3o(ea) uloinn) = (1+ 500 Julosc) + or(as)

2
h ht (4) 6
Zp(fl?i)gy (zi) — 59 (z:)+]0 (1%}
Subtracting h? times Equation (11.18) gives
2 . h
(2+ 1Pq(2:)) (y(as) —wi) = <1 - 5,’0(%‘)) (y(@i41) — wit1)

+ (14 590 ) laio) - wicy)

pLr; 1 4 4
+ }—)—(ﬂy'“(mi) — =y (@) | h* + O (h) .
6 12
Let E = maxo<i<n+1 |¥(2:) — wi|. Then since %p(azi) <1,
o ) Ty 1
(2 + R?q(x;)) (y(z;) — w;) < 2B + h* Z%y”’(wi) - -1—2—y(4) (z:)| + O (B®).

Let Ky = maxg<q<s |y (2)| and Kz = maxa<qa<p ‘y“) (CL)] . If g(z;) > w, then

(2+Rr*w) E < 2E+ bt [—L—éfl + %’} + 0 (h®)

and
2LK1 4+ Ko

2
E<h [ 9w

]+O(h,4).

Exercise Set 11.4, page 667

1. The Nonlinear Finite-Difference method gives the following results.

i@y w; y(zi)

1 1.5 0.4067967 0.4054651

2. The Nonlinear Finite-Difference method gives the following results.

1 T; w; y(w;)

1 —0.75 0.44458639 0.44444444
—0.5 0.40015723 0.4
3 =0.25 0.36373152 0.36363636

no
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3. The Nonlinear Finite-Difference Algorithm gives the results in the following tables.

Convergence in 2 iterations.

(a) (b)

7 T w; 3 Ty w;

0 1.00000000 0.50000000 0 1.00000000 2.00000000
1 1.20000000 0.45458862 1 1.20000000 2.03402730
2 1.40000000 0.41672067 2 1.40000000 2.11487319
3 1.60000000 0.38466137 3 1.60000000 2.22536304
4 1.80000000 0.35716943 4 1.80000000 2.35572844
5 2.00000000 0.33333333 5 2.00000000 2.50000000

Convergence in 3 iterations.

o,

T; Wy Li Wy
0 1.00000000 1.19314718 0  1.00000000 0.00000000
1 1.20000000 1.24305499 1 1.20000000 0.12489059
2 1.40000000 1.29220221 2 1.40000000 0.31108664
3 1.60000000 1.34018566 3 1.60000000 0.57051196
4 1.80000000 1.38679780 4 1.80000000 0.91563623
5 2.00000000 1.43194562 5 2.00000000 1.35943651
6  1.20000000 1.91536814
7 1.40000000 2.59734258
_ e i 8 1.60000000 3.41971133
Convergence in 2 iterations. 9  1.80000000 4.39725498
10 2.00000000 5.54517744

Convergence in 4 iterations.

4. The Nonlinear Finite-Difference Algorithm gives the results in the following tables.

(a) (b)
1@ wy; y(zi) 1T w4 y(z;)
3 1.3 0.4347972 0.4347826 3 1.3 2.0694081 2.0692308
6 1.6 0.3846286 0.3846154 6 1.6 2.2250937 2.2250000

o

1.9 0.3448316 0.3448276 9 1.9 2.4263387 2.4263158
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(c) (d)
i wi; y(z;) i T; w4 y(®s)
3 2.3 1.2677078 1.2676917 5 1.25 0.4345979 0.4358273
6 2.6 1.3401418 1.3401268 10 1.50 1.3662119 1.3684447
9 2.9 1.4095432 1.4095383 15 1.75 2.9969339 2.9991909

5. (b) For (4a) we have:

€T; wri(hl = 02) wy (h = 01) ’U)i(h = 005) EXT]_J; E‘YTQJ; EXTB,Z'

1.2 0.45458862  0.45455753  0.45454935  0.45454717 0.45454662 0.45454659
1.4 0.41672067 0.41668202  0.41667179  0.41666914 0.41666838 0.41666833
1.6 0.38466137 0.38462855  0.38461984  0.38461761 0.38461694 0.38461689

1.8 0.35716943 0.35715045  0.35714542  0.35714412 0.35714374 0.35714372

For (4¢) we have:

Z; wi(h = 02) ’LU«L(h - 01) ’lUi(h = 005) EXTL,,; EXTQI’.i EXT3’1',

1.2 2.0340273 2.0335158 2.0333796 2.0333453 2.0333342 2.0333334
1.4 21148732 2.1144386 2.1143243 2.1142937 2.1142863 2.1142858
1.6 2.2253630 2.2250937 2.2250236 2.2250039 2.2250003 2.2250000

1.8 2.3557284 2.3556001 2.3555668 2.3555573  2.3555556  2.3355556

6. The approximate deflections using the Nonlinear Finite Difference Algorithm are shown in the
following table.

) T; Wy

5 30 0.01028080
10 60 0.01442767
15 90 0.01028080

The results from Exercise 7 in Section 11.3 are:

1 T Wiy

5 30 0.0102808
10 60 0.0144277
15 90 0.0102808

Since the results are the same we can conclude that adding the nonlinear term to the differential
equation makes no difference.
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7. The Jacobian matrix J = (a, ;) is tridiagonal with entries given in (11.21). So

1
a1 =2+ h,ny (ml,wl, 5}7('11)2 — a)> ,

h . 1
e = =1+ fy (-’131,1017 éﬁ(wz - Oz)) ;
L for 2<i<N -1
a3 i1 = —L— §fy’ Ti, Wi, E(wi—i-l - wi—l) s or 251 S -
1
Qi = 24+ h-zfy (.rz-,wi, ?—h-(’wH_l — 'LU-,;_1)> s for 2 < 1 < N -1
h 1 )
Qigy1 = — 1+ §f’y’ Tq, Wi, ﬁ(wi-i»l ~wi—y) ), for2<i<N-1
h . 1
aNnN-1= —1— *2—fy' TN, WN, ﬂ(ﬁ ~wn-1) |,

1
aN,N =92 + hgfy (iL’N,‘LUN, ;]—7-(,6 I UIN_1)> .
Thus, |a; ;| > 2+ k%), fori=1,...,N. Since [fy (z,9,9")| <L and h < 2/L,

h, Ry
‘§fy'($’?/7y )l < T <1.

Z

So
h 1
lava| = =1+ = fyr (21,01, o (ws — a) ) | <2 < |agq),
2 2h
lagim1| +laiita| = — aiim1 — aiiq1
h, 1 . h, 1
=1+ 5fy (-’L‘z’,’wm ﬁ(wi—!-l - wi—l)) tl=gly (-"Ci,wi, ’Q‘h‘(wi-',-l - wi—l))
=2 < la'i,'i-la
and
h 1
]a’N,N-ll =—-aNnN-1 =1+ afy’ TN, WN, ‘)—h‘(ﬂ —wN-1) ] <2< |anN|.

By Theorem 6.30, the matrix J is nonsingular.
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Exercise Set 11.5, page 682
1. The Piecewise Linear Algorithm gives ¢(z) = —0.07713274¢:(z) — 0.07442678¢2(x). The

—0.07988545 and y(ws) = —0.07712903.

actual values are y(z1)

[N

The Piecewise Linear Algorithm gives ¢(z) = —0.25652629¢1 (z) — 0.1633565¢4 (). The actual

values arve y(z1) = —0.24 and y(x) = —0.16.

3. The Piecewise Linear Algorithm gives the results in the following tables.

(a) (b)
i B(z;) y(w;) i () y(2s)
3 03 -0.212333 -0.21 3 0.3 0.1815138  0.1814273
6 0.6 —0.241333 -0.24 6 0.6 0.1805502  0.1804753
9 09 -0.090333 —-0.09 9 0.9 0.05936468 0.05934303
(¢) — (d) -
i o(zi) y(@:) P P(m) y(wi)
5 0.25 —0.3585989 —0.3585641 5 025 —0.1846134 —0.1845204
10 0.50 —0.5348383 —0.5347803 10 0.50 -0.2737099 —0.2735857
15 0.75 -0.4510165 —0.4509614 15 0.75 —0.2285169 —0.2284204
4. The Cubic Spline Algorithm gives the results in the following tables.
(a) (b)
iom d(:) Yi i T ey Yi
1 025 -0.0712415 —0.0712308 1 025 -0.1875 —0.1875
2 05 —0.0944237 —0.0944091 2 05 —0.25 —0.25
3 075 -—-0.0681742 —0.0681651 3 075 -—-0.1875 —0.1875
5. The Cubic Spline Algorithm gives the results in the following tables.
(a) - (b) -
i X o(x;) ylz;) iox; d(xy) ylx;)
3 03 -0.2100000 -—0.21 3 0.3 0.1814269  0.1814273
6 0.6 —0.2400000 —-0.24 6 0.6 0.1804753  0.1804754
9 0.9 —0.0900000 —0.09 9 0.9 0.05934321 0.05934303




(3]
=1
b2

Exercise Set 11.5

() (d)
A b(z:) y(zs) Eowi play) y(zi)
5 025 —0.3585639 —0.3585641 5 025 -01845191  —0.1845204
10 0.50 —0.5347779 —0.5347803 0050 -0.2735833 —0.2735857
15 0.75 —0.4509109 —0.4509614 15 075 —0.2284186 —0.2284204

y(1) = 8 = B— = 0. Further, 2'(z) = ¢/(z) — ﬂ—i—a Thus, y(z) = z(z) + fz + (1 — z) and
y'(z) = 2'(z) + B — a. Substituting for y and ' in the differential equation gives

—%(p(w)Z’ +p(x)(B — @) + q(2)(z + Bz + a(l — z)) = F(a).

6. With z(z) = y(z) — Bz — a(l — z), we have 2(0) = y(0) —a = o —a = 0 and z(1) =

Simplifying gives the differential equation

_%(p(w)z') +q(@)z = £(2) + (B a)p (2) — [z + (L - 2)q(x).

~I

Exercise 6 and the Piecewise Linear Algorithm give:

a2,

i b(x;) y(@:)
0.3 1.0408182 1.0408182

0.6 1.1065307 1.1065306
0.9 1.3065697 1.3065697

O oW

8. The Cubic Spline Algorithm gives the results in the following table.

T; oi(x) y(@i)

0.3 1.0408183 1.0408182
0.5 1.1065307 1.1065301
0.9 1.3065697 1.3065697

9. A change in variable w = (z —a)/(b—a) gives the boundary value problem

dcz]u( (b~ a)w+a)y") + (b—a)?q((b — a)w + a)y = (b— a)>f((b— a)w + a),

where 0 <w < 1, y(0) = @, and y(1) = . Then Exercise 6 can be used.

10. If 37 ¢igi(z) =0, for 0 < x < 1, then for any j, we have Yo cidi(z) = 0.
But
R LU 8
Pilas) = {1 i= 7,

50 ¢j¢;(2;) = ¢; = 0. Hence the functions are linearly independent.
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11. Suppose ¢(z) = Z?:Ol c;®i(z) =0, for all z in [0,1]. At the nodes z;,9=0,...,n-1, we have

ifi=1
O, otherwise;
ifi=1
1/4 ifi=2
otherwise;
ifi=mn
1/4 fi=n-1
otherwise;
& 1/4, ifi=n
nt1( O, otherwise;
and for 7 =2,3,...,n—1,
1, ifi=3j
di(w)) =< 1/4, fi=j—lori=j+1
0, otherwise.

Thus,

1 1
0 =¢((L‘1) = —¢cg-t+c; + —C

4 4
1
0 =¢(z2) = ch +cg + 103

1 1
0 :¢)($n—1) = ZCH—Q +cp-1+ ZCTL

0 =d(zn) =

1
ch-—-l +cn + ch—{—l-

Since ¢'(0) = ¢'(1) = 0, we have

3 1.5
0= —-cg+—c1, so 0=23cyg+ 1.5c;
h h
and
1.5 3

= _Tcﬂ' — EC"H’ so 0=1.5¢c, + 3cpt1-
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Co 0

026 1 0. c1 0

0 025 1 025

[\
[G11

025 1 025 o0 ||%
Cn 0
025 1 025 | o] 0

0 0 1.5 3

which can be written as the linear system Ac = 0. The matrix A is strictly diagonally
dominant and, hence, nonsingular. So the only solution to the linear system is ¢ = 0, and
{b0, 1, ¢n, dnt1} is linearly independent.

Let ¢ = (c1,...,cq)" be any vector and let ¢(z) = }°7_; ¢j¢;(x). Then

n n n i+l
CtAC = E E AijCiC5 = E E Q55CiCy
i=1 j=1 i=1 je=i—1

T 1
=> [/ {p(2)e:idi(z)eim1di 1 (@) + a(@)cids(w)cim1 @i (2)} da
i=1 -0
+ /0 {P@)[#(@))? + q@) 2@} da
1
+/0 {p(@)cidi(w)cir1dipq () + a(@)cidi(w)cip1 i (z)} da

:/0 {p@)[¢' (@) + q(2)[$(2)]*} da.

So c¢tAc > 0 with equality only if ¢ = 0. Since A is also symmetric, A is positive definite.

For ¢ = (co, €1, - -+, Crp1)t and d(z) = S0t ;i (), we have

Ac = / p()[¢' (2)]° + q(z) (@) do.
0

But p(z) > 0 and g(z)[¢(z)]*> > 0, so ¢! Ac > 0, and it can be 0, for x # 0, only if ¢/(z) = 0 on
[0, 1]. However, {¢g, ¢}, .., P} is linearly independent, so ¢'(z) # 0 on [0,1] and c*Ac =0
if and only if ¢ = 0.
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Exercise Set 12.1, page 698

1. The Poisson Equation Finite-Difference Algorithm gives the following results.

iod @y wiy o u(Tys)
1 1 05 065 0.0 0

1 2 05 1.0 025 0.25

i 3 05 15 1.0 1

2. The Poisson Equation Finite-Difference Algorithm gives the following results.

.

xX;

Yi

Wi

u(ws, Yi)

SRR

1.33333333
1.33333333
1.66666667
1.66666667

B — N

0.33333333
.66666667
0.33333333
0.66666667

0.6348043
0.7985001
1.0599924
1.1698208

0.6359888
0.7985077
1.068720
1.1700713

3. The Poisson Equation Finite-Difference Algorithm gives the following results.

(a)

30 iterations required:

g T Yy Wi, j u(zi, ys)
2 2 04 04 0.1599988 0.16

2 4 04 0.8 0.3199988 0.32
4 2 0.8 04 0.3199995 0.32
4 4 0.8 0.8 0.6399996 0.64
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(b) 29 iterations required:

2.

;

Yj

u(ei, ;)

1.256637
1.256637
2.513274
2.513274

[ SR
o - W S

0.3141593
0.9424778
0.3141593
0.9424778

0.2951855
0.1830822
—0.7721948
—0.4785169

0.2938926
0.1816356
—0.7694209
—0.4755283

126 iterations required:

.

ZX; Y

Wi,

U’(:E'i: y])

08 0.3
0.8 0.7
1.6 0.3
1.6 0.7

O 0O M M
W~ W | .

1.2714468
1.7509414
1.6167917
3.0659184

1.2712492
1.7506725
1.6160744
3.0648542

127 iterations required:

w3,

Ty Yj

Wi,j

U’(l'ia y])

1.2 1.2
14 14
1.6 1.6
1.8 1.8

[ s RRer e ]
[o/s BN <> T~ S N

0.5251533
1.3190830
2.4065150
3.8088995

0.5250861
1.3189712
2.4064186
3.8088576

Exercise Set 12.1

4. The Poisson Equation Finite-Difference Algorithm with extrapolation gives the following re-
sults.

zi oy wy(h=0.2) wiyh=01) wiy(h=0.05) Exty, Exta, Excta, ;

04 04 0.15999914 0.15999579 0.15998414 0.159994673  0.15998026  0.15997930
0.4 0.8 0.31999888 0.31999384 0.31997558 0.319992160 0.31996949 0.31996798
0.8 04 0.31999952 0.31999588 0.31997997 0.319994667  0.31997467  0.31997333
0.8 0.8 0.63999955 0.63999689 0.63998633 0.639996003 0.63998281  0.63998193

5. To incorporate the SOR method, make the following changes to Algorithm 12.1:

STEP1 Set h=(b—a)/n;

k= (d-c)/m;
w=4d/ (2 + /4 — (cos w/m)? — (cos 7r/n)2> :
wy=1—w;

In each of Steps 7, 8, 9, 11, 12, 13, 14, 15, and 16 after

set ...
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insert

[N
-~
~

set B = wq g — 2;
it (JE] > NORM) then set NORM = |E|;
set wo g = wol + z. '

where « and 3 depend on which step is being changed.

6. Using TOL = 1079, the results are the same for both methods. The number of iterations
required are listed for each method.

(a) SOR 14 iterations, Gauss—Seidel 30 iterations, w = 1.259616

.

T Yj

Wiy

= W N

IS U R

0.2 02
04 04
06 0.6
0.8 0.8

0.03999975
0.15999994
0.35999994
0.63999998

(b) SOR 14 iterations, Gauss-Seidel 29 iterations, w = 1.259616

i T Yj Wij

2 1 1.256637 0.3141593  0.29518499
2 3 1.256637 0.9424778  0.18308118
4 1 2513274 0.3141593 —0.77219505
4 3 2513274 0.9424778 —0.47851735

(c) SOR 30 iterations, Gauss—Seidel 126 iterations, w = 1.527864

N

s,

T Yi

Wy

W00 =1 O WUk WD

= W N

O 00~ O3 Ot

02 0.1
0.4 02
0.6 0.3
0.8 0.4
1.0 0.5
1.2 0.6
1.4 07
1.6 0.8
1.8 0.9

1.0202140
1.0833400
1.1973456
1.3773776
1.6491565
2.0550775
2.6653128
3.6975766
5.0537432




(d) SOR 30 iterations, Gauss—Seidel 127 iterations, w = 1.527864

i _] €Z; Y Wi 4

2 2 12 1.2 0.52515626
4 4 14 1.4 1.3190907
6 6 1.6 1.6 2.4065227
8§ 8 1.8 1.8 3.8089025

Exercise Set 12.2

7. The approximate potential at some typical points gives the following results.

i ] m Yi Wi
1 4 01 04 88
2 1 02 01 66
4 2 04 02 66

8. Approximations for the temperature are given in the following table. Convergence was ob-

tained with 293 iterations using the tolerance 1075.

i m oy wij

5 9 20 3.0 50959624
8§ 3 32 1.0 7.916551
10 9 40 3.0 4.679948
12 12 48 4.0 2.060342

Exercise Set 12.2, page 710

1. The Heat Equation Backward-Difference Algorithm gives the following results.

1 ] ZT; tj Wi 4 U(lfi, tj)
1 1 05 005 0.632952 0.652037
2 1 1.0 0.05 0.895129 0.883937
3 1 15 005 0.632952 0.625037
1 2 05 01 0.5665674 0.552493
2 2 10 01 0.801256 0.781344
3 2 15 0.1 0.566574 0.552493
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b
=~
Ne)

2. The Heat Equation Backward-Difference Algorithm gives the following results.

€Xi ?fj Wy 4 ’U,((Ei, tj)
1/3 0.05 1.59728 1.63102
2/3 0.05 -—1.59728 —1.53102
1/3 01 1.47300 1.35333
2/3 01 —1.47300 —1.35333

N H o o=
(NI SR

The Crank-Nicolson Algorithm gives the following results.

For h=0.4 and k= 0.1: For h = 0.4 and k = 0.05:

i ] €I; tj Wij u(wi,tj) % j T; tj W4 ’U,(.’l?i,, tj)
2 5 08 05 3.035630 0 2 10 08 05 0 0

3 5 1.2 05 -3.035630 0 3 10 1.2 0.5 0 0

4 5 16 0.5 1.876122 0 4 10 1.6 0.5 0 0

The Crank-Nicolson Algorithm gives the following results.
For h=0.4 and £k =0.1:

Z; tj Wiy U:(fl:j,tj)

1/3 005 1.591825
2/3 0.05 —1.591825
1/3 0.1 1.462951
2/3 0.1 —1.462951

DD = DN
NN = S,

The Forward-Difference Algorithm gives the following results.

(a) For h =04 and k =0.1:

1 ] X tj Wij ’U,(l’i, tj)
2 5 0.8 05 8.2 % 10°7 0
3 5 12 05 —-82x1077 0
4 5 16 05 5.1 x 1077 0

For h = 0.4 and k£ = 0.05:

i j T tj Wi u(:L'Z/ tj)
2 10 08 05 —-26x107° 0
3 10 1.2 0.5 2.6 x 1078 0
4 10 16 05 -1.6x107C 0
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(b) For h = {5 and k = 0.05:

i 7 T t; Wi (@, ;)

10 0.94247780 0.5 0.4926589 0.4906936
10 1.88495559 0.5 0.5791553 0.5768449
10 2.82743339 0.5 0.1881790 0.1874283

O O W

6. The Forward-Difference Algorithm gives the following results.
(a) For h =10.2 and k = 0.04:

) 7 T tj Wi 4 U(.’L’i,tj)
4 10 08 04 1.166149 1.169362
8§ 10 1.6 04 1.252413 1.254556

10 24 04 0.4681813 0.4665473
10 3.2 04 —0.1027637 —0.1056622

[
Oy N

(b) For h=10.1 and k = 0.04:

1 j T tj Wi 4 ’ll,(.’lfi,tj)

10 0.3 0.4 0.5397009 0.5423003
10 0.6 0.4 0.6344565 0.6375122
10 09 04 0.2061474 0.2071403

O W

7. The Backward-Difference Algorithm gives:

(a) For h=0.4 and k = 0.1:

K3 _] Z; tj Wi, 4 1{,(5137;,751')
2 5 08 05 -0.00258 0
3 56 1.2 0.5 0.00258 0
4 5 16 0.5 —0.00159 0

For h = 0.4 and k = 0.05:

LJom Wi u(zi, t;)

2 10 0.8 0.5 —493x104 0
3 10 12 05 493x10™¢ 0
4 10 16 05 —3.05x107¢ 0
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(b) For h = {5 and k = 0.05:

i ] T t; Wi, w(zs, ty)

3 10 0.94247780 0.5 0.4986092 0.4906936
10 1.88495559 0.5 0.5861503 0.5768449
9 10 2.82743339 0.5 0.1904518 0.1874283

(=2}

8. (a) For h=0.2 and k = 0.04:

i _] &ZT; tj Wi, 5 U(.’l)i, t7)

4 10 08 04 1.176752 1.169362
8 10 16 04 1.259495 1.254556
1210 24 04  0.4628134 0.4665473
16 10 3.2 04 —0.1123064 —0.1056622

(b) For h=0.1 and k = 0.04:

i ] T; tj Wi, 5 ’LL(.’I?Z',tj)

3 10 03 04 0.5482691 0.5423003
6 10 0.6 04 0.6445290 0.6375123
9 10 0.9 04 0.2094202 0.2071403

9. The Crank-Nicolson Algorithm gives the following results.

(a) For h=0.4 and k=0.1:

1 j ZT; tj Wij ’U,(:UL', tj)
2 5 08 0.5 8.2x 1077 0
3 5 12 05 —-82x1077 0
4 5 16 0.5 5.1 x 1077 0

For h =0.4 and k& = 0.05:

(3 7 ZT; tj Wi 4 ’UI(:L',,‘,, tj)
2 10 08 05 —-26x107° 0
3 10 1.2 0.5 2.6 x 1079 0
4 10 1.6 05 —-1.6x107° 0

281
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(b) For h = {5 and k = 0.05:

i T; t; Wi u(®, t5)

10 0.94247780 0.5 0.4926589 0.4906936
10 1.88495559 0.5 0.5791553 0.5768449
10 2.82743339 0.5 0.1881790 0.1874283

o3,

O S W

10. The Crank-Nicolson Algorithm gives the following results.

(a) For h = 0.2 and &k = 0.04:

7 ] Tq tj Wi, 5 U(.’L’i, tj)

4 10 08 04 1.171532 1.169362
8 10 16 04 1.256005 1.254556
12 10 24 04 0.4654499 0.4665473
16 10 3.2 0.4 -—-0.1076139 —0.1056622

(b) For h =0.1 and k = 0.04:

) _] x; tj Wi, 5 u(wq;,tj)

3 10 03 0.4 0.5440632 0.5423003
6 10 0.6 0.4 0.6395728 0.6375122
9 10 09 04 0.2078098 0.2071403

11. Using Richardson’s method gives:

(a) Using h = 0.4 and k& = 0.1 leads to meaningless results. Using h = 0.4 and k = 0.05
again gives meaningless answers. Letting h = 0.4 and & = 0.005 produces the following:

) j Ty tj Wij

1 100 04 0.5 —165405
2 100 0.8 0.5 267.613

3 100 12 0.5 —267.613
4 100 1.6 0.5 165405

The instability of Richardson’s method gives very poor results.
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(b)

) ] €T; tj w (Cl?ij)

3 10 0.94247780 0.5 0.46783396
6 10 1.8849556 0.5 0.54995267
9 10 2.8274334 0.5 0.17871220

12. Using Richardson’s method gives:

(a) For h=0.2 and k = 0.04 (b) For h = 0.1 and k& = 0.04

) ] i tj ’LU((Eij) i ] Z; tj w(xq;j)

4 10 0.8 04 1.1406275
8§ 10 16 04 1.2315952
12 10 24 04  0.47267557
16 10 3.2 04 -0.08733023

3]

10 0.2 04 0.37945980
10 04 0.4 0.61397885
10 06 04 0.61397885
10 0.8 0.4 0.37945980

00 Oy

13. We have )
allvg R algvéi) (1—-2X) sm — + Asin %

N2 ) N , ,
/mé’) [1 — 4N (Sill 7;—;;;) } sin % = {1 —4X (Sin -2717%) } (2 sin % cos ;—;)

and

. . . 3 .
T iT iT i
= 2sin — cos — — 8A | sin — | cos .
2m 2m 2m 2m
However,
LT 2w T i i s
(1 —2X)sin — 4 Asin — = 2(1 — 2)) Sin ~- 08 - + 2\ sin — coS —
m m 2m 2m m m
LT X
= 2(1 — 2)) sin — cos —
( ) 2m 2m
i i\ 2
4+ 2\ 25111—005— 1—2{sin—
2m 2m 2m
. . . . 3
i iT T T
= 2sin —cos — — 8Acos — | sin — | .
2m 2m 2m 2m
Thus,

CL11’U( g -+ a12v é) = [L{Uii).
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Further,

(#)

() i(j = m .Hw _i(j+ m
Qjj—10j 1 + G505 — + (1 — 2X\)sin =— + Asin —

-+ aj,j+1vj(~21 = Asin

ij i i ) '7r . T
= M sin L5 cos — — sin =~ cos 20 + (1 —2A)sin —
m m m m m

m m m

jT ijmw i
= sin ur_ 28l J -+ 2Asin J— cos —
m

m
sin 97 ( _-1>
m

ijm 2T im ijw
4+ Al sin -— cos — + sin — cos ——
m

and
@ im \* . g 1 ir ijm
Hil; :{1—4)\<sm§—7ﬁ-) ]sn— [1—4/\<§—§ os——')}sm—;l—
= {1—1—2/\ (cosE —1) } bm—j——l
m m
S0
aj - 111( )+, ,v( )+, J+1u( = piv; ol®.
Similarly,

(#) (@)

(8 o+ ; = )
Am—2,m~1Vpn, 0 T Om—1,m—1Vp, 1 = HiVp 1,
so Av(®) = ;v

14. We have

9
(0 = = (14 2\)sin m_ Asin — = (14 2)) sin — — 2\sin o O3 i
m m m m

m
:sinE 1+2X <1 —cos£>]
m

' a11v§ i) + 1205

m |
and
L\ 2 . . .
/M)Y) [1 +4A <Sill i) sin - [1 + 2A (1 — COoS ]—W> } sin k- alw( 2 + aq2 U( 2
2m ) | m m m
In general,
i (D) RO _i(j =7 _dgr L i+ D)7
“.‘i-,j~1”]("—)1 + 5,057 + Qg1 Uij = — Asin T + (1 + 2X)sin Pl Asin -

=— A(smﬂzr—cosE — sin — cos E) +(1 -}—2/\)5111£
m m m

m m
. T im T T

— Al sin — cos — + sin — cos ~—
m m ™m m

=- 2/\:51nw—7r cos = 1+ 2/\)smﬂ
m m m

= {1 + 2A (1 — oS T—) ] sin 47 = Niv](,"")_
m m
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Similarly,

() IO R Q]
Um—2,m—1Vp—g + Om—1m=1Vp 1 = il _1-

Thus, Av® = 1;v(®. Since A is symmetric with positive eigenvalues, A is positive definite.

Further,
n

Z Iaij]=2x\<l—l—2)\:|ai7;|, for 1 <i<n,
J=1.j#i

so A is diagonally dominant.
15. To modify Algorithm 12.2, change the following:
STEP7 Set
t = gk;
z1 = (w +kF(h))/l.

STEP8 Fori=2,...,m—1set
Z; = (wi -+ AF(Z}L) -+ /\zi_l)/li.

To modify Algorithm 12.3, change the following:
STEP 7 Set

t = jk;

[(1—/\)wl+ 2wy + kF(h }/zl

21
STEP8 Fori=2,...,m—1 set
A .
= [(1— Xw; + 5 (wip1 + wiy + zi—1) + kF(ih) /li.
16. The modifications of Algorithms 12.2 and 12.3 give the following results:

(a) For modified Algorithm 12.2 we have  (b) For modified Algorithm 12.3 we have

7 7 ZX; tj Wij i ] T tj Ws4

3 25 03 0.25 0.2883460 3 25 03 025 0.2798737
5 25 0.5 0.25 0.3468410 5 25 0.5 0.25 0.3363686
8 25 08 0.256 0.2169217 8 25 0.8 025 0.2107662
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286
17. To modify Algorithm 12.2, change the following:

STEP 7 Set
t = jk;
wy = ¢(t);
2] = ('LUl + )\’U)())/ll
Wy, = P(L).

STEP8 Fori=2,...,m—2set

2 = ('LU7', + )\Z-i—l)/li;
Set

Zm—1 = (wm—l + Ay, + '\2771—2)/lm~—l-

STEP 11 OUTPUT (t);
Fori=0,...,m set x = il
OUTPUT (z,w;).
To modify Algorithm 12.3, change the following:

STEP 1 Set
h=1/m;
k=T/N;
A = a?k/h?;
W, = P(0);
wo = ¢(0).
STEP 7 Set
t = jk;
g = [(1— Nwy + 3w + %0 +20(t)] /lu;
wo = ¢(t).
STEP8 Fori=2,...,m—2set
zi=[(1— ANw; + %('quﬂ +wim1 4 zi-1)] [l

Set
Zm—1 = [(1 - )\)'wm—l + %(wm + W2 + Z—a + ‘j’(t))] [ln—1;
Wi = h(t).
STEP 11 OUTPUT (t);
Fori=0,...,m set x = ih;

OUTPUT (z, w;).

18. 'The approximations to the temperature distributions using Algorithms 12.2 and 12.3 are given
in the following table:

ij t wi; (Algorithm 12.3)  w;;(Algorithm 12.2)

3 10 03 0.225 1.223279 1.207730
6 10 0.75 0.225 1.862358 1.836564
10 10 1.35 0.225 0.7010873 0.6928342
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19. (a) The approximate temperature at some typical points is given in the table.

] T t; Wy,

1 20 0.6 10 137.6753
2 20 07 10 2459678
3 20 0.8 10 340.2862
4
T

20 0.9 10 424.1537

(b)

he strain is approximately I = 1242.537.

Exercise Set 12.3, page 719

1. The Wave Equation Finite-Difference Algorithm gives the following results.

.

T; t; W4 u(zs, ty)
1.0 —-0.7071068 —0.7071068

0.25
0.50 1.0 —1.0000000 -1.0000000
0.75 1.0 -0.7071068 —0.7071068

K IO
RN S

2. The Wave Equation Finite-Difference Algorithm gives the following results.

7 ] Z; tj ’U}ij 'U,(CL'T',, ti)

2 4 0.125 05  0.48428862  0.47942554
3 4 0.250 0.5 0.00000000 0

4 4 0375 0.5 —0.48428362 0.47942554

3. The Wave Equation Finite-Difference Algorithm with h = {5 and & = 0.05 gives the following

results.
(] T; i Wiy u(z;,15)
2 10 =«/5 0.5 0.5163933 0.5158301
5 10 «/2 05 0.8785407 0.8775826
8 10 4x/5 0.5 05163933 0.5158301
The Wave Equation Finite-Difference Algorithm with A = 5 and & = 0.1 gives the following
results.

2 J T; tj Wij

4 5 «/5 05 05159163
10 5 =«/2 05 0.8777292
16 5 4dw/5 0.5 0.5159163




288 Exercise Set 12.3

The Wave Equation Finite-Difference Algorithm with h = 55 and k = 0.05 gives the following
results.

i j T; t; Wi4
4 10 «/5 0.5 0.5159602

10 10 «/2 0.5 0.8778039
16 10 4x/5 0.5 0.5159602

4. The Wave Equation Finite-Difference Algorithm gives the following results.

ECH

2 ZT; tj Wij

10 0.62831853 0.5 0.5233857
10 1.57079633 0.5 0.8904370
10 2.51327412 0.5 0.5233857

o0 OF D

For h=10.05 and & = 0.1:

i ] ZT; t]' Wi

4 5 0.62831853 0.5 0.53000146
10 5 1.57079633 0.5 0.90169234
16 5 2.51327412 0.5 0.53000146

[o52 B ob2 ¢

For h=10.05 and k& = 0.05:

7 j €, tj W4

4 10 0.62831853 0.5 0.52299419
10 10 1.57079633 0.5 0.88977086
16 10 2.51327412 0.5 0.52299419

5. The Wave Equation Finite-Difference Algorithm gives the following results.

% ] ZT; tj Wig ’LL(:L’.,;, tj)

2 3 02 03 0.6729902 0.61061587
5 3 05 03 0 0

8§ 3 08 0.3 -—-0.6729902 -0.61061587
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6. Algorithm 12.4 gives the following results:

] 24 ty Wi
2 5 02 05 -1
5 5 05 05 0
g8 5 08 05 1

—~

7. (a) The air pressure for the open pipe is p(0.5,0.5) = 0.9 and p(0.5,1.0) ~
(b) The air pressure for the closed pipe is p(0.5,0.5) =~ 0.9 and p(0.5,1. O) ~ 0.9187927.

8. Approximate voltages and currents are given in the following table.

I ¥ t; Voltage Current
5 2 50 0.2 77769 @ 3.88845
12 2 120 0.2 104.60 —1.69931
18 2 180 0.2 33.986 —5.22995
5 5 50 05 T77.702 3.88510
12 5 120 0.5 104.51 -—1.69785
18 5 180 0.5 33.957 —5.22453

Exercise Set 12.4, page 734
1. With E; = (0.25,0.75), Es = (0,1), E5 = (0.5,0.5), and E, = (0,0.5), the basis functions are

4z on T}
—244y on Ty,

— 2
ba(ey) = { 1-22+2% onTy

¢1($,y) =

0 on 15,

0 on Ty

z,y) =
¢s(w,v) 142z -2y onTh,

2—-2z—-2y onTh

¢4($7y) = {

2—2z—2y on Ty,

and v; = 0.323825, v = 0, v3 = 1.0000, and 4 = 0.
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2. With By = (0.25,0.75), Bz = (0,1), B3 = (0.5,0.5), By = (0,0.5), Es = (0,0.75), and
Es = (0.25,0.5), the following results are obtained:

a_,(ii) bgi) c.gi) node

i

1 1 0 4 0 1
1 2 -3 0 4 2
1 3 4 -4 -4 D
2 1 2 0 4 1
2 2 -1 4 0 3
2 3 4 -4 -4 6
3 1 0 4 0 1
3 2 3 0 —4 4
3 3 -2 -4 4 5
4 1 =2 0 4 1
4 2 1 -4 0 4
4 3 2 4 -4 6

So v; = 0.3238255, 12 =0, v3 = 1.0, 74 =0, 75 = 0, and v = 0.5.

3. The Finite-Element Algorithm with K =8 N =8,M =32,n =9,m = 25, and NL = 0 gives
the following results, where the labeling is as shown in the diagram.
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With the labeling shown in the figure:
71 = 0.511023, 5 = 0.720476, 3 = 0.507899, ~4 = 0.720476,
vs = 1.01885, v = 0.720476, 7 = 0.507896, v = 0.720476,
Y9 =0.511023 and v; =0, for10<1<25
1(0.125,0.125) = 0.614187, (0.125,0.25) ~ 0.690343, u(0.25,0.125) ~ 0.690343, and 1(0.25,0.25) ~
0.720476
4. The Finite-Element Algorithm with X =8, N =22, M =32, n =25, m = 25, and NL = 16
gives the results shown below, where the labeling is as shown in the figure for Exercise 3:
71 = —0.489695, v = 0.0163250, 3 = 0.524243, v, = 0.0163250,
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~vs = 0.00868518, ¢ = 0.0163250, y; = 0.524243, 5 = 0.0163250,

vg = —0.489695, 10 = —1.06913, 11 = —0.684308, 12 = 0.0581583,

713 = 0.752871, v14 = 0.962801, 715 = —0.684308, 116 = 0.752871,

~v17 = 0.0581583, v153 = 0.0581583, 19 = 0.752871, 20 = —0.684308,

21 = 0.962801, vag = 0.752871, a3 = 0.0581583, 724 = —0.684308,

and o5 = —1.06913.

©(0.125,0.125) = 0.270284, u(0.125,0.25) ~ —0.238595, 4(0.25,0.125) ~ —0.238595, and
©(0.25,0.25) ~ 0.0163250

5. The Finite-Element Algorithm with K =0, N = 12, M = 32,n = 20,m = 27, and NL = 14
gives the following results, where the labeling is as shown in the diagram.

23——24——25

21 22 22 &0
/ 'Iy 'Iy "ly W Tys
T, Ty Tag Tag Ty
8 1 2 3
Ty5 T/ | Tis
T3 T5 T(, T7

4 5
Tis Ty Ty
0—1 2 13 E—

26
T
Ty,

27
AN

T32

6 7 9
ZATEN

T]O TH Tll TZ?_

17 18 19 20

Ts

v =21.40335, g = 24.10855, 15 = 20.23334,
yo = 10.87372, 79 = 24.16799, 16 = 20.50056,
vz = 19.10019, 410 = 27.55237, 17 = 21.35070,
vy = 18.85805, 411 = 25.11508, i = 22.84663,
v = 10.08533, 1o = 22.92824, 19 = 24.98178, o6
vo = 19.84115, 13 = 21.39741, 40 = 27.41907,
yp = 21.34694, = 20.52179, =15
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u(1,0) =~ 22.92824, u(4,0) ~ 22.84663, and wu (2, V3 ~ 18.85895.
3073
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