
7 RF circuit analysis techniques 

7.1 Introduction In this chapter we discuss the main tools used in the analysis of Radio-Frequency 
(RF), or microwave^ signals and RF linear electronic circuits. 

These tools are based on phasor analysis, presented in Chapter 3, but with 
the addition of another dimension: the space or physical length. This is be­
cause, as will be discussed in sections 7.2 and 7.3, in the microwave frequency 
range the corresponding wavelength (1 cm to 100 cm) is of the order of the 
physical size of the vast majority of the electrical components and the physical 
electrical connections between them. Thus, signal propagation issues must be 
considered in this type of analysis. 

Another significant difference between RF analysis tools and the analy­
sis methods presented previously, is that the electrical measurements and the 
characterisation of electronic devices using open- and short-circuit methods is 
difficult to achieve over the entire RF frequency range which is located between 
300 MHz and 30 GHz. In fact, at these frequencies short- and open-circuits are 
very difficult to implement due to the existence of parasitic inductances and 
capacitances in a practical measurement set-up. Such a problem implies that it 
is difficult to characterise RF circuits in terms of voltage or current gains and 
input and output impedances. This problem is overcome using the Scattering 
parameters. These parameters, which are presented in section 7.4, are defined 
in terms of travelling waves and completely characterise the behaviour of RF 
and microwave electronic circuits. In addition these parameters are closely 
related with practical RF measurements. 

Finally, in section 7.5 we present the Smith chart which is a powerful graph­
ical method to handle the analysis, modeUing and design of RF circuits. We 
also discuss, in detail, the problem of impedance matching using transmission 
lines and the uses of L-section based circuits. 

7.2 Lumped 
versus 

In essence, the analysis of electronic and electrical circuits presented in the 
previous chapters uses the concept of the phasor, where the electrical entity 
considered (voltage or current) depends only on the time dimension for a cer-

distributed tain phasor angular frequency, w. 

v{t) = VReal[e^'^*] (7.1) 

^Traditionally, RF referred to signals with frequencies extending from 100 kHz to tens of MHz 
and Microwaves covered a higher frequency range extending into the tens of GHz. Today, as 
a result of the high frequencies used in wireless communication systems, it is common to use 
the two terms "RF' and "microwave" interchangeably to refer to circuits operating at frequencies 
beyond few hundreds of MHz. 
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i{t) = /Real[e^'^*+^] (7.2) 

Such a definition assumes, in an implicit way, that the amplitude of the elec­
trical signal does not depend on the space dimension or, in other words, the 
amplitude of the signal varies 'simultaneously' at any physical point of the cir­
cuit as if the propagation speed, Vp, of the signal was infinite. What actually 
is assumed is that the wavelength. A, of the electrical signal is so much greater 
than the circuit physical dimensions that this signal occurs at the same phase 
angle and amplitude, at any time, anywhere in the circuit. In other words the 
circuit physical dimension is zero. This assumption allows us to consider any 
circuit element, such as resistors, capacitors, and connecting cables or copper 
lines in circuit boards, as lumped elements. 

However, for any type of propagation medium, the propagation speed for 
an electrical signal (voltage or current) is finite and is related to the signal 
frequency, / , and wavelength. A, as follows: 

vp = Xf (13) 

Hence, assuming that Vp is constant, the signal wavelength decreases as its fre­
quency increases. When the wavelength of a high frequency signal is approx­
imately equal or less than the circuit physical length, I, then the amplitude of 
such a signal also varies significantly as it propagates along the circuit physical 
length. 

Figure 7.1 illustrates this. Figure 7.1 a) shows the amplitude of a 28 MHz 
sine wave propagating along a lossless connecting cable of length 1 m. Ac­
cording to eqn 7.3 the wavelength is about 10 metres assuming f p = 2.8 x 10^ 
m/s. This means that the wavelength is 10 times greater than the physical di­
mensions of the cable. From this figure it is clear that the signal amplitude 
is almost independent of the physical dimensions of the circuit at any time. 
This approximation is, in general, valid for frequency signals up to 100 MHz 
for which the wavelength is greater or equal than 300 cm since the physical 
dimensions of a typical circuit implementation rarely exceeds 20 to 30 cm in 
total length. 

On the other hand, figure 7.1 b) shows the amplitude of a 280 MHz sine 
wave propagating along the same lossless connecting cable. The wavelength 
is about 1 metre which is equal to the cable physical dimension. From this 
figure it is clear that the signal amplitude depends not only on the instant of 
time considered but also on where the amplitude measurement is taken. Mi­
crowave signals feature wavelengths which range from 1 cm to 100 cm. For 
these signals the lumped concept for most circuit elements is no longer valid 
and there is a need to adopt distributed models which take into account the 
physical dimensions of the electrical elements. 

An appropriate model for a signal phasor describing a voltage travelling 
wave, such as that illustrated in Figure 7.1 b), is given by: 

v{t,x) - Real [VAê "̂ *"̂ '̂ ]̂ (7.4) 

v{t,x) - Real [e^'^V(:r)] (7.5) 

where 

V{x) = VAC-'^'' (7.6) 
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Figure 7.1: Propagating sine wave along a lossless connecting cable with I 
1 m. a) 28 MHz sine wave f A = 10 x I), b) 280 MHz sine wave (X = I). 
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7.3 Electrical 
model for 

ideal 
transmission 

lines 

VA is the amplitude, x is the physical distance and (3 is defined as the propaga­
tion constant. /? is related to A according to the following eqn: 

and the propagation speed can be related to /? and u as follows: 

(7.7) 

(7.8) 

(7.9) 

It should be noted that V{x) is a static phasor (see eqn 3.57) which represents 
the phase dependence of the voltage signal on the physical length. 

Example 7.2.1 Consider a signal with a bandwidth of 7 GHz which is pro­
cessed by a filter. Give an estimate for the maximum size for this filter which 
allows the use of lumped models in the analysis of such a filter. The propaga­
tion speed of the signal is 2.4 x 10^ m/s. 

Solution: The wavelength corresponding to 7 GHz is: 

A 
2.4 X 10^ 
7 x 109 

3.4 cm 

Since the use of lumped models requires the signal wavelength to be about 
10 times greater than the circuit size, then the maximum size must not exceed 
about 3.4 mm. This can be achieved using integrated circuit technology. 

In order to characterise an ideal (or lossless) transmission line in terms of an 
electrical model we consider the circuit^ of figure 7.2 where maximum power 
transfer, from a source with an output impedance Zs to a load ZL = Z*, 
is intended. The transmission line electrical characteristics are such that the 
impedance at its input terminals is equal to the load impedance, ZL. In this 
situation the transmission line allows for maximum power transfer from Zg to 
ZL and the transfer function for the line in figure 7.2, if (/, x) must impose 
only a time (phase) delay to the propagating voltage. This delay is a function 
of its length. In fact, from eqn 7.6 we can conclude that: 

H{f,x) = 
V{x = 0) 

(7.10) 

Recall that if x{t) and X{f) form a Fourier transform pair then we have that 

x{t-T) "^ X(/)e-J '^^ (7.11) 

^A single line connecting two elements represents an ideal conductor with zero physical di­
mension. 



228 7. RF circuit analysis techniques 

x = 0 
Source 

Transmission 
line (lossless) 

Figure 7.2: Ideal transmis­
sion line allowing for max­
imum power transfer to the 
load ZL. 

where x(t — r) is a delayed replica of x{t) with r representing this time delay. 
Figure 7.3 shows an ideal transmission line and its equivalent circuit model. 

This transmission line can be sub-divided into Â  equal sections where each 
one has a length Ax = l/N. Each section has a capacity per unit of length of 
C and an inductance per unit of length of L. From the above the impedance 
which terminates the line, ZL, is equal to the impedance seen at the input of 
each section. Hence, we can write: 

with 

and 

ZL 

Zl 

Z2 

^1 + 
Z2ZL 

Z2^ZL 
jujL Ax 

1 

(7.12) 

jujC Ax 

Solving eqn 7.12 in order to obtain ZL we get 

ZL = 
Zi^yJZl+AZ2Zi 

(7.13) 

The voltage transfer function between any two adjacent sections is equal and it 
is given by the impedance voltage divider: 

Z2ZL 

Z2 + ZL 

with A; = 1,2, 

V{k/\x) 

V{[k - l]Ax) 

Z2 + ZL 

, N. From eqn 7.12 we write: 

Z2 ZL 

(7.14) 

Z2 + ZL ZL (7.15) 

Using the result of eqn 7.15 in eqn 7.14, the voltage transfer function between 
any two adjacent sections can be written as: 

VjkAx) 
V{[k - l]Ax) 

ZL-ZI 

ZL 
(7.16) 

The vohage transfer function considered in a particular section of the line, 
X = k Ax, is given as: 

V{x = kAx) 
V{x = 0) 

V{x = kAx) ^Jix = [k-l]Ax) ^^^ 

Vix - Ax) 

/ VjkAx) 
\V{[k-l]Ax) 

We can write eqn 7.16 as follows: 

_ / 

V{x = [k- l]Aa;) V{x = [k - 2]Ax) 

V{x = 2Ax) V{x = Ax) 
Vix 
k 

0) 

(7.17) 

VjkAx) 
V{[k - l]Ax) 

IL_ 
• u>' 

2L£Axi j a , i f 

y* ,2L2Axi + jco^^ 
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N sections 

-I 
a; = 0 

LAx LAx 

a) 

~TcAx ~Tc CAx 

b) 

Figure 7.3: a) Representation of a transmission line, b) Equivalent model for 
an ideal transmission line. 
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(7.18) 

If we increase the number of sections, TV -^ oo, and decrease the length of each 
section, Ax —> 0, in such a way that the product / = Ax N is kept constant, 
then we have: 

lim k Ax = X 
k—>-oo 
Ax—^0 

(7.19) 

where x is now a continuous variable representing the physical length. Also, 
we can expand the arc-tangent function in a series as follows: 

tan"^(x) = X - - x ^ - 2 4 x ^ + .. (7.20) 

Using the result of eqns 7.19 and 7.20 it can be shown (see problem 7.1) that 
if (/, x) can be written as: 

Jim H{f,kAx) - 1 x exp (-juj^/ICx) (7.21) 
Ax^-O 

H{f,x) = g-J^VLCx (7 22) 

or 
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and 

(7.23) = /I 
Comparing eqn 7.10 with eqn 7.22 we observe that the propagation con­

stant, /?, is equal to 

f3 = LOVLC (7.24) 

From eqn 7.22 we can relate the voltage at any point of the transmission 
line, X, with the input voltage, F(0), according to the expression below: 

V{x) = ^-Jojy/LCx y^Q) (7 25) 

Similarly, it can be shown (see problem 7.2) that we can relate the current at 
any point of the transmission line, x, with the input voltage according to: 

I{x) = e - ^ ' ^ ^ ^ ^ ^ (7.26) 

where 

ô = y f (7.27) 

Zo — \/L/C is termed the 'characteristic impedance' of the transmission line. 
It should be noted that ZQ is real and relates only the amplitude of the voltage 
propagating wave with the amplitude of the current propagating wave. There­
fore, Zo does not represent any dissipative effect along the transmission line! 

The eqns derived above, for the voltage and current travelling waves, were 
calculated under the assumption that the transmission line was terminated by a 
load impedance ZL equal to the characteristic impedance, ZQ. Under this con­
dition there is maximum power transfer from the transmission line to the load 
and, therefore, the propagating signal (voltage and current) is totally absorbed 
by this load. In this situation the transmission line is said to be matched to the 
load. 

Example 7.3.1 Figure 7.4 a) illustrates the transmission of a square voltage 
pulse, shown in figure 7.4 b), through a 10 metre transmission line which is 
lossless. The transmission line is matched {ZL = ZQ) and is characterised 
by an inductance per metre of 250 nH and a capacitance per metre of 100 pF. 
Determine: 

1. An expression for the voltage, in the time domain, at any physical point, 
X, of the transmission line; 

2. The delay of the voltage across the load; 

3. An expression for the current, in the time domain, at any physical point, 
X, of the transmission line. 
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Figure 7.4: a) Transmission 
of a square voltage pulse 
through an ideal transmis­
sion line, b) Square voltage 
pulse. 

Solution: 

1. The voltage Vs {t) has a Fourier transform, Vs (/) given by (see appendix 
A) 

Vs{f) = VATsmc{fT) (7.28) 

Since the transmission line is terminated by a load impedance equal to 
its characteristic impedance, the voltage at the input of the transmission 
line, V{f, X = 0), is given by: 

V{x = 0) = VATsmc{fT) Zo 
ZQ + ZQ 

VA Tsinc( /T) (7.29) 

where we drop the explicit dependency of V̂  on / for simpHcity. The 
transmission line imposes only a time delay to the propagating voltage 
V{x) and, from eqn 7.10, we can write: 

= ^ T s i n c ( / T ) e - ^ ' ' -

From eqn 7.9 we can write /?: 

/3 -= 
27r/ 

(7.30) 

(7.31) 

where Vp is the propagation speed (see also eqn 7.24): 

1 
Vr, = 

/LC 
= 2 X 10^ m/s 

From eqns 7.31 and 7.32 we can write eqn 7.30 as follows: 

V{x) = ^ T s i n c ( / r ) e - ^ ' ' " ^ ^ ^ " 

(7.32) 

(7.33) 

and, using eqn 7.11 we can write the time domain voltage on the trans­
mission line as 

^o(^, x) = ^ rect f — - (7.34) 

2. From eqn 7.34 we can write the voltage across the load as 

Vo{t,l) 

where the delay y/ZC I is equal to 50 ns. 

VA Jt-VLCl 
—- rect — 
2 I T 

(7.35) 
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3. Using eqn 7.26 we can determine the current I{x) as follows: 

- ;^Ts inc( /T)e-^27^/^ /LCx ^26) 
2 ZQ 

Using eqn 7.11 to return to the time domain, we can write the current in 
the transmission line as 

*^'^^ " 2~Z~o \ f ) ^ ^ ^ 

From this example it is clear that an ideal (lossless) transmission which is 
matched does not introduce any distortion to the voltage and current propa­
gating signals. 

When the load which terminates the transmission line is different from its 
characteristic impedance (ZL ^ Zo) the condition of maximum power transfer 
is not satisfied and parts of the voltage and current wave signals are reflected 
back to the signal source. In fact, the general solution for the voltage and cur­
rent wave signals, at a given point of the transmission line, d, terminated with 
a general load impedance ZL is given by the sum of two propagating waves; 
an incident wave, travelling towards the load, and a reflected wave travelling 
back towards the signal source. Such a situation can be expressed as follows: 

V{d) = VA ê '̂ ^ + VB e-^'^^ (7.38) 

incident wave reflected wave 

I{d) = IA e^^^ - IB e-^'^^ 

^ YA ^m _ Y^ ^-j^d (7 39) 
Zo ZQ 

It should be noted that there is a change in the distance reference: d = 0 is now 
the load reference plane while d = / is the distance to the signal source from 
Z L as shown in figure 7.5. 

j ; = 0 

^ 
Source; Z„ incident wave 

reflected wave 

< 

d=l d=0 

Figure 7.5: Transmission line with characteristic impedance ZQ and un­
matched load ZL. 
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The reflection coefficient, T{d), is defined as the ratio between the voltage 
of the reflected wave and the voltage of the incident wave at any location on 
the transmission line, d: 

VB e-i^'^ VB 
^(^) = ^ ^ = v ! ^ " ^ ' ^ ''•''' 

The voltage, V{d), and the current I{d) can be written as follows: 

V{d) = VAei^^(l + ^e-^^^A 

= VAe^l^'^[l + V{d)\ (7.41) 

whilst 

I{d) = ^ e ^ ' 5 ' * [ l - r ( d ) ] (7.42) 

and the impedance, Zin{d), as a function of the distance d, is given by the 
following expression: 

zUd) = j ^ 

= zl±M (7 43) 

For d = 0 it is known that Zin{0) = ZL, that is; 

_ , i + r(o) 

Solving the last eqn in order to obtain r(0), we get: 

r„^r(o) = | ^ ^ (7.44) 

The reflection coefficient given by eqn 7.44 effectively 'measures' the differ­
ence between the load ZL and the transmission line characteristic impedance 
Zo. If To = 0 then ZL = ZQ. When To ^ 0 these two impedances are differ­
ent. The greater the value for iFol the greater the difference between ZL and 
ZQ. Setting d = 0 in eqn 7.40 and using eqn 7.44 we have 

r{d) = r^e-^^'^^ (7.45) 

At this point we introduce the transmission coefficient, T{d), which is de­
fined as the ratio between the voltage wave V{d) and the voltage of the incident 
wave (see also eqn 7.40): 

^̂ )̂ ^ v7^^ 
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that is 

T{d) = 1 + T{d) (lAl) 

The transmission coefficient is often presented, in dB, as the 'insertion loss', 
iL{dy. 

IL{d) = 20 logio\Tid)\ (7.48) 

Using eqns 7.43,7.44 and 7.45, the input impedance Zin{d) can be written 
(see problem 7.3) as a function of ZL, ZQ and ^ d: 

^ ZL+jZota.n{f3d) 

/? d represents an angle which is commonly referred to as the 'electrical length', 
where the angle l3d = 27r corresponds to a single wavelength. Equation 7.49 
shows that, at different locations on the transmission line, the input impedance 
varies between being capacitive and inductive depending on the value of the 
load Z L . 

Example 7.3.2 Consider a transmission line with Zo = 50 fi. The load imped­
ance is ZL — 10 f2. Determine the line input impedance for: 

1. An electrical length of 45°; 

2. An electrical length of 90°; 

3. An electrical length of 135°. 

Solution: Using eqn 7.49 for the required electrical lengths, (3 d; 

1. pd = 7r/4, Zin = 19.2-\-j46.2n. 

2. /3d = n/2,Zin = 250n. 

3. Pd = 37r/4, Zin = 19.2 - j46.2 ft. 

7.3.1 Voltage Standing Wave Ratio -̂  VSWR 

When a transmission line is terminated by a load which is different from the 
characteristic impedance there is a wave reflected from the load. With such a 
reflection, we effectively have two waves travelling in opposite directions along 
the transmission line; the incident wave and the reflected wave. The addition 
of these two waves produces a standing wave pattern along the transmission 
line which is characterised by the 'Voltage Standing Wave Ratio' (VSWR). 
The VSWR is defined as the ratio between the absolute value of the maximum 
voltage in the transmission line and the absolute value of the minimum voltage 
in the transmission line: 

VSWR - I S S r ^ (7-50) 
\V(d)\min 
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From eqn 7.41 we can write 

\vid)\ max — l̂ ^ l̂(i + |ro|) 
\V{d)\min - \VA\ (1 - \To\) 

and the VSWR can be written as: 

VSWR = J ^ i ^ (7.51) 
•'- I-'- o\ 

We now consider three very important cases: 

• The matched transmission line; 

• The open-circuit transmission line; 

• The short-circuited transmission Une. 

The matched transmission line 

The matched transmission line has been discussed above. For this situation 
ZL = Zo, To = 0 and Zin{d) = Z^. It follows that the VSWR is constant 
at its minimum value: 1. This is expected since there is no reflected wave. 
Therefore, the wave pattern resulting from the incident wave is constant, as 
shown in figure 7.6 a). For this situation the voltage signal can be written as 

V{d) = VAC^^"^ (7.52) 

v{t,d) = Real[Kie^"^^e^'^'] 

= VA cos{u;t + f3d) (7.53) 

The open-circuit transmission line 

For this case we have 

ZL ^ oo 

To - lim 1^ = 1 

VSWR -^ 00 
. . ZQ tan(/3 d) 
^'^'J ZL 

j tdin{(3d) 

From eqn 7.54 it can be seen that the transmission line has a capacitive 
nature for 0 < d < A/4. For this situation the voltage signal can be written as: 

V{d) = FA (ê '̂ "̂  + e-^'^^) 

= 2VACos{f3d) (7.55) 

v{t, d) = Real [VA (e '̂̂ ^ + e '̂̂ )̂ e '̂̂ '] 

= 2VA cos{Pd) cosiut) (7.56) 

Figure 7.6 b) shows this waveform. 

Zin{d) = YimZo^'^ ^^ 
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Matched transmission line 

0 0 (Load) 

d = 0 
i \V(d)\ (Load) 

d = 0 

d = l 
(source) 

d = l 

0 0 

Open-circuit transmission line 

, md)\ 

(Load) 
b) 

Short-circuited transmission line 

0 0 
(Load) 

Figure 7.6: Voltage patterns on a transmission line showing standing waves versus time and distance (left) 
and magnitude of the standing wave voltage (right), a) Matched transmission line (no standing wave), b) 
Open-circuit transmission line, c) Short-circuited transmission line. 
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The short-circuited transmission line 

For a short-circuited transmission line we have: 

ZL = 0 

To = - 1 
VSWR -^ 00 

Zin{d) = jZotMf^d) (7.57) 

From eqn 7.57 it can be seen that the transmission Hne has an inductive nature 
for 0 < G? < A/4. For this situation the voltage signal can be written as: 

V{d) = VA{e^^^-e-^^^) 

= 2jVAsm{pd) (7.58) 

v{t, d) = Real [VA (e '̂̂ ^ - e '̂̂ )̂ ê '̂ *] 

= 2VA siniPd) cos{ut 4- 7r/2) (7.59) 

Figure 7.6 c) shows this waveform. 

Example 7.3.3 Vs is a DC voltage source with a resistive output impedance, 
Zs, applied to an open-circuit transmission line with characteristic impedance 
Zo. Assuming that the source is switched-on at t = 0, show that the voltage at 
the output of the transmission line tends to K as t —> oc. 

Solution: We refer to figure 7.7 where we illustrate the following 'transient 
analysis'; When the source is switched-on the voltage source Vs only 'sees' 
the voltage divider formed by Zs and Zo since the voltage waveform has not 
yet travelled along the transmission line. Hence, the voltage at the input of the 
transmission line (x = 0) is given by 

V{x = 0) = Vs ^" 
Zo H~ Zs 

= Vsj^ (7.60) 
1 -hr 

where r = Zs/Zo. The voltage described by eqn 7.60 propagates along the 
transmission line. Tp is the propagation time which is the time taken by the 
voltage to travel from x = 0 to x = / (or from x = I to x = 0). Since the 
line is terminated by an open-circuit (To = 1), this voltage is totally reflected 
back towards the source as illustrated in figure 7.8. Now, at a time instant 
immediately after Tp, i.e. t = Tp, the voltage at a: = / is 

V{x = l) = 2 V ; - 4 - (7.61) 

When the voltage propagating back to the signal source reaches x = 0 it sees 
a reflection coefficient Ts given by 

(7.62) 

Zs 

Zs 
r -

-Zo 
+ Zo 
-1 
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2Vsir-l)^ 
(l+r)3 

Figure 7.7: Open-circuit transmission line driven by a voltage source. Tran­
sient analysis. — Transmission; — Reflection. 

X = I 

ZD-

D-

Figure 7.8: Voltage versus 
the distance att — Tp. 

Hence, a fraction of this voltage is reflected back towards the open-circuit with 
a value given by 

K 
1 r — 1 r — 1 

^ s 
l+r r+1 (r +1)2 

(7.63) 

and so on, as shown in figure 7.60. The total voltage at x = /, as i increases, 
is given by the addition of the partial voltages, that is: 

V{x = I) 2Vs 

2K 

1 r - 1 (r - 1 ) ^ 
r + 1 ^ (r + l)2 ^ (r + 1)3 + 

l E r + 1 f-; V̂  + 1 
k=0 

r - 1 
(7.64) 

The last eqn is the sum of an infinite geometric series (see appendix A) whose 
value is given by: 

V{x = 1) = 
2Vs r + 1 

r+1 2 
= Vs 
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t/Tp 

Figure 7.9 shows the voltage at x = / versus the time normahsed to Tp for three 
values of r; 4, 1 and 0.25. We observe that in all situations the voltage tends 
to Vs as predicted by our discussion above. Note that for r = 1 (corresponding 
to Zs — Zo) the voltage V{x = I) equals V̂  for t > Tp. This is because the 
reflected voltage wave is totally absorbed by Zs since the line is matched to the 
signal source impedance. 

Example 7.3.4 We want to determine the location of a failure in a coaxial 
cable with a length of 430 metres. In order to identify this location we send a 5 
/iS pulse through the cable and we monitor the reflection. Figure 7.10 a) shows 
the waveform monitored at the input of the cable. Determine the location of 
the fault knowing that the cable has an inductance per metre of 250 nH and a 
capacitance per metre of 100 pF. 

Solution: The waveform of figure 7.10 a) can be seen as the sum of two pulses 
as shown in figure 7.10 b) where we clearly identify the pulse which was sent 
and the one reflected back. Since the reflected pulse has the opposite polarity 
of that transmitted we conclude that the fault is a short-circuit (To = —1). 

The propagation velocity is Vp = {LC)~^^'^ and therefore we calculate the 
location of the fault at point x given by: 

X = VpTp 

= 300 m 

Figure 7.9: Load voltage at 
X = I versus the time nor­
malised toTp. a) r — 4. b) 
r = l.c)r = 0.25. 

This technique of fault diagnosis is commonly used and is known as Time 
Domain Reflectometry (TDR). 

7.3.2 The A/4 transformer 
Another very important transmission line case, widely used in practical appli­
cations, is the quarter-wavelength transmission line also known as the quarter-
wave transformer. This transmission line has an electrical length of fid = 

\v 

t (/is) 

10 

f V 

Transmitted 

2Tp 

t (/is) 

5 

Reflected 

10 

b) 

Figure 7.10: Waveforms monitored at the input of a faulty cable. 
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(27r/A) X (A/4) = 7r/2. The input impedance for this transmission line can be 
calculated by rewriting eqn 7.49 as: 

ZUd) = z „ ^ ± ^ (7.65) 

and if we let f3d -^ 7r/2 we get: 

Zin{d = \/A) = ^ (7.66) 

Equation 7.66 reveals the importance of the quarter wave transformer which is 
the ability of transforming a real impedance {ZL) into another real impedance 
given by Z'^/ZL. This result is very important since it allows the matching of a 
load {ZL) to a transmission line with a characteristic impedance ZQA different 
from ZL' The matching is achieved using a quarter-wave transformer with a 
characteristic impedance ZQ = V^oA ^L as shown in figure 7.11. In order to 
understand how this matching process is achieved we refer now to figure 7.12 
where we perform a 'transient analysis': Let us suppose a normalised travelling 
voltage wave along the transmission fine, with Zo = ZOA, towards the load 
ZL. For the sake of simplicity we consider the phase of the voltage wave to 
be zero at d = 0. When this wave reaches the quarter-wave transformer with 
Zo = ZoB for the first time it 'sees' only the impedance ZOB since it has not 
travelled along the quarter-wave transformer and it has not reached the load 
ZL. Hence, a partial reflection, TAB, and a partial transmission, TAB, take 
place at the interface between these two transmission lines: 

FAB = l^^'Y (7-67) 
ZJQB -T ^OA 

TAB = 1 + TAB = ^ ^ ^ " ^ (7.68) 
ZJOB -r ZJOA 

This partial transmitted wave travels a distance d = A/4 to the load where a 
fraction is reflected back towards the line ZQA'-

TBL = 1 ^ ^ (7.69) 
ZJL + ^oB 

This last reflected wave arrives to the transmission line ZQA with an ampli­
tude -TAB TBL. It should be noted that the round trip along the quarter-
wave transformer corresponds to 180 degrees (or TT) phase shift. A fraction 

ZoA 

-̂ > ' = H 
Zo = {ZOAZL)' 

^ A/4 ^ 
ZoA 

Figure 7.11: Load matching using a quarter-wave transformer 
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TABTBArlLexp{jPd-jn) 

• / ^ 
TABJIA^IL^M-JP 

TBA TAB ^BA ^BL 

TABr%^r%^exp{jp-j7rd) 

-TBA TAB ^%A ^%L 

Figure 7.12: The quarter-
wave transformer load 
matching: transient analy­
sis. 

—TAB ^BL TBA of this wave travels back to the signal source while a fraction 
—TAB TBL ^BA is reflected back to the load. For this analysis the following 
eqns apply; 

TBA -

^BL 

^BA = -^AB 

— ^^oA 

ZoB + ^oA 
ZL — ZQB 

ZL + ZoB 

(7.70) 

(7.71) 

(7.72) 

The total reflected wave at the boundary between the transmission line ZQA 
and the quarter wave transformer can be calculated by summing all the partial 
reflections (see also figure 7.12): 

^tot = ^AB - TAB TBA^BL{'^ - ^BL ^BA + ^BL ^BA ~ • • •) 
oo 

= ^AB — TAB TBA^BL 2_^i~^BL ^BA) (7.73) 
k=0 

Equation 7.73 represents the sum of an infinite geometric series (see appendix 
A) whose value is 

^AB 
^BLTABTBA 

1 + ^BL^BA 

_ ^AB{'^ + ^BL^BA) - ^BLTABTBA 

1 + ^BL^BA 

It can be shown (see problem 7.7) that the last eqn can be expressed as: 

T̂  _ Z^Q - ZoA ZL 

Z^B + ZoA ZL 

which vanishes if 

ZoB — yZoA ZL 

(7.74) 

(7.75) 

(7.76) 

In other words, if ZOB — ^/ZQA ZL, the reflections at the boundary between 
the transmission line ZQA and the quarter wave transformer add to zero and the 
transmission line with ZQ — ZOA is matched. 

Example 7.3.5 Consider the load matching problem shown in figure 7.12. De­
termine an expression for the incident wave and the resulting reflected wave 
within the quarter-wave transformer for ZQB = VZOA ZL-

Solution: The total incident voltage, V^'^{d), in the load ZL can be obtained by 
summing the partial incident voltages: 

y+(d) = e-^^'' TAB [1 - TBATBL + {TBATBL? - • • •] 
OO 

= e-^^'^ TAB Y.'^-TBArBL)'' , 0 < d < A/4 (7.77) 
fe=0 
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It is known that 

oo . 

J2r' = z , M<1 (7.78) 
z_-̂  1 — r 
k=0 

Since | — TBA^BL\ < 1 we can write 

y+(d) = ^-,-^d ^ A B , 0 < d < A / 4 (7.79) 
i + i BAi BL 

where 

TAB 2ZOB{ZL + ^OB) 

1 + TBA^BL {ZL -\- ZOB){ZOA + ZOB) + (^L - ZOB){ZOA — ^OB) 

ZOB{ZL + ^OB) 

ZLZOA + ^oB 
(7.80) 

Since ZQB = VZQA ZL, 

TAB ^ ' I + J | ^ (7.81) 
1 + ̂ BA^BL 2 \ V ZoA 

and the incident wave can be written as: 

V+{d) = e-^^''Ul + ^ ] ,0<d<X/4 (7. 82) 

Similarly, the total voltage reflected from the load is obtained by summing all 
the partial reflections: 

V-{d) = e^^'^-^^ TABTBL [1 - TBATBL + {TBATBL)^ -•••] 
OO 

= e^^^-^^ TABTBL J^^-TBATBL)^ , 0 < d < A/4 (7.83) 
k=0 

Using eqn 7.78 we obtain: 

V~{d) = e^^"^-^"" TABTBL 
1 + TBATBL 

= gj73d-j7r ^L - ZQB 

2ZoB 

JPd 1 / . I ^L 
'''-2V-^Z7A ' « ^ ' ^ ^ V 4 (7.84) 

7.3.3 Lossy transmission lines 
In practical transmission lines there is power dissipation when a wave signal 
travels along a transmission line. These dissipative phenomena are usually 
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-^ 

Figure 7.13: Electrical 
model for a lossy transmis­
sion line. 

due to the finite conductivity of transmission lines and losses in the dielectric 
around them. A more realistic model for a transmission line than that of figure 
7.3 is given in figure 7.13 where the resistance per section RAx and the con­
ductance per section GAx account for the finite conductivity and the dielectric 
losses, respectively. If we assume that the transmission line is matched, that is, 
that all the power arriving to the load, ZL is absorbed, it is possible to show 
that (see example 7.3.6 and exercise 7.8) 

V{x) = e-^^ V{0) 

7 = a + j/3=y/{R + ju;L)iG + jujC) 

Zo = Jm^ 

(7.85) 

(7.86) 

(7.87) 

(7.88) 
G + jujC 

where 7 is called the complex propagation constant, a is the attenuation con­
stant (in nepers^ per metre) and /? is the propagation constant, as before. In 
general, the characteristic impedance and the complex propagation constant 
are frequency dependent. It can be shown (see problem 7.9) that at low fre­
quencies where R » UJL and G » U;C,WQ can write 

O^LF 

f3. LF 
I ^ R , G' 

(7.89) 

(7.90) 

(7.91) 

U^S+G^ 

%[C^ + L^ 

Figure 7.14: a) Attenuation 
constant versus the angular 
frequency, b) Propagation 
constant versus the angular 
frequency. 

and at high frequencies where R « uoL and G « LUC we can write: 

-'OHF — 

(7.92) 

(7.93) 

(7.94) 

Figure 7.14 shows typical variations of the complex propagation constants (a 
and /3) with the angular frequency, LO. Since the propagation velocity (ou/fi) 
and the attenuation constant (a) are frequency dependent we can expect, in 
addition to amplitude attenuation, linear signal distortion (see figure 7.15) in 
a lossy transmission line. This is because the different frequency components 
of a propagating signal will travel at different speeds and will experience dif­
ferent delays when arriving at the load. Also, further distortion can arise from 
different frequency components experiencing different attenuation levels (see 
also section 3.3.4). 

^Neper is a unit expressing the ratio of two numbers as a natural logarithm where the attenuation 
in nepers is 1/2 ln(output/input). Attenuation of one neper approximately equals 13.5% ~ -8.7 dB. 
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Source 

Jl A! 

Figure 7.15: Signal distor­
tion in a lossy transmission 
line. 

Fortunately, most practical transmission lines exhibit low loss. In fact, if 
these losses were very high the transmission line would be of very limited use. 

j_J Hence, in practice the propagation constant and the characteristic impedance 
can be characterised by their high frequency approximations expressed in eqns 
7.92 to 7.94, for which the signal propagation is distortion free. 

s 
Load 

Example 7.3.6 Show that for a matched lossy transmission line we have 

V{x) - 7 X V{0) (7.95) 

Solution: Assuming that the transmission Une is terminated by a load ZL such 
that the impedance looking into each section is also given by ZL we can write: 

ZL Z[ + 
Z-i ZL 

Z'O + ZL 
(7.96) 

with 

Z[ = {R + JLJ L) Ax 

Z' = 1 
2 (G + i w C ) A x 

Solving eqn 7.96 in order to obtain ZL we get 

Z[ + V^f + 4Z^ZJ 
ZL = 

{R + ju^L)Ax ^ y ( f i + ic.L)^Aa.2 + 4 g g ^ 
(7.97) 

Under the assumptions mentioned above, the voltage transfer function between 
any two adjacent sections is equal and given by the impedance voltage divider: 

VjkAx) 
V{[k-l]Ax) 

Z', + Z' 

^ \ + z[ 
(7.98) 

with k 

Z!, + ZL 

1,2,...,N. From eqn 7.96 it is known that: 

Z2 ZL 

ZUZL 
-Z'L-Z\ (7.99) 

Using the result of eqn 7.99 on eqn 7.98 the voltage transfer function between 
any two adjacent sections can be written as: 

V{kAx) 

V{\k - \\Ax) 

ZL-Z[ 

ZL 

^{R + ju;LrAx^ + 4§^^-{R + ju;L)Ax 

^{R + ju;LrAx^ + 4§±^ + iR + ju;L)Ax 
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The last eqn can be written as: 

V{kAx) _ [y^ + {R-^jujL){G-^ju;C)Ax^ ~ ^J 

V{[k - 1] Ax) ( /i I 4 , . > 
(7.100) 

We use now the variable W = {R -\- j uj L){G -\- jujC)/4: to simplify the 
analysis. Hence, we can write eqn 7.100 as follows: 

y(fcAx) _ V ^ + wh^ - ^ 

= {y/WAx'^ + 1 - \/WAx2)2 (y^Qj^ 

The voltage transfer function considered in a particular section of the line, x = 
k Ax, is given as: 

V{x = kAx) _ / V{kAx) ^ ^ 
V{x = 0) ~ \V{[k-l]Ax) 

= {VWAx^ 4-1 - VWA^f^ (7.102) 

The last eqn can be expanded as a Maclaurin series as follows: 

V[x — 0) 2! 

3! ^ ' 4 ! 

+ (80fc3 -32fc -^ -18fc^ )^ ' ^ f ' ' ^ '+ . . . (7.103) 
5! 

If we increase the number of sections, that is, N ̂  oo, and if we decrease the 
length of each section. Ax —̂  0, in such a way that the product / == Ax N is 
kept constant, then eqn 7.19 applies and the last eqn can be written as shown 
below: 

,. V(x = kAx) , ^ r— AVWX)^ , r.^iVWxf 

fc-.oo y(x = 0) 2! ^ ^ 3! 
A x - * 0 

oo 

= E (-2VI^x)^ 

n=0 
_ ^-2VWx 

= e-^"" (7.104) 

with 7 given by eqn 7.86. Hence we have 

V{x) = e-^^F(O) (7.105) 
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Example 7.3.7 Prove that for a lossy transmission line with RC = LG the 
signal propagation is distortionless. 

Solution: The complex propagation constant for a lossy transmission line can 
be expressed as: 

, = ,/0^L)0>.C)|l + ^^) ( l + ^4,) 

/ r ^ I ^ . / -R G \ RG 
= j W L C W l - j — + — ,wL UJC) UJ^LC 

Using the condition RC = LG we get 

7 

(7.106) 

that is 

a = R\ - a.101) 

V -L/ 
(3 = UJVLC (7.108) 

and because a is constant and does not depend on the frequency and /S varies 
linearly with the frequency, all signal frequency components are equally attenu­
ated and they all travel at the same propagation velocity, (LC)~^/^, effectively 
resulting in distortionless transmission. 

When a lossy transmission line is terminated with a load impedance ZL, 
the solution for the voltage and current wave signals, at any position of the 
transmission line, d, is given by: 

V{d) = VA e^^ + VB e"^^ (7.109) 

incident wave reflected wave 

I{d) = I A e^^ - IB e"^^ (7.110) 

= ^ e^^ - ^ e"^^ (7.111) 
ZQ ZQ 

The reflection coefficient at any point d on the lossy transmission line follows 
the definition presented in eqn 7.40, that is: 
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and the input impedance is now given by (see problem 7.10): 

_ ZL + ZO tanh(7d) 
Zin{d) 

'Zo-\- ZL tanh(7d) 
(7.114) 

Dielectric / ^ /"^ > 
substrate><^ y^ J^ 

d 

Fi 
m 

Ground 

gure 7.16: Geo 
icrostrip lines. 

Strip / J 
ductor J 

y 
metry of 

7.3.4 Microstrip transmission lines 
There is a large variety of transmission lines including coaxial cables, striplines, 
and several types of waveguides. However, the microstrip line is one of the 
most popular types because it is easily fabricated using printed-circuit tech­
niques and because it is easily integrated with other active and passive mi­
crowave devices such as integrated circuits operating at high frequency (RF), 
microwave connectors, etc. Here we introduce the reader to the basic concepts 
of microstrip transmission lines. Detailed studies of these lines and other trans­
mission line structures have been presented by Edwards and Steer [6] and also 
by Fooks and Zakarvicius [7]. 

The geometry of microstrip transmission lines is illustrated in figure 7.16. 
A strip conductor of width W and thickness t is printed on a grounded dielec­
tric of thickness d and relative permittivity 6 .̂ When the thickness of the strip 
conductor is small (t/d < 0.005) the characteristic impedance can be calcu­
lated, given the physical dimensions of the microstrip line, as follows: 

Zo^ < 

r ^ l n ( 8 # + 0 . 2 5 f ) i f f < 1 

1207r /v /^ I iZUTT/y/Ce i f H : > 1 
V W/d-\-1.393-\-0.667ln(W/d-^lA44) d -

where eg is the effective dielectric permittivity expressed as: 

(7.115) 

e. ^ — h -
2 ^/l-\-12 d/W 

(7.116) 

The effective dielectric permittivity accounts for the fact that whilst part of the 
wave propagation takes place within the dielectric substrate (e^ CQ) some occurs 
through the air (co). 

For a given value of d it is necessary to calculate W to achieve correct 
electrical parameters. Hence, for a given characteristic impedance, ZQ, and 
dielectric constant €r, the W/d ratio can be calculated as follows: 

W_ 
~d 
W_ 
d 

Se' 
o2A - 2 

W 
if — < 2 

a 

+ 

B-1- \n{2B - 1) 

- 1 

2er 
l n ( S - l ) + 0 . 3 9 - ^ ' ) 

(7.117) 

W 
if— > 2(7.118) 

a 

where 

A = ^ 
60 

€r+ 1 e 
6r + l 

0.23 + ^ ) (7.119) 
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and 

The propagation constant fi can be calculated according to; 

/3 = - ^ / ^ (7.121) 
c 

with c representing the speed of light in vacuum. 
The attenuation due to the dielectric loss can be determined as follows: 

cje^fee — l)tan((5) , ,„ .^^. 
aa ^ "^ " ^ ^\ ^ nepers/m (7.122) 

with tan((5) representing the 'loss tangent' of the dielectric given by: 

tan(5) = -^^— (7.123) 

where cr̂  is called the total effective conductivity of the dielectric. 
The attenuation due to losses in the stripline conductor can be determined 

as follows: 

«^ ^ ^^^° /^^^- ) nepers/m (7.124) 

where )LXO = 47r • 10~^ Henry/m is the permeability of free-space and CFC is the 
conductivity of the stripline conductor. 

Example 7.3.8 Determine W for a microstrip transmission line to give ZQ = 
50 r̂ . The substrate thickness is 0.127 cm and the relative permittivity is 2.20. 
For such a line determine also the effective dielectric permittivity. 

Solution: Taking the initial guess that W/d > 2 we use eqns 7.118 and 7.120 
to obtain; 

5 = 7.99 , W/d = Zm (7.125) 

Note that the value obtained for W/d is greater than two. Otherwise, it would 
be necessary to use eqn 7.117, valid for W/d < 2. W = 3.08 d = 0.39 cm. 
From eqn 7.116 we obtain eg = 1.87. 

7«4 S c a t t e r i n g scattering parameters (5-parameters) were developed in the early 1960s for the 
n n r a t n p t p r ^ purposes of high-frequency transistor assessment and measurements. These 
^ parameters are defined according to the voltage and current wave signal defini­

tions presented previously in the context of lossless (ideal) transmission lines. 
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Let us consider the voltage and current wave signals propagating in an ideal 
transmission line as shown in figure 7.17, for which we shall use the following 
notation: 

- C 

Zo ZL 

-^v-ixy.i-ix) 
-Q: 

f 
x = 0 

Zo 

Zo 

(7.126) 

(7.127) 

(7.128) 

(7.129) 

where V'^ (x) and V~ {x) represent the incident and reflected voltage waves, 
respectively, /"""(a;) and I^{x) represent the incident and reflected current 

Figure 7.17: Incident and waves, respectively. Zo is the characteristic impedance of the lossless trans-
reflected waves in a trans- mission line. It is now possible to write 
mission line. 

V{x) = V+{x) + V-{x) 

I[x) — I^{x) - I {x) = 
Zo 

r{x) = 
V-{x) I-{x) 

V+{x) I+{x) 

Using the following normalisations 

v[x) = ' 

i{x) = \fZoI[x) 

and defining a{x) and h{x) as indicated below: 

a{x) = ^ ^ = ^/z'oI+{x) 
y Zo 

b{x) = ^ 5 : ^ = v ^ / - ( x ) 
/Zo 

we can write the following set of eqns 

v{x) = a{x) + b{x) 

i{x) = a{x) — b{x) 

b{x) = r{x) a{x) 

or 

and 

(7.130) 

(7.131) 

(7.132) 

(7.133) 

(7.134) 

(7.135) 

(7.136) 

(7.137) 

(7.138) 

(7.139) 

aix) = hv{x)+i{x)] = -^[V{x) + ZoIix)] (7.140) 

bix) = hv(x)-i{x)] = -^[V{x)-ZoI{x)] (7.141) 
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-dl 

- E 

^ 1 

ai{xi) oiih) 

- ^ - N J - ' 

t 
a ; i = 0 xi = h 

3-
^2(0 :2) 02(^2) 

b2{l2) ''\^2{X2) 
^\y ^V* 

Z^ 
t 

X2^h ^ 2 ^ 0 

Figure 7.18: S-parameter definition for a two-port circuit. 

For a two-port circuit (see figure 7.18) we have now ai(/i) and 61 (/i) rep­
resenting the incident and reflected waves, respectively, at port one located 
at xi = li. Similarly, 02(^2) and 62(/2) represent the incident and reflected 
waves, respectively, at port two located at X2 = /2- We can relate the incident 
and the reflected waves in port one and port two by generalising eqn 7.139 for 
the characterisation of a two-port circuit, like in figure 7.18, as follows: 

hi{h) = Sn ai{li) + Su 02(^2) 

^2(^2) = 5'21 a i ( / i ) + 522 CL2{l2) 

These last two eqns can be written in matrix form: 

6i(/ i) 
b2{l2) 

Sn 
S21 

S12 

S22 

a i ( / i ) 

^2(^2) 

(7.142) 

(7.143) 

(7.144) 

where ai(/i), 61 (/i), a2(/2)» ^2(̂ 2) represent the normalised values for the 
incident and reflected waves at xi = h and X2 = I2 as illustrated in figure 7.18. 
The 5-parameters represent the reflection and transmission coefficients for the 
two-port circuit. From eqns 7.142 and 7.143 we can define each parameter as 
follows: 

5 n = 
biih) 

diih) a2{l2)=0 

Input reflection coefficient (7.145) 

512 
biih) 
^2(^2) a i ( / i ) = 0 

Reverse gain coefficient (7.146) 

521 — 
b2{l2) 
a i ( / i 

a2(l2)=0 

Forward gain coefficient (7.147) 

>>22 
b2{l2) 

Ci2{l2) a i ( / i ) = 0 

Output reflection coefficient (7.148) 
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Figure 7.19 a) shows an experimental set-up for the measurement or calcula­
tion of 5ii and 521. From this figure it can be observed that to ensure that 

D 
Zol 

Zol 
ai{li) = 0 

HE 

K 
2-Port 

Circuit 

^22 

^o2 

he 
x i = 0 Xi =li X2 = h X2 = 0 x i = 0 Xi = h 

b) 
X2 = h X2 = ^ 

Figure 7.19: Two-port circuit, a) Calculation of Sn and of 821- b) Calculation of S12 and of 822-

^2(^2) — 0 the output transmission line is terminated with a load equal to its 
characteristic impedance, that is, ^ n and 52i are determined with the output 
transmission line matched to Zo2' 812 and ^22 are determined with the input 
transmission line matched to Zoi (see figure 7.19 b)). 

Example 7.4.1 Determine the /S-parameters of a series impedance, Z, in a Zo 
system. 

Solution: 811 is calculated as follows (see also figure 7.20): 

ZiN - Zo 
811 = 

""f'^ ^ ° I Since Zm = Z-\-ZOVJQ have 
^o \\Zo 
b2{h) 

n i 
X2 = l2 X2 = 0 

Zn 821 is calculated as: 

Figure 7.20: Set-up for the 
calculation of 811 and of 
821 of a series impedance Z. 

521 

ZiN + Zo 

Z 

Z^2Zo 

h2{l2) 

(7.149) 

(7.150) 

ai{l2)=Q a i ( / l ) 

V^2(/2)-^o/2(/2) 

Vi{h)^Zoh{h) 
(7.151) 

It is known that: 

Vi{h) = ZiNhih) 

= {Z^Zo)Iiih) (7.152) 

Also, ¥2(12) can be related to Vi(/i) by the voltage divider expression: 

V2{l2) =-^^^V,{h) (7.153) 
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R R 

- C 

V^i(xi) 

Zo 

J—^W"-r^ 
C 

-c J—^W—r^ 
I2{X2) 

-e: > 

V2{X2) 

+ h{xi) 

Zn 

-c 
xi = 0 xi = li X2 = l2 a:2 = 0 ^/ iv i b) Z, 

IN2 

Figure 7.21: a) RC low-pass filter, b) Set-up for the calculation ofSn and 821- c) Set-up for the calculation 

of S12 and 822-

^2(^2) = 0 implying that ^2(^2) = - ^ o -̂ 2(̂ 2) (see also eqn 7.140). 
Hence we have 

'S'21 
2V2{l2) 

Vi{h)[l + 

Z^-2Zo 

Zo + Z 

(7.154) 

From symmetry considerations it is straightforward to conclude that ^22 = ^ n 

and that 5i2 = 52i. 

Example 7.4.2 Determine the 5-parameters of the low-pass filter shown in 
figure 7.21 a) in a Zo system. 

Solution: 811 and S'21 are calculated from the circuit of 7.21 b) where we 
consider that the output transmission line is matched. From its definition 811 
can be calculated as 

(7.155) 
q _ ZjNl — Zo 

ZiNl + Zo 

with ZjNi given by 

ZZ^I = ^ + ( ^ o | | - ^ ) 

— R 4-
- K+^ 

Zo 

+ jujCZo 

Therefore we can write 

R + ju;CZo{R-Zo) 

'' R + 2Zo + 2juCZo{R + Zo) 

S21 is given by 

^ ^2(^2) 
'-'21 — TTTT 

ai{ll) ai{l2)=0 

V2{l2) - Zohih) 

Viih)- ^ Zohih) 

(7.156) 

(7.157) 

(7.158) 
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Since a2{l2) = 0 ^ ^2(^2) = -^o h{h) (see also eqn 7.140), the last eqn 
can be written as 

^2(^2) can be related to Vi{li) using the impedance voltage divider formula: 

V2{l2) = Viih) 
l+jUjCZg 

R + l-\-jujCZo 

Using the result of the last eqn and taking also that Vi(/i) = ^JATI h{h) we 
can calculate 521 as follows: 

^^' ^ 2Zo^R^jujCZo{R^Zo) ^^'^^^^ 

S22 and S12 are calculated considering the circuit of 7.21 c) where we have 
the input transmission line terminated by a load equal to its characteristic 
impedance. Z1N2 is given by 

ZlN2 = ( i?+Zo)" — 

R + Zo 

l+juC{Zo + R) 

Therefore we can write 

(7.162) 

R-ju;CZo{Zo + R) 

^^^ i? + 2Zo + juCZoiZo + R) ^ ^ ^ 

S12 is given by 

biih) 
S12 — 

ai(ll)=0 a2{l2) 

Vijh) - Zohjh) 

¥2(12)-^ Zohih) 
(7.164) 

Since ai(/i) = 0 ^ ^1(^1) = —^o h{h) (see also eqn 7.140), the last eqn 
can be written as 

2Vi{li) n \f.'^\ 

Vi{li) can be related to ¥2(12) using the impedance voltage divider formula: 

Using the result of the last eqn and since ^2(^2) = ^/Ar2 h{h)^ we can calcu­
late 5i2 as follows: 
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Reference planes 

The practical measurement of 5-parameters requires the usage of connecting 
cables, which are effectively transmission lines, between measurement instru­
ments and the circuit to be measured. Thus, these measurements probe the 
5-parameters at the inputs of these connecting cables; s^ .̂ Since the transmis­
sion lines impose a phase shift which depends on their physical lengths and 
the measurement frequency, it is possible to relate the measured S'-parameters 
with the 5-parameters of the circuit under test as follows: 

^ l l 5i2 

S'21 522 5 / ej(^i+^2) 
^21 S'22e'^'^ 

(7.167) 

where 9i and 62 represent the electrical lengths of the transmission lines at the 
circuit input and output, respectively (see figure 7.22). 

Oi^(3h 

xi = 0 

e2 = /3h 
3 -

^2(3:2) 0-2(12) 

^ z 
^ \ y ^\^ 

3 -
f 

^2 = 2̂ ^2 = 0 

Figure 7.22: Measurement of the S-parameters for a two-port circuit. 6i and 
02 are the electrical lengths imposed by the input and output connecting cables, 
respectively. 

hixi) 

V,{x) 

HEZ 

h-C 
2-Port 

Circuit 

l2{X2) 

V2{X) 

Hn 
xi = 0 xi= li X2 = h X2 = 0 

7.4.1 5-parameters and power waves 

Using eqns 7.126 to 7.139 for the circuit shown in figure 7.23 we can write the 
following general eqns: 

Figure 7.23: S-parameters 
and travelling waves (volt­
age and current). 

ai{xi) = 

bi{xi) = 
1 

2\/Zoi 

\yi{xi)^Zoiii{xi)\ 

[Vi(xi) -Zoili{xi)\ 

(7.168) 

(7.169) 

with z = 1 for port one and z = 2 for port two. The average power in port one 
at x\ — 0, P\ (0), is equal to; 

A(o) -Real[Fi(0)7i*(0)] (7.170) 

It can be shown (see example 7.4.3) that P\ (0) can be expressed in terms of 
a\ (0) and h\ (0) as follows: 

pm = \\aim'-lMo)f (7.171) 
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2-Port 

Circuit 

I2{X2) ~ 

^02 V2{0)\\Zo2 
b2{l2) 

xi = 0 xi = li X2 = h 2:2 = 0 

Figure 7.24: Calculation of 
Sii and of S21. The travel­
ling wave concept. 

where l /2 |a i (0)p and l/2 |6i(0)p are usually termed the incident power, 
Pi'iO), and the reflected power, Pi~(0), at the input port, respectively. Pi'{0) 
and Pj" (0) can also be expressed as: 

1 
P+(0) ^ -Real[F+(0)/+*(0)] 

1 1^1^(0)1' 
2 Zoi 
1 

Pf(0) = -Real[Fr(0)/r*(0)] 

l|^f(Q)r 

For the circuit in figure 7.24, and for a;i = 0 we can write: 

(7.172) 

(7.173) 

Fi(0) 

ai(0) 

Vs-Z,hiO) 

Vs-ZoihiO) 

^ [Vi{0) + Zoihm 
2VZoi 

1 

2^/Z. 
--V, 

ol 

that is, 

|ai(0)p 1|KI 
4 Zoi 

and for this situation we have the incident power wave given as: 

Pi^iO) - ^ 
I I K I 

8 Zoi 

(7.174) 

(7.175) 

(7.176) 

(7.177) 

This power is the maximum power that a source can deliver to a load. It is 
known as the available power (PAY)- For a load impedance to absorb PAY the 
source impedance, Zs, must be equal to ZQI. 

For a lossless transmission line we have 

(7.178) 

(7.179) 

with /?! representing the propagation constant of the input transmission Une. 
Therefore, we have that P^ih) = Pi'iO), P f (^i) = Pi"(0) and Pi(li) = 
Pi(0). Hence, we can write Pi(/i) as 

Piih) = p+{h)-pr{ii) 

= PAv-prih) 

= P^y - -\b,{h)\^ (7.180) 
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and we can write 

\Q |2 — 

and eqn 7.180 can be expressed as 

Piih) -

\bi{h)\'\ 

m^r 
hl^iihW 

^2(l2)=0 

'a2(J2) = 

PAV-Plih) 
PAV 

PAV{1- • | 5 u P ) 

(7.181) 

(7.182) 

We conclude that |5ii p represents the ratio of the reflected power to the avail­
able power in port one. 

Example 7.4.3 Show that Pi(0) given by eqn 7.170, in figure 7.24, can be 
expressed in terms of ai (0) and 6i (0) as follows: 

î(O) = \\am\'-\\a2m' (7.183) 

Solution: Using eqns 7.168 and 7.169 we can write eqn 7.183 as 

Pxio) = ^^[vm+Zoihm[v{io)+Zoiim] 
^ [Vi{0)- Zoi h(0)] [Fi*(0) - Zoi n(0)] 

BZoi 

= - ^ 4 R e a l [ Z o i y i ( 0 ) / r ( 0 ) ] 

= iReal[yi(0)/r(0)] (7.184) 

The average power in port one at X2 = 0, that is the power delivered to the 
load, ^2(0), is equal to; 

P2(0) = ^Real[-F2(0)/2*(0)] (7.185) 

It can be shown (see example 7.4.4) that ^2(0) can be expressed in terms of 
02(0) and 62(0) as follows: 

A(0) = \\b2{Q)?-\\am? (7.186) 

For the circuit in figure 7.24 we can write: 

^2(0) = -.^02/2(0) (7.187) 
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Figure 7.25: Calculation of 

Si2 and of 822-

so that 

a2(0) -
2^/Z. o2 

:[V2(0) + Z , 2 / 2 ( 0 ) ] = 0 (7.188) 

The result that 02(0) = 0 is expected since the output transmission line is 
matched with Z L = Zo2- Using the result of the last eqn we can write 62(0) as 

^̂ 2(0) 
1 

2x/Z;2 
t^2(0) 

[^2(0)-Zo2/2(0)] 

-7^/2(0) (7.189) 

From eqns 7.186 and 7.188 we observe that the power delivered to the load 
^L = ^o2, / '2(0) , is 

PM 
1 

162(0)1^ 

The transmission coefficient ^21 is given by: 

h2{l2) 
:>2i 

ai{li) 

Since the transmission lines are lossless we have 

a i ( / i ) = 

(7.190) 
a2{l2)=Q 

ai(0)e-^'^^^^ 

1 
V,e-^^'^' 

h2{h) 

2vZo2 

?>2(0)e-^'^^^^ 

(7.191) 

(7.192) 

where /^i and /̂ 2 are the propagation constants of the input and output trans­
mission lines, respectively. 1521P can be written as 

^|62(/2 
'211 

pm 
PAVS 

a2( /2)=0 

(7.193) 

and we conclude that 1521P represents the ratio of the power delivered to the 
load ZL = Zo2 to the available power, PAV- H follows that 1521P repre­
sents a power gain, GT, named the Transducer Power Gain'. Note that if the 
source impedance and the load impedance are not equal to the characteristic 
impedances ZQI and Z02, respectively, the power gain is different from that 
given by eqn 7.193. 

Similar analysis of the circuit of figure 7.25 shows us that 1̂ 22 P represents 
the ratio of the reflected power to the available power in port two while | 5 i2p 
is the reverse transducer power gain. This analysis is similar to that used to 
obtain |5 i i p and |52i p . However, now we apply the source Vs to port two. 
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Example 7.4.4 Show that P2(0) given by eqn 7.185, in figure 7.24, can be 
expressed in terms of a2(0) and 62(0) as follows: 

P2(0) = ^ |62(0) |2-^ |ai(0) |2 

Solution: Using eqns 7.168 and 7.169 we can write eqn 7.194 as 

1 

(7.194) 

PiiO) 
SZoi 

1 

8Zoi 
1 

8 Z 

[̂ 2(0) - Zo2 hm [F2*(o) - Zo2 im] 

mo)+Zo2 hm [F2*(o)+Zo2 im] 

-4Rtal[Zo2V2{0)i;{0)] 
o2 

= -Real[-F2(0)/2*(0)] (7.195) 

Figure 7.26: Impedance 
voltage divider. 

7.4.2 Power waves and generalised A^-parameters 

The representation of the voltage and current in terms of incident and reflected 
waves is quite natural when we deal with transmission lines. The generalisation 
of this concept to circuits described by lumped elements is attractive specially 
when such circuits are considered together with distributed circuits. This is 
made possible by generalising the concept of power waves. 

Power waves 

Let us consider the impedance voltage divider of figure 7.26. For this circuit 
it is not possible to normalise the waveforms to the characteristic impedance 
since this impedance is meaningless for this circuit. It is possible, however, 
to consider new waveforms which can be normalised to the source impedance, 
Zg. Such waveforms are called 'power waves': 

bp = -^iv-z;i) 
^ 2/R7 " 

Rs - Real[Z,] 

(7.196) 

(7.197) 

(7.198) 

The average power delivered to the load can be expressed as: 

PL = i R e a l [ l ^ r ] - i R e a l [ Z L 7 r ] = i|/|2Real[ZL] 

1 
2 

V, 

8R 

ZL + Z, 

if ZL 

Real [ZL] 

z: (7.199) 
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that is, if ZL = Z* the power absorbed by the load is maximum and equal to 
the available power, PAV-

Example 7.4.5 Show that the available power can be expressed as: 

1 

2 

and that the power delivered to the load can be expressed as: 

Solution: From eqn 7.196 we can write: 

PAV = ^Kr (7.200) 

PL = 7;Kf - 7i\bp\^ (7.201) 

and from figure 7.26 we can write V̂  = V -\-1 Zs. Thus, eqn 7.202 can be 
written as 

From eqns 7.196 and 7.197 we can write: 

1, ,2 _ A 
2'"^' ~ 8Rs 

|2 

K\ = T1^\ = PAV (7.203) 

§ '"^ ' ' = ^ i V + ZsI){V* + Z;n (7.204) 

1 , . ,0 1 
^\bp\' = —{V-Z:i){V*-Zsn (7.205) 

and 

l K \ ' - \ h \ ' = ^ ( 2 R e a l [ F r z : ] + 2Real[FrZ,]) 

^ (4Real[y/*] Real[Z,]) 

= i R e a l [ F r ] = P L (7.206) 

It should be noted that l/2|6pp represents the reflected power. If ZL = Z* 
then 6p = 0 as expected. 

The reflection coefficient for power waves can be defined as: 

b^ ^ V - Zll ^ ZL - Z: 

ap y + Zsl ZL + Z^ 

It is possible to write: 

Fp = -^ = ^̂  ^ ^% = ^^ ^ ^' (7.201) 

P - ha I'd l^-l' PL - 7;K\ l - - r - l 2 

= PAV{1-\TP\^) (7.208) 

This is consistent with our earlier discussion showing that maximum power is 
delivered to the load when perfect matching is achieved (Tp = 0). 
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h 

T'. 

2-port 
Circuit 

h 

/T 

Generalised S Parameters 

From eqns 7.196 and 7.197 we can write: 

1 
V = 

I = 

/Rs 
1 

/Rs 

[Z*ap + Zsbp (7.209) 

(7.210) 

Now it is possible to define incident and reflected voltage and current waves as 
follows 

V = V+ + V-

with 

p 

V-

li = 

^p" = 

y/Rs 

Zs Op 

vRs 

'Rs 

/Rs 

so that 

and 

1/+ = Z*/+ 
p s p 

(7.211) 

(7.212) 

(7.213) 

(7.214) 

(7.215) 

(7.216) 

(7.217) 

Vp- = zj- (7.218) 

The reflection coefficients for voltage and current waves are defined as follows 

I P 

T/ 

(7.219) 

(7.220) 

with Tp given by eqn 7.207. When the impedance Zg is a positive real quantity, 
the expressions for a^ and bp are identical to those derived for a and b in the 

Figure 7.27: Calculation of context of transmission lines. For this situation we have, Zs = Z* = Zo. 
Sp of a two-port circuit. Therefore: 

To = rv = Tj = Tp= I'^'f (7.221) 

With these definitions and the normalisations presented above, we are in a 
position to determine the generalised 5-parameters for a two-port circuit de­
noted below as Spij (see figure 7.27). 

bp\ = Spii ttpi + Spi2 CLp2 (7.222) 

bp2 = Sp2i dpi + Sp22 dp2 (7.223) 



7. RF circuit analysis techniques 261 

with 

10 Q 

h 

Zx 
\ 

o + j-q 

r ^ 1 • . 

n 1 : • 
ZA j25 n J 

0 Q ; 

cj 

/ 9 

/ + 

1 
-*pz 

^ 0 2 

2XAR; 

1 

2x/R 

:(F, + Z,/ , ) , Z = l ,2 

: (F,-Z*/ ,) , i = l,2 

(7.224) 

(7.225) 

with Zi representing the reference impedances shown in figure 7.27. Ri = 
Real[Z^]. 

Spii and Sp2i are calculated after setting Vs2 = 0 in figure 7.27. From 
eqn 7.207, Spu is calculated as follows: 

Spii — 
ZjNl — Zl 

(7.226) 

where ZINI represents the circuit input impedance when port two is terminated 
byZ2. 

For the calculation of 5^21 we can determine the power delivered to the 
load PL which is given by; 

PL = •^\bp2\'^ =-\Sp2i\'^\api\'^ , andifap2 = 0 (7.227) 

Hence, 

l*S'p2i| = T 5IVI' 
2\^pl\ 

PL 

PAV 
(7.228) 

|5p2iP is also called a transducer power gain, GT- Note the similarity of the 
last eqn with eqn 7.193. 

The calculations of 5^22 and of Spi2 are similar to the calculation of Spu 
and of Sp2i, respectively, but now setting T î = 0. It should be noted that if 
Zi = Z2 = Zo (real), the results obtained for the ^Sp-parameters are identical 
to those obtained for the S'-parameters. 

Figure 7.28: Calculation of Example 7.4.6 Consider the two-port network of figure 7.28 a) 
S'pii and of Sp2i of a two-
port circuit. 

2. Determine Spi2 and 5^22 of the two-port circuit using figure 7.28 c). 

1. Determine Spu and 5^21 of the two-port circuit using figure 7.28 b). 

Solution: 

1. Applying Ohm's law to the circuit of figure 7.28 b) we find that: 

Vsi 
h = Zi + Z2 + ZA 

Ki0.01e-J° ' ' ^ A 

-h 
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Vi = {ZA^Z2)II 

= Ki0.30e^'°-2i y 

V2 = Z2I1 

= VsiO.lle-^^'^^ V 

^in = [ZA + Z2) 

= 26.93 e^^-^^ Q 

Using eqns 7.224 and 7.225 we obtain 

dpi = K i 0.08 ê '̂  = K i 0.08 

bp2 = VsiOMe-^""'^^ 

and we have 

•5pii n 
Zin + Zi 

= 0.90 e-^°-^^ 
bp2 

*^D21 — 
ttpi ap2=0 

0.44 e-^-0-98 

2. Applying Ohm's law to the circuit of figure7.28 c) we find that: 

Zi + Z2 + ZA 

h = -h 
= V^aO.Ole '̂̂ -^^ A 

V2 = {ZA + Z2)h 
= K2 0.94e^°-9« V 

V^ = Zrh 

= K2 0.71e-^°°^ V 

Zin = {ZA + Zi) 

- 85 e '̂1-08 f2 

Using eqns 7.224 and 7.225 we obtain 

S 2 = K2 0.16e^o^^^^P^^ 

^pi = K2 0.07 e->̂ " 0-98 

and we have 

•>p22 
Zin ~ Z2 

Zin + Z2 
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Jpl2 — 

0.90 e-̂ ^̂  

0'p2 \api=0 

= 0.44 e-^'0-9' 

7.4.3 Conversions between different two-port parameters 
5-parameters are normally obtained from RF measurements and are quoted by 
manufacturers of high frequency devices and circuits. On the other hand, for 
circuit analysis, design and optimisation it is, sometimes, more convenient to 
use other two-port circuit parameters such as those studied in Chapter 5. It 
is possible to convert between 5-parameters and other circuit parameters using 
elementary matrix algebra. For example, the conversion between Z-parameters 
and 5-parameters can be obtained using the following mathematical manipu­
lation: 

[V] = [Z][I] 

where 

[Z] = 

[V] = 

^ 1 1 ^ 1 2 

^ 2 1 ^ 2 2 

h 
h 

Equation 7.229 can be generalised as follows 

[V+\ + [V-] = [Z] {[!+]-[I-]) 

to include incident and reflected quantities. Recall that 

[V+] = [Zo][I+] 

and that 

[V-] = [Zo][i] 

with 
[Zo] = Zo [1] 

where [1] represents the identity matrix, that is 

[1] 
1 0 
0 1 

Equation 7.233 becomes 

{[Zo] + [Z])[I-] = {[Z]-[Zo])[I+] 

(7.229) 

(7.230) 

(7.231) 

(7.232) 

(7.233) 

(7.234) 

(7.235) 

(7.236) 

(7.237) 

(7.238) 
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[S] 

It should be noted that 

and that 

[V-
[V+] [1+] 
{[Z] + [Z„])-i {[Z] - [Z„]) 

\B] e = [B]-' [A] 

[S] 
Sll Si2 

S21 S22 

(7.239) 

(7.240) 

(7.241) 

Similarly, conversions can be made between the other electrical parameters 
such as impedance, chain (or ABCD), etc. In appendix C we present a table 
with the conversions between the main electrical parameters including the S-
parameters. 

Example 7.4.7 Derive the 5-parameters from the admittance parameters. 

Solution: 

[I] = [Y] [V] (7.242) 

where 
r v.. K. 1 

(7.243) 
^11 ^12 

^21 ^22 

Equation 7.242 can be expanded as: 

[ / + ] - [ / - ] = [V]([V+] + [V-]) (7.244) 

Using eqns 7.234 and 7.235 we can write: 

{[l] + [Y][Zo])[I-] = m-[Y][Zo])[I+] (7.245) 

Finally, the 5-parameters are expressed as 

i l ­ls] = 
[1+] 

{[l]-[Y][Z„]r'{[l] + [Y][Zo]) (7.246) 

7.5 The Smith The analysis of impedance and transmission line matching problems using an-
r h a r f ^lytical eqns can be cumbersome. The Smith chart is a powerful tool which 

provides a graphical analysis of such problems. 

7.5.1 The impedance and the reflection coefficient planes 

In essence the Smith chart is a graphical representation of impedances in a 
plane called 'reflection coefficient plane' - the F plane. This representation is 
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z-plane 

b) 

Figure 7.29: a) Constant 
resistance impedances, b) 
Constant resistance circles. 

= r -\- jx (7.247) 

valid for all values of Z (usually for Real [Z] > 0). The normalised impedance 
plane is defined according to: 

Z _ R^jX 
ZQ ZQ 

where Zo is a real (non-complex) number representing either the characteristic 
impedance or a reference impedance as discussed previously for S- and gener­
alised 5-parameters, respectively. The reflection coefficient plane can now be 
defined as follows: 

r = ^"^" 
Z + Zo 
z 

Zo 
z 
Zo 
z -

- 1 

+ 1 
-1 

U + jV (7.248) 

Using the same normalisation as used for impedance (eqn 7.247) we can write: 

r — 1 -\- jx 

1 + j x 
U + jV 

that is 

U = 

V = 

r^ -1 + x^ 
(r + 1)2 + x2 

2x 

(7.249) 

(7.250) 

(7.251) 
(r + l ) 2 + x 2 

The last two eqns allow for the transformation from the normalised impedance 
2;-plane to the reflection coefficient F-plane and allows the variables r and x to 
be mapped as circles in the F plane as explained below. 

Constant resistance circles 

If we solve eqn 7.250 in order to obtain x we have 

zb 
r2 - 1 - [/(r + 1)2 

U-1 

If we now substitute x in eqn 7.251, we can show that; 

1 

(7.252) 

(7.253) 
(r + l)2 

Note that in this procedure x is eliminated as a variable from the eqns (7.250 
and 7.251) that define the transformation to the F-plane. This effectively allows 
us to obtain a representation of impedances with a constant real part (constant 
resistance) in the F plane. Such a representation, given by eqn 7.253, describes 
a family of circles with centres on the U axis at the points (r / ( r + 1), 0) and 
with radii of (1 + r)~^. 

Figure 7.29 a) presents impedances of constant resistance in the z-plane 
while figure 7.29 b) shows these constant resistance impedances mapped into 
the F-plane as given by eqn 7.253. 
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2-plane 

Figure 7.30: a) Constant 
reactance impedances, b) 
Constant reactance circles. 

z-plane 

r 1 J 2 r 3 r 4 r 5 

X2 

X3 

X3 

Xi 

Figure 7.31: aj Constant 
reactance and constant 
resistance impedances, 
b) The Smith chart. 

Constant reactance circles 

If we eliminate r from eqns 7.250 and 7.251 we obtain a representation of 
complex impedances with a constant reactance part in the F plane defined by 
the following eqn: 

i^-^n^-i) 'h (7.254) 

which also represents a family of circles. The centres of these circles are 
now at the points (1, x~^) and they have radii of x~^. Figure 7.30 a) presents 
examples of constant reactance impedances in the z plane and figure 7.30 b) 
shows the same impedances mapped into the F plane. 

The combined representation of constant resistance and constant reactance 
circles is called the Smith chart and is illustrated in figure 7.31 b). The upper 
part of the chart represents positive reactive (inductive) impedances while the 
lower part represents negative reactive (capacitive) impedances. The U axis 
which separates these two regions represents pure resistances. 

The Smith chart can also be used to represent admittances by considering 
another plane, F^,, such that: 

r. = 
where y represents the admittances normalised to Yg = Z^ 

Y 

^ o 

It is left to the reader, as an exercise, to show that: 

F^ - - F = Fe-^^ 

- 1 . 

(7.255) 

(7.256) 

(7.257) 

that is, the admittance map is obtained by rotating the impedance map by 180 
degrees. 

7.5.2 Representation of impedances 

The representation of impedances in the Smith chart is straightforward given 
the graphical nature of the F plane where the constant resistance and constant 
reactance circles are clearly indicated. Figure 7.32 shows the representation of 
the following impedances'^ normalised to 50 fi: 

zi = l+j Z2 = 0.4 + j 0.5 

Z3 = 3 - j 3 Z4 = 0.2 - j 0.6 

^ 5 = 0 2̂6 = 1 

It is also possible to determine and to represent an impedance given the corre-

^Note that the Smith chart of figure 7.32 allows us to represent impedances with a real part 
greater than or equal to zero. 
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Figure 7.32: Impedance representation in the Smith chart. 

d = l 

Source 

-€ 

Zin{d = I) 

Figure 7.33: Transmission 
line. 

spending admittance y = z~^. The procedure to determine such an impedance 
is as follows: first represent the admittance in the impedance chart as if we 
were representing an impedance. Then, rotate this representation by 180 de­
grees (around the centre of the chart, see also eqn 7.257) to find the correspond­
ing impedance representation^. Figure 7.32 also illustrates the application of 
this procedure to find the impedances, normalised to 50 Q, corresponding to 
the following normalised admittances: 

2 / 7 - 0 . 4 - J 0 . 3 ys = 2^3j 

From figure 7.32 we can read 

zr = 1.6 + j 1.2 zg = 0.15 - j 0.23 

It is important to note that the normalisation of the admittance is obtained by di­
viding the admittance by YQ = Z~^ while the normalisation of the impedances 
is obtained by dividing the impedance by Zo. 

In addition to the direct representation of impedances, the Smith chart, by 
its very nature, allows a straightforward representation of the reflection coeffi­
cient and, therefore, allows graphical solutions of the eqns discussed previously 
in the context of transmission lines (see also figure 7.33). These are: 

To 
ZL — ZQ 

ZL^ZO 
(7.258) 

^Recall that the numbers indicated in figure 7.32 indicate the value of constant resistance (con­
ductance) and constant reactance (susceptance) circles. 
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'^in{d) = Toe -J2f3d 

Zin{d) 
pjPd 

Zo-
+ roe -3f3d 

e3(^^-Toe-^l^^ 

(7.259) 

(7.260) 

Using the normalisations ZL = ZL/ZQ and Zi, 
can be written as: 

To 

Tin{d) 

Zin{d) 

ZL - I 

ZL + 1 

,{d) = Zin{d)/Zo these eqns 

(7.261) 

(7.262) 

(7.263) 
Tin{d) 

Recall that the Smith chart is plotted in the F plane. It should be noted that trav­
elling on a complete circle around the Smith chart corresponds to an electrical 
length of 2/3d = 27r (or ^d = TT, see eqn 7.259) which, in turn, corresponds to 
a physical length of the transmission line equal to A/2. Recall that fi = 27r/A. 
The direction of movement around the chart is important; 'travelling' towards 
the signal source corresponds to a clockwise rotation while 'travelling' towards 
the load corresponds to a counter-clockwise rotation (see also eqn 7.262 and 
figure 7.33). To illustrate these points consider figure 7.34. Here we show how 
to determine the input impedance, Zin{d = /), and the reflection coefficient. 
To, for a transmission line with a length / = A/8 (corresponding to an electrical 
length 2(31 = 7r/2) and terminated with a load impedance Z L = 50 + j 50 Q. 
First, we represent the normalised load impedance ZL = 1 + j in the Smith 

|r| = 0.44 

Figure 7.34: Calculation of transmission line input impedance and reflection 
coefficient. 
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|r| = o.3 
|r| = i 

|r| = o.6 

Figure 7.35: a) Constant T 
circles. 

chart, taken to be at distance d = 0. We find the normalised input impedance, 
^inid = I) by 'travelling' 2(31 = 7r/2, towards the signal source, on a constant 
| r | circle. Constant | r | circles (see figure 7.35) are centred at the centre of the 
chart (F = 0, corresponding to 2; = 1 + j 0). Each constant | r | circle has a 
radius equal to the magnitude of the reflection coefficient under consideration. 
For our example the reflection coefficient is To as defined in eqn 7.261 and is 
found to be 0.44 Z63.4°. The angle of To, also represented in figure 7.34, is 
measured from the U axis, of course. After the rotation described above we 
obtain Z^n(A/8) - (2 - j ) x 50 0 = 100 - j 50 Vt. 

Example 7.5.1 Determine the length of a short-circuited transmission line, Isc, 
and the length of an open-circuit transmission line, loc, such that the input 
impedance for these transmission lines is Zin = j 100 f̂ . 

Solution: 

1. Short-circuited line: First we represent the normalised impedance zin — 
j 100/50 = j 2 in the Smith chart as shown in Figure 7.36. Then, trav­
elling from ZL = 0, towards the signal source, to Zin = j 2 in a con­
stant | r | circle, we determine the angle 2(3lsc = 127^ Knowing that 
f3 = 27T/X we get Isc = 0.176A. 

2. Open-circuit line: The calculation of IQC is similar to the calculation of 
Isc The main difference is that now ZL = 00 (see also Figure 7.36). 
loc = 0.25A + Isc = 0.426A. 

ZL = 0 

ZL = 00 

Figure 7.36: Calculation of the electrical lengths of short-circuited and open-
circuit transmission lines. Example 7.5.1. 
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The Smith chart is also very useful in representing the impedance or ad­
mittance versus frequency of various circuits. Figure 7.37 illustrates the rep­
resentation of the impedance versus frequency of a resistor-inductor (RL) and 
resistor-capacitor (RC) series combinations. These representations are done 
for a frequency range of fa to fi,. It is clear that for each of the circuits the 
impedance follows a constant resistance circle, as expected. Note that as the 
frequency is increased (from fa to ft,) the reactance of the RL circuit increases 
while it decreases for the RC circuit. 

Figure 7.37: Representation of the impedance versus frequency of a resistor-
inductor and resistor-capacitor series combinations, fb > fa. 

It is also possible to represent the impedance of a parallel combination 
of passive elements. However, such a representation is not so straightforward 
as the series combinations. Figure 7.38 illustrates the procedure for the case 
of a resistor in parallel with a capacitor. First we determine the equivalent 
admittance values for the circuit. For this example, the value of the admittance 
at frequency /a is 2/(/a) = 0.3 + i 0.1 and the value of the admittance at 
frequency fb is y{fb) = 0.3 + j 0.6. All the admittance values are represented 
in the Smith chart in a dashed line. Rotating these values by 180 degrees we 
find the correspondent impedance representation from z{fa) to z{fb). 

This procedure can be generalised for representing the impedance of any 
parallel combination of passive elements. 

Example 7.5.2 Determine the impedance of a capacitor in parallel with the 
series connection of a resistor with an inductor. Consider the frequency range 
200 MHz < / < 900 MHz. L = 2 nH, C = 12 pF and R=21.5 Q. 

Solution: we refer now to Fig. 7.39. 
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Figure 7.38: Representation of the impedance versus frequency of a resistor in 
parallel with a capacitor fb > fa. 

fa 1 

Figure 7.39: Representation of the impedance versus frequency of a capacitor 
in parallel with the series connection of a resistor and an inductor f^ > fa. 
Example 7.5.2. 

1. First we normalise the admittances and impedances to 50 ft. This gives 

Vcapif) = {j2 7rfC)bO 
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Zindif) = 

j 2 7 r / 6 x 10"^° 
J 2 7 r / L 

50 
J 2 7 r / 4 x l 0 - ^ ^ 

50 
0.43 

2. Then we represent the normahsed impedance resulting from the series 
combination of the resistor with the inductor for the frequency range 
mentioned above 

0.43 + j 2 7 r / 4 x 10 -11 

This representation corresponds to curve 1) where fa = 200 MHz and 
fb - 900 MHz. 

3. Then we represent the frequency response of the normalised admittance 
associated with the capacitor - curve 2) 

j 2 7 r / 6 x 10 - 1 0 

Figure 7.40: L-section cir­
cuits for impedance match­
ing with the load ZL. 

4. Then we determine the equivalent admittance response for the RL com­
bination. This is done by rotating the curve 1) by 180 degrees to obtain 
curve 3). 

5. Now we have the admittance representation of the two parallel branches 
(RL and C). To obtain the overall admittance we simply add, point by 
point, the admittances of curves 2) and 3). This gives the overall admit­
tance of curve 4). 

6. Finally, by rotating curve 4) by 180 degrees we obtain curve 5) which is 
the impedance of the overall network. 

7.5.3 Introduction to impedance matching 
Impedance matching is a very important issue in microwave engineering where, 
in a wide variety of applications such as amplification, the main objective is to 
achieve maximum power transfer to a load as described in section 7.4.1. The 
impedance matching can be achieved using many different circuit topologies. 
However, L-section circuits , illustrated in Fig. 7.40, result in very simple and 
practical solutions for this problem. It should be noted that there are no dissi-
pative elements in any of the L-section circuits. 

Let us consider the problem of matching a load ZL to a signal source with 
an output impedance JR^ = 50 fi using L-section circuits, as illustrated in 
figure 7.41. The matching is to be effected at 500 MHz. The load ZL is the 
series combination of an inductor L L = 3.18 nH with a resistor RL = 10 fi. 
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Figure 7.41: Impedance 
matching with L-section cir­
cuits. 

Figure 7.42 shows two solutions for this matching problem. At 500 MHz 
the load is ZL = 10 -\- j 10 f̂ . NormaHsing to Rg = 50 ft we get ZL = 
0.2 + j 0.2. It should be noted that, by using an L-section circuit, we aim to 
obtain a normalised unit impedance (or admittance) which is represented in the 
centre of the Smith chart. 

Figure 7.42 shows a circle (dotted line) which represents all the admit­
tances (or impedances) corresponding to the constant unit conductance (resist­
ance) circle. This circle plays a major role in obtaining the solution for the 
L-section as we will show. Let us consider the solution a). First we repre­
sent the normalised load impedance, ZL in the Smith chart. By inserting an 
inductor, with a normalised impedance of jO.2, in series with ZL, the resulting 
impedance increases along a constant resistance (r = 0.2) circle until it arrives 
to point a) on the dotted circle. Hence, at point a), the normalised impedance 
is 2:a = 0.2 + j 0.4. The corresponding normalised admittance can be obtained 
by rotating point a) by 180 degrees resulting in point al) with a normalised 
admittance ya = I — j2. Finally, in order to get a unit normalised admittance 
(or impedance) we need to reduce the negative susceptance of i/a to zero. This 
is obtained by adding a positive susceptance of + j 2.0 which corresponds to 
a move from point al) to the centre of the Smith chart along the unit conduc­
tance circle. The addition of a positive susceptance of + j 2.0 corresponds to 
the addition of a capacitor, with normalised admittance of j 2, in parallel with 
the series combination of the inserted inductor and the load. It is now possible 
to determine the values of the inductor and capacitor as follows: 

27r500x 10^ L 

' 50 
J 0.2 

Solution â  

Solution b) 
Solution a) - = iO-2 

Figure 7.42: Impedance matching using L-section circuits. 
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Figure 7.43: Impedance matching using an L-section circuit, 

L = 3.18 nH 

j 5 0 x 27r500x 10^ C = j2.0 

C = 12.7 pF 

A different solution b) can also be reached, following a similar procedure. This 
is represented by the dashed lines. Matching is achieved here firstly by adding 
a negative reactance corresponding to inserting a capacitor in series with the 
load. The value of this reactance is — jO.6. Hence, the impedance at point b) 
is Zb = 0.2 — j 0.4. The corresponding admittance, represented in point 61), 
is yb = 1 -h j 2.0. In order to obtain 2/ = 1 the positive susceptance of yi 
must be reduced to zero. This is obtained by adding a negative susceptance 
—j 2.0 corresponding to the addition of an inductor in parallel with the series 
combination of the capacitor and load. 

Example 7.5.3 Find an appropriate L-section circuit which transforms a load 
of 50 Q into an admittance Yr = 10 — j 1.8 mS. 

Solution: The normaUsed admittance yr = Yr xbO = 0.5-j 0.9 is represented 
in the Smith chart of figure 7.43. 

By adding a normalised impedance of j 1 to the normalised unit impedance 
we obtain an impedance Za = 1 + j . This is equivalent to adding an inductor 
Li in series with the load. Za = I -^ j corresponds to an admittance of ya = 
0.5 — j 0.5. To get the desired admittance we need to add now a susceptance of 
—j 0.4 which corresponds to adding another inductor L2, with y = —j 0.4, but 
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this time in parallel with the impedance resulting from the series connection of 
the inductor Li and the load. 

Impedance matching with transmission lines 

It is possible to provide impedance matching using transmission lines instead 
of using lumped elements. For this purpose, short-circuited and open-circuit 

-j 1.345 

+ J0.6 

Figure 7.45: Impedance 
matching circuit. 

Figure 7.44: Impedance matching with transmission lines using Smith chart 
calculations. 

transmission lines play a significant role. Recall that a short-circuited trans­
mission line presents an inductive input impedance (for lengths less than A/4) 
while the open-circuit transmission line presents a capacitive input impedance 
(for lengths less than A/4). The matching procedure using transmission lines 
is very similar to the matching procedure using L-sections. The capacitors 
are now replaced by open-circuited transmission lines and the inductors are 
replaced by short-circuited transmission lines. 

Figure 7.44 illustrates a transmission line calculation, using the Smith chart, 
to transform an impedance ZL = 20 -\- j 30 ft into a 50 f] impedance. First, 
the load impedance is normalised to 50 Q, that is, ZL = 0.4-\-j 0.6. By adding 
a transmission line with a length /i = 0.325A we obtain an impedance Za 
such that the real part of its admittance, ya, is equal to one. Now it is neces­
sary to eliminate the susceptance of ya which is j 1.345. This is obtained by 
adding (in parallel) a susceptance of -j 1.345 provided by a short-circuited 
transmission line with a length /2 = 0.1 A. Figure 7.45 shows the matching 
circuit designed here. It is left to the reader to verify that matching can also be 
achieved if the short-circuited line was replaced by an open-circuit line with 
length/2 = 0.1 A-h A/4. 
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7.7 Problems 

The method of matching described above is known as single stub-tuning 
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7.1 Show that the transfer function V{x)/V{x = 0) of an ideal transmission 
line, terminated by a load ZL which allows for maximum power transfer, can 
be expressed by eqn 7.22. 

7.2 Show that the current I{x) in an ideal transmission line, terminated by a 
load ZL which allows for maximum power transfer, can be expressed by eqn 
7.26. 

7.3 Show that the input impedance of an ideal transmission line terminated by 
a load ZL can be expressed by eqn 7.49. 

7.4 Consider a transmission line with an inductance per metre of 550 nH and 
a capacitance per metre of 100 pF. This line has a length / = 13 m and is 
terminated by a load ZL = 25 Q. Determine the line input impedance for the 
following frequencies: 

1. (j = 27r3x lO^rad/s; 

2. a; = 27r 5 X 10^ rad/s. 

7.5 Plot eqn 7.49 for 0 < f3d < 27r and the following situations: 

1. ZL/ZO = 0.1 

2. ZL/ZO = 1 

3. ZL/ZO = 10 
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7.6 A circuit with a 30 fi output impedance is to be matched to a 50 Q load, 
at 500 MHz, using a quarter-wave transformer. Determine the characteristic 
impedance of the quarter-wave transformer. 

7.7 Show that the eqn 7.74 can be expressed by eqn 7.75. 

7.8 Show that if a lossy transmission line is matched then I{x) and ZQ can be 
expressed by eqns 7.87 and 7.88, respectively. 

7.9 Consider a lossy transmission line. 

1. Show that for low frequencies the attenuation, a, the propagation con­
stant, /?, and the characteristic impedance, ZQ, can be approximated by 
eqns 7.89, 7.90 and 7.91, respectively. 

2. Show that for high frequencies the attenuation, a, the propagation con­
stant, /?, and the characteristic impedance, ZQ, can be approximated by 
eqns 7.92, 7.93 and 7.94, respectively. 

7.10 Show that the input impedance of a lossy transmission line terminated 
by a load ZL can be expressed by eqn 7.114. 

7.11 A microstrip material with ê  = 8.1 and d = 1.3 mm is used to build a 
transmission line. Determine the width of the microstrip for a 50 fi character­
istic impedance. 

7.12 Determine the 5-parameters of a CR circuit (high-pass filter). 

7.13 Determine the 5-parameters of the circuits of figure 7.46. 

7.14 Determine the 5-parameters of the high-frequency model for the field-
effect transistor. 

7.15 For the previous problem assume kn W/L = 40 nLW^, Cgs = 3 pF, 
Cgd = 1.5 pF, VA = 60 V and ID = 10 mA. Zo = 50 ft. Plot the 5-
parameters for a frequency range 1 MHz-10 GHz. 

7.16 Derive the chain parameters from the 5-parameters. 

7.17 Represent the following impedances on the Smith chart and determine 
the corresponding admittances 

1. 1 0 - J 30 n 

2. 75 + i 20 n 

3. 60 -j 40 n 

4. b-j 70 Q 

5. j 50 n 
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Zi 

z 
Figure 7.46: Circuits of problem 7.13. 

6. -3 180 f2 

7.18 Represent the following admittances on the Smith chart and determine 
the corresponding impedances 

1. j 4 x 10"^ S 

2. 8 x 1 0 - 2 - j 6 x 10-2 s 

3. 0 .2 -h j4x 10-2 S 

7.19 Convert a 50 f̂  impedance into an impedance of 25 — j 15 fi by using 
L-sections. 

7.20 Sketch the 5-parameters of the RC circuit considered in problem 7.12 
on a Smith chart for 0.1/{RC) < u < 10/(i?C). Use values of i? = 60 Q., 
C = 1 pF. 

7.21 Find an L-section circuit which converts a 60 + j 20 fi impedance into 
an impedance of 40 4- j 30 Q. Hint: Normalise the impedances to 40 Vt. 

7.22 Design a transmission line circuit to convert a complex impedance of 
30 + J45 fi into a real 45 fi impedance. 



8 Noise in electronic circuits 

8.1 Introduction 

8.2 Random 
variables 

Electronic noise is defined as a signal that either corrupts, masks or interferes 
with the desired signal which is being processed by an electronic circuit. There 
is a very broad range of noise sources that can be present in such circuits. Here 
we divide these noise sources into two major classes. The first refers to noise 
sources which are intrinsic to electronic devices and arise from fundamental 
physical effects. Such noise sources, sometimes known as intrinsic, are thermal 
(or Johnson) noise, electronic shot-noise, and 1 / / noise. The second class 
encompasses all coupled noise sources that arise from interactions between 
the electronic circuit and the surrounding environment. Examples of extrinsic 
noise sources are atmospheric-based noise, glitches induced by fast switching 
digital circuits, coupHng from nearby electrical circuits, etc. In this chapter we 
shall address only the first class of noise sources. 

We start by revising very important statistical and probability concepts 
which are fundamental to modelling electronic noise. This is done in the next 
section and in section 8.3, where the main mathematical properties of random 
variables and of stochastic (or random) processes are discussed. In section 
8.4 we present models for the various sources of intrinsic noise in active and 
passive devices. Also, we present a method to address the performance of 
electronic amplifiers in terms of equivalent input noise sources and the noise 
figure. Finally, in section 8.5 we present a matrix-based method suitable for a 
computer-aided analysis of noise performance of linear circuits. 

In the previous chapters we have studied the current-voltage relationships of 
electronic circuits and, for that purpose, we have treated current and voltage 
as deterministic (non-random) quantities; that is, they were characterised by 
precise values following deterministic models. These deterministic models, al­
though very useful for the analysis and design of a large variety of circuits, 
do not account for the randomness associated with currents and voltages. For 
example, when the measurement of a DC current through a resistor reads 3.4 
amperes this value corresponds to the average value of this DC current as there 
is always some randomness associated with the flow of electronic charges. 

In order to understand some of the statistical properties of noise we con­
sider the following experiment where the current passing through Â  identical 
resistances is measured in a 'very precise manner'. The resistances have no 
voltage applied to their terminals. According to Ohm's law we would expect 
no current flow. In fact, although the average (net) current is zero there is a 
random motion of free electronic charges in the resistors as illustrated in fig-
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Figure 8.1: Current measured in N resistances. 

ure 8.1. Such a random motion results in noise termed the 'current noise'. If 
we take an instant of time t = ti and we record the N measurements taken, 
we can construct a histogram which tell us the likelihood or the probability of 
the measured current being in a certain amplitude interval. The histogram is 
constructed by dividing the amplitude of the measured current into intervals 
and by plotting the number of measured amplitudes in each interval relative to 
the total number of measurements, iV, as in figure 8.2 a). It should be noted 
that the amplitude of the current taken at time ti is a random variable (r.v.). 
In this chapter the random variables are represented by capital letters and the 
possible outcomes of a random variable are represented by lower cases. The 
random variable associated with the current at time ti is represented here by / i 
and the outcomes of / i are represented by zi. 

From this histogram it is already possible to extract the following informa­
tion; the average current amplitude is zero as expected. Also, it is more likely 
to measure amplitudes near zero than further away from this average (or mean) 
value. 

If we increase the number of measurements and if we decrease the ampli­
tude intervals we get a more refined histogram, such as that depicted in figure 
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Relative number 
of occurrences 

'O Noise 
L) Amplitude 

I Relative number 
of occurrences 

Noise 
Amplitude 

Figure 8.2: a) Histogram of 
the noise associated with the 
current, b) Histogram of 
the noise associated with the 
current, c) Gaussian Proba­
bility Density Function. 
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Figure 8.3: Gaussian PDF. 

8.2 b), whicii characterises more accurately the probabiUty of the measured 
current, in time ti, being in a certain amplitude interval. 

In figure 8.2 c) we present the theoretical model for the Probability Density 
Function (PDF) of the current measured at t i . This PDF would result from a 
non-discrete continuous histogram where the number of measurements tends 
towards infinity while the amplitude interval tends towards zero. This PDF is 
called the 'Gaussian' PDF, or the 'Gaussian distribution', and can be described 
mathematically as follows: 

piAn) = 
1 

27ra 
exp 2^2 

(8.1) 

where /x is the mean, or the average value, of the distribution, a is the stan­
dard deviation and it accounts for the 'amount of randomness' of the random 
variable. If we take the square value of the standard deviation (cr^) we obtain 
what is defined as the variance. Basically, the greater the value of a the more 
likely it is to have occurrences of the random variable further away from the 
mean value /i. Figure 8.3 illustrates the Gaussian PDF with /i == 0 and with 
a = 0.5, cr = 1 and cr = 2. Clearly, as the the value of a increases the PDF 
gets broader. The area under p/^ (zi) is unity: 

f 
J —( 

Ph{ii)dii = 1 (8.2) 

In other words, when a increases, resulting in a broader PDF, the maximum 
amplitude of the PDF decreases in order to maintain the area constant and 
equal to one. Conversely, when a decreases the PDF gets narrower and the 
density around the mean value, fi = 0, increases. When a tends to zero the 
PDF tends to a Dirac delta function with unity area centred at the mean value: 

1 
lim 
^^0 ^/27^a 

exp - 2a2 
= 5{ii - /i) (8.3) 

It follows that the PDF of a completely deterministic event is the Dirac delta 
function located at the mean value with unity area. If the random fluctuations 
(noise) associated with the current measured at ti were non-existent then its 
PDF would be a Dirac delta function centred at zero. 

Probability calculation 

The calculation of the probability of / i being in a given interval [ia, ih]^ with 
la < ib, is defined as follows: 

rib 

P[ia <Ii < ib] = / Ph{ii)dii 
Jin 

(8.4) 

The interpretation of this eqn is illustrated in figure 8.4. It corresponds to deter­
mining the area under p/^ (ii) between the values ia and ib. The calculation of 
probabilities when the distribution of the random variable is Gaussian cannot 
be effected in a direct manner since the Gaussian PDF does not have an ana­
lytic primitive, that is, it cannot be integrated analytically. However, numerical 
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methods have been devised to generate tables of the normalised integrals below 
(see also appendix A) which are also known as error functions^: 

v27r Jx 

fp/,(^i) erf(x) ^ 

erfc(x) = 

2_ r 

= 1 - erf(x) 

dX 

Figure 8.4: The calculation 
of probabilities as the calcu­
lation of an area. 

The calculation of the probability of the Gaussian r.v. X exceeding a spe­
cific value a is expressed as P[X > a]. The calculation of P[X > a] when 
X has a mean value of /i and a standard deviation of a, can be performed as 
follows: 

P[X>a] = / - ^ e ^ ^ ^ dX (8.5) 

Considering a > 0 we use the following change of variable (see example 8.2.2 
for a < 0) 

A - x — /i (8.6) 

we can write 

dX 

X = a 

a: ^ oo 

dx — 
a 

A = ^ ^ 
a 

A ^ oo 

(8.7) 

(8.8) 

(8.9) 

and eqn 8.5 can be written as 

1 r°° 
P[X>a] = - L = / e-^' /^dA 

V27r J{a-fi)/a-

= Q 
a — II 

(8.10) 

Example 8.2.1 Show that if / i is a Gaussian r.v. with mean value /x and vari­
ance cr̂  then eqn 8.4 can be written as 

P[ia <h<ib] = Q[ - ^ ] - Q 
l b - fj-

(8.11) 

^The function erfc() is also known as the complementary error function. 
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Solution: Since / i is a Gaussian r.v. then we have: 

and P[ia < h < %] can be calculated according to eqn 8.4, that is; 

The last eqn can be written as follows: 

Using the mathematical manipulation described in eqns 8.6-8.10 we can write 
this eqn as 

P[ia<h<ib] = -y= / e-^'/2^Ai 
v2 7r J(i^-ti)/<T 

1 /•°° 
/27r 7(ij- 7i ) /o 

= Q ( ^ ^ ^ - Q ^ ^ ^ 1 (8.15) 

Example 8.2.2 Consider a Gaussian r.v. X with /x = 3 and a = 2. Determine 
P[X < -7], 

Solution: 

'''̂ -̂'i = Cvh-M-'-^)'' *'̂ ' 
Using the change of variable 

X ^ -y (8.17) 

dx = -dy (8.18) 

x = -7 ; 2 / - 7 (8.19) 

X -^ —oo ; y -^ +00 (8.20) 

eqn 8.16 can now be written as follows: 
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Finally by using another change of variable 

a 

dX = dy— 
a 

y=7 ; A = 

y ^ 00 ; A ^ 

eqn 8.21 can be calculated as follows 

P[X<-7] = Q 

7 + n 
a 

00 

7 + /i 

(8.22) 

(8.23) 

(8.24) 

(8.25) 

'Px{x) 

Figure 8.5: 
Example. 

^Px{x) 

Uniform PDF. 

= 2.9 X 10"'^ 

As an exercise, repeat the above for P[X > 13]. You will find that this will give 
an identical answer due to the symmetry of the Gaussian distribution around 
the mean (/i = 3 in this case). 

Other distributions 

There is a large variety of PDFs which have been devised as appropriate mod­
els for a broad range of random phenomena. Among these distributions the 
following are commonly found in electronic and communication systems: 

• Uniform. This continuous distribution is characterised by a PDF which 
can be expressed by the following equation: 

Px{x) 
1 
-rect 

X — fl 
(8.26) 

A w 
Figure 8.6: Poisson distribu­
tion. Example. 

where rect(-) represents the rectangular function (see appendix A) and ji 
is the mean value. Figure 8.5 illustrates a zero mean uniform PDF with 
range A. Note that, unlike the Gaussian distribution with infinite tails, 
the uniform distribution has a finite range of possible occurrences for the 
random variable. Note that the area oipx{x) is one, as expected. 

• Poisson. This distribution differs substantially from the two previous 
distributions (Gaussian and uniform) since it is categorised as a (non-
continuous) random variable. It is used to model a very broad range of 
random phenomena including shot noise in electronic devices, a subject 
that will be discussed further in section 8.4.2. Discrete distributions are 
often characterised by probability frequency functions. However, using 
the Dirac delta function, it is possible to describe these discrete distri­
butions using probability density functions. For the Poisson distribution 
we can write: 

k, 

k=0 

(8.27) 

where /i represents the mean of the distribution. 
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8.2.1 Moments of a random variable 
The moments of a random variable are, in essence, weighted averaging oper­
ations over the PDF. These moments provide valuable information about this 
r.v. Mathematically the n-th order moment of a random variable X is defined 
as 

/

oo 

x"px{x)dx (8.28) 
-OO 

where the operator E [•] is called the 'expectation' or 'averaging' operator. 

The average value 

Of particular interest are the first and the second moment. The first moment 
represents the average value, or the mean, of the random variable: 

/

oo 

X px {x) dx 
-oo 

(8.29) 

Figure 8.7 illustrates the mathematical operation of eqn 8.29. In figure 8.7 a) 
we illustrate the zero mean PDF, px{x), and the linear function f{x) = x. 

xpx{x)\ xpx{x) 

Figure 8.7: Calculation of the mean of a PDF. a) Representation of a zero mean 
Px{x) and off{x) = x. b) Representation of the area of the product ofx with 
the zero mean pxi^)- c) Representation of a non-zero mean (p) px{x) ^nd of 
f{x) — X. d) Representation of the area of the product ofx with px{x). 
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Figure 8.7 b) shows the product of x with px{'^)- It can be seen that, for this 
situation, the positive area, A^, is equal to the negative area, A~. Thus, the 
overall area, that is the sum of A^ + A~ is zero as expected. In Figure 8.7 c) 
we see the PDF with a mean value /x 7̂  0 and the linear function f{x) = x. 
Figure 8.7 d) represents the product of x with px{^)- Now the positive area, 
A'^ is greater that the negative area, ^ ~ . In fact the sum of A~^ -\- A~ is equal 
to fi, the mean value of the PDF. 

The variance 

The second moment is called the mean-square value of the random variable: 

/

oo 

x'^px{x)dx (8.30) 
-CX) 

The mean-square value can be be expressed as E [x^] = /i^ + cr̂  where cr̂  
is the variance of the random variable, cr̂  is also called the centred second 
moment and can be calculated as follows: 

/

CO 

{x-fifpx{x)dx 
-00 

(8.31) 

When the mean of the PDF is zero then E [x'^] = cr̂ . Figure 8.8 illustrates 
the mathematical operation of eqn 8.31 for two zero mean distributions with 
different variances. 

Figure 8.8 a) represents the distribution px{^) and the parabolic function 
f{x) = x^. The role of the function x^ is as follows: after multiplying x^ 
with px{x)^ as shown in figure 8.8 b), the paraboUc function attenuates the 
importance of those values of px (x) near the mean value while it enhances 
the values of px (x) further away from the mean value. Thus, the calculation 
of the area resulting from this product provides a measure of how broad (or 
scattered) a PDF is and the result is called the variance. In figure 8.8 c) we 
show another distribution px{x) with a larger variance represented together 
with the parabolic function f{x) = x'^. It can be seen, in a qualitative manner, 
that the area resulting from the product of px {x) with x^ for this situation is 
larger than the situation presented in figure 8.8 a) a result that is also apparent 
from figure 8.8 d). 

The square root of the variance is the standard deviation, cr, which has 
already been discussed in the context of the Gaussian distribution. The inter­
pretation for (J, although presented in the context of the Gaussian distribution, 
is valid for any kind of distribution. In fact Chebyshev's inequality states that, 
regardless of the PDF px {x), we have 

P ( | X - / i | > a ( 7 ) < 4 (8.32) 

where ji and a are the mean and the standard deviation ofpx{x). Equation 
8.32 states that the probabiUty of observing any outcome of a random variable 
X outside ±a times the standard deviation of its average value is never greater 
than 1/a^, regardless of its distribution. 
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fix) = X-

x^pxix) 

b) 

Figure 8.8: Calculation of the variance of different zero mean PDFs. a) Rep­
resentation ofpx{x) and of f{x) = x^. b) The product of x^ with px{x). 
c) Representation ofpx{x), with larger variance, and of f{x) = x^. d) The 
product ofx'^ with px {x) with the larger variance. 

Example 8.2.3 Determine the variance of a zero mean uniform distribution. 

Solution: The variance of a zero mean uniform distribution coincides with the 
second moment and can be calculated as follows: 

= X —rect { — ] dx 

-L 
A / 2 

2 1 . ^ 
V — dx = 

A 
A2 

12 

3 

3A 

A/2 

- A / 2 

(8.33) 

Multivariate expectations 

The term multivariate expectations refers to the calculation of expectations of 
more than one random variable and the calculation of functions of multiple ran­
dom variables. However, in this chapter we only consider simple but important 
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multivariate expectations cases. The first situation refers to the product of N 
random variables Xi , X2, ..., XN- If these random variables are statistically 
independent, such as those arising from different noise sources in electronic 
circuits, the expectation of this product is equal to the product of the individual 
expectation values, that is, the mean value of the product is equal to the product 
of each mean value; 

E [Xi X2 . . . XN] = E [Xi] E [X2] . . . E [XN] (8.34) 

The last eqn can be generalised for higher order moments provided that the 
random variables are independent: 

E [ X [ X J . . . X ] v ] - E[Xl]E[X^^]...E[X^^] (8.35) 

where r represents the moment order and is a positive integer. 
The second case refers to the sum of N random variables Xi , X2,..., XN-

The expectation of this sum is equal to the sum of all individual expectation 
values, regardless of whether the random variables are independent or not in­
dependent: 

E [ X i + X 2 + ...Xiv] = E[Xi]+E[X2] + . . .+E[Xiv] (8.36) 

As before, the last eqn can be generalised for higher order moments as 

E[X[ + X2̂  + ...X];,] - E[X[]+E[X2n + . . .+E[X]v] (8.37) 

8.2.2 The characteristic function 
The characteristic function of a random variable X is defined by the following 
eqn 

/

oo 

-00 

(8.38) 

with j = V —1 and A representing an independent variable. Equation 8.38 is 
easily recognised as a Fourier integral. In fact, if we let A = 27ra we can write: 

Cx{27ra)=d\px{x)] (8.39) 

and consequently 

/

oo 

Cx{2na) e^'^'""^ da (8.40) 
-OO 

The last two eqns reveal that the characteristic function and the PDF of a ran­
dom variable form a Fourier transform pair. 

The moments of a random variable can be calculated from its characteristic 
function according to: 

l̂̂ 'l-FlW Ŝ̂ ^̂ '""' (8.41) 
a=0 
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Example 8.2.4 Calculate the second moment of a zero mean uniform distri­
bution using eqn 8.41 and show that it is equal to A^/12, where A represents 
the range of the r.v. 

Solution: The PDF of a zero mean uniform distribution can be written as: 

p.(x) = - r e c t ( | ) (8.42) 

and the characteristic function is its Fourier transform, that is, (see appendix 
A): 

Cx (Q )̂ = sine {a A) (8.43) 

From eqn 8.41 we have: 

E[X^] = 1 d . , ^. 

= lim 

(-j27r)2 da^ 

1 
a=0 

sin(7raA) cos(7raA) sin(7rQ;A) 
- T T A 2 h 2 

a OL^ TrAa*̂  

7r2A2 + V A ^ 

a^O ( - j 27r)2 

1 

A2 

12 

Note that above result is identical to that obtained in example 8.2.3. 

The characteristic function is very useful when dealing with sums of inde­
pendent variables. Considering the sum of two independent random variables 
y = Xi -h X2, the characteristic function of Y is calculated as: 

E [e^'^^]=E JA(Xi+X2) = E [e^'^^iJE [e-̂ '̂ ^2] (8.44) 

that is 

Cy(27ra) = Cxi(27ra)Cx2(27ra) 

and consequently, from the convolution theorem, 

(8.45) 

py(^) =VxA^) * Vx^z) (8.46) 

That is, the PDF resulting from the sum of two independent random variables 
is given by the convolution of the PDFs of each random variable. 
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Example 8.2.5 Show that the sum of two independent Gaussian random vari­
ables is also a Gaussian random variable. 

Solution: Let us consider two Gaussian random variables Xi and X2 each one 
characterised by a PDF 

where /if and cr̂  are the mean value and the variance of X^, i = 1,2, respec­
tively. Taking the Fourier transform (see appendix A) of each PDF we get: 

Cxi(27ra) ^e-^ '^^^ '^^-^ '^^^^^) ' (8.48) 

The characteristic function of Z = Xi + X2 is given by 

Czi^Tra) = g - j '2 7ra/xi-a^ (2 7rai)^ ^ ^ - j 2 TT a ^ 2 - a ^ (2 TT (72)̂  

^ g - j 2 7ra(/xi+/X2)-a2(2 7r)2(a2+cr2) 

_ g-j27ra/i;2-a^(27rcTz)^ (8.50) 

where /x̂  = /xi + /i2 and a"^ = af + a^. Taking the inverse Fourier transform 
we get; 

The last eqn represents a Gaussian PDF. 

Equations 8.45 and 8.46 can be generalised for the sum of N independent 
random variables. Hence if y = Xi + X2 H-... Xjsf then, 

N 

CY{27ra) = l[ Cx,{27ra) (8.52) 
k=i 

and, 

PY {Z) = Pxi {z) * PX2 (^) * • • • * PXN (Z) (8.53) 

8.2.3 The central limit theorem 
The central limit theorem states that the sum of N independent and general 
(meaning regardless of their distribution) random variables, Xi, tends towards 
a Gaussian distribution with a mean, fi given by: 

AT 

/i = ^ Mi (8.54) 
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and a variance given by 

N 

E (8.55) 

where jii and cr̂  represent the mean value and the variance, respectively, of 
each random variable Xi. This theorem is very important since it allows the 
characterisation of the PDF of a r.v., which results from a large sum of r.v.s, as 
a Gaussian distribution. It should be noted that there is no need to know the 
PDF of any of these individual random variables. All that is required is that the 
mean and the variance of each of these individual random variables be known. 

To illustrate this important theorem we consider the sum of three identi­
cal and uniform distributions. Figure 8.9 a) shows a zero mean uniform dis­
tribution with range 2A and a zero mean Gaussian PDF with the same vari­
ance that is, cr̂  = (2^1)^/12. From this figure it can be observed that these 
two distributions are quite different. If we sum two uniform random variables 
Y = Xi -\- X2 its PDF is triangular as shown in figure 8.9 b). It can be seen 

. Exact PDF 
Gaussian PDF 

^ - 12 

Pxi{xi) 

Figure 8.9: Comparison between the exact PDF of the sum ofN uniform ran­
dom variables (Xi, i = 1,2,3j, which are independent identically distributed, 
with the Gaussian approximation given by the central limit theorem, a) N = 1. 
b)N = 2.c)N = 3. 

that the range of the PDF of Y is now AA. Figure 8.9 b) also shows the Gaus­
sian approximation to the PDF of Y, as stated by the central limit theorem. It 
can be observed that the difference between these two PDFs is not as large as 
in the previous situation described by figure 8.9 a). In figure 8.9 c) we show 
the PDF for the random variable Z resulting from the sum of three uniform 
random variables. The range of this distribution is now 6A and we observe 
that the piecewise parabolic shape of this distribution starts to resemble the 
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Gaussian PDF. In fact, from figure 8.9 c) it can be seen that the difference be­
tween these two PDFs is small. Clearly, the PDF of the r.v. resulting from the 
addition of more than one uniform random variable tends to a Gaussian distri­
bution as stated by the central limit theorem. However, we emphasise that the 
distribution resulting from the sum of three uniform distributions has a finite 
range while the Gaussian PDF exhibits infinite tails. Therefore, some caution 
must be exercised using the Gaussian PDF to approximate the PDF of Z when 
dealing with very small probabilities! The following example illustrates this 
idea. 

Example 8.2.6 Consider the random variable Z resulting from the sum of 
three independent, identically distributed, uniform random variables Xi, i = 
1,2,3: 

(8.56) Px.(x) = ^ r e c t ( ^ ) 

with 2A = 1. 

1. Determine the value Za such that the P ( Z > Za) = 0.3. 

2. Consider the Gaussian approximation to the PDF of Z and determine an 
estimate for the value Za such that the P{Z > Za) = 0.3. Compare the 
value of Za with that obtained above. 

3. Repeat the last two questions but now for Zh such that P[Z > z^) = 
2.1 X 10-^ 

Solution: 

1. The piecewise parabolic PDF is given by the convolution of the three 
uniform PDFs and can be expressed by; 

f ^-^4^ -3A<z<-A 

Pz{z) = { 

16^ 

{z^ - ZA^) 
8 l ^ -A< z< A 

(8.57) 

{z - ?,Af 
A<z<ZA 

0 elsewhere 

The value Za satisfies the following equation: 

/•OO 

/ Pz{z)dz = Q.Z 

that is /.3A 

J Za 

'z - ZAf 
dz = 0.3 
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9 1 Q 3 o 9 

<^ Za = 0.2836 

2. For each uniform PDF the variance is cr̂  = 1/12. Hence the Gaussian 
approximation for Z is 

1 
Pz{z) - 6 ^ ^ ^ (8.58) 

V27r V3cra: 

P ( Z > Za) = 0.3 can be written as 

Q I — ^ ) = 0.3 

From the tables of the Gaussian error function (see appendix A), Za is 
estimated as 0.2620. The error for Za given by the true PDF and by the 
Gaussian approximation is relatively small; about 7.6%. 

3. The true value of z^ satisfies the following equation: 

Pz{z)dz = 2.1 X 10"^ 
/ 

that is 

9 1 o 3 9 9 . 

^ Zb = 1.4499 

The Gaussian approximation for z^ is such that: 

Q(-^] = 2 .1x10-^ 

^ Zb = 2.05 

It should be noted that, for this case, there is a significant error in the 
prediction of z^ by the Gaussian approximation. Also, since the true 
PDF of Z has a limited range [—1.5,1.5] the outcome Zb — 2.05 is 
meaningless in the context of the random variable Z. 

8.2.4 Bivariate Gaussian distributions 
We consider now the joint PDF of two Gaussian random variables, X and Y, 
which are statistically dependent. The interdependence of X and Y is quanti­
fied by the covariance of X and Y which is defined as follows: 

PXY = ^ - E [{X - fi,) {Y - fly)] (8.59) 
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where ^x and cr̂  are the mean and the variance of X, respectively, iiy and a^ 
are the mean and the variance of Y, respectively. If the two random variables 
are statistically independent then pxY = 0. If the two random variables are 
totally correlated then pxv = i l - Figure 8.10 illustrates the outcomes of a 
random variable Y versus the outcomes of a random variable X for pxY = 0» 
PxY = 0.7, pxY — —0.8, pxY — 1- When the two random variables are 
uncorrelated, pxY = 0, it can be seen that the outcomes of Y do not relate 

PXY = 0 

PXY = 0.7 

a) 

• • • 

• • • 
• • • 

• 
• • 

• 

y 

PXY = - 0 .8 

• • 

• •* X 

• . • • • • • • • 
• • 

•• 

b) 

\y 

. • PXY = 1 

d) 

Figure 8.10: Correlation between X and Y. a) pxY = 0. b) pxY = 0.7. c) 
pXY = -0.8. d) PXY = 1. 

to the outcomes of X. However, as \PXY\ increases it can be seen that the 
outcomes of Y and of X become increasingly dependent on each other. 

The bivariate Gaussian PDF can be written as follows: 

PxY{x,y) = 
1 

27^ax<Ty^/l - PxY 

X exp 
r {X- Pxf {y - l^y? _ p{x - Px){V - Py) 
\ 2Gl{\-p\y) 2CJI{1-P\y) axCJy{l-p\y) 

(8.60) 

PXY{^^ y) is also called the joint probability distribution (or joint PDF) of X 
andy. 
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8.3 Stochastic 
processes 

Let us consider again the measurements of the noise current in each resistor 
illustrated in figure 8.1. Each measured noise current waveform is also called a 
sample function or a sample waveform. Previously we have considered a fixed 
time instant ti for which we considered a random variable, / i . If we consider 
any other instant of time, t = t2 for example, we have another random variable, 
/2- Therefore, a random process can be viewed as a family of random variables 
considered at different time instants. 

8.3.1 Ensemble averages 
If the PDF of the noise current, for any instant of time t, is represented by 
pi{i{t)) then the mean value for i{t) can be written as: 

J — c 
i{t)pl{i{t))di{t) (8.61) 

It should be noted that the time variable t in eqn 8.61 is treated like a constant. 
Hence, eqn 8.61 is often written without the explicit time dependency, that is: 

ipi{i)di (8.62) 

Equation 8.61 or 8.62 represents an ensemble average, that is, an average over 
the ensemble of current waveforms (or sample functions) for any given instant 
of time. Its meaning is similar to the first moment (or average value) discussed 
in the context of a single random variable. The main difference is that for a 
random process the value of E [I{t)] might be time dependent. 

Correlation functions 

Another very important ensemble average is the autocorrelation function. This 
function, like the covariance defined in eqn 8.59, is a measure of the related-
ness or dependence between random variables / i and I2, considered at time 
instants ti and 2̂ respectively. As it will be shown latter on, the measure of 
such a dependence can provide valuable information about the bandwidth and 
about the power of the noise which is modelled as a random process. The 
autocorrelation function is defined as follows: 

/

OO nOO 

/ iii2Phh{iui2)diidi2 (8.63) 
-00 J — 00 

where the dependency of / i and of I2 on the time variable has been dropped 
for reasons of simplicity, pi^ 72(̂ 15 ^2) is the joint probability distribution of 
the random variables / i and /2 at t = ti and at t = ^2, respectively. 

If / i is statistically independent of I2 then i?i(ti, ^2) = E [/(ti)] E [1(^2)]• 
On the other hand, Ri{t^ t) = E [/(t)^], that is i?i(t, t) is the mean square value 
of I{t) as a function of time. 

If / i and I2 are both zero mean random variables then 

with p/^/2 representing the covariance between / i and /2. 



296 8. Noise in electronic circuits 

8.3.2 Stationary random processes 
A stationary random process is one where all statistical characteristics (i.e sta­
tistical averages) are invariant with time. A specific type of stationary random 
process is known as the 'wide sense stationary process' where the time invari­
ant characteristics are satisfied for the mean and the autocorrelation functions, 
that is; 

• The mean value is constant for all times: 

E[/(t)] = M (8.64) 

• The autocorrelation function depends only on the time difference 2̂ — ti , 
that is 

= Ri{r) (8.65) 

with T = t2 — ti. The autocorrelation of a stationary random process is 
often written as; 

Ri{T) = E[ / ( t ) / ( t + r)] (8.66) 

Setting r = 0 in eqn 8.66 we have Ri{0) = E [/(t)^], that is, the mean square 
value and the variance of a stationary random process are constants. 

8.3.3 Ergodic random processes 
It is possible to take time averages of sample functions of a random process. 
For example, the mean value obtained by averaging the k-th sample function 
of a random process, ik{t), over time is given by the following expression; 

1 Z*̂ /̂  
-(ik{t)y^lim - / ik{t)dt (8.67) 

T->cx) i J_T/2 

where -< • ̂  is a time averaging operator. 
Similarly, the autocorrelation function obtained by averaging the A:-th sam­

ple function of a random process over time is given by the following expres­
sion; 

1 /-^/^ 
ik{t)ik{t + r)y^ lim - / ik{t) ik{t-\-r) i 

T-^oo 1 J_T/2 

When all time averages are equal to the corresponding ensemble averages 
the random process is said to be ergodic. Hence, for an ergodic random 
process we can write the following: 

^ i f c ( t ) ^ = E[/(t)] (8.69) 

^il(t)y = E[/2(t)] (8.70) 

^2fc(t)u(t + r ) ^ = E[ / ( t ) / ( t + r)] (8.71) 
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Ergodicity implies that a single sample function is representative of the entire 
random process since all statistics associated with this random process can be 
calculated from such a sample function. 

In the context of ergodic random signals or noise we can state the following: 

• The mean value of the process, ^i, represents the DC value of the process 
-< i{t) >-; 

• The square of the mean value, /if, represents the power of the DC com­
ponent -<i{t) y-'^\ 

• The variance, af, represents the average power associated with the AC 
components of the process, that is it represents the average power of the 
time varying component of the process; 

• The mean square, E [i(t)^], represents the total average power ^ i'^{t) y; 

• The standard deviation, ai, represents the root-mean-square (RMS) value 
of the time varying component of the process. 

As mentioned previously, the autocorrelation function of a random process can 
provide information about the bandwidth of this random process, at least in 
qualitative terms. To understand how this information is retrieved we refer 
now to figure 8.11 where we represent, in detail, the computation of i?i(ri) for 
a slowly varying zero mean random signal and a rapidly varying zero mean ran­
dom signal^. Recall that slowly varying signals have an associated low band­
width while rapidly varying signals exhibit high bandwidths. Figures 8.11 a) 
and 8.11 b) represent the sample waveforms of both random processes and also 
their replica delayed by r i . In figures 8.11 c) and 8.11 d) we represent the sig­
nals resulting from multiplying each sample waveform with its delayed replica. 
From figure 8.11 c) we observe that the percentage of positive area is signifi­
cantly greater than the percentage of negative area of i{t)i{t -\-ri). Therefore 
the total area, that is Ri{ri), is non-zero indicating a strong correlation be­
tween i{t) and i{t -h n ) . On the other hand, from figure 8.11 d) we observe 
that the percentages of positive and negative areas of i{t) i(t + ri) are approx­
imately equal. Hence the total area, that is Ri{Ti), tends to zero indicating 
that i{t) is uncorrelated to i(t + r i ) . It is important to note that, in qualitative 
terms, the existence or the non-existence of correlation for a given time differ­
ence, Ti, is a direct consequence of the random signal being slowly or rapidly 
varying. Figures 8.11 e) and 8.11 f) show the autocorrelation functions for the 
slowly varying and rapidly varying random signals as functions of time delay 
r, respectively. From figure 8.11 e) we observe that the slowly varying, low 
frequency random signal, exhibits strong autocorrelation for values of r well 
above n . However, from figure 8.11 f) it can be seen that the rapidly varying, 
high bandwidth random signal only exhibits significant correlation for values 
of r around zero. 

-^Signals are 'rapid' or 'slow' in relation to each other and to the observation period. 
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Figure 8.11: aj Sample function of a slowly varying random process and its de­
layed replica, b) Sample function of a rapidly varying random process and its 
delayed replica, c) Product of the sample function of a slowly varying random 
process with its delayed replica, d) Product of the sample function of a rapidly 
varying random process with its delayed replica, e) Autocorrelation function 
of a slowly varying random process, f) Autocorrelation function of a rapidly 
varying random process. 

8.3.4 Power spectrum 

We have just seen that the autocorrelation function can provide quahtative in­
formation about the bandwidth of a random process. In order to quantify this 
information we need to calculate the Fourier transform of the autocorrelation 
function. This is called the power spectral density (PSD)^ 

Sii^if) = 5r[Ri{r)] 

- f (8.72) 

This eqn is the Wiener-Kinchine theorem and it applies to stationary random 
signals. 

^The use of a* as an underscript will become clear with the discussion of eqn 8.80. 
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For ergodic random processes the PSD can be calculated from the time 
averaging-based autocorrelation function, -< ik{t) ik{t-\-T) y. 

/

oo 

^ik{t)ik{t + T)y e-^^^f^dr (8.73) 
-CX) 

that is 

/.oo -. nT/2 

J-oo^-^^ ^ J-T/2 

Assuming that the random process sample function, ik{t) has a Fourier trans­
form ifc(/) such that: 

/

oo 

ik{t)e-^^^f'dt (8.75) 
- O O 

we can write eqn 8.74 as follows: 

1 rT/2 

Sii^U) = lim - / i,{t)e^^'^f'dth{f) 
T-̂ oo I J_rp/2 

rT/2 

-T/2 

where we used the following result 

(8.76) 

/ 

Noting that 

oo 

ifc(t + r ) e - ^ ' 2 - / - d r = ifc(/)e^''^^^ (8.77) 

rT/2 

lim / ik{t)e^^^^^'dt = iUf) (8.78) 
J-T/2 T-^oo _i_rpi2 

we get Sii* (/) to be 

that is 

5.,.(/) = lim 'AlMll (8.79) 
T—>oo 1 

Sii'U) = lim M / ) f A ( i i * ) (8.80) 
T^oo 1 

The (•) represents a mathematical operator which can be used to determine the 
power spectral density of an ergodic random process. We shall discuss some 
elementary properties of this operator in the next section (see also example 
8.3.2). 

The result expressed by eqn 8.80 is extremely important since it is the basis 
of the AC-based electronic noise analysis which is presented in section 8.4. In 
fact, this eqn tells us that if a single sample function ik{t) of an ergodic random 
process is observed for a long period of time, T, then the PSD of such a process 
can be estimated by 

Su'U) = {^n - ^^^TA^ (8.81) 
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where ifc(/) is the Fourier transform of ik{t). 
It should be noted that the total power, P^z associated with a random signal, 

or noise modelled as a stationary random process, can be calculated as follows: 

/

oo 

Su'{f)df 
-CX) 

(8.82) 

This is equivalent to finding the autocorrelation function for r = 0, that is: 

Pni = Ri{0) (8.83) 

Example 8.3.1 1. Show that if a stationary random signal has a spectral 
density given by Sxx* (/) = cr̂  /B sinc^(//B), where B is the band­
width, then the correlation time is TT = l/B. 

2. For the random process mentioned above consider TT = l/B and TT = 
l/B', B' = SB. Compare the PSD and the autocorrelation function for 
each situation. 

Solution: 

1. The correlation time TT is defined as the maximum delay between a 
sample random waveform and its replica above which the autocorrelation 
function is zero. Taking the inverse Fourier transform of Sx (/) we obtain 
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Figure 8.12: a) Power spectral density, b) Autocorrelation function. 

the autocorrelation function (see appendix A) 

R^ (r) = a^ triang (r B) (8.84) 

For \T\ > l/B the autocorrelation function is zero. Hence TT = l/B. 
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2. Figure 8.12 illustrates the PSD and the autocorrelation function of the 
random process x{t) when TT = l/B and when TT = l/B', B' — SB. 
As has been discussed previously (see also figure 8.11), as the band­
width associated with the random process (or random signal) increases 
the correlation time decreases. 

8.3.5 Cross-power spectrum 

Quite often there is need to examine the joint statistics of two random pro­
cesses, u{t) and w{t). This is especially relevant when a given random pro­
cess z{t) results from the sum of two random processes. The cross-correlation 
function of u{t) and w{t) is used to measure the relatedness of these random 
processes and it is defined as follows: 

Ruw{ti,t2) =E[u{ti)w{t2)] (8.85) 

If the two processes are uncorrelated then 

Ruw{tut2) =E[u{ti)]E[w{t2)] (8.86) 

Moreover, if any of them has a zero mean value for all t then Ruw(ti.h) = 0 . 
If u{t) and w{t) are jointly ergodic processes such that Ruw{tiit2) = 

Ruw{^)^ T = t2 — ti then the cross spectral density is defined as the Fourier 
transform of Ruw (T) : 

/

CX) 

-OO 

-< u{t) w{t + T)>- e-^^''^^dT (8.87) 
/ 
J —( 

Using the results of eqns 8.74-8.81 it is straightforward to show that 

Su^'if) = lim HiZMZ) A ̂ u ^*) (8.88) 
T—>^oo 1 

where, as in eqn 8.80, (•) is an operator which is now used to determine the 
cross-power spectral density of two or more jointly ergodic random processes. 
The next example illustrates some important properties of this operator. 

It should be noted that Suw* (/) = S^^. (/) that is (u w*) = ((w u*))*. 
If the two random processes are uncorrelated with zero mean then (u w*) = 0. 

Example 8.3.2 Consider two jointly ergodic random processes x{t) and y{t). 
Consider the random process z = x{t) -\- y{t). Show that the PSD of z{t), 
(z z*), can be determined as follows: 

(zz*) = ((x + y ) ( x + y)*) 

= (x X*) + (x y*) + (y X*) + (y y*) (8.89) 
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Solution: According to eqn 8.73, the PSD of z(t) can be determined as follows: 

/

CX) 

-OO 

/.oo ^ /.T/2 
= / ^1™ T / [^k(t)^yk{t)] 

J-oo ^ - ^ ^ ^ J-T/2 
X [xfc(t + r ) + 2/ifc(̂  + r)] dte-^'^^^^dr (8.90) 

where 2:jt(t), Xfc(̂ ) and yk(i) represent sample functions of z{t), x{t) and y{t), 
respectively. The last eqn can be written as: 

/.T/2 

/

OO -j pl/Z 

lim - / Xk{t)xk{t + T)dte-^^^^^dr 
-OO ^ - ^ ^ ^ y - T / 2 

/.OO ^ / . T / 2 

+ / lim - / Xk{t)yk{t^T)dte-'^^f^dT 
J-oo ^-^^ ^ y-T/2 

/.OO ^ / . T / 2 

+ / lim - / yk{t)xk{t + r)dte-'^^f^dT 
J-oo ^-^°^ ^ y-T/2 

/.OO -, / . T / 2 

+ / l™ - / yk{t)yk{t + T)dte-^^^^^dT (8.91) 
J-oo^-^°^ J- J-TI2 

Using eqns 8.74-8.81 and eqn 8.88 this eqn can be written as 
(zz*) = (x X*) + (x y*) + (y X*) + {y y*) (8.92) 

8.3.6 Gaussian random processes 
A random process u{t) is called a Gaussian process if the PDF for any random 
variable considered at any arbitrary instant of time t is Gaussian. Also the joint 
probability function of any two random variables considered at two arbitrary 
instants of time ti and 2̂ is a bivariate Gaussian PDF and likewise for every 
higher order joint PDF. 

The following holds for a Gaussian process^ u{t): 

• The process is completely described by E [u(t)\ and by Ru{ti •> ^2)-

• If Ru{ti,t2) = E [ii(ti)]E [u{t2)] then u{ti) and u{t2) are uncorrelated 
and statistically independent. 

• If u{t) is wide-sense stationary then it is also ergodic. 

• Any linear operation on u{t) produces a Gaussian random process. 

Gaussian processes are very important in electronics since the Gaussian model 
applies to the vast majority of random electrical phenomena, or noise, at least 
as a first approximation. All the electronic noise sources that are discussed 
later are considered as Gaussian and as ergodic random processes. 

"̂ For detailed discussion of properties of random processes see [1]. 
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<t) 
h{t) vjt) 

Figure 8.13: Linear system 
with impulse response h{t). 

Suu*{f) 
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8.3.7 Filtered random signals 

The output signal, v{t), resulting from applying a random signal, u{t) to a 
linear system is given by the convolution operation 

v{t) = / 
J — c 

h{X) u{t - A) dX (8.93) 

where h{t) is the linear system impulse response (see figure 8.13). 
The main statistics of v{t), namely the mean and the autocorrelation func­

tion, can be determined as follows: 

/

oo 

E [u{t - A)] h{X) dX (8.94) 
-OO 

/

OO /»00 

/ Ru{ti - XxM - A2) /i(Ai) /i(A2) dXi dX2 
-00 J —00 

(8.95) 
If u{t) is a stationary random process then v{t) is also a stationary random 

process, and for this situation we have: 

/

OO 

h{X) 
-00 

dX 

Rv{r) 

l^uH{0) 

Ru{r) ^ h{-r) ^ h{T) 

(8.96) 

(8.97) 

(8.98) 

with H{0) representing the transfer function of the linear system at zero fre­
quency (DC). 

The power spectrum density ofv{t) can be determined by the Fourier trans­
form of eqn 8.98, that is: 

S,,*{f) = \Hif)\^Suu*{f) (8.99) 

This eqn indicates that the system transfer function shapes the power spectrum 
density as illustrated by figure 8.14. 

The power of v{t) can be determined as follows; 

/

OO 

| f f ( / ) | ' 5 „„ . ( / ) d / (8.100) 
-00 

Figure 8.14: Illustration of 
eqn 8.99. 

White noise and equivalent noise bandwidth 

As will be discussed in section 8.4.1 thermal noise, and many other types of 
noise sources which can be modelled as random processes, have a flat spectral 
density over a very wide range of frequencies. This type of spectrum is called 
white by analogy to the spectrum of white light which also has a constant (or 
flat) spectrum. 



304 8. Noise in electronic circuits 

^Snn^if) 

t^w 
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Figure 8.15: White noise. 
a) Power Spectral density. 
b) Autocorrelation function. 

mf)\' 

Figure 8.16: The equivalent 
noise bandwidth. 

The power spectral density of a white noise can be written as: 

(8.101) 

where the 1/2 factor is included to indicate that the PSD is considered to be 
bilateral, that is, half of the noise power is associated with positive frequencies 
and the other half is associated with the corresponding negative frequencies. 

The autocorrelation function of the white noise is given by the inverse 
Fourier transform of Snn* (/)• 

Rn{r) = l5{t) (8.102) 

Figure 8.15 shows the PSD and the autocorrelation function of white noise. It 
should be noted that, according to eqn 8.82 (or eqn 8.83), white noise must 
have infinite power. Since it is well known that there is no practical random 
signal or random noise source with infinite power, we emphasise that, although 
the theoretical concept of white noise is very useful to model flat and broad 
bandwidth noise sources, we must bear in mind that white noise sources are 
always filtered by finite bandwidth systems. It is also important to note that the 
spectral density of filtered white noise takes the shape of the system transfer 
function according to: 

^ mf)\' (8.103) 

The noise power associated with the filtered white noise is given by: 

Pn = Pj^\H{f)\Uf 

= lpJH{f)\''df (8.104) 

Since the integral of eqn 8.104 depends only on the transfer function H[f) 
we can define the equivalent noise bandwidth, B^. This is the bandwidth of 
an ideal low-pass filter that would pass as much noise as the filter with transfer 
function H{f) (see also figure 8.16). This is normally done to simplify circuit 
and system noise calculations by getting rid of the integral (see eqn 8.104) and 
replacing it by a simple product as shown below: 

Pn = 
rj A'B N (8.105) 

with 

where ^ = \H{f)\ 
low-pass filter \H{f)\ 

5iV 

1 /-oo 

(8.106) 

is the maximum amplitude of \H{f)\. Usually, for a 
max coincides with the DC gain. 
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8.4 Noise in 
electronic 

circuits 
R 

Noisy resistor 
a) 

Noiseless Equivalent voltage 
resistor ,̂ ^ , . * 

thermal noise source 
b) 

Equivalent! in 
current / 
therma 
noise 
source Noiseless 

resistor 

Figure 8.17: a) Noisy resis­
tor, b) Thevenin equivalent, 
c) Norton equivalent. 

Example 8.3.3 Determine the equivalent noise bandwidth of an RC low-pass 
filter with a time constant r. 

Solution: The transfer function for the RC low-pass filter is given by: 

„ , . . 1 

therefore A -

l+j2nfT 

--\H{f)\ma. = h 

/•OO 

BN = / \H{f)fdf 
J —OO 

= ;7^ tan- i (27r / r ) 
Z T T T 

1 
27 

We note that the equivalent noise bandwidth for a filter of order greater than or 
equal to three is approximately equal to the 3 dB bandwidth. 

Knowledge of noise statistics is necessary for estimating the noise behaviour 
of electronic circuits. This, in turn, is crucial for the estimation of the circuits' 
behaviour and their figures of merit. In this section the basic sources of noise 
in electronic circuits are introduced and methods of analysis of such sources 
and their interactions are presented. 

8.4.1 Thermal noise 

Thermal noise or Johnson noise consists of thermal induced random fluctua­
tions in the charge carriers of any material with a finite resistivity. Although the 
average motion of the charge carriers is zero, the instantaneous random motion 
of such free carriers generates instantaneous charge gradients which, in turn, 
produce wide-band random voltage fluctuations. These fluctuations are char­
acterised by an ergodic Gaussian random process and they can be modelled 
either by an equivalent voltage noise source, Un, in series with a noise-free 
resistor or an equivalent current noise source in parallel with a noise-free re­
sistor as shown in figure 8.17. The power spectral density for thermal noise is 
constant from DC to frequencies up to near infrared and can be considered as 
white noise. The PSD associated with the Thevenin equivalent model for this 
type of noise is given by (see also eqn 8.80): 

5«„<(/) = (u„u;) = 2i?/cr (VVHZ) 
and the PSD associated with the Norton equivalent model is given by 

.(/) (in i;) 
2/CT 

R 
(AVHZ) 

(8.107) 

(8.108) 
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VD 

I^^ Noisy diode 

Noiseless 
^ diode VD 

b) 

Figure 8.18: Noisy p-n 
junction, b) Norton equiva-
lent model for shot noise. 

where K = 1.38 x 10~^^ joule/kelvin is the Boltzmann constant and T is 
the temperature in kelvin. At room temperature T = 290 kelvin. R is the 
resistance. We emphasise that eqns 8.107 and 8.108 are valid for frequencies 
up to about 10^^ Hz. Also, these eqns represent bilateral PSDs, that is, they 
account for positive and negative frequencies. It is worthwhile noting that these 
eqns may appear contradictory when it comes to the level of noise associated 
with the resistor. Does the noise increase (eqn 8.107) or decrease (eqn 8.108) 
with the value of the resistance? The answer to this is simply dependent on 
the location of the resistance in a circuit and whether it is best to deal with 
the resistance as a voltage or as a current noise source. Essentially, the noise 
source is a power source. From eqn 8.107 we can calculate the open circuit 
RMS voltage, cr̂ ^̂  produced by the resistance R for a bandwidth B as follows: 

- f' 
J-B 

Sur.ul{f)df 

ARKTB (V^) 

VARICTB (volts RMS) 

(8.109) 

(8.110) 

(8.111) 

8.4.2 Electronic shot-noise 

Electronic shot-noise is associated with the passage of carriers across a poten­
tial barrier such as those encountered in p-n junctions of semiconductor diodes 
and transistors. The statistics that describe charge motion determine the noise 
characteristics. The number of carriers that cross the barrier is random and is 
characterised by a Poisson distribution. However, when the number of events 
that occur per unit observation time is large then the Poisson distribution can be 
replaced by the distribution of a zero mean and ergodic Gaussian process with 
a white power spectral density. In terms of an equivalent electronic model this 
noise is modelled as a current noise source in parallel with the p-n junction. 
Figure 8.18 shows the noise equivalent model for a diode. 

The flat PSD of the electronic shot noise associated with a DC current, 
IDC^ which crosses a potential barrier is given by 

5i„i;( /) = {inO=qlDC ( A V H Z ) 

where q = 1.6 x 10"^^ coulomb is the electronic charge. 

(8.112) 

8.4.3 1 / / noise 

1 / / noise is observed in some resistors and semiconductor devices. The origins 
of this type of noise are usually associated with imperfections in the material 
from which the devices are made. 

1 / / noise is considered as a zero mean ergodic Gaussian process. The 
Norton equivalent model for this type of noise has a general spectral density 
given by: 

;(/) = 
Kf 

*n in i ; = (AVHZ) (8.113) 
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logio(/) 

Figure 8.19: 1 / / noise 
and white noise, a) Noise 
sources, b) Equivalent noise 
power spectral density. 

where Kf is a factor which depends on the current passing on the device and 
a is a coefficient with a range of 0.8 to 1.4. For calculation purposes a is taken 
as unity and the noise power varies as the inverse of the frequency. The total 
noise power considered between fa and fb is: 

Jfa J 
fb 

(8.114) 

Kf In 
J a 

m (8.115) 

10/a, the noise Note that over any decade in frequency, that is, for any fh 
power is the same and given by Kf In(lO). 

In terms of a noise model the 1 / / noise component can be accounted for 
by adding an additional noise source to the white noise source as illustrated in 
figure 8.19. 

Since the two noise sources are uncorrelated, the total noise power spectral 
density is just the sum of each power spectral density: 

^ini*if) (in ^ 1 + ( A V H Z ) (8.116) 

where r]/2 is the PSD of the white noise source component and fc is the 'comer 
frequency' of the 1 / / noise. 

—MV-" 
Noisy resistor 

-^m^ 

Figure 8.20: a) Noisy 
resistor b) Series voltage 
sources, c) Parallel current 
sources. 

8.4.4 Noise models for passive devices 

The ideal passive devices are the resistor, the capacitor and the inductor. Among 
all these the only one which is noisy is the resistor since, as discussed above, 
it produces thermal noise. Both the ideal inductor and the ideal capacitor are 
energy storage elements, do not dissipate energy and do not induce thermal 
noise. However, practical devices always have parasitic resistances and these 
components will produce thermal noise and 1 / / noise. 

Resistor 

The practical resistor generates thermal noise and 1 / / noise. The noise model 
for the resistor is presented in figure 8.20. For the series voltage sources model 
the PSD is given by: 

( u n t < t ) = 2ICTR 

( u n f < f ) = 2KTR fc 

f 

(8.117) 

(8.118) 

where Unt accounts for the thermal noise contribution and Unf accounts for 
the 1 / / noise contribution. For the parallel current sources model the PSD is 
given by: 

2/cr 
(int int) = 

(W inf) = 

R 

2/cr fc 
R f 

(8.119) 

(8.120) 
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The real capacitor has two resistive components, as shown in figure 8.21. Rd 
is associated with dielectric losses and Rs includes the lead resistances. While 
Rd is greater than 10^ H, Rs is, typically, less than 1 Q. There is thermal and 
1 / / noise associated with Rs represented by Unti and by Unf, respectively. 
Rd generates only thermal noise represented by Unt2- In practice their noise is 
negUgible compared to other circuit noise generators. 

Inductor 

The real inductor has a main resistive component Rs, as shown in figure 8.22, 
from the wire resistance. Rs generates both thermal and 1 / / noise represented 
by Unt and by Unf, respectively. Like the capacitor the noise sources associated 
with the practical inductor are usually neglected when compared with other 
circuit noise generators like resistors. 

Figure 8.21: a) Ideal capa­
citor, b) Electrical model 
for a practical capacitor, c) 
Noise model for a practical 
capacitor 

8.4.5 Noise models for active devices 

Noise model for field effect transistors 

Figure 8.23 shows the high frequency small-signal model for the FET including 
the main noise source contributions, ind is the thermal noise associated with 
the Ohmic resistance of the channel, Rch, which is related to the transconduc-
tance as follows: 

Ideal inductor 
a) 

Rs L 

, N Ideal inductor 

Figure 8.22: a) Ideal induc­
tor b) Electrical model for 
the practical inductor c) 
Noise model. 

Rch = {9m Kd) (8.121) 

where Kd is a constant associated with the physical dimensions of the FET and 
is normally taken as 2/3. The power spectral density of ind is given by: 

(ind i*d) = 2/CT 2gn (8.122) 

Since TQ is a dynamic resistance it does not dissipate power and, therefore, 
there is no noise source associated with it. 

The 1 / / noise power spectral density can be written as: 

(infi;f) = 2 / C r ^ : ^ (8.123) 

where fc is the comer frequency, ing accounts for shot noise resulting from 
the DC gate leakage current, IG- The PSD for ing can be written as: 

\ lng Ing/ qlc (8.124) 

In some FETs there is correlation between the noise at the gate and the noise 
at the drain especially at high frequencies. However, at mid-range frequency 
this correlation is usually neglected. 
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Figure 8.23: a) Noiseless small-signal model for the FET. b) Small-signal 
model including noise sources. 

Noise model for bipolar junction transistors 

The noise model for the siHcon bipolar junction transistor (BJT) is shown in fig­
ure 8.24. UnB accounts for the thermal noise associated with the base spread­
ing resistance rx> It should be noted that this is the only dissipative resistance 
in the hybrid-7r model. All the remaining resistances in the model are dynamic 
resistances and are therefore noiseless, inb and inc are the shot noise current 
sources associated with the base current and the collector current, respectively, 
inf is the 1 / / current noise source in the base current. 

Each noise source is characterised by its power spectral density as follows: 

(UnB < B ) = 2/CTr:^ 

(inb inb) = Q^B 

(inc inc) = Q^C 

/ c 
(inf inf) qlB 

f 

(8.125) 

(8.126) 

(8.127) 

(8.128) 

where IB and Ic are the base and the collector bias currents, respectively. 

Figure 8.24: a) Noiseless hybrid-n model for the bipolar transistor b) Hybrid-ir model including noise 
sources. 

All the noise sources described above are assumed to be uncorrelated. 
However, correlation between inb and inc occurs at high frequencies. For ex­
ample, in Hetero-junction Bipolar Transistors (HBTs)^ the shot noise induced 

^HBTs are bipolar transistors with /T of the order of tens of GHz which are suitable for Radio-
Frequency/Microwave applications. 
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by the base current and the shot noise induced by the collector current are char­
acterised by their self- and cross-spectral densities as follows: 

Figure 8.25: a) Noisy ampli­
fier b) Equivalent model for 
the noisy amplifier 

(inb 

(inc 

(inb 
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iL) 
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= 

q [IB^ 

qic 
q (e '̂̂ ^^ -

l - e " 

- l ) / c 

J^rt\ %) (8.129) 

(8.130) 

(8.131) 

where r̂ , represents the finite base transit time for the charge carriers. It should 
be noted that at low-frequencies (inb inb)' gî î̂  t)y eqn 8.129, tends to qls 
as in eqn 8.126. Also, at low frequencies the cross-spectral density, given by 
eqn 8.131, tends to zero. 

It is interesting to note that the dominant noise process in FET devices is 
thermal while bipolar devices have dominant shot-noise components. This is 
understandable given the nature of FETs and BJTs. A FET can be viewed as 
a variable semiconductor resistor generating the thermal noise components of 
eqns 8.122 and 8.124. On the other hand a BJT is effectively three semiconduc­
tor regions forming two p-n junctions giving rise to the shot noise components 
ofeqns 8.126 and 8.127. 

8.4.6 The equivalent input noise sources 

Now that the noise models for the main circuit elements have been presented it 
is clear that even simple circuits can have a significant number of noise sources 
contributing to the overall noise of the circuit. Therefore, it is necessary to 
assess the impact of each noise source on the circuit performance. 

A noise assessment method used to quantify the noise performance of an 
amplifier, or of any linear two-port circuit, is based on modelling the noisy 
amplifier using equivalent input noise sources, as shown in figure 8.25. The 
noisy amplifier is replaced by a noise-free amplifier, which accounts for the 
electrical response, and by two equivalent noise generators which characterise 
the noise of the amplifier. These two equivalent noise generators are a voltage 
noise source, Un, and a current noise source, in, which are located at the input. 
In general, these two noise sources are correlated. This correlation is accounted 
for by (in uĵ ) which is the cross-spectral density between in and u*. It should 
be noted that there is a need for both a voltage noise source and a current noise 
source to accurately characterise the noise behaviour of the amplifier. When 
the input signal source is a voltage source its zero (or low) output impedance 
absorbs the current noise in- If there was not a voltage noise source, the noisy 
behaviour of the amplifier would not be taken into account. Similar reasoning 
accounts for the need of a current noise source when the input is a current 
source. 

This noise representation technique is very useful since it allows amplifiers 
to be compared in terms of noise performance, regardless of gain, impedance, 
or transfer function of the amplifiers. In order to characterise an amplifier 
according to the model shown in figure 8.25 b) it is necessary to relate all 
the individual noise sources of the noisy amplifier with the equivalent noise 
sources Un and in-



8. Noise in electronic circuits 311 

We describe a circuit analysis method to calculate the equivalent input volt­
age and equivalent input current noise spectral densities for a general amplifier, 
or any linear noisy circuit. As an example, we consider a common-emitter HBT 
based amplifier shown in figure 8.26 a). The circuit does not include the input 
bias circuit. The HBT is chosen for this example due to its correlated noise 

UnL 

Figure 8.26: HBT common-emitter amplifier a) Simplified schematic, b) 
Small-signal equivalent circuit including intrinsic noise sources, c) Small-
signal equivalent circuit with equivalent noise sources referred to the input 
of the amplifier 

sources discussed above, making the analysis most general. Figure 8.26 b) 
shows the small-signal model of the amplifier including the intrinsic noise 
sources of the HBT. inb and inc are characterised by their self- and cross-
spectral densities given eqns 8.129-8.131. Figure 8.26 b) also shows the noise 
source of the load resistance RL, UnL» with power spectral density given by: 

(UnLU*L) = 2/Cri?L (8.132) 

For reasons of simplicity the model of the circuit described by figure 8.26 b) 
does not include the effect of the base resistance Vx and C^. Also, it assumes 
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that the Early effect can be neglected, that is, Vo is very large compared to RL-
Gm is the transistor transconductance given by: 

(8.133) 

(8.134) 

where the term e~-̂ ^^ accounts for the delay, r, associated with the transistor 
transconductance. In the following analysis, we shall assume r c::: 0, that is, 
^m — 9m' 

The analysis method 

1. Each noise source is considered as an ergodic random process and, 
therefore, can be characterised by a single sample function which is 
considered in the frequency domain (see eqn 8.75). 

2. The total open-circuit noise voltage at the output of the linear circuit 
is calculated assuming an input voltage source. Applying the super­
position theorem, the contribution of each voltage noise source and 
each current noise source is obtained by replacing all the other noise 
sources and the input signal source by their corresponding output 
impedances. 

We calculate now the contributions of the various noise sources to the 
output voltage. 

• UnL' Figure 8.27 a) shows the equivalent circuit for the calcula­
tion of the contribution of this noise source to the output voltage. 
It can be seen that v^^ = 0 since the zero impedance of the in­
put voltage signal source short-circuits the base-emitter terminal of 
the transistor. Therefore, the voltage-controlled current source can 
be replaced by an open-circuit. Since there is no current flowing 
across RL the output voltage is 

Vo = UnL (8.135) 

• inc- Figure 8.27 b) shows the relevant equivalent circuit. Again 
Vj^ = 0 and the current flowing through RL is just —inc- Hence, 
the output voltage is: 

Vo =-inc RL (8.136) 

• inb- See figure 8.27 c). Again, we have v^^ = 0. Hence, the voltage-
controlled current source does not produce any current and, there­
fore, the output voltage is zero. 

• Total noise voltage: The sum of all noise contributions to the 
noise voltage at the output of the amplifier is given by: 

Vo = U n L - i n c ^ L (8.137) 
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v,^Q 

c) 

Figure 8.27: Equivalent circuit for the calculation of the various contributions 
to the output noise voltage, a) Contribution from UnL- b) Contribution from 
inc- c) Contribution from inb-

3. The total short-circuit noise current at the output is calculated by 
assuming an input current signal source. The contribution of each 
voltage and current noise source to the total output current is ob­
tained applying the superposition theorem. We calculate the individ­
ual contribution of each noise source to the output short-circuit cur­
rent replacing all the other noise sources by their output impedances 
and by replacing the input signal source by an open-circuit. 

We now calculate the contributions of the various noise sources to the 
output short-circuit current. 

• UnL- See figure 8.28 a). Since there is no signal applied to r̂ r and 
C'TT, T̂T = 0. Therefore, the voltage controlled current source can 
be replaced by an open circuit. From this figure we also observe 
that the voltage across across RL is UnL and therefore the output 
current is 

UnL 

' RL 
(8.138) 
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Figure 8.28: Equivalent circuit for the calculation of the various contributions 
to the output noise current, a) Contribution from UnL- b) Contribution from 

c) Contribution from inb-

• jnc- In figure 8.28 b) we see that v^^ = 0 and the voltage controlled 
current source can be replaced by an open circuit. Since RL is 
short-circuited, there is no current flowing through its terminals 
and the output current is 

lo = 1 nc (8.139) 

• inb- Figure 8.28 c) shows the equivalent circuit for this calculation. 
Now we have: 

Vn = - I n b 

= - inb 

l+j27rfC^r^ 

9m T̂T 

1 + J 2 7 r / C , r , 

(8.140) 

(8.141) 
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• Total noise current: The sum of all noise contributions to the 
noise current at the output of the amplifier is given by: 

ô = 5 - + Inc - Inb , , .^ T7^ (8.142) 

4. The equivalent input voltage noise source is obtained by dividing the 
total open-circuit noise voltage at the output by the circuit voltage 
gain. 

The circuit voltage gain, Ay, is: 

Ay = -QmRL (8.143) 

and, therefore, the equivalent input voltage noise source is given by (see 
eqn 8.137): 

UnL Inc 

9m RL 9r) 
Uneq = " 7 ^ ^ + — (8-144) 

5. The equivalent input current noise source is obtained by dividing the 
total short-circuit noise current at the output by the circuit current 
gain. 

The circuit current gain, A ,̂ is: 

1 + J 2 TT / C^ r^ 

and, therefore, the equivalent input current noise source is given by (see 
eqn 8.142): 

l+j27rfC^r^ , _. l + i 2 7 r / C ^ r , 

9m rn RL 
Ineq — ^nL _̂  „ o ' ^nc ^nb 

6. Finally, the self- and the cross-spectral densities of these tv»̂ o equiv­
alent noise sources can be calculated by simplifying (uneq u^eq)? 
(ineq ineq) ^^^ (^neq ineq) ^^ defined by cqu 8.80 and eqn 8.88. 

• The power spectral density of Uneq is calculated as follows: 

/ * \ _ / / ^nL , ^nc\ I UnL , 1 nc 

J. ,. .. . 1 
(UnL < L ) /„ p N2 + ('nc inc) " T 

2/CT ^ qlc 

9ln RL 9?n 
2(/CT)3 {ICTf 

^ 2 D r2 "̂  T (8.146) 

where we have used the definition of transconductance for a BJT, given 
by eqn 8.134. It should be noted that, since UnL and inc are uncorrelated 
and zero mean random processes, we have: 

(UnL iL) = (inc < L > = 0 (8.147) 
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• The power spectral density of ineq is calculated as follows: 

<i. Lneq ^neq/ 
l+i27r/ar^ 

-UnL 5 

. l + j2TTfC^r^ . 

9m r^ 

l+j27rfC^r^ 
-UnL 5 

— 1 + Inc Inb / 
9m rn ) I 

+ ( inb i ;b ) -2Rea l (inci^b) 
5'm 7̂1 

(8.148) 

This can be written as: 

/• •* 
\ l neq In neq/ 

2/CT \ ]^K27r/CVrv)2 

(5m r-Tr)̂  

+ q(lB^\\-e-^^'''^Ic) 

2 Real 

(8.149) 

• The cross-power s 
follows: 

jpectral density of ineq and Uneq is calculated as 

\ lneq ^ ^ e q / -UnL ;^ V In 

- Inb 

9m r-n: RL 

UnL inc 

9m rn 

9m RL 9n 
_ I * . l-K727r/CVrv 

1 + J 2 7 r / C , r , 
+ (inc 1„ 

OL^-r 
(inb inc 

„ ^ _ l + i 2 7 r / a r ^ ^ ^ l + i 2 7 r / C „ r ^ 
= Z/Li ;:; ;;;̂  Vqi-C-5m '̂T -RL 

- g (e '̂̂ ^" - 1) — 

9m 

and (u„eqi*eq> = ( ( ineqU^eq))*-

5^ ' '7r 

(8.150) 
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Figure 8.29: Equivalent input noise spectral densities for the common-emitter 
amplifier Note that both axes are logarithmic. 

Figure 8.29 shows the RMS voltage spectral density, ((u] 
the RMS current spectral density, (( 

neq ^ ^ e q »i /2 , and 

neq^neq ))^/^, obtained from eqns 8.146 
and 8.149, respectively, for three collector bias currents: / ^ — 0.1 mA, Ic = 
1.0 mA and Ic = 10 mA. We have also assumed that the HBT is characterised 
by /? = 200, r^ = r^C^ = 4. ps and n = 0.1 ps. RL = 50 n. 

From this figure it can be observed that while the spectral density associ­
ated with (uneq u*eq) dccrcascs with increasing Ic, the PSD associated with 
(ineq ineq) incrcascs. Thcsc opposite trends suggest that there is an optimum 
bias collector current for which the overall noise PSD can be minimised. It is 
also interesting to examine what are the most significant noise contributions for 

(i neq ^neq ) and (u; neq U^eq/ Figure 8.30 shows the various contributions to 
the equivalent input current noise spectral density as given by eqn 8.149, for 
a bias collector current Ic = O.l mA. It can be seen that the dominant con­
tribution is the current shot noise induced by the HBT base current (see also 
eqn 8.129). It is left as an exercise for the reader to determine which con­
tributions dominate the equivalent input voltage noise spectral density of the 
common-emitter amplifier. 

Equivalent current noise spectral density 

Figure 8.31 shows a noisy amplifier connected to a current source with an out­
put impedance Zs{co). The resistive part of Zs{u^), Rs = Real [Zs(a;)], pro­
duces thermal noise ins- It is very useful to be able to represent such circuits as 
having a single 'equivalent' noise source at the input. The spectral density of 
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Figure 8.30: Contributions to the equivalent input current noise spectral den­
sities for the common-emitter amplifier (IQ = 0.1 mA). 
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Figure 8.31: a) Noisy ampli­
fier connected to a current 
signal source, b) Equivalent 
noise model for the signal 
source and amplifier 

such a source can be calculated by applying simple Thevenin or Norton equiv­
alent models. For this example the circuit can be represented by applying the 
Norton equivalent model to the circuit in figure 8.31 a). This results in the sim­
plified representation of figure 8.31 b) where the equivalent current noise ineq 
describes the overall noise performance of the current source-amplifier combi­
nation. Using the noise analysis method explained previously it can be shown 
(see problem 8.8) that the equivalent noise current source can be expressed by: 

u„ 
Zs{i^) 

+ Ins + In (8.151) 

and the PSD of in^q can be obtained by simplifying the following equation: 

^neq I n e q 
Ur, 

ZJu] 
+ ins + in 

Un 

Zs{oo) 
+ Ins + Ir 

that is 

^Heq I n e q 

\Zs{uj) 

+ ( in i ; ) + ( insiL) + 2Real (Un i* ) 

2 + ( i n i ; ) + ^ + 2 R e a l 

Zs{uj) J 

(Un in) 

Zs{uj) 

(8.152) 

As an example we consider the common-emitter amplifier of figure 8.26 
driven by a current source with an output impedance Zs{io) = Rs = bO Q. 
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(un u*), (in in) ^nd (un i*) are given by eqns 8.146, 8.149 and 8.150, re­
spectively. 

Figure 8.32 shows the variation of the current spectral density of ineq with 
bias collector current Ic at 800 MHz. It can be seen that there is an optimum 

bias value for Ic (about 8 mA) which minimises f / in^^ in^q ) ) 

Ax 10-̂ ^ 

Ic (mA) 

Source Amplifier 

^^^ Zs 

Figure 8.33: a) Noisy 
amplifier connected to a 
voltage signal source, 
b) Equivalent noise model 
for the signal source and 
amplifier 

Figure 8.32: Current spectral density ofin^^ versus collector bias current Ic 
(f = 800 MHz). 

Equivalent voltage noise spectral density 

If the noisy amplifier of figure 8.31 a) is now driven by a voltage source with 
output impedance Zs{u)), as illustrated in figure 8.33 a), then the noise be­
haviour of the overall configuration (voltage source and amplifier) can be best 
represented (see figure 8.33 b)) by an equivalent voltage noise source, Uneq 
with a PSD given by (see exercise 8.9): 

(Uneq U n . / ) = (Uns < , ) + (Un < > + 2Rea l [ (Un i^) Z:{uj)] 

(8.153) + (in i;> |Z,(a;)|^ 

8.4.7 The noise figure 

The noise figure is widely used to quantify the noise performance of active 
devices and amplifiers specially when both the signal source impedance and 
the output load impedances are resistive. 
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The noise factor, F , can be defined as: 

where SNR^ and SNR^ are the signal-to-noise ratios at the input and at the 
output of the amphfier, respectively. The signal-to-noise ratio is defined as the 
ratio of the power of the signal to the power of the noise. The noise figure, 
NF, is the noise factor expressed in dB, that is: 

NF = 10 log 10 
SNR,, 

SNR, out 
(8.155) 

For example, a noise figure of 0 dB would describe a noiseless amplifier and a 
noise figure of 3 dB would indicate that the amplifier contributes as much noise 
as the signal source. 

The noise factor can be expressed as follows: 

A 
F = ^ = 11L^ (8.156) Pn, Pi 

Po Po 

Pn. 

1 Pn. 

^p -* n^ 

Pn. 
•L^m 

(8.157) 

where Pi and Po are the input signal power and the output signal power, re­
spectively. Pm is the noise power at the input of the amplifier and Pn^ is the 
noise power at the output of the amplifier. Gp is the power gain of the amplifier. 
For the amplifier of figure 8.31 we can write: 

Pn. = G p ( i „ , , C,^) (8.158) 

P„, = ( i n s O (8-159) 

and the noise factor can be written as 

F = ^ ' (8.160) 

where 

( i n s O = 2)CrRcal[Ys{u;)] (8.161) 

W = ^ (8.162) 

Real[n(w)] - Gs (8.163) 

Using eqn 8.152, F is given by: 

P . , (ini*) + 2Real[(uni*)n(a;)] + ( u n U * ) | n M p 
^ = ^ + 2;CTReal[n(a;)] ^^'^^^ 
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From eqn 8.164 we can conclude that when YS{LU) tends to zero the terms 
(in in) (2/CTReal[ys(ci;)])~^ and the noise factor tend to infinity. Also, when 
Ys{uj) tends to infinity both the term (un uĵ ) |ys(c(;)p and F tend to infinity. 
Therefore, there must be an optimum value of the signal source output admit­
tance, Ys^pt{uj), which minimises the noise factor. In order to simplify this 
calculation we consider a pure resistive output admittance YS{UJ) = Gs, for 
which we can write 

F = 1 + 
(in i*) + 2 Gs Real[(un i*)] + (un u*) G^ 

2ICTGs 
(8.165) 

The optimum Gs can be obtained by differentiating eqn 8.165 and setting the 
differential to zero, that is 

dF 

dGs 

2x:r[G^(u„<)-(ini;)] 
(2/CTG,)2 

0 

0 

and 

^opt 

Hence the minimum noise factor, Frr 

= 1 + 
2a,^,Real[(uni*>] 

(in i*) 
(Un U* ) 

, can be written as 

2 (un u ! Ĝ? 
2JCTGs 

(8.166) 

(8.167) 

Figure 8.34: Chain of three 
noisy amplifiers. 

It should be noted that usually Fmin varies with the frequency. 
The noise factor also provides insight about the relative importance of noise 

sources along a chain of amplifiers. Figure 8.34 shows a chain of three ampli­
fiers each one with a noise factor Fk and a power gain Gp^. It can be shown 
that the noise factor of the amplifier chain is given by: 

F = î  + 4^— + 
G pi ^Pl ^ P 2 

(8.168) 

From this we conclude that the noise performance of the amplifier is dominated 
by the noise performance of the first amplifier stage as long as the gain of this 
first stage, Gp^, is large. 

Clearly, equation 8.168 can be generahsed for a chain of N ampHfiers each 
one with noise factor Fk and a power gain Gp^: 

N 

'•' n Op. 
n=l 

(8.169) 
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Example 8.4.1 An amplifier with a power gain of 24 dB is to be built using the 
cascade of two power amplifiers. Amplifier A has a power gain of 15 dB and a 
noise figure of 8 dB. Amplifier B has a gain of 9 dB and a noise figure of 5 dB. 
Determine which amplifier is best suited as the first stage of amplification in 
order to have a final amplifier with the lowest possible noise figure. 

Solution: The gain and the noise factor of each amplifier are given by: 

GpA = 31.6 

GpB = 7.9 

FA = 6.31 

FB = 3.16 

Assuming that amplifier A is the first stage of amplification the noise factor of 
the final amplifier is, according to eqn 8.169, equal to: 

FA = 6.38 (8.170) 

If amplifier B is the first stage of amplification then the noise factor of the final 
amplifier is 

FB = 3.83 (8.171) 

From the above we conclude that amplifier B should be the first stage of ampli­
fication followed by amplifier A. For this situation the noise figure of the final 
amplifier is 5.8 dB. 

The equivalent amplifier noise resistance and conductance 

The equivalent noise resistance, Rn, of an amplifier characterised by two equiv­
alent input noise sources Un and in (see figure 8.25) is defined as the value of 
a resistance having a thermal noise PSD equal to the PSD of Un at a standard 
temperature, usually 290 kelvin. Hence, 

2ICTRn = ( u n O (8.172) 

Rn = ^ ^ ^ ^ (8.173) 

Similarly, the equivalent noise conductance of an amplifier, 5„, is defined as 
the value of a conductance having a thermal noise PSD equal to the PSD of i„ 
at 290 kelvin 

2ICTg„ = (i„i;> (8.174) 

.„ = 1 ^ (8-175) 

It can be shown (see problem 8.11) that gn and Rn can be related by the fol­
lowing equation: 

9n = Rn\Ys^,f (8.176) 
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where Ys^J^^ is the optimum source admittance which will minimise the noise 
figure. 

The equivalent amplifier noise temperature 

The equivalent noise temperature, 7^, of an amplifier characterised by two 
equivalent input noise sources Un and in (see figure 8.25), and driven by a 
signal source with an output resistance Rs is defined as the temperature at 
which the thermal noise contribution from Rs is equal to the overall noise of 
the amplifier. 7^ satisfies the following eqn: 

2K:rnRs = (un u*) +i?2 ^i^ i*) +2i?,Real[(un i^)] (8.177) 

or 

Tn = 
(un u*) + Rl (in i*) + 2 Rs Real[(un i*)] 

2 /C its 

Note that T^ is, in general, frequency dependent. 

(8.178) 

8.5 Computer-
aided noise 

modelling 
and analysis 

Figure 8.35: a) Common-
emitter amplifier b) AC 
equivalent circuit. 

The combination of matrix algebra and circuit analysis can be used to simplify 
the computation of noise parameters in complex circuits. This can be achieved 
by following a method based on dividing a complex circuit into its elementary 
constituents. This powerful method was originally proposed by Hillbrand and 
Russer [7] and it has many similarities with the method described in Chap­
ter 5 for the computation of the electrical response of two-port circuits. In 
fact, Hillbrand and Russer's method is also based on the analysis of a two-
port circuit as an interconnection of basic two-port sub-circuits. These basic 
two-port sub-circuits are elementary passive impedances, and elementary ac­
tive gain elements, such as transistors. These, in turn, can be modelled as the 
interconnection of passive devices with voltage or current-controlled sources. 
The noise behaviour of these elementary sub-circuits has been discussed previ­
ously. Starting from these basic two-port circuits, the analysis is performed by 
interconnecting these basic circuits in order to obtain the noise performance of 
the whole circuit. Figure 8.35 a) shows a common-emitter amplifier and figure 
8.35 b) shows the AC equivalent circuit of the amplifier as an interconnection 
of elementary two-port circuits. From figure 8.35 b) it can be seen that the 
two-port network which represents the transistor is in series with the two-port 
network which represents RE- The resulting two-port circuit is in parallel with 
the two-port network representing RB and, so on. 

8.5.1 Noise representations 

All noisy two-port circuits can be replaced by equivalent noiseless two-port 
circuits which characterise the noise-free electrical response and by two noise 
sources which account for the noisy behaviour. The natures of these noise 
sources (current or voltage) and their position relative to the input or output 
of the noiseless two-port network define what is called a noise representation. 
Here, we consider the representations shown in figure 8.36, that is, the admit-
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Figure 8.36: Two-port noise representations: a) Admittance representation; b) 
Impedance representation; c) Chain representation; d) Scattering representa­
tion. 

tance representation, the impedance representation, the cascade/chain repre­
sentation and the scattering representation. The two-port electrical response 
associated with each representation has been studied in detail in Chapter 5 (see 
section 5.3). 

The admittance representation 

The admittance representation characterises the electrical circuit response us­
ing [Y] parameters. The noise of the circuit is modelled by two current noise 
sources, one located at the input and the other at the output of the circuit. These 
two noise sources are characterised by their self- and cross-power spectral den­
sities arranged in a matrix form defined as the admittance correlation matrix: 

[CY] = 
( i i i i ) 
(i2ii) 

(iii2> 
(i2i^) 

(8.179) 

The admittance representation is a useful way to deal with two-port sub-circuits 
which are in parallel. 

The impedance representation 

For the impedance representation the characterisation is effected by using the 
[Z] parameters while the noise is characterised by two voltage noise sources lo­
cated at the input and output of the circuit. This representation is the electrical 
dual of the admittance representation. The two noise sources are characterised 
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by their self- and cross-power spectral densities arranged in a matrix form de­
fined as the impedance correlation matrix: 

[Cz] = 
(uiu*) 
(U2U^) 

(8.180) 

The impedance representation is useful in dealing with two-port sub-circuits 
which are in series. 

The chain representation 

For this representation the characterisation is described by [A\ parameters. The 
noise is characterised by a voltage noise source and a current noise source, both 
at the input of the circuit. The two noise sources are characterised by their self-
and cross-power spectral densities arranged in a matrix form defined as the 
chain correlation matrix: 

[CA] 
(uu*) (ui*) 
(iu*) (ii*) 

(8.181) 

The cascade (or chain) representation, which has been discussed in detail in 
section 8.4.6 is also useful when analysing chains of two-port sub-circuits. 

The scattering representation 

The characterisation of the electrical circuit response is performed by using 
the [S] parameters, studied in Chapter 7. There are two electromagnetic wave 
noise sources, one located at the input and one at the output of the circuit. 
These are characterised by their self- and cross-power spectral densities also 
arranged in a matrix form defined as the scattering correlation matrix: 

[Cs 
(bib*) (bib*) 
(b2b*) (b2b5) 

(8.182) 

The scattering representation can be useful specially when data on high-frequency 
(RF) circuits and devices are provided by the manufacturers as 5-parameters. 

8.5.2 Calculation of the correlation matrices 

For passive networks, and neglecting the 1 / / noise, the correlation matrices 
can be obtained from [Z] and \Y] as follows: 

[Cz] = 2/CTReal[Z] 

[CY] - 2/CTReal[y] 

(8.183) 

(8.184) 

If the 1 / / noise cannot be neglected then the correlation matrices for passive 
devices can be obtained after calculating [CA] as described in section 8.4.6. 

For active devices [CA] can also be derived using the noise analysis method 
described in section 8.4.6. In situations where the correlation matrix cannot be 
derived from theory, measurements of the noise performance can provide the 



326 8. Noise in electronic circuits 

Y 

J_ 

I 

( 

• i 

1 

+ 4 
Up J 

—• 
1 + 

Y 

T 

V, 

x^ 
b) 

X 

X 
gN noiseless 

Figure 8.37: a) Noisy shunt 
admittance, b) Equivalent 
Thevenin noise model. 
c) Circuit to determine Un-
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e) Two-port chain represen­
tation ofY. 

required information. Such measurements are often performed by determining 
the equivalent noise resistance, Rn, and the optimum source admittance, Yopt, 
for which the noise factor, is a minimum, Fmin- Knowing these quantities it is 
possible to derive (see problem 8.12) the correlation matrix as follows: 

[ C A ] - 2 / C T 
^n I J^Sopt I 

(8.185) 

Example 8.5.1 Determine the chain and the impedance representations for the 
noisy shunt admittance, Y, represented in figure 8.37 a). 

Solution: The admittance Y can be represented by its corresponding impedance 
Z composed by a resistance R and a reactance j X: 

Z = R + jX (8.186) 

Therefore, neglecting the 1 / / noise, the thermal noise associated with Z can 
be modelled by its Thevenin model (see figure 8.37 b)). The PSD associated 
with u is given by: 

(uu*> = 2/CTi? (8.187) 

In order to find the self- and cross-power spectral density of the two equivalent 
voltage noise sources, corresponding to the chain representation, we perform 
an analysis similar to that presented in section 8.4.6. Figure 8.37 c) shows the 
circuit to determine Un- We assume an input voltage source and we apply the 
superposition theorem to determine the open-circuit output voltage caused by 
u. Since the output is short-circuited we have: 

and therefore (un u^) = 0. The procedure to determine in is illustrated in 
figure 8.37 d). From this figure we observe that 

io = Un y 

Since the current gain for this simple two-port circuit is unity then in = ^o. that 
is 

in = Un y 

(ini;) = {UU*)|FP 

= 2KTR\Y\^ 

and (un in) = (in u*) = 0. Hence we can write: 

[CA] 

(8.188) 

0 0 
0 21CTR\Y? 

(8.189) 

The impedance characterisation for Y is given by (see also appendix C) 

Z Z 
Z Z 

(8.190) 
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and, from eqn 8.183, [Cz] can be written as: 

[Cz] = 2/CT R R 
R R 

(8.191) 

, y [CYJ 

[CYJ 
a) 

m + m 
[CYJ + [CYJ 

Figure 8.38: a) Noisy two-
port circuits in parallel, b) 
Equivalent two-port circuit. 

8.5.3 Elementary two-port interconnections 

As discussed in Chapter 5 there are three fundamental types of interconnections 
for two-port networks: parallel, series and chain interconnections. 

Parallel interconnection 

If two elementary noisy two-port networks are in parallel, as illustrated in fig­
ure 8.38, it is desirable that both such networks are described according to ad­
mittance representations. This is because the equivalent noisy network can be 
described as an admittance representation for which the equivalent admittance 
correlation matrix is the sum of the individual admittance correlation matrices: 

[CY,...,] = [CYJ + [CY. (8.192) 

and the equivalent electrical response can be represented by (see also section 
5.2.2): 

[l^total] = [Yi] + [Y2] (8.193) 

For the parallel connection of N elementary two-port circuits the noise charac­
terisation can be described by an equivalent admittance correlation matrix: 

[ C Y . 

N 

(8.194) 

[Zi] 
[CzJ 

[Z2] 
[CzJ 

[Zi] + [Z,] 
[CzJ + [CzJ 

Figure 8.39: Two-port cir­
cuits in series, b) Equivalent 
two-port circuit. 

Series interconnection 

If two elementary noisy networks are in series then both networks are best 
described according to impedance representations. Now, the equivalent noisy 
network can be described as an impedance representation for which the equiv­
alent impedance correlation matrix is the sum of the individual impedance cor­
relation matrices: 

[Cz.„.J = [CzJ + [CzJ (8.195) 
and the equivalent electrical response can be represented by (see also section 
5.2.1): 

[2total] = [Zl] + [Z2] (8.196) 

For the series connection of N elementary two-port circuits the noise charac­
terisation can be described by an equivalent impedance correlation matrix: 

[C2 
N 

Etc. (8.197) 
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[Ai] 
[CAJ [CAJ 

[Ai][A,] 
[Ai] [CAMIV +[CAJ 

Figure 8.40: a) Chain of 
two-port circuits, b) Equiv­
alent two-port circuit. 

Chain/cascade interconnection 

When two elementary noisy networks are in a cascaded connection both net­
works are best described according to chain representations. Now, the equiv­
alent noisy network can be described as a chain representation which is given 
by the following expression: 

[CM..J = [Ai] [ C A . ] [ A I ] + + [ C A J (8.198) 

where [Ai] represents the electrical chain matrix of the first network of the 
cascade. [Ai] is the Hermitian conjugate of [Ai]: 

[Ai]+ 

J * A* 
^ 1 1 ^ 2 1 

4 * 4 * 
^ 1 2 ^ 2 2 

(8.199) 

The equivalent electrical response can be represented by (see also section 
5.2.3): 

[Atotai] = [Ai] [A2] (8.200) 

The noise characterisation of a chain (or cascade) of N two-port sub-circuits 
can then be described by generalising eqn 8.198 as follows; 

N-l 

[CA,.,„] - E [̂ 1-̂ ] [Ĝ <+J [^1-^]^ (8.201) 
i=0 

T[[Ak] f o r i > l 

[1] for z < 1 

where [1] represents the two-by-two identity matrix (see appendix B). 

(8.202) 

8.5.4 Transformation matrices 

According to the type of interconnection (parallel, series or chain) it is often 
desirable to transform between representations. These transformations are pro­
vided by the transfer function, in matrix form represented by [T], between the 
two positions in the electrical network where the equivalent noise generators of 
the new representation and the equivalent noise generators of the old represen­
tation are considered. The new correlation matrix can be calculated according 
to the transformation formula: 

[C] = [T] [C] [T]+ (8.203) 

where [C] and [C] represent the correlation matrices of the original and the 
new representation, respectively. [T]"*" is the Hermitian conjugate of [T]. 

Tables 8.1 and 8.2 show the transformation matrices between the represen­
tations considered here. 
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Original representation 

C3 

o 

C3 

â  
P 

T3 

OH 

c3 

u 

•a 

o 
00 

Admittance 

1 0 
0 1 

^ 1 1 2 ' i 2 

^ 2 1 ^ 2 2 

0 Ai2 
1 ^ 2 2 

2 
'^21 I + S22 

2y/Y~o 2y/Y~o 

Impedance 

^ 1 1 ^ 1 2 

^ 2 1 ^ 2 2 

1 0 
0 1 

- A l l 

- ^ 2 1 

'^ — Sii —S12 
2^fZ~o 2^fZ~o 

2v/Z^ 2v /Zr 

Table 8.1: Transformations between noise representations. 

Original representation 

C3 
O 

I 
T3 
< 

o 

03 

U 

e 

o 
C/5 

Chain 

1 
0 

H i 
1^21 

1 
0 

^ 1 1 

•^21 

1-511 
2 v ^ 
- 'S '21 

1 0 
0 1 

- ( l + 5 i i ) v X 

—'S'21 Vz~o 
2y/Z2 

Scattering 

x/Vo 

^0 + ^̂ 22 

- 1 - ( A 2 2 + ^ 2 l Z o ) 

1 0 
0 1 

Table 8.2: Transformations between noise representations. (Cont.) 
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Example 8.5.2 Determine the transformation matrix [T] to transform from the 
scattering representation to the impedance representation. 

Solution: The impedance representation (see also figure 8.36 b)) can be ex­
pressed as follows: 

Vi = Z11/1 + Z12/2 + U1 (8.204) 

V2 = Z 2 l / l - h Z 2 2 / 2 - h U 2 (8.205) 

and the scattering representation (see section 7.4) can be expressed as: 

bi = Sii ai + 512 ^2 + b n i 

^2 — *S'2l tti H- S22 ^2 + bn2 

with 

bi = 

di = 

1 

2VZo 
1 

2x/z: 

{Vi-Zoli) , i = l,2 

(Vi^ZoIi) 1,2 

(8.206) 

(8.207) 

(8.208) 

(8.209) 

Equations 8.206 and 8.207 can be written as follows: 

Vi{l-Sn) = Zo{l + Sn)h+Sl2ZoI2-\-Sl2V2^2^/Zohnl 
(8.210) 

^ 2 ( 1 - 522) = Zo{l^S22)l2^S2lZoIl+S2lVi+2^ohn2 

(8.211) 

Solving these last two eqns in order to obtain Vi and V2 we get; 

r, ( l - 5 2 2 ) ( l + 5 l l ) + 5l2521 , 
"^oT-y n \ / i Tr~\ 7,—7r~ ^1 

+ Zo 

+ 

(1 — '5'ii)(l — 522) — S12S21 

25i2 

(1 — S'ii)(l — 522) — 5'i2S'21 

2y/Z~o{l-S22) 
(1 — 5' i i)( l — 522) — S'i2S'2i 

2y/Zo S12 

b n l 

bn2 
(1 - 'S'ii)(l - 522) - S12S21 

y ^ 2 "^-^ / 
(1 — 5' i i )( l — 522) — S12S21 

^ r, ( l + g 2 2 ) ( l - 5 i i ) +512^21 , 

(8.212) 

+ 

+ 

(1 — 5' i i)( l - 522) — 5'i2S'2i 

2\fZoS2\ 

(1 — 5' i i)( l — 522) — S12S21 

2v/Zo( l -5n) 
(1 — '5'ii)(l — 522) — 5'i252i 

b n l 

bn2 (8.213) 
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These can be rewritten, using the relationship between S and Z parameters 
(see appendix C), as follows: 

Vi = Zii / i + Z12 h H X bni H ^̂  bn2 

Vo -̂ 21 A + -̂ 22 -̂ 2 + 

A5 

2 v Zo 521 

(8.214) 

b n l H 1 t)n2 

(8.215) 

with A5 = (1 — 5i i ) ( l — 522) — S12S21 (see appendix C). Comparing eqns 
8.204 and 8.205 with eqns 8.214 and 8.215, respectively, we conclude that 

Ul 

U2 

2VzZil-S22) 2^Z^Si2 
As As 

2 ̂ Z^S 21 2^Z^{1-Sii) 
As As 

bnl 

bn2 

(8.216) 

This can also be written, using the relationship between S and Z parameters 
(see appendix C), as follows: 

U l 

. ^2 _ 
Z21 

Zi2 

Zo-\-Z22 
^fZTo 

b n l 

bn2 

(8.217) 

We now summarise a systematic approach suitable for the appHcation of 
the noise analysis method described above. 

1. Decompose the circuit to be analysed into its elementary two-port 
sub-circuits such as series impedances, shunt admittances, voltage-
and current-controlled sources, etc. 

2. Identify the types of interconnections between the various elemen­
tary two-port networks mentioned above (parallel, series, chain). 

3. Characterise the noisy behaviour and the electrical response for each 
elementary two-port according to one of the two-port noise repre­
sentations illustrated in figure 8.36. Use a noise representation for 
the elementary two-port network that takes into account the type of 
interconnection with the other elementary noisy networks. 

4. Reconstruct the overall two-port circuit. Whenever appropriate use 
the transformation matrices shown in tables 8.1 and 8.2 to obtain the 
appropriate noise representations. 

The next example illustrates one application of these steps. 
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Example 8.5.3 Consider the common-emitter amplifier of figure 8.35 a). De­
termine the chain representation for the ampHfier. The noise model for the BJT 
is described by eqns 8.125-8.128 (see also figure 8.24). For the BJT assume 
that /3 = 200, C-jr = 6 pF, C^ = 0.8 pF, TX ^ 0 and that To can be neglected. 
The comer frequency associated with (unf uĵ f) is fc = 200 Hz. / c = 1 mA. 

Solution: Figure 8.41 a) shows the small-signal equivalent circuit of the am­
plifier including all the noise sources. It is assumed that JR^, RE and RB 
produce thermal noise only. Therefore, the spectral densities associated with 
these resistances are given by 

(UnL U * L ) = 

UnE U * E ) = 

(inB ins) ^ 

= 2KTRL 

= 2ICTRE 

= 2K.TRB^ 

(8.218) 

(8.219) 

(8.220) 

Figure 8.41: Small-signal equivalent circuit for the common-emitter amplifier b) The common-emitter 
amplifier as an interconnection of elementary two-port networks. 

Figure 8.41 b) shows the common-emitter amplifier as an interconnection 
of elementary two-port networks, inbe accounts for inb and inf. 

We start by characterising the transistor and the resistance RB in terms 
of an interconnection of elementary two-port circuits, gm = Ic Q/K^ ^ = 
40 mAA ,̂ r^ = (3/gm = 5 kQ. 

Figure 8.42 a) shows the small-signal equivalent circuit for just the BJT and 
RB including the noise sources. Figure 8.42 b) shows this equivalent circuit as 
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an interconnection of elementary two-port circuits. From figure 8.42 b) we can 
see that the two-port circuit which characterises the BJT and RB can be seen 
as the parallel connection of the two-port circuit which describes the voltage 
controlled current source, VCCS, with the two-port circuit which describes 
the base-collector admittance, Y^. Y^, in turn, is composed of the parallel 
connection of C^ with RB- Since VCCS is in parallel with Y^ it is appropriate 
to adopt admittance representations for these two networks. The admittance 

Figure 8.42: The BJT and RB as an interconnection of elementary two-port 
circuits. 

representation for Y^ is as follows (see also appendix C): 

Y —Y 

-y, y, J 
(8.221) 
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where Y^ corresponds to the admittance of the parallel connection of C^ with 
RB'-

riB 

^ Y Y , 2/CT 
RQ -R - 1 1 

-RQ RB , 

The admittance representation for VCCS is given by: 

r Yn 0 
[^vccs ] = 

I 9m 0 

where Y^^ corresponds to the parallel connection of r̂ r with CT^: 

(8.222) 

(8.223) 

(8.224) 

Y^ = —^juoC^ 

According to eqns 8.126-8.128 we can write: 

[ c . 
0 qic 

(8.225) 

(8.226) 

where UL)C = 2T: fc and IB = Ic/fi- The two-port circuit describing the parallel 
connection of VCCS with Y^ is represented here by BJT' and can now be 
characterised by an admittance representation given by (see also eqn 8.192): 

[ ^ Y B jT ' ] = [^ Y Y ^ ] + [CJ Y v c c s ] 

that is 

[Y: BJT'J = 
9m ~ ^fi ^ ji 

(8.227) 

(8.228) 

(8.229) 

[CYBJT' ] = 

5 / 5 ( 1 + ^ ) + 2 / C T i ? - 1 
B 

- 1 

- 2 /CT i? - i 

-2ICTR 

qIc + 2ICTR-^ J 
(8.230) 

The two-port sub-circuit which characterises BJT' is in series with the two-
port sub-circuit which characterises the resistance RE, R E - Hence, it is appro­
priate to use impedance representations for both two-port sub-circuits; 

[ZK.] = 
RE RE 

RE RE 

(8.231) 
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[Cz^J = 2 /CTRea l [ZRj 

and for BJT' we can write (see appendix C) 

1 
9rr^+y. 

[^BJT'] = , 
y^^-9ry 

1 
grr^+Y^ 

V^C^m+VTr) Y^{grr^^Y^) 

(8.232) 

(8.233) 

According to table 8.1 the transformation matrix from admittance to impedance 
is given by; 

[T( Y - Z ) E 

1 
Qm+Y^ ^m+Vvr 

Y^igm+Y^) Y^{grr^i-Y^) 

(8.234) 

Now the impedance correlation matrix for BJT' can be expressed, according 
to eqn 8.203, as follows: 

[C2 = [T ( Y - Z ) , . ] [Cv, [T ( Y - Z ) J+ (8.235) 

The two-port circuit composed by the series of BJT' with R E , represented by 
BJT'', can be characterised by; 

[^BJT''] 

C^ZR^ 

[^BJT'^ 

1 
gm-\-Y^ 

= [^BJT^] + [ ^ R E ] 

^m+r. 

+ RE + RE 

(8.236) 

(8.237) 

(8.238) 

L Y^{gm-\-Y^) ^ •'''^ Y^igrr^^Y^) 

From figure 8.43 a) we see that the two-port network representing the capac­
itor Ci is in a chain with BJT'' which, in turn, is in a chain with the two-port 
sub-circuit representing RL. Therefore, these three sub-circuits must be rep­
resented in chain representations and the overall amplifier will be also charac­
terised by a chain representation. The chain representation for BJT'' is given 
by: 

[A B J T ' M — 

Y^[l + RE{grr,-\-Y^)] 

Y^[l-\-RE{grrt-^Y^)]- yrr 

Y^jgrr^-^Y^) 
yrr 

i-\-RE(gm-^Y^) 
Y^[l-\-RE{gm+Y^)]-gm 

Y^-\-Y^[l + REigrr^+Y^)] 
Y^,[l-\-RE(gm-\-Y^)]- ym J 

(8.239) 

and 

[ C A 3 . . . ] = [T(z^A)3,,,] [Cze . . . ] [T(z^A)3,,,]+ (8.240) 

with (see table 8.1) 

[T(z^A)^.,^„] 

1 Y^[l-^RE{gm-^Y^)] 
Y^[l-^RE{grr^~^Y^)]- yrr 

n Y^{g,r^-\-Yn) 
^ Y^[l-\-RE{grr^^Y^)]-grr 

(8.241) 
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Figure 8.43: a) The common-emitter amplifier as an interconnection of two-
port sub-circuits, b) The equivalent amplifier model. 

The chain representation for Ci is given by: 

1 ( i ^ Q - i 
[Ac. 

0 1 
(8.242) 

[0] where We consider this capacitor as an ideal element. Hence CAC 

[0] represents the null matrix. 
The chain representation for R L is given by (see example 8.5.1 and ap­

pendix C): 
" 1 0 

[ARJ 
Rl' 1 

CA; R L = 2/cr 
0 0 

0 Rl' 

Hence the entire amplifier is characterised by 

[Ace] = [Ac.] [ A B J T " ] [ A R J 

(8.243) 

(8.244) 

(8.245) 
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[ C A _ ] = [ABJT''] •"ART [ A B J T " ] ^ + [C, 

[CAee] = [^Cj [ C A _ ] [AcJ + (8.246) 

It is now possible to obtain the voltage gain, Ay and the current gain, Ai, from 
eqn 8.245 as follows: 

Ay — ( ^ c e i i j 

Ai = (Ace22J 

(8.247) 

(8.248) 

and the spectral densities associated with Uce and to ice can be obtained from 
eqn 8.246 as follows: 

( i c e i c e ) — C'Ace22 

U c — C'Aeei2 

(8.249) 

(8.250) 

(8.251) 

Figure 8.44 shows the voltage gain, the current gain and the spectral densities 
(uce u*e) and (ice ice)- Fi*orn figure 8.44 a) we observe that the voltage gain 

,̂ ^ <u 
;3 

fl 
bC 
c3 

• 3 

0 
0) 

^ 
"3 
> 

. 

40-

30-

20-

10-
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i 

^ ^ 
/ \ f 1 
/ \ 
1 1 1 1 
/ I / \ 1 \ / \ 

/ \ / \ ^ V^ — ^ » 10° 10« / (Hz) 

•3 
O 

10° 108 / (Hz) 

11̂  4 

« 10-12 / 

10« / (Hz) 10° 10« / (Hz) 

Figure 8.44: a) Voltage gain, b) Current gain, c) Spectral density associated 
with Uce- d) Spectral density associated with ice-

in the medium frequency range is about 39.5 and it has low and high frequency 
cut-off frequencies of 13 Hz and 42 MHz, respectively. Figure 8.44 b) shows 
the current gain. In the mid range the current gain is about 194. The high 
cut-off frequency is 3.2 MHz while the low cut-off frequency is under 1 Hz. 
Figures 8.44 c) and 8.44 d) show ((uce Uce))^^^ and ((ice ice))^^^- It can be 
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seen that over most of the useful frequency range of the amplifier the equivalent 
RMS voltage noise is about 1 nV/VHz and the equivalent RMS current noise 
is about 1 pA/VUz. 

For a current amplifier, like that represented in figure 8.31, we can calculate 
the noise factor according to eqn 8.164, that is: 

^ ^ ^ + 2iCTReal[n] ^^'^^^^ 

where we have dropped the dependency of Ys on the angular frequency u for 
simplicity. The last eqn can be written as: 

F = 1 + 
[ys][CA][Ysr 
2ICTRQ2i\[Ys] 

where 

and 

[Ys] = [Ys 1] 

[Ysi 

(8.253) 

(8.254) 

(8.255) 

[CA] is the amplifier chain correlation matrix: 

(U„U*) (Uni*) 

[CA] = 
(in U* ) (in i* ) 

(8.256) 

Figure 8.45 shows the noise figure of the common-emitter amplifier discussed 
in the previous example considering four different values for the source admit­
tance Ys: 10-2 S, 10"^ S, 10"^ S and 10"^ S. From this figure we observe 
that the noise figure exhibits a strong dependence on the admittance Ys. There 
is an optimum source admittance, Ys = 10"^ S, which minimises the noise 
figure at about 0.94 dB in the frequency range 1 kHz-100 MHz. Note that this 
range includes most of the useful bandwidth of the amplifier. 

A note on noise analysis 

The plethora of different noise analysis and characterisation methods (equiv­
alent input noise spectral density, noise figure, equivalent noise temperature, 
etc.) may look confusing in the sense of 'how, what and when to apply?'. It is 
important to stress that careful application of any of these methods must lead 
to the same result. The choice of a specific noise characterisation technique 
results from consideration of the circuit and its application. For example, in 
microwave systems where a known impedance termination is used (50 Q) it is 
convenient to use the noise figure technique or to describe the system in terms 
of its noise temperature and/or resistance. However, for circuits where the in­
put can be expressed as a single voltage or current source, it is normally more 
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Figure 8.45: Noise figure of the common-emitter amplifier. 
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8.7 Problems 8.1 For a Gaussian random variable, X, with mean a = —0.7 and a = 2.2. 
Determine the following probabilities 

1. P[X > 3] 

2. P[X > -3] 

3. P [ - 2 < X < 3] 

4. P[X < -2] 

8.2 For a uniformly distributed random variable, X, with range [—2,3]. De­
termine 

1. The mean value of the distribution 

2. The variance of the distribution 

3. The third moment of the distribution 

8.3 Consider the Poisson distribution with /x = 0.8. Determine the character­
istic function for this distribution. Using eqn 8.41 determine the mean of this 
distribution. 

8.4 Consider a random variable Y resulting from the sum of three independent 
and uniformly distributed random variables with range [—3,3]. Determine the 
following probabilities; 

1. P[Y > 4] 

2. P[Y > 8.9] 

Consider now the Gaussian approximation to Y given by the central limit the­
orem. Calculate the probabilities mentioned above using the Gaussian approx­
imation and compare the results with those obtained with the true distribution 
fory. 

8.5 A random variable X has a uniform distribution with range [—1,2]. Con­
sider the random process a{t) = exp{—3Xt). Determine the expectation 
E [a{t)] and and the autocorrelation function Raiti^h)-

8.6 Consider a random process v{t) with the autocorrelation function Ry (r) = 
(j^(l — \r\/A) rect(t/2^) where A> 0. Determine the power spectral density 
ofv{t). 

8.7 Consider the following transfer functions: 

Hiiu) = 

H2{L0) = 
2jr](Jn^ 

-u;2 ^2jr]LUn(^ + (^l 

Derive an expression for the equivalent noise bandwidth of Hi (cj), if 2 (^) and 
Hi{ijj) + H2{u;), Take rj <1. 
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Figure 8.46: Voltage ampli­
fiers. 

VDD (15 V) 

0.1 ix¥ 

8.8 Show that the equivalent current noise source for the amplifier of figure 
8.31 b) can be expressed by eqn 8.151. 

8.9 Show that the Power Spectral Density (PSD) of the equivalent voltage 
noise source for the amplifier of figure 8.33 b) can be expressed by eqn 8.153. 

8.10 Consider the two voltage amplifiers of figure 8.46. Determine the equiv­
alent input voltage noise source for each amplifier. The operational amplifiers 
are characterised by a differential voltage gain of 5000, Rin = 10 Mil and 
i?o = 50 n. Assume that the noise of each op-amp is described by equivalent 
input noise sources such that; 

(Un O 

(Un i^) 

0.6 nV/VHz 

2 pA/\/Hz 

0 

8.11 Show that Rn and Qn, defined by eqns 8.173 and 8.175, respectively, can 
be related by Ys^^, as follows: QU = Rn {Ysopt P-

8.12 Show that the chain correlation matrix of a two-port network for which 
Rn, Ysopt ^^^ ^min havc bccn measured can be expressed as eqn 8.185. 

8.13 Consider the amplifier of figure 8.47. Determine the PSD of the equiv­
alent input current and voltage noise sources, fc = I kHz, IQ = 10 pA, 
VTH = 1.5 V, kn W/L = 0.25 n L W ^ VA = 50 V, Cgd - 4 pF and Cgs = 16 
pF. Determine the noise figure assuming a 2 kQ source load. 

Figure 8.47: Amplifier 
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engineering 

Function definition 

Error function 

(Gaussian probability) Q{x) = —== / e~^^^'^ d\ 
V 27r Jx 

2 r -x2 
Error function (2) erf(x) = —= I e dX 

V^ Jo 
2 f"^ _.2 

Error function (3) erfc(x) = —= / e dX 
V^ Jx 

. / \ sinlTTt) 
Smc sinc(t) = —^—-

r 1, ^>o 
Sign sign(t) = < 

[ - 1 , t<0 

1 , t>0 
Step u{t) = 

0 , t<0 

1, | t |<5 

0, | t |>5 

/^x f 1 - ^ , | t |<r 
Triangle triang - = < 

^'^ 1 0 , \t\>r 

,'t 
Rectangle rect 
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Fourier transform 
Theorems^ 

Operation 

Superposition 

Delay 

Scale factor (time) 

Conjugate 

Duality 

Frequency translation 

Convolution 

Multiplication 

Multi nil cation bv f^ 

Function 

aiXi{t) -^ a2X2{t) 

x{t — a) 

x{at) 

x*it) 

X{t) 

x{t) ê '2"-̂ -* 

x{t) * y{t) 

x{t) y{t) 

^" x(t\ 

Transform 

a iXi ( / ) + a2X2(/) 

X(/)e--''2'^-^'' 

R""© 
X*{-f) 

<-f) 

X{f - fc) 

X{f)Y{f) 

X{f) * Y{f) 

(-^,.^-r^'^iim 
df^ 

Poisson's 

Integral 

n = —oo 7n= — oG 

/

oo /»oo 

x{t) y*{t) dt / X ( / ) Y*{f) df 
-OO J — oo 

See also sections 4.3.1 and 4.3.2. 
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Fourier transforms 

Function 

Constant 

Impulse 

Step 

Rectangle 

Triangle 

Exponential (c :ausal) 

Symmetrical exponential 

Phasor 

Sine 

x{t) 

1 

5{t - a) 

u{t) 

rect(j) 

triang (^^j 

e-^'u(t) 

e-^\'\u{t) 

g-j(27r/et + (/>) 

sin(27r/ct + 0) 

XU) 

S{f) 

g-j27r/a 

^4'<fl 
r sinc(/T) 

r sinc^(/r) 

1 
(3 + j2nf 

2(3 
(3^ + (27r/)2 

e'U{f-fc) 

Cosine cos(27r/ei + 0) ^ [e^'^J(/ - /c) 

Sign sign(t) 

Sampling 
OO ^ CX) • \ 

5:5(^-fcT,) 1 Y . ^(*-^) 
/C = — O O 
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Laplace transforms 

x{t) 

u{t) 

tu(t) 

r u{t) 

u{t) 

e^'uit) 

i "e"*u( i ) 

a - b ^ 

a — b ^ 

( 0 - 6 ) 6 ° * + 

{a-b){b-: 

{b-a 

^ ( a - 6 ) ( 6 -

sin(a t) u{t) 

cos{at)u{t) 

t sm{at)u{t) 

t cos{at)u{t) 

cos{a t) — cos 

6 2 - a 2 

e^*) uit) 

-be''*) u{ 

(a-

c){c-

)e^* 

c){c 

•'M 

c)e'>* 

-a) 

^ 

u{t) 

.t) 

u{t) 

u{t) 

X{s) 

1 

s 

1 
^2 

n! 
gn+l 

^ 

1 

s — a 

n! 

(5 - a)^+i 

1 

(5 — b){s — a) 

s 

{s — b){s - a) 

1 

(5 — c){s — b){s — a) 

a 

s^ + a^ 

5 

s2 + a2 

2as 

(52 4-a2)2 

(52 - a2) 

(s2 + a2)2 

5 
(52 + a2)(52 + 62) 
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x{t) X{s) 

e^* sm{ht)u{t) 

e"* cos{bt)u{t) 

siBh{at)u{t) 

cosh.{a t)u{t) 

sin(a t) sinh(a t) u{t) 

is 

is 

S2 

S2 

2 
S4 

- a ) 2 + 

s — a 
- a ) 2 + 

a 
- a 2 

s 
- a 2 

la^s 
+ 4a4 

s 

62 

62 

TTi 

•sin(at)it(t) 

-[1 — cos{at)]u{t) 

-[1 — cosh(at)] u{t) 

(s — a)2 

t a n - ( ^ ) 

In 
s2 + a2 

In 

erfc 
2Vi 

u{t) ^-ay/s 

1 - » ' / ^ 

1 
u{t) 

— sin(2 a\/t) u{t) 
nt 

S{t - a) 

a*/^u(t) 

j-n—1 
^ . - a t 

Vs 

—pe''^erfc(\/a7) 
V5 

- ( ^ ) 

g - a s 

1 

s - ^ ln(a) 

1 

( n - 1 ) ! (s + a)" 
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Trigonometric identities 

cos{6 

sin(i9 

cos2(l9)-sin2(<9 

cos^ (l9 

cos^ (l9 

sin2(^ 

sin̂ (6> 

sin(a ± (3 

cos (a ± /? 

tan(a ± /3 

sin(/3) sin(Q; 

cos(/?) cos (a 

cos(/?) sin(Q; 

cos((9) ± j sin(<9) 

2cos(a-/3)e^'(^+^) 

i2sin(a- /?)e^(^+^) 
P -̂̂  + e- - j ^ 

2 

2 j 
= cos(2(9) 

= i [ l + cos(2^)] 

= J[3cos(i9)4-cos(3l9)] 

= ^ [ l - cos (2^ ) ] 

= ^[3sin((9)-sin(3(9)] 

= sin(a) cos(/3) zb sin(^) cos(a) 

= COS(Q:) COS(/3) =F sin(/3) sin(a) 
_ tan(a) ± tan(/3) 

1 =F tan(a) tan(/3) 

= - cos(a - /3) - 2 ^^s(<^ + ^) 

= - COS(Q; - / ? ) + - cos(a + /?) 

=: - sin(a - / ? ) + - sin(a + /?) 

with 

X sin(a) + y cos(a) 

X COS(Q;) — y siii(Q:) 

R sin(a + /?) 

R cos(a + /?) 

R = V^2 + ^2 

Series 
Arithmetic 

a + (a + r) + (a + 2r) + . . . + [a + (n - l)r] = - [2a + (n - l)r] 
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Geometric 

1 — r^ 
1 + r + r^ + ... + r^- ' = , r^l 

1 — r 

Infinite geometric 

r' l + r + r^ + .-. + r"""^+ ... = ^ i 
fc=0 

1 — r 

Binomial 

2! (n —/c)!A:! 

Taylor 

/(x) = f{a) + {x-a)f{a)^^^^-^r{a) 

Maclaurin 

n! 

/(x) = /(0) + x/'(0) + |J/"(0) + ... + J/W(0) + ... 

Maclaurin series expansions of some functions 

cos 
n=0 ^ ^ 

" ^ ' - - ' — ' (2n + l)! 
n=0 
oo 

exp(x) = ^ 
n = 0 

oo 1 ^ 

:; = y a:̂  , for - 1 < X < 1 
1-x ^ 

n=0 
CXD ^ 

ln(l + x) = ^ ( - 1 ) " + ^ — , f o r - l < x < l 
1 ^ 

n=l 
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Error functions 

erf(x) = l-2Q(y2x) 

erfc(x) = 2Q(V2X) 

For X less than zero we have: 

Q{-\x\) = l-Qi\x\) 

For values of cc > 3 it is possible to show that: 

Q{x) 2 / 2 

27r X 

10 

10 

0 - I 

10 -̂  d 

-1 -J 

10-N 

10--* d 

10 -5 J 

10" 



B Elementary matrix algebra 

Definitions 

A matrix is a rectangular array of elements and it is usually represented as 
follows: 

\x-

xn a:i2 

'^nl ^ n 2 

X2m 
(B.l) 

Each element Xki can represent a real or complex number or functions of time 
or frequency. The matrix shown above has n rows and m colunms and therefore 
is said to be an n x m matrix. The subscript ki identifies the position of each 
element in the matrix. Hence, the element Xki is located at the intersection of 
the kih row with the lih column. lfn = m the matrix is called a square matrix. 

A vector is a single column or single row matrix. A colunm vector is 
defined as an n x 1 matrix; 

[V] 

Vi 

V2 
(B.2) 

and a row vector is defined as a 1 x m matrix; 

[U] = [uiU2 ... Um] 

The transpose of a matrix [X ] is written as [X ]^ and is obtained by inter­
changing the rows and colunms of the matrix [X ]. For example, the transpose 
of a column vector [V ] yields a row vector [V ]^ . 

The addition and subtraction of matrices applies only to matrices of the 
same order. Hence, the sum or difference of two matrices [X ] and [Y ], both 
of order nxm, produces a matrix [Z ] also of order nxm. Each element Zki 
of[Z] = [ X ] ± [ y ] i s g i v e n b y 

Zki = Xki ± yki 
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where x^i and yki are the elements of [X ] and [Y ], respectively. These two 
operations are commutative and associative, that is: 

[X]±[Y] = [Y]±[X] 

i[X]±[Y])±[W] = [X]±i[Y]±[W]) 

The Multiplication of a matrix [X ], of order n x m, by a scalar s pro­
duces a matrix [Z ] of order n x m. Each element Zki of [Z ] = 5 x [X ] is 
given by 

Zkl= S X Xkl 

The Multiplication of two matrices [X] x [Y] can only be performed 
if they conform. The matrices [X ] of order nxm and \Y ] of order p x g are 
said to conform if m = p, that is, the number of columns of [X ] must be equal 
to the number of rows of [y ]. Under this condition [X] x \Y] produces a 
matrix [Z ] of order nx q. Each element of [Z ] is given by 

Zki = ^Xki X yu 

i=l 

Note that when [X ] is of order nxm and [1^ ] is of order mx n each of 
the products [X] x \Y] and \Y] x [X] conform. However, in general, we 
have that 

[X]x[Y]^[Y\x[X] 

that is the product of [X ] and \Y ] is non-conmiutable. 
A unity or identity matrix, denoted here by^ [1 ], is a square matrix in 

which the elements on the principal diagonal are unity and the rest are zeros. 
An example of a unity matrix is given below: 

1 0 0 0 
0 1 0 0 
0 0 1 0 
0 0 0 1 

(B.3) 

The multiplication of a square matrix [X ] by the unit matrix of identical order 
does not change [X ], that is 

[X] X [1] = [1] X [X] = [X] 

The inverse of a square matrix [X ], represented by [X ] ~^, is such that 

[X] X [X]-' = [X]-' X [X] = [l] 

Here we define [F ]/[X ] as follows: 

\x 
-[X]-'x[Y] 

^The unity matrix is usually denoted by [7 ]. In this book, we do not use this symbol in order 
to avoid confusion with the symbol which represents the electrical current. 



C Two-port electrical parameters 

Conversion between electrical parameters 

Parameters 

Admittance 

Impedance 

Chain 

Scattering 

Admittance 

^ 2 1 ^ 2 2 

^22 —^12 

\y\ \y\ 

\y\ \y\ 

-Y22 - 1 
^ 2 1 y2i 

y^i ^ 2 1 

'^21 --KT 
5^2 = ( l+l / l l ) ( l -J /22)+l / i22/21 

Impedance 

Z22. -Zu 

\z\ \z\ 

-Z-21 Z i i 

1̂ 1 1̂ 1 

^ 1 1 ^ 1 2 

^ 2 1 ^ 2 2 

-^21 -^21 

1 -^22 
^ 2 1 -^21 

0 , _ (^;,-i)(4,+i)-^i,4, 
•^11 - A2 

521 = 1 ^ 

''"' A2 

Table C.l: Transformations between electrical parameters. 

A i = (y'n + l)(y22 + 1) - ^'12^21 y'ij - i ' i j^o i,3 = 1,2 

A2 = (zi i + 1 ) (42 + 1) - ^^2^1 »J i,i = l,2 
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Parameters Chain Scattering 

Admittance 

^ 2 2 

- 1 

Ai2 

M\ 

A l l 
A l 2 

\r ( 1 + 522 ) ( l ~ ' S ' i i ) + 'S'i2'S'21 
^ 1 1 - A 4 Z 0 

^ 1 2 - AIZ7 

1̂2 21 
~2'S'2i 
A 4 Z 0 

V^ (1 —'S'22)(l + 'S ' l l ) + 'S'i2'S'21 

^22 ATZ; 

Impedance 

A l l 
A21 

M 
A21 

1 A22 
A21 A21 

-7 (1 —6^22 ) ( l + 'S ' l l )+ 'S ' i2 5 2 1 

11 ~ ^o Al 

>12 
25l; 

y 2 ^ 2 1 
2 1 — ^o-A — 

ry (1 + ^ 2 2 ) ( l — 'S ' l l ) + 5 i 2 5 2 1 

22 — ^ o Tv; 

Chain 
-All A12 

^21 -̂ 22 

/I _ ( l - > g 2 2 ) ( l + 5 i i ) + 5 i 2 5 2 1 

^11 - 25;^ 
^ O ^ 

A ^ r/ (1 + 5 2 2 ) ( l - i - ' S ' l l ) — 5 i 2 5 2 1 

^21 - 2Zo527 

112 - - o 2 5 ^ 
/I ( 1 — 5 2 2 ) ( 1 —'S'll) — 5 l 2 5 2 1 

^ 2 1 - 2Z;5JT 
( l + 5 2 2 ) ( l - > g l l ) + 'S ' l2^21 

2 5 2 1 122 

Scattering 

;» Q ' l l + Q l 2 ~ ^ 2 1 ~ Q - 2 2 
^11 - A 3 

(^ ^ 2 ( a W Q 2 2 - Q i 2 4 i ) 

2 ^^ 
^ 2 1 = A ; , 

—Ql 1 + 0 1 2 — ^ 2 1 + ^ 2 2 

22 - A^ 

'S'li ^12 

5'21 5'22 

Table C.2: Transformations between electrical parameters. (Cont.) 

ail + a i 2 + ^21 + a : n2 21 ^22 

|A| = ^11^122 - ^12^21 

A4 = ( l + 5 i i ) ( l - f 522) - 5 1 2 ^ 2 1 

A5 = ( l - 5 i i ) ( l - 5 2 2 ) - 512^21 

^11 — ^ l l 5 ^12 — - ^ 1 2 / ^ 0 , 

-^21 — A21Z0, a2 22 122 

1̂ 1 — ^11^22 — ^12^21 

\Z\ = Z11Z22 — Z12Z21 



C Two-port electrical parameters 

Conversion between electrical parameters 

Parameters 

Admittance 

Impedance 

Chain 

Scattering 

Admittance 

^ 1 1 ^ 1 2 

^ 2 1 ^ 2 2 

1̂ 22 - y i 2 
W\ IW 

zilai 111 
\y\ \y\ 

O _ ( l - 2 / u ) ( l + j / 2 2 ) + l / l g y ? l 

C _ -22/12 

S'21 = - ^ ^ 

Q _ (l+l/;i)(l-2/22)+^i22/gl 
'^^^ Ai 

Impedance 

^^22 —^^12 

-Z21 Zrx 

\z\ \z\ 

^ 1 1 ^ 1 2 

^ 2 1 ^ 2 2 

^21 ^21 

1 -^22 
Z21 Z21 

0 _ ( ^ ; i - i ) ( 4 2 + i ) - ^ i 2 4 i 
'^11 - A2 

^12 = ^ 

^21 = ^ 

5^2 = (4i+i)(42-i)-424i 

Table C.l: Transformations between electrical parameters. 

A i = (y'li + i)(y22 + 1 ) - yi2J/2i 2/i,- = ^ij-^o i , i = 1,2 

A2 - ( îi + 1)(42 + 1) - ^241 
, _ ^JJ^ 

^ i,i = i,2 
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IMPEDANCE ADMITTANCE CASCADE 

Series Impedance 

NON-EXISTENT 

Shunt Admittance 

NON-EXISTENT 

Z i 

Zz 

Z2 

Z\ -{• Zz Zz 

Z2 + Zz 

Yi{Y2 + Y^) - V i Y^ 
Yx+Y2+Ys Yy+Y2 + Ys 

Yx +Y2+Y2. Yx+Y2+Y^ 

Z'?,-\-Z^ 
Zz 

1 
^ 3 

( Z i + Z 2 ) Z 3 + 2 l Z 2 
^ 3 

Z 3 + Z 2 
^ 3 

^1 |J>"2 

Z i ( Z 2 + Z3) Z 1 Z 2 
Z 1 + Z 2 + Z 3 Z 1 + Z 2 + Z 3 

Z i Z2 Z 2 ( Z i + Z 3 ) 
Z 1 + Z 2 + Z 3 Z 1 + Z 2 + Z 3 

Yx + 1 3 -Yz 

-Yz Y2 + 1 3 

> 3 

^3 ^ 3 

General Tx Line 

HL 
-C 

> 
> 

^ o , 7 

Zocoth(70 ZoCsch(7/) 

ZoCSch(7Z) Zocoth(70 

coth(70 csch(TO 

csch(70 coth(7i) 

cosh(7Z) Zo sinh(7Z) 

^ i ^ cosh(70 

Lossless Tx Line 

-f) Y-\ 

- C y-
Zo,Jl3 

-jZoCot{f3l) -jZoCsc(pi) 

\-jZoCsc{pl) -jZoCot(pl) 

jCOtjOl) jCSC{01) 

JCSC(I31) jCOtil3l) 
Z„ Zn 

cos(/3/) jZo sin(/3Z) 

3 sin(/3/) 
Zo 

cos{f3l) 

Voltage controlled 
Voltage Source 

A • V 
NON-EXISTENT NON-EXISTENT 

Voltage controlled 
Current Source 

t 0)G-v 

'G 

NON-EXISTENT 

Current controlled 
Current Source 

NON-EXISTENT NON-EXISTENT 

Current controlled 

Voltage Source 

R i 

0 

R 

0 

0 

NON-EXISTENT 



Index 

ABCD parameters, 157 
acceptor, 183 
active devices, 183 
admittance, 59 
admittance parameters, 153 
alternating current (AC), 3, 32,48 
ampere, 2 
amplifier 

adder, 181 
conmion-base, 208 
common-collector, 211 
common-emitter, 187 
difference, 181 
differential pair, 215 
differentiator, 180 
instrumentation, 182 
integrator, 180 
inverting, 179 
noisy, 310 
non-inverting, 178 

angle, 39,48 
Argand diagram, 32, 57 
asymptotes, 80, 81,83 
autocorrelation function, 295-298 
average power, 4, 5, 7 

random processes, 297 
average value, 66 

random variable, 281 
random variables, 285 

bandwidth 
amplifier, 169,171 
circuit, 73,76, 78, 82 
noise, 298 
random processes, 297, 298 
signal, 73-75 
system, 82 
unity-gain, 196 

Boltzmann's constant, 183 

capacitance, 8, 51, 55, 115, 129 
capacitor, 8 

AC-coupling, 170 
DC-blocking, 170, 200 
noise model, 308 

causal exponential, 97 
causal signal, 97, 109 
central limit theorem, 290 
chain parameters, 157 
chain/cascade connection, 158 
channel length, 193 
channel width, 193 
channel-length modulation, 195 
characteristic function, 288, 289 
characteristic impedance, 230 
charge (electron), 2 
Chebyshev's inequality, 286 
clipping, 188 
common-base 

DC-analysis, 208 
high-frequency analysis, 211 
mid-frequency analysis, 209 

common-collector 
DC analysis, 212 
mid-frequency analysis, 213 

common-emitter 
DC analysis, 197 
high-frequency, 204 
low-frequency analysis, 198 
mid-frequency analysis, 204 
noise analysis, 323 
voltagegain, 188,198 

complex exponentials, 54, 66, 73, 77 
complex numbers, 32 

addition, 34 
angle, 39 
argument, 39 
Cartesian representation, 33 
complex conjugate, 36 
division, 37, 40 
equality, 33 
equations, 38 
exponential form, 41 
imaginary numbers, 33 
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magnitude, 39 
modulus, 39 
multiplication, 35, 40 
number j , 33 
phasor representation, 42 
polar coordinates, 39 
polar representation, 39 
powers, 43 
rectangular representation, 33 
roots, 43 
subtraction, 34 

complex plane, 32 
computer-aided 

electrical analysis, 163 
noise analysis, 323 
noise modelling, 323 

conductance, 5, 6 
controlled sources, 21 
convolution operation, 100, 101, 110, 

112,289 
correlation, 295 

matrix, 328 
admittance, 324 
chain, 325 
impedance, 325 
scattering, 325 

time, 300 
transformation matrices, 328 

coulomb, 2, 8 
CR circuit, 83 

transient response, 138 
critically damped, 134, 140 
cross-correlation function, 301 
current, 1 

amplifier, 176 
current divider 

resistive, 20 
current gain, 98, 157 
current mirror, 220 

output resistance, 220 
current source, 3, 220 

current-controlled, 21 
DC, 3 
output resistance, 4 
voltage-controlled, 21 

cut-off frequency, 76 

differential pair 
common-mode, 215, 216 
differential mode, 216, 217 

diode, 183 
j9-n junction, 183 
effect, 185 
geometry, 183 
saturation current, 183 
symbol, 183 

Dirac delta function, 92, 98, 281 
direct current (DC), 3 
distortion 

linear, 79, 171,243 
non-linear, 79 

clipping, 188 
donor, 183 
duty-cycle, 73 

Early effect, 192 
Ebers-MoU model, 184 
effective value 

sinusoidal waveform, 50 
triangular waveform, 50 

effective values, 49 
electrical length, 234 
electrical parameters 

ABCD, 157 
admittance, 153 
chain, 157 
conversion between, 159, 352 
impedance, 150 
scattering, 248 

electro-motive force (emf), 131 
electron charge, 2 
electronic amplifier, 169 
energy stored 

capacitor, 9 
inductor, 9 

enhancement, 193 
ensemble average, 295 
equivalent conductance, 12 
equivalent resistance, 11, 13, 17 
error function, 282, 349 
Euler's formula, 42, 54 
expectation operator, 285 

multivariate, 287 

damping factor, 124 
De Moivre's theorem, 43 
decibel (dB), 80 
delay time, 137 
dependent sources, 21 

fall-time, 137 
farad, 8 
Faraday's law, 9 
feedback, 178 
figures of merit, 169 
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filter 
band-pass, 86 
high-pass, 84 
low-pass, 76, 77 

forced response, 109, 111 
forcing signal. 111 
Fourier integral, 91 
Fourier series, 65 

average value, 66 
coefficients, 66, 87 
harmonics, 66, 77, 87 
time delay, 71 

Fourier transform, 88 
from Laplace transform, 126 
convolution theorems, 106, 289 
DC signal, 93 
duality, 91 
generalised transform, 94 
periodic functions, 95 
table, 344 
time delay, 92 
transient analysis, 113 

differentiation theorem, 113 
integration theorem, 114 

frequency 
angular, 48 
Hnear, 48 

frequency domain, 65 
frequency response 

high-frequency, 171 
low-frequency, 170 
mid-frequency, 171 

frequency selectivity, 86 
function 

s-functions, 126 
Gaussian probability, 342 
parabolic, 286 
rect, 73, 342 
signum, 94, 95, 342 
sine, 90 
table of, 342 
triang, 105, 342 
unit-step, 94, 118,342 

gain 
amplifier, 169 

Gaussian distribution, 281 
bivariate, 293 

geometric series, 348 
ground terminal, 18 

harmonic oscillator, 124 

henry, 9 
histogram, 280 
hybrid-TT 

BJT, 190 
IGFET, 194 

hydraulic analogue 
capacitor, 8 
inductor, 9 
LC circuit, 133 
oscillator, 133 
resistance, 2 
RLC circuit, 135 

imaginary axis, 33 
impedance 

capacitive, 55 
generalised, 56, 58 
generalised (s-domain), 130 
inductive, 56 
parallel connection, 59 
series connection, 59 

impedance matching, 272, 275 
impedance parameters, 150 
impulse response, 98 

RC circuit, 98 
incident wave, 232 
inductance, 9, 52, 56, 115, 129 
inductor, 9 

noise model, 308 
initial conditions, 110 
insertion loss, 234 
instantaneous power, 4, 5, 7 
integration (by parts), 113 
International System of Units, 1 

joule, 9 

Kirchhoff'slaws, 10,18,52 
current law, 10, 19 
voltage law, 10 

L-sections, 272 
Laplace transform 

s-domain differentiation, 121 
convolution, 121 
definition, 117 
inverse transform, 119 
linearity, 119 
partial-fraction, 123 
region of convergence, 118, 126 
solving differential equations, 127 
table, 345 
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time delay, 119 
time differentiation, 120 
time integration, 120 
time periodicity, 122 
time scaling, 121 
transient analysis, 127 

LC circuit 
natural response, 133 

load matching, 272, 275 
A/4 transformer, 240 

load-line, 188 
logarithmic scale, 80 
LR circuit 

transient response, 139 

Maclaurin series, 348 
magnetic flux, 9 
matrix algebra, 350 
mean 

random process, 295, 296 
time averaging, 296 

random variable, 280, 281, 288, 
291 

random variables, 285 
mean-square, 286 
microstrip lines, 247 

attenuation, 248 
characteristic impedance, 247 
dielectric permittivity, 247 
electrical length, 254 
geometry, 247 
loss tangent, 248 
propagation constant, 248 

microwaves 
frequency range, 224 
wavelength, 224 

Miller's theorem, 161 
common-emitter, 205, 206 
forward voltage gain, 162 
high-frequency response, 163 
input impedance, 162 

moments 
random variables, 285, 288 

natural frequency, 124 
natural response, 109, 111 
neper, 243 
nodal analysis, 18, 56 
node zero, 18 
noise, 279, 295 

1//,306 
admittance representation, 324 

analysis, 299, 338 
analysis method, 310, 331 
bandwidth, 295, 298 
bipolar transistor, 309 
capacitor, 308 
chain representation, 325 
characterisation, 338 
common-emitter, 318, 323, 332 
computer-aided, 323 
cross-power spectral density, 301 
current spectral density (RMS), 317 
equivalent bandwidth, 304 
equivalent current spectral density, 

317 
equivalent input sources, 310 
equivalent input spectral density, 

338 
equivalent resistance, 322 
equivalent temperature, 323, 338 
equivalent voltage spectral den­

sity, 319 
factor, 320 

minimum, 321 
field-effect transistor, 308 
figure, 319, 338 

chain of ampHfiers, 321 
impedance representation, 324 
inductor, 308 
Johnson, 305 
mean, 297 
optimum output admittance, 321 
power, 295, 297, 300, 320 
power spectral density, 298, 299 
power spectrum, 298 
resistor, 307 
RMS, 297 
scattering representation, 325 
shot, 306 
sources, 279 
thermal, 305 
transformation matrices, 328 
two-port, 323 
voltage spectral density (RMS), 

317 
white, 303 

Norton equivalent 
1 / / noise, 306 
AC circuit, 62 
DC circuit, 24 
noisy ampHfier, 318 
shot noise, 306 
thermal noise, 305 
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Norton's theorem, 23, 24, 62 

ohm, 2 
Ohm's law, 2, 17, 50, 58 
op-amp 

ideal, 177 
open-circuit, 22 
open-circuit time constants, 207 
open-loop, 177 

gain, 178 
operating point, 188 
operational ampHfiers, 177 
oscillator, 124, 133 
overdamped, 134, 140 
overshoot, 140 

parallel connection 
capacitor, 14 
inductor, 16 
resistor, 12 
two-port circuits, 156 

Parseval's theorem, 71 
peak overshoot, 140 
periodic waveforms, 66 
permeability, 248 
phase 

difference, 49, 52, 55, 56 
instantaneous, 48 

phasor, 32, 55, 66, 72, 89, 224 
density, 91 
rotating, 57, 72 
static, 58 
stationary, 58, 72 
travelling wave, 225 

phasor analysis, 54 
Poisson distribution, 284 
poles and zeros, 83 
power, 4, 297 

available, 255 
average, 4, 5, 7, 62 
average (normalised), 70 
dissipation, 6, 7, 62, 70 
instantaneous, 4, 5, 7 
instantaneous (normaUsed), 70 
maximum transfer, 64, 272 
noise, 300 
normalised, 70 
Parseval's theorem, 71 
transducer gain, 257 
waves, 254 

power spectrum, 298 
probability, 281 

probabiUty density function, 281 
probability density functions 

joint, 293 
propagation 

constant, 227, 230 
speed, 225 

pulse 
rectangular, 89, 92 
square, 100 

Pythagoras's theorem, 39 

Quality Factor, 86 
quiescent, 188 

radian, 48 
radio-frequency, 224 
random processes, 295 

autocorrelation, 296 
average, 295 
bandwidth, 297, 298 
ensemble averages, 295 
ergodic, 296 

autocorrelation, 296 
mean, 296 

filtered, 303 
autocorrelation, 303 
mean, 303 

Gaussian, 302 
mean, 295 
sample function, 295 
stationary, 296 

random signals, 303 
random variables, 279 

average, 280 
average value, 285 
central limit theorem, 290 
characteristic function, 288 
continuous, 284 
covariance, 293 
discrete, 284 
expectation, 285 
Gaussian, 293 
Gaussian distribution, 281 
joint PDF, 293 
mean, 280, 285 
mean-square, 286 
moments, 285, 288 
multiple, 287 
Poisson, 284 
probabiUty density function, 281 
standard deviation, 281 
statistically dependent, 293 
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sums of, 289, 290 
uniform, 284 
variance, 281,286 

Rayleigh's energy theorem, 96 
RC circuit, 73, 100 

transient response, 136 
reactance 

capacitive, 51, 55 
inductive, 52, 56 

real axis, 33 
rectangular waveform, 66, 67 
reference node, 18 
reflected wave, 232 
reflection coefficient, 233 
relative permittivity, 247 
resistance, 2, 5, 50, 55, 115, 128 

dynamic, 191 
resistor, 5 

noise model, 307 
rise-time, 137 
RL circuit, 53 

natural response, 130 
transient response, 138 

RLC circuit, 85, 135 
natural response, 133 

critically damped, 134 
overdamped, 134 
underdamped, 134 

transient analysis 
critically damped, 140 
overdamped, 140 
underdamped, 140 

transient response, 139 
RMS, 50, 51 

noise, 297 
root-mean-square, 50, 297 

sampling property, 93 
scattering parameters, 248 

generalised, 258 
reference planes, 254 

second-order, 124 
series, 347 

binomial, 348 
Maclaurin, 348 

series connection 
capacitor, 13 
inductor, 15 
resistor, 11 
two-port circuits, 153 

settling time, 141 
short-circuit, 18 

virtual, 178, 179 
short-circuit time constants, 200 
siemen, 6 
signal filtering, 85 
signal shaping, 85 
signal-to-noise ratio, 320 
small-signal 

amplifier, 175 
Smith chart, 264 

admittance representation, 267 
impedance representation, 266 

spectral density, 89 
spectrum 

continuous, 89 
line, 72 

speed of light, 248 
standard deviation, 281 
steady-state, 48, 51, 109, 111 
stochastic processes, 295 
stub-tuning, 276 
superposition theorem, 25, 76, 86 

Thevenin equivalent 
AC circuit, 62 
DC circuit, 24 
noisy amplifier, 318 
noisy shunt admittance, 326 
thermal noise, 305 

Thevenin's theorem, 22, 24, 62 
thermal voltage, 183 
threshold voltage, 193 
time constant, 75, 77 
time domain reflectometry, 239 
transconductance 

BJT, 191 
IGFET, 194 

transconductance gain, 98, 154, 157 
transducer power gain, 257 
transfer function, 75, 80 

admittance, 98, 154 
ampUfier, 170 
angle, 82 
CR circuit (high-pass), 83 
current, 98 
impedance, 98, 151 
magnitude, 82, 84 
phase, 82, 84 
poles and zeros, 83 
RC circuit(low-pass), 80 
RLC circuit (band-pass), 85 
voltage, 98 

transient analysis 
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transmission line, 237, 240 
using Fourier transform, 113 
using Laplace transforms, 127 

transient response, 111 
transimpedance gain, 98, 151, 157 
transistor 

bipolar (BJT), 183 
hybrid-TT, 190 
noise model, 309 
transconductance, 191 

current gain, 187 
effect, 185 
field-effect, 192 

n-channel, 193 
p-channel, 193 
large signal model, 193 
noise model, 308 

hetero-junction bipolar, 309 
high-frequency models, 195 
IGFET, 193 

transconductance, 194 
internal capacitances, 171, 195 
mobility, 193 
MOSFET, 193 
NPN 

geometry, 184 
symbol, 184 

PNP 
geometry, 184 
symbol, 184 

transmission coefficient, 234 
transmission line, 227 

A/4 transformer, 239 
impedance matching, 275 
load matching 

transient analysis, 240 
lossless 

characteristic impedance, 230 
input impedance, 234 
matched, 230, 235 
model, 228 
open-circuit, 235 
propagation constant, 230 
short-circuited, 237 

lossy, 242 
attenuation constant, 243 
characteristic impedance, 243 
input impedance, 247 

microstrip, 247 
reflection coefficient, 233 
transient analysis, 237 

triangular waveform, 66 

trigonometric identities, 347 
two-port circuit, 150 

iS-parameters, 250 
y-parameters, 153 
Z-parameters, 150 
ABCD (chain)-parameters, 157 
noise analysis, 323 
phasor analysis, 150 
table, 352 
unilateral circuit, 161 

underdamped, 134, 140 
uniform distribution, 284 
unilateral circuit, 161 
unity-gain bandwidth, 196 

variance, 281, 286, 291 
volt, 2 
voltage, 2 

amplifier, 176 
polarity, 52 
propagating, 231 

voltage divider 
resistive, 20 
with impedances, 64, 85, 174 

voltage gain, 98, 157 
voltage source, 2 

AC, 3 
current-controlled, 21 
DC, 3 
output resistance, 3 
voltage-controlled, 21 

voltage standing wave ratio (VSWR), 
234 

watt, 4 
waveform 

rectangular, 66, 67 
triangular, 66 

wavelength, 225 
white noise, 303 

filtered, 304 
white spectrum, 303 
Wiener-Kinchine theorem, 298 

zeros and poles, 83 




