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One three-hour paper at the end of the semester

(Weight - 90% of final grade).

1|Page



Syllabus for Circuit Theory - ECNG1000

1. Introduction to Circuit Theory
2. Techniques of Circuit Analysis

(i) Nodal Analysis

(ii) Mesh Analysis

(iii) Linearity and Superposition

(iv) Source Transformations

(v) Thevenin’s and Norton’s Theorems
(vi) Maximum Power Transfer Theorem

3. Natural response and complete response to source-free and dc excited RL and RC
circuits. Source-free RLC circuits. Forced Response of RLC Circuits.

(i) The simple RL circuit

(ii) Properties of the exponential response

(iii) The simple RC circuit

(iv) The unit-step forcing function

(v) The natural and forced responses of RL and RC circuits
(vi) The source-free parallel circuit

(vii)  The overdamped parallel RLC circuit

(viii)  Critical Damping

(ix) The underdamped parallel RLC circuit

(x) The natural and forced responses of RLC circuits

4. AC Steady-State Analysis
i.  Sinusoidal and Complex Forcing Functions
ii.  Phasors
iii. Impedance

5. The Laplace Transform

6. Steady-State Power Analysis
i Instantaneous and Average power in ac circuits
ii.  Effective or rms values
iii. Real Power, Reactive Power, Complex Power
iv. Power Factor correction in ac circuits

2|Page
LM



The University of the West Indies
Mona Campus
Department of Physics

COURSE TITLE: Electric Circuits

COURSE CODE: ELET2470

LECTURES: TWO (2) per week

Lab.: Mondays and Wednesdays 1 - 5 pm
Lecturer: Dr. Leary Myers

EVALUATION:

Laboratory exercises (practical work): Weight - 20% of the final grade.

Course Test: One sixty-minute paper.

(Weight - 20% of final grade).

Final Exam: One two-hour paper at the end of the semester

(Weight - 60% of final grade).
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Syllabus for Circuit Theory - (P 24G) - ELET2470

1. Introduction to Circuit Theory
2. Techniques of Circuit Analysis

(i) Nodal Analysis

(ii) Mesh Analysis

(iii) Linearity and Superposition

(iv) Source Transformations

(v) Thevenin’s and Norton’s Theorems
(vi) Maximum Power Transfer Theorem

3. Natural response and complete response to source-free and dc excited RL and RC
circuits. Source-free RLC circuits. Forced Response of RLC Circuits.

(i) The simple RL circuit

(ii) Properties of the exponential response

(iii) The simple RC circuit

(iv) The unit-step forcing function

(v) The natural and forced responses of RL and RC circuits
(vi) The source-free parallel circuit

(vii)  The overdamped parallel RLC circuit

(viii)  Critical Damping

(ix) The underdamped parallel RLC circuit

(x) The natural and forced responses of RLC circuits
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ELECTRIC CIRCUIT ANALYSIS

e Electric circuit analysis is the portal through which students of electric phenomena
begin their journey.

e |tisthe first course taken in their majors by most electrical engineering and electrical
technology students.

e |tisthe primary exposure to electrical engineering, sometimes the only exposure, for
students in many related disciplines, such as computer, mechanical, and biomedical
engineering.

e Virtually all electrical engineering specialty areas, including electronics, power
systems, communications, and digital design, rely heavily on circuit analysis.

e The only study within the electrical disciplines that is arguably more fundamental
than circuits is electromagnetic field (EM) field theory, which forms the scientific
foundation upon which circuit analysis stands.

Definition: An electric circuit, or electric network, is a collection of electrical elements
interconnected in some way.

PASSIVE AND ACTIVE ELEMENTS

Circuit elements may be classified into two broad categories, passive elements and
active elements by considering the energy delivered to or by them.

A circuit element is said to be passive if it cannot deliver more energy than has
previously been supplied to it by the rest of the circuit.

An active element is any element that is not passive. Examples are generators, batteries,
and electronic devices that require power supplies.

An ideal voltage source is an electric device that generates a prescribed voltage at its
terminals irrespective of the current flowing through it. The amount of current supplied
by the source is determined by the circuit connected to it.

vV (t) C> v(t) Circuit

General symbol for an ideal voltage source. v,(t) may be a constant (DC source)
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V. (t) j v,(t) Circuit
A special case: DC voltage source (ideal battery)
+
Vs(t) @ Vs(t) Circuit

A special case: sinusoidal voltage source, vs(t) =V cosat

An ideal current source provides a prescribed current to any circuit connected to it. The
voltage generated by the source is determined by the circuit connected to it.

i,

Y~

/ Circuit

s’ s

Symbol for an ideal current source

Summary

An ideal/independent voltage source is a two-terminal element, such as a battery or a
generator that maintains a specified voltage between its terminals regardless of the rest
of the circuit it is inserted into.

An ideal/independent current source is a two terminal element through which a
specified current flows.
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There exists another category of sources, however, whose output (current or voltage) is
a function of some other voltage or current in a circuit. These are called dependent (or
controlled) sources.

O O
+ .
VS - IS T
O O
Source Type Relationship
Voltage controlled voltage source (VCVS) Vs = LV
Current controlled voltage source (CCVS) Vs = ris
Voltage controlled current source (VCCS) is = gvs
Current controlled current source (CCCS) is = By
Summary

A dependent or controlled voltage source is a voltage source whose terminal voltage
depends on, or is controlled by, a voltage or a current defined at some other location in the
circuit. Controlled voltage sources are categorized by the type of controlling variable.

A voltage-controlled voltage source is controlled by a voltage and current-controlled
voltage source by a current.

A dependent or controlled current source is a current source whose current depends on, or
is controlled by, a voltage or a current defined at some other location in the circuit.

An electrical network is a collection of elements through which current flows.

The following definitions introduce some important elements of a network.

Branch

A branch is any portion of a circuit with two terminals connected to it. A branch may consist
of one or more circuit elements.

Node

A point of connection of two or more circuit elements, together with all the connecting
wires in unbroken contact with this point is called a node. Simply a node is the junction of
two or more branches. (The junction of only two branches is usually referred to as a trivial
node.)

7|Page
LM



It is sometimes convenient to use the concept of a supernode. A supernode is obtained by
defining a region that encloses more than one node. Supernodes can be treated in exactly
the same way as nodes.

Loop
A loop is any closed connection of branches.

Mesh
A mesh is a loop that does not contain other loops.

CIRCUIT THEORY

There are two branches of circuit theory, and they are closely linked to the fundamental
concepts of input, circuit, and output.

Circuit Analysis — is the process of determining the output from a circuit for a given input.
Circuit Design (circuit synthesis) is the process of discovering a circuit that gives rise to that
output when the input is applied to it. This is really a creative human activity.

Kirchhoff’s Voltage Law (KVL)
The algebraic sum of voltage drops around any closed path is zero.

Kirchhoff’s Current Law (KCL)
The sum of the currents entering any node equals the sum of the currents leaving the node.

Passive Sign Convention

+ i(t)

w
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Voltage — Current Relationships for Energy Absorbed

Example:
11
| =4A + 12V - x
>
1 -+

2 Al
o

Compute the power that is absorbed or supplied by the elements in the network.

Solution:

If the positive current enters the positive terminal, the element is absorbing energy.

Psev = (36)*(-4) = -144 W
P1=(12)*(4) =48 W

P, =(24)*(2) = 48W

Pps = (1*Ix)*(-2) = 1*4*(-2) = -8 W
P3=(28*(2) =56 W

Voltage Division

R1 Ve
vy C) '
R +
2>y

By KVL, -V(t) + Vg1 + VR = 0
But vg1 = R1i(t); vra = Ryi(t), therefore v(t)= Ryi(t) + Ry i(t) or

. v
O =r17r

LM
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So

v(t) R,
Ve1 = Ri(t) =R = t
R1 11(t) 'R TR, R1+R2v()
v(t R
Vr2 = Ryi(t) = R, ©__ 2__y(t)

Ri+R, R;+R,

Current Division

Vv
I(t) IRl(t)J R1 IRz(t)J R2
BYKCL,  1(t) = laa{t) + lralt) =+ =V (= + )
y ) =lr1 rlt) = -+ =V T4
Or
R R,
I=v +V
R, +R, R, +R,
Loop Analysis
+V, - Vsz

+ R R
Va1 C_) 3 Vs 5V,

RZ R5
-V, + -V +
Loop 1: Vi+V3+V,-V=0
Loop 2: Voo +V4+Vs5—V3=0

LM
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Mesh Analysis

A mesh is a special kind of loop that does not contain any loops within it.

Example Problem: Find the mesh currents in the circuit below givenV;=10V; V,=9V;
V3=1V,' R1=SQ,' R2=1OQ, R3=SQ,' R4=SQ.

4o ? > ?

By KVL;
Mesh 1: -V1 + Riit + Vo + Ry(i—1ip) =0
Mesh 2: -V + R3ip + V3 + Rgiy + Ry(in —ig) =0

Rearranging the linear system of equations, we obtain
15|1 - 10|2 =1
-10i; + 20i, =8

Givingi;=0.5A and i,=0.65A

Example Problem: The circuit below is a simplified DC circuit model of a three-wire
electrical distribution service to residential and commercial buildings. The two ideal sources
and the resistances R; and Rs represent the equivalent circuit of the distribution system; R;
and R, represent 110-V lighting and utility loads of 800 W and 300 W respectively.
Resistance R3 represents a 220-V heating load of about 3 KW. Determine the voltages
across the three loads.
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+
\ i R
- 1
I h
= + i R,
Ve

5

Giventhat Vg1 =V, =110V; R4 =Rs=1.3Q; R; =15Q; R, =40 Q; R3 =16 Q.

Mesh 1: - V51 + Ry + Rl(il_i3) =0
Mesh 2: -V + Rz(iz - |3) +Rsi; =0
Mesh 3: Rsiz + Rz(i3 - Iz) + Rl(i3 - Il) =0

Rearranging, we obtain;
-(R1 + Rg)iy + Riiz3 = -V
-(R2 + Rs)iz + Raiz = -Vs;
Rii1 + Roiz = (R1 + Ry + R3)I3 =0

—16.3 0 15 i —-110
In matrix form 0 —41.3 40 ||i2| =]-110

15 40 —711 Liz 0

Which can be expressed as [R][l] = [V]

With a solution [I] = [R]*[V]

We find : ip=17.11A i,=13.57A i3=11.26A
Giving Vi1 = Ry(iy —i3) = 87.75 V

VR2 = Rz(iz - |3) =924V
VR3 = R3i3 =180.16 V
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Mesh Analysis with Current Sources

© I DY

Find the mesh currents in the circuit above given 1=0.5A; V=6V;R;=3Q; R, =8 Q;
R:=6Q; Rs=4Q.

Mesh 1: The current source forces the mesh current to be equal to i;.
i]_ =

Mesh 2: -V + Ry(ip —iy) + R3(i—i3) =0

Mesh 3: Raiz + R3(is—ip) + Re(iz—i1) =0

Rearranging the equations and substituting the known value of i;, we obtain:
14i, - 6i3=10

-6i, +13i3=1.5

Hencei, =0.95A and i3z=0.55A
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Example: Find V; and V,.

2V
4 kQ
vl -
2 kO 6 kQ
- [
2 mA Q) g! 2
Mesh 1: i1=2X10°A
Mesh 2: 2k(|2 - |1) —2+6ki;=0

From above, i,=0.75mA and V,=6ki,=4.5V

Now by Ohms law, Vi = 4kiq + 2k(iy — i) = 10.5 V

LM
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Example: Find V..

4 mA
. 2 kQ 6 kO
I1
i
4 kQ 3
Q)g v
[ 4 kQ
2mA( | 2
Mesh 1: i1=4 mA
Mesh 2: i, =-2 mA
Mesh 3: 4k(|3 - Iz) + 2k(|3 - |1) + 6k|3 -3=0

Hence iz =0.25 mA and -V, +6kiz—3=0

V, = 6kiz—3 =-1.5V
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Example: Find i

6V 1kQ
-
i3
4 mA
a
LkQ /
i i 2 KO i 2 kQ
2 mA T
Mesh 1: i1=2mA

Mesh 2: (Supernode approach) — Remove current source

-6 + 1kiz + 2ki, + 2k(i, — i1) +1k(i3 —i1) =0

6V 1kQ

2 kQ2

(5

Subject to i, —i3 = 4mA
. 10 . 2 . 4
From above we get i, = ey mAand i; = — 3 mA. Therefore i, =iy —i; =- gmA
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Circuits Containing Dependent Sources

Example: Find vo.
2kQ 3V
—
i 4 kQ i
Mesh 1: -2V, + 2kiy + 4k(iy —i,) =0 or 6kiy — 4ki, = 2V,
Mesh 2: -3+ 6ki2 + 4k(i2-i1)=0

or -4ki; +10k i = 3
But VX = 4k(|1 - |2)

Therefore i; = 2i; ;

LM
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Example: Find V..

+
Vx T i 2 kQ
2000 6 kO
4 kQ

e L) (v

Mesh 1: ip = Yx
2000
Mesh 2: i, =2mA
Mesh 3: -3 + 2k(i3 —iq) + 6kiz =0

And VX=4k(i1—i2)

Solving, we get i3 = 18—1 mAandV, = % vV

Nodal Analysis

Node voltage analysis is the most general method for the analysis of electric circuits. The
node voltage method is based on defining the voltage at each node as an independent
variable. One of the nodes is selected as a reference node (usually — but not necessarily —
ground) and each of the other node voltages is referenced to this node.

Once node voltages are defined, Ohm’s law may be applied between any two adjacent
nodes to determine the current flowing in each branch.
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+R, - +R, -
Vb Va 1 Vb 3
Iy J'z I3
+
Rz
VC
. Vg — Vp
1=
R

ByKCL, il—iz—i3=0

va_vb_vb_vc_vb_vd_o
Ry R, Rs

In a circuit containing n nodes, we can write, at most, n — 1 independent equations.

Circuits containing only independent current sources

(1)

Let

LM

R_l
175
R_l
2—62
R_l
3_63

19|Page



At nodelby KCL; iatig+i=0
-in+ Gy(V1-0) + Go(V1 - V) =0
At node 2 by KCL; -ip+ig+iz=0
-G2(V1—-V3) +ig+G3(V2-0)=0
So,
Gl + Gz _Gz ] [VI]_[ iA
_GZ Gz + G3 V2 a _iB

Summary

Step 1: Select a reference node (usually ground). This node usually has most elements
tied to it. All other nodes will be referenced to this node.

Step 2. Define the remaining n-1 node voltages as the independent or dependent
variables.

Step 3. Apply KCL at each node labelled as an independent variable, expressing each
current in terms of the adjacent node voltages.

Node Analysis with Voltage Sources

Apply KCL at the two nodes associated with the independent variables Vi, and V..

At node b:

_(Va—Vb)_l_Vb—O_l_Vb—Vc

=0
Ry R> Rs

Note Vs =V,
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At node c:

which can be rewritten as:

and solved.

Example: Find V.
9 kQ

Vv 12 kQ A 12 kQ Vv

122v/( + 6 kQ "N eV

At node 1: V=12V

At node 3: V3=-6V

At node 2:
Vo=V, V, Vp—=V;3
12k 6k 12k
Solving,
V, = 3 V
272

Independent Voltage Source connected between two non-reference nodes.
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Example: Determine the values of V; and V..

6mAQ> | 6 kQ 12 kQ (D 4 A

At node 1:
Vi 1,
—6X1034+—4+—"4+4%x103=0
+ 6k + 12k +
Subject to: Vi-V,=6V

SolutionisV; =10VandV,=4V
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Example: Find .

V1
+
2 kQ () 12v 2 kQ
v, 1kQ v, 1kQ v,
- 2 kQ +
6V \ + . 12v
i
Supernode
Vl
+
2 kQ _ )12y 2 kQ
v, 1kQ 1 kQ v,
V3
- 2 kQ +
ov o | (D=
o
At the supernode:
Vi=V, Va=V, V3=V, V3 V-V,
_2 =0
2k Tk Tk Tt Tk
Subject to: Vi—-V3=12V

We observe thatV,=-6Vand V=12V

LM
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Solving for V3, gives

V; = 6 vV
3T 7

and

s 3 y

b=k~ 7™

Circuits containing Dependent Sources
Example: Determine the value of i,.

\Yj 3 kQ \Y;

2 kQ C,)SV 6 kO

Solution: We observe V; =3V and

V2
I, =—
* 6k
At node 2:
Vo=V
+—-=2I,=0
3k 6k x
Solving, we get: V=6V,
. -1
I, = 3 —1mA

LM

21
X
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Example: Find unknown node voltage V, given the following |=0.5A; R;=5Q;

R,=2Q; R3=4Q andv, =2 X v,

R R
v, 1 \ 2
+
Vx | V3 R3
At node with voltage V:
V-1, V-V
2 2=0
Ry R,
At node with voltage vs:
V3 - V 2 — 0
Ry R3

Substituting the dependent source relationship into the first equation, we obtain:

0.7V — 0.9v; = 0.5
—0.5V — 0.75v5 = 0

YieldingV=5Vand V3=3.33V

LM
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Example: Find io.
6 kQ

2V,
v A 12 kQ Y

+
6V
12kQS | 6kQ= v C)

Supernode

6 kQ2

2V

W 12 kQ Vv,
- "
+
6V
12 kQ Jio 6kQ= v C)

At the supernode:
Vi=Vs ViV, Vp—=V3

6k 12k 6k = 12k

0

Subject to: V1=V, =2V,
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So,

Vi==Vandi,

ol w

:mz

Linearity

A resistor is a linear element because its current voltage relationship has a linear

characteristic. i.e. v(t) = Ri(t)

Linearity requires both additivity and homogeneity (scaling). In the case of a resistive
element, if i;(t) is applied to a resistor, then the voltage across the resistor is v(t) = Riy(t ).

Similarly if i,(t) is applied, the voltage across the resistor is v,(t) = Ri(t).

However if i;(t) + i,(t) is applied, the voltage across the resistor is:
v(t) = Rig(t) + Rix(t) = va(t) + vo(t)
This demonstrates the additive property.
If the current is scaled by a constant K, the voltage is also scaled by the constant K since

R Ki(t) = K Ri(t) = K v(t). This demonstrates homogeneity.

A linear circuit is one only independent sources, linear dependent sources and linear
elements. Capacitors and inductors are circuit elements that have a linear input-output

relationship provided that their initial storage energy is zero.
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Example to demonstrate Linearity

Vv 2 kQ

12VC> 3kQ J gsz

out

Assume Vot =1V = V,, then
1
I, = o =0.5mA
Vi=4kl, +V,=3V and
Vi
I = 3k
ByKCLIo=1l;+1,=1.5mA and V,=2kl,+V;=6V

=1mA

The assumption that V,,: =1V produced a source voltage V, of 6 V.

BUT we know by observation V, = 12 V, therefore the actual output voltage,

12
Vour = (?) 1W=2V

Superposition Principle

In any linear circuit containing multiple independent sources, the current or voltage at any

point in the network may be calculated as the algebraic sum of the individual contributions

of each source acting alone.

N.B. When determining the contribution due to any independent source, all remaining

voltage sources are made zero by replacing them with a short circuit and any remaining

current sources are made zero by replacing them with an open circuit.

LM
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Use the circuit to examine the concept of superposition.

3 kQ 6 kQ2

v, (t) C) WO ) <3k Lt C)Vz(t)

Mesh 1: -Vy + 3kly + 3k(ly = I2) =0 or Vq = 6kl — 3kl;
Mesh 2: 6kl +V,+3k(l,—11)=0 orV,=3kl;—9k I,
Solving for I4(t) yields:
L(t) = ;/_]1( - 112_2]{
which implies that I;(t) has a component due to V;(t) and a component due to V;(t).
Each source acting alone would produce the following:

Set V,(t) =0

3 kQ 6 kQ2

V. (t) C) 1, (t) 3kQ

i)  Vi(®)

I'(t) = -
1) =32k = TSk
3KQ 6 kQ
T>
1, (t)

3kO 1, (t) V,(t)
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=V, (0) _ =2V, (1)
6k+(%/)k 15k

By current division:

L) =

e =% o = —2,(0)3 _ —Va(®)

3k + 3k 15k 6 15k
Now
Lo =1 +17 =2
Example: Determine the current i, in the circuit below using the principle of
superposition.
5Q 2Q

o)

Step 1: Zero the current source by replacement by an open circuit.

5Q 2Q

4Q

o

Then

10
P =——  =0.9094
i5 = go5og = 0.909
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Step 2: Zero the voltage source by replacing it by a short circuit.

5Q 2Q

4Q

5
= ———2=-0909 4
i =~ 0.909

Thereforei, =i, +i3 =0

Example: Use superposition to find V,,.

3V
2 kQ
s

6 kQ
1kQ CDZ mA V.,

Step 1: Remove (short circuit) the 3 V source

2 kQ

6 kQ
1kQ (Dz mA A
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and V/ =1I,x6k=4V

Step 2: remove (open circuit) the 2 mA current source

2kQ /Qa
N
1 kO 6 kQ
V) = 6 x3=2V
° T 142+6° 7
HenceV, =V, + V)’ ' =44+2=6V
As a check: using KCL and recognizing the supernode, we have:
Vi Vo
——2x103+—=
3k 07"+ 6k 0
But Vo, — V1 =3V which implies that Vo, =6V
Example: Find V, using the Superposition Principle.
+

6VC> 4 kQ

2 kQ \Y

6 kQ 0
2 kQ)
2 mAQ)

LM
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Step 1: Remove (open-circuit) the current source.

6V<+> 4 kQ

2 kQ 6 kO Vo’
2 kQ
Or
+
+ ,
6 kQ Vv,
6v( "
v, 4 kQ -
2 kQ
2 kQ
8
Req=(6+2)//4=§kﬂ
y (8/3) (2
1= 8N -
(°/3) +2
and
v = 6 x V. 18V
° T e6+2 1T 7
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Step 2: Remove (short-circuit) voltage source.

4 kQ
2 kQ 6 kO
2 mAQ) 2 kQ
Or
8/6 kQ2
2 mAQ) 6 kQ
2 kQ
.
10
5
Io = IE)—/B) X 2= ; mA
(*Y/3) +6
and
30

Vo=Vo+ V5 =—V

LM
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Source Transformation

Real sources differ from ideal models. In general a practical voltage source does not
produce a constant voltage regardless of the load resistance or the current it delivers, nor
does a practical current source deliver a constant current regardless of the load resistance

or the voltage across its terminals. Practical sources contain internal resistance.

RV
O O
+
v L '
0
(a) (b)
2
Po= it xRy = (o) R = | —
L=~ oL Ry + R,

R 1+ RV/RL

If R, > Ry then

2
P, = Z— which is the power delivered by an ideal source.
L

Similarly,

2
) RL = IZRL

i

R, + R;

PL=I£XRL=< RL
1+7

If R; » R, then P, = I?R, which is the power delivered by an ideal current source.

Equivalent Sources
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@] O
+ +
I, I,
Vv C-l) VL RL I T Ri VL RL
- R

(a) (b)
For circuit (a): V = I Ry +V;,
For circuit (b):/ = I+ or IR, = Ryl +V;
1

For the networks in (a) and (b) to be equivalent, their terminal characteristics must be

identical, i.e. V =IR; and R; = Ry.

Example: Determine V, using the Source Transformation technique.

2 kQ 3V
B

+

1kQ 2 mA 6 kQ Vo
3V
3 kQ m
\

+

+
6v( | 6ka V.

Mesh 1: - 6+ 3kl — 3 + 6kl = 0 which yields | = 1 mA and V, = 6kl =6 V
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Example: Use Source transformation to find V..

3kQ 2 kQ

4 kQ

12v<+) 6 kQ Q) 2 mA 8kQ YV,
2 kQ 4 kQ

+

4mA<D 3kQ 6 kQ Q) 2 mA 8 kQ V.,
2 kQ 4 kQ

+

4 mA 2 kQ 2 mA gkQ V.
2 kQ 2 kQ 4 kQ

+

8V 2 mA 8 kQ V.,
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4 kQ

2 mAQ) 4 kQ (D 2 mA 8 kQ2

4 kQ

4 mACD 4 kQ . 8 kQ2

10=(4><10—3)( )=1mA

44448
and V,=1,x8k =8V

Thévenin’ and Norton’s Theorems

In this section we will discuss one of the most important topics in the analysis of electric

circuits; the concept of an equivalent circuit. Very complicated circuits can be viewed in

terms of much simpler equivalent source and load circuits.

Suppose we are given a circuit and we wish to determine the current, voltage or power that

is delivered to some resistor of that network. Thevenin’s theorem tells us that we can

replace the entire network, excluding the load, by an equivalent circuit, that contains only

an independent voltage source in series with a resistor in such a way that the | -V

relationship at the load is unchanged.

LM
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The Thévenin Theorem

When viewed from the load, any network composed of ideal voltage and current sources,

and of linear resistors, may be represented by an equivalent circuit consisting of an ideal

voltage source Vryin series with an equivalent resistance Rry.

The Norton Theorem

When viewed from the load, any network composed of ideal voltage and current sources,

and of linear resistors, may be represented by an equivalent circuit consisting of an ideal

current source lyin series with an equivalent resistance Ry.

Determination of Norton or Thévenin Equivalent Resistance

Method

Find the equivalent resistance presented by the circuit at its terminals by setting all sources

| TH —
EE— I—AW
+ * Load
Source v Load V., @ Vv
- 5
(a) [llustration of Thevenin’s
Theorem
. i
I —>
: |
< +
Source v Load 1 %RN V Load
: 5
(b) lllustration of Norton’s
Theorem

in the circuit equal to zero and computing the effective resistance between the terminals.

Voltage sources are replaced by short-circuits and current sources are replaced by open-

circuits.

LM
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Example:

(a)

(b)

(a)

(b)

R1//R2

(b)

Rt = Rs + R1//Ry

LM
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Example: Find the Thévenin Equivalent Resistance seen by the load R, in the circuit
below given that: R1=20Q; R, =20Q; I=5A; R3=10Q; R4 =20 Q; Rs =10 Q

(a)

R, R, Q) ' R, R,

(b)

R3 Rs
O
(a)
R, R, R, j
(b) RTH
O
Rt = [((R1//R2) + R3)//Ra] +Rs = 20 Q.
41|Page
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Example: Find the Thévenin Equivalent Resistance of the circuit below as seen by the

load resistance R;.

W

2Q

20 10
(a)
2Q 1 AQ) 2Q R,
(b)
10
O
(a)
20 20 ‘T
RTH
(b)
O

Rmu=((2//2)+1)//2=1Q

Note: The Thévenin and the Norton equivalent resistances are one and the same quantity.

Computing the Thévenin Voltage.

The equivalent (Thévenin) source voltage is equal to the open-circuit voltage present at the

load terminals.

Step 1: Remove the load, leaving the load terminals open-circuited.

Step 2: Define the open-circuit voltage V,. across the open load terminals.

Step 3: Apply any preferred method (e.g. node analysis, mesh analysis) to solve for
Voc.

Step 4: The Thévenin voltage is Vy = Voc.

LM
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Example: Computing the Thévenin voltage.

R, R,
VS R2 RL
R, R,
O
+
VS
R, Vv
ocC
O
Rl R3
O
+
+
i
\Y; + R \Y
() 2y -
O
RTH
R
A L
Using voltage division;
Ve =V Ky,
TH=VYoc=5 5 Vs
R, +R,
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Example:

Determine the Thévenin equivalent circuit for the network shown below.

3 kQ 2 kQ 4 kQ
+
6 kQ
12V C) Q)Z mA
3 kQ 2 kQ 4 kQ
O
6 kQ
I:\’TH
O
3 kQ 2 kQ 4 kQ
O
+
+ U
12V C) 6 ke Voo
O
3 kQ 2 kQ 4 kQ
O
+
6 kQ
2 mA V7o
O
Step 1: Remove load and independent sources to find Ryy.
RTH=(3//6)+2+4=8kQ
44|Page

LM

RL=8kQ



Step 2: Use the superposition technique to find V.

Voo = x12 =8V
% 3+6
2 kQ 4 kQ
O
+
2kQ
f)2mA s
O

V/=2mAX4kQ=8V

VOC = VO’C + VOHC = 16V
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Example: Fnd the Thévenin and Norton equivalent circuits for the network shown
below.

3V
2 kQ
S

1kQ (Dz mA fL=bko

2 kQ

1kQ

RTH
2 kQ
+
1kQ Q)z mA v
3V
2 kQ
an
N +
1kQ V7o
R, =3kQ
_ ly=3m R =3kQ R =6 kQ
Vi =9V R, =6kQ N L

Ru=3kQ; V.=2mA x3kQ=6V ByKVL—3+ V. =0orV/ =3V
HenceV,, =V, .+ V) =9V

46 |Page
LM



Example: Use Thévenin’s theorem to determine V..

+ 4 kQ
2 kQ

5 mAQ) 2kQ

6V

6 kQ A

4kQ
2 kQ
2 kQ
RTH
+
4kQ
6V
2 kQ
VI
oc
2 kQ
4kQ *
2 kQ y
V oc
2 kQ
2mA( 1
Ry, = 10/3 kQ
[=3.2m _ _
V., =32/3V T R, =10/3kQ = R =6kQ
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R —1OQ
TH =73

4
Volcsz6=4V

20
Voi = 1@2//0) + 21 x2mA =—V

1A 144 32
Voc=Voc+Voc=?V

Circuits containing only Dependent Sources
If dependent sources are present, the Thévenin equivalent circuit will be determined by

calculating Vo and Isc. i.e. Rty = Voo/ Isc

If there are no independent sources then both V. and Isc will be necessarily zero and Ry

therefore cannot be determined by Vo/ Isc.
If Voc = 0 then the equivalent circuit is merely the unknown resistance Rry.

If we apply an external source to the network (a test source) Vr and determine the current |

which flows into the network from V1, then Ry = Vi/It

Vr can be set to 1-V so that Ry = 1/I5.
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Example: Determine the Thévenin equivalent circuit as seen from ag-b for the network

below.
- Vx +
1kQ
T
2 kQ 1kQ
A g
I2 Io
J g 1V
1 kQ
0
b

Solution: Apply a test source of 1-V at terminals a-b. Compute current |, and RTH = 1/I,.

Applying KVL around the outer loop: —1 + V,. + V; = 0 from which we obtain V, =-V;

At node 1 using KCL:
Vi
1k

Therefore

and

Since I, = I; + I; + I3, then

LM

-2 -t

1k

IL,=—=2mA

15

I, =— mA

14

RTH = _kﬂ

15
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Example: Determine the Thévenin equivalent circuit as seen from ag-b for the network

below.
2 kQ v 3kQ v, a
1
0
20001, 1kQ J. 2 kQ 1 mA
0
b
We observe
Ry = 2
T™H ™ 1mA
At node 1:
Vl_ZOOOIx £+V1_V2=0
2k 1k 3k
At node 2:
VZ - V1 VZ
— —1mA =
3k Tz mA=0
R = V, _ 10 1
™™ 1ma~ 7

Maximum Power Transfer Theorem

The reduction of any linear resistive network to its Thévenin or Norton equivalent circuits is
a very convenient conceptualization, as far as this allows relatively easy computation of load

related quantities. The power absorbed by a load is one such computation.

The Thévenin or Norton model implies that some of the generated power is absorbed by the
internal circuits and resistance within the source. Since this power loss is unavoidable the

guestion to be answered is how power can be transferred to the load from the source under
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the most ideal circumstances? We wish to know the value of load resistance that will

absorb maximum power from the source.

SRR

Consider the network above.

The power absorbed by the load is:

P, = ITZ‘RL
and the load current is given by:
V.
IT = al
Rs + R,

Therefore
Vs \2
p, = (—) R
L= \Rg+R,)
To find the value of R, that maximizes the expression for P, (assuming V1 and Ry are

constant), we differentiate with respect to R, and set equal to zero.

dP,  (Rs+R)*V¢ — VSR 2(Rs +Ry) 0
dR, (Rs + R,)* B

Which leads tO:(RS + RL)Z - ZRL(RS + RL) =0 and RL = RS
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The Maximum Power Transfer Theorem

An independent voltage source in series with a resistance Rs, or an independent current
source in parallel with a resistance Rs, delivers maximum power to the load resistance R, for

the condition R, = Rs.

To transfer maximum power to a load, the equivalent source and load resistances must be

matched i.e. equal to each other.

First-Order Transient Circuits

Introducing the study of circuits characterized by a single storage element. Although the
circuits have an elementary appearance, they have significant practical applications. They
find use as coupling networks in electronic amplifiers; as compensating networks in
automatic control systems; as equalizing networks in communication channels.

The study of these circuits will enable us to predict the accuracy with which the output of an
amplifier can follow an input which is changing rapidly with time or to predict how quickly
the speed of a motor will change in response to a change in its field current. The knowledge
of the performance of the simple RL and RC circuits will enable us to suggest modifications

to the amplifier or motor in order to obtain a more desirable response.

The analysis of such circuits is dependent upon the formulation and solution of integro-
differential equations which characterize the circuits. The special type of equation we
obtain is a homogeneous linear differential equation which is simply a differential equation

in which every term is of the first degree in the dependent variable or one of its derivatives.

A solution is obtained when an expression is found for the dependent variable as a function
of time, which satisfies the differential equation and also satisfies the prescribed energy

distribution in the inductor or capacitor ata prescribed instant of time, usually t = 0.

The solution of the differential equation represents a response of the circuit and it is known

by many names. Since this response depends upon the general “ nature” of the circuit (the
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types of elements, their sizes, the interconnection of the elements), it is often called the
natural response. It is also obvious that any real circuit cannot store energy forever as the
resistances necessarily associated with the inductors and capacitors will all convert all
stored energy to heat. The response must eventually die out and is therefore referred to as
the transient response. (Mathematicians call the solution of a homogeneous linear
differential equation, a complementary function. When we consider independent sources
acting on a circuit, part of the response will partake of the nature of the particular source
used.

In summary, The analysis of First-Order circuits involves an examination and description of
the behaviour of a circuit as a function of time after a sudden change in the network occurs
due to switches opening or closing. When only a single storage element is present in the
network, the network can be described by a first-order differential equation.

Because a storage element is present, the circuit response to a sudden change will go

through a transition period prior to settling down to a steady-state value.

General Form of the Response Equations
In the study of first-order transient circuits it will be shown that the solution of these circuits
(i.e. finding a voltage or current) requires the solution of a firs-order differential equation of

the form:
dx(t)
dt

A fundamental theorem of differential equations states that if x(t) = x,,(t) is any solution

+ ax(t) = f(t)

to the differential equation and x(t) = x.(t) is any solution to the homogeneous equation,
dx(t)
Sdt
then x(t) = x,,(t) + x.(t) is a solution of the original differential equation. The term x,,(t)

+ax(t) =0

is called the particular integral solution or forced response and x.(t) is called the

complementary or natural response.

The general solution of the differential equation then consists of two parts that are obtained

by solving the two equations:

dx(t)

T ax(t) =A

53|Page
LM



where f(t) = A (a constant)

dx(t)

T ax(t) =0

Since the right-hand side of equation (i) is constant, it is reasonable to assume that the
solution x,, (t) must also be a constant. If we assume x,(t) = K; and substitute in equation

(i), we obtain

A
K1 - E
Rewriting equation (ii),
dxc(t)/
dt .
_ yields d[lnxc(t)] _
@® dt
Inx.(t) = —at+c

And

x.(t) = Kye™#t

The complete solution is; x(t) = x,(t) + x.(t) = % + Kye %t

Generally

t
x(t) =K +Kye' =

Where K;£ steady state solution which is the value of x(t) as t — o

And t£ time constant of the circuit.

The Differential Equation Approach
State-Variable approach — write the equation for the voltage across the capacitor and/or the
equation for the current through the inductor. These quantities (voltage across the

capacitor; current through the inductor) do no change instantaneously.
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The Simple RL Circuit

“*) o %L

Using KVL:

di(t) | ..
L7+Rl(t) = Vs

-t
The solution to the above differential equation is of the form: i(t) = K; + K,e*

If we substitute in the differential equation, we get:
-t -t

K, -t ~t
—L—eT +RKy + RKze™ =,

Equating the constant and exponential terms, we get:

RK, =V, K —Vs
1= Vs 0r 155
And
2
—L—=RK, or T=—
Therefore
Vs —t
t)=—+K
i(t) R+ 28T
If 1(0) = 0 then
Vs Vs
E‘l‘Kz—O OTKz—_ﬁ
Hence
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The Simple RC Circuit

>0 v(t)

AY
/
)

‘O

Using KCL:
dv(t) v(t)—Vs
C + =0
dt R
which can be rewritten as:
dv(t) N v(t) Vs
dt =~ RC R
-t
We know the solution is of the form: v(t) =K, + Kyet

If we substitute in the differential equation, we get:
KZ -t K1 KZ -t

T TR RCET T
Equating like terms, we get:
Ky V%
RC - RC or K =V,
1
"= ke

Hence

—t
v(t) =V, +Ky,et

If the capacitor is initially uncharged then v(0) = 0,

Therefore 0 =V, + K, or K, = =V

—t
v(t) =V, —VeeT =V, (1 —e 'R

LM
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Example: The switch has been in position (1) for a long time. At t = 0 the switch is
moved to position (2). Calculate i(t) for t > 0 given that R; = 6 kQQ; R, = 3 kQ;

C =100 puF
m 0w
@)
12V C) C R,
(1) R,
+
Fort=0
12V v(0) R,
(<1>) . R, v(t)
o

(2)

Fort=0" N R
12V Cf) C 2

Fort=0,
The capacitor is fully charged - v(t) is not changing — and conducts no current.

So by voltage division
v(0—) 12
3  6+3

orv(0—) =4V

Fort=0"
At node with v(t) by KCL,

v(t) +C dv(t) 4 v(t) _

0
R, dt | R,
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Substituting we get,

dv(t)
dt

+5v(t) =0

-t
whose solution is of the form v(t) = K,e®

Substituting in the differential equation, we get:

KZ __t CKZ __t Kz -t

R—ler—Ter +R—297=0
Therefore
L L« L R PP
R, 7 R, R, +R,

v(t) = K,e > but v(0-) = v(0+) =4 = K,

v(t 4
v(t) = 4e Stand i(t) = v =—e>'md
R, 3

LM
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Example: Find i(t) fort>0

R, =2kQ R, = 6 kQ 4kQ

N L o 12V
36V TC=100pF " iog

2 kQ 6 kQ2 4 kQ

O
Step 1 36vV( * 12v
t=0- - v(0-) f

R,=2kQ R, =6kQ 4kQ
' it
Step 2 36V Vc(tﬁ<c =100 pF 12V
t=0+
2 kQ
36V ~T~C =100 pF = 6 kQ2
ve(t) is of the form ve(t) = K1 + Kze "
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Step 1: Find v(0-)

By KVL; -36 + (2 + 4 + 6)ki(0-) +12 = 0 which gives i(0-) = 2 mA
ve(0-)-36=40-)x2mA=32V

Step 2: Write differential equation with v(t)

Ve — Vs dvc(t) [Z
C <=0
R, Y at Tg,

which can be rewritten as:

dvc(t) 3 Vs + Ve =0
dt R,C R,C R,C

or

R, ' R,

dvc(t)+vc(1 N 1)= |74

dt ' C R.C

Substituting vc(t) = K1 + Kze'" in the above differential equation we get;
K, -t R, +R, Ri+R, -t V

T T TRER,C YT RR,C 2T TR
Therefore
Ri+R,  V; K = 216
R.R,C 1T R T
R{R,C
= 0.15
R, + R, y
Since v¢(0-) =32V, we have
216
32 = T + KZ
Or
Kz = 5
216 —t
vc(t) = ? + 5015V
And

v(t) 36 5 -t
= = —+4 —2015MmA
3 3 +6e m

i(t)
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Example: Find v(t).

12 Q
+v(t) - 10
YT Y Y
4Q 4 H
O
24V -
60 “Ct=0 20
12 Q
+v(t) - W0 1Q
Step 1 YT Y
t=0- 49 4H
I o
24v<+> 6Q "Ct=0 20
Step 2
t =0+ +v(t) -
4Q

24v<+> 60 iL(t)i iH 120

+v(t) - v,(t)

R1=4Q i(t)

V=24V R,=40Q iL(t)l 4H
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v(t) is of the form; i(t)= K1 + Kze™*

Stepl: Rrota= 4 +(3//6) =6 Q
I = 24 =4A
RTotal
6 8
;(0-)=——=Xx4==A
W0 =273 3
Step2:t>0
V- V|_(t) = R]_I(t) and
diy(t)
t)=1L
v, (t) dt
. vy .
i(t) = R, + i
Now
dig (t) .
or
diy (t) VL .
L dt +R1R_2+R1LL=V9
Substituting for vi.(t), R1, R2 and L and rearranging, we get:
diy(t) 1.
at + El(t) =3

Substituting for i(t),

Equating like terms, we get:
K1 =6 and 1t = 2 which gives

-t
lL(t) =6 + I{zeT

Recall
. . 8
i,(0-) = ,(04) =34
Therefore
8
—A=6+K
3 2
or
K = 10
273
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di (t) 20 =t
= —e2
dt 3

v (t) =L
Hence
20 -t

v(t) =V, —v, = 24—?87

Second-Order Circuits

Second order systems occur very frequently in nature. They are characterized by the ability
of a system to store energy in one of two forms — potential or kinetic — and to dissipate this
energy. Second-order systems always contain two energy storage elements.

Second-order circuits are characterized linear second-order differential equations.

Consider the RLC circuits shown below. Assume that energy may have been initially stored

in both the inductor and capacitor.

V() R * V‘C‘/to) -
¢ — AN

i(t) I

i(to) 1 +
is(t) D R o l L AT~ c Vs(t) <_> L

Il

For the parallel RLC circuit, we have by KCL:

v 1t dv
i Lf v(x)dx + i, (ty) + C = i,(t)

For the series RLC circuit, we have by KVL:

1t di
Rl+Ejt L(x)dx+vc(t0)+LE= v (t)

0

If the two equations are differentiated with respect to time, we obtain:

d’v 1dv v dig

dt? Rdt L dt
And

(A pdi i dys

dt? dt ¢ dt

We know that if x(t) = X, (t) is a solution to the second-order differential equation
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d?x(t) dx(t)
+aq
dt? dt
And if x(t) = x.(t) is a solution to the homogeneous equation

d?x(t) dx(t)
e +a, Tt +a,x(t) =0

+axx(t) = f(¢)

Then
x(8) = x,(8) + x.(t)
is a solution to the original equation.

If f(t) is a constant, i.e. a constant forcing function f(t) = A, then

A
x(t) = o xc(t)

For the homogeneous equation:
d?x(t) 4 dx(t)
a
dt? Lodt
where a; and a, are constants, we can rewrite the equation in the form:

d?x(t) dx(t)
T LT

The solution of the above differential equation is of the form:

x(t) = Kest

+a,x(t) =0

+ wox(t) = 0 where a; = 2{wy and a, = w3

Substituting this expression into the differential equation, we get:
s2KeSt + 2{wysKest + wiKest = 0
Dividing by Kest yields:
s2+2{wes + w3 =0
The above equation is called the characteristic equation; Cis called the exponential damping
ratio, and w, is referred to as the undamped natural frequency.
Now

_ —wo V4P w§ — 4wf
2

s=—(wyt we(?—1

giving two values of s as:
51 = _{wo + (1)0\/(2 - 1
S; = —(wg — wey/(* — 1
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In general the complementary solution is of the form:
x.(t) = KjeS1t + K,es2t
where K; and K, are constants that can be evaluated via the initial conditions

dx(0)
dt

The form of the solution of the homogeneous equation is dependent on the value of C.

x(0) and

If £> 1, the roots of the characteristic equation, s; and s,, also called the natural frequencies
because they determine the natural (unforced) response of the network, are real and

unequal; if€ <1, the roots are complex numbers; if £ =1, the roots are real and equal.

Casel,(>1

The circuit is overdamped. The natural frequencies s; and s,, are real and unequal and
x.(t) = Kje51t + Kyes2t

where K; and K; are found from the initial conditions. The natural response is the sum of

two decaying exponentials.

Case2,(<1

This is the underdamped case. The roots of the characteristic equation can be written as:

s1= —(wo + jwey1 =% = =0+ jwq

s; = =Wy — jwgy1 = {* = —0 — jwq
where

j=v-1, o ={w, and wd=a)0\/1—7(2
x.(t) = e $@ot (A1 cos wg+/1 — (2t + A, sin womt)

where A;and A, are constants
Case3,(=1
This is the critically damped case where s; = s, == —{w,
For a characteristic equation with repeated roots, the general solution is of the form:
x.(t) = Bye*1t + B,es2t where

B, and B, are constants to be determined from the initial conditions.
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Example: Consider the parallel circuit shown below whereR=2Q; C=1/5F;L=5H:

v(t)

R L C 1~ v (0
.0 v(0)

The second-order differential equation that describes the voltage v(%)is:

dv 1dv v

a2 rcae T
or

P LA,

dt? ST

Assume that the initial conditions on the storage elements are i;(0)=-1 A and
vc(0) = 4V, find the node voltage v(%) and the inductor current.

The damping term is:

1
“~2RC
And the undamped natural frequency is:
1
Wy = \/?

The characteristic equation for the network is:
s2+255+1=0
and the roots are s; =- 2 and sz =-0.5.
Since the roots are real and unequal, the circuit is overdamped and
v(t) = Kje %t + K,e 05t
ve(0)=v(t) =K, +K, =4

Also
dv(t) B B
ek —2K,e”%t — 0.5K,e 0>t
By KCL, we can write;
dv(t) wv(t) .
at +T+ lL(t) =0

or

LM
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dv(t) 1 i, (t)

a - re'®T¢

At t=0
dv(0) 1 i,(0)
= eV — == 25 x4-5(-1) = -5
Since
dv(0) _ 1 i,(0)

a - rePO ¢

then

—2K, — 0.5K, = =5
Solving for K7 and K yields K7 =2 and Kz= 2, and therefore
v(t) = 2e72t + 2705ty

The inductor current is related to v(t)by
_ 1 1
i (t) = Zf v(t)dt = gf[Ze‘Zt + 2e7%]dt

1 4
iL(t) = —EG_Zt —ge‘O'StA

Example: The series RLC circuit shown has the following parameters: C = 0.04 F;
L=1H;R=6Q; i2(0) =4 Aand v0) =-4V. Find expressions for the

current and capacitor voltage.

i(0)

_—
— AN
—_—
L
i(t)
+
R
C 1 vl0)
The equation for the current in the circuit is given by:
d%i Rdi i
0

a2 TaticT
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The damping term is:

_ R
Y)
and the undamped natural frequency is:
1
w = —
° " VJIC

Substituting the values of the circuit elements, we get;
d?i di
aiz + 6d_ +25i=0
The characteristic equation is:
s2+6s+25=0
and it has roots

SZ - _3 —]4
Since the roots are complex, the circuit is underdamped, and the expression for i(t) is:
i(t) = K,e 3tcos4t + K,e 3t sin 4t

Using the initial condition

i(0) = 4 = K,
and
di
prin —4K, e 3'sin 4t — 3K; e 3'cos 4t + 4K,e 3t cos 4t — 3K,e 3t sin 4t
di(0)
— = 3K + 4K,
We can find £ usmg KVL.
o O
(0) + Ld_+ v.(0) =0
or
di(0) R vC(O) 6 4
== —2@) o= -2
T D+ 0
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hence

giving

Therefore
i(t) = 4e 3cos4t — 2e 3sin4t A
and from above
di(t)
dt
v.(t) = —4 e 3tcos4t + 22e 3t sin4t V

v.(t) = —Ri(t) — L

Example: Consider the circuit shown below, determine i(t) and (t) given that
R1=10Q; R, =8Q; C=1/8F; L=2H, i0)=%A
i(t)
E——
Rl
o) | ¢ L
+ +
V0~ R,

The two equations that describe the network are:

di

LE+ Rii(t)+v(t) =0
and

o dv(@) 1

i(t)y=C T +R—2v(t)

Substituting the second equation into the first yields;

d?v ( 1 Rl) dv R, +R,

wt\get )T Ric ¥ T

69|Page
LM



Substituting the values of the elements we get;

Y 6% o=
TR T

The characteristic equation is:

s2+6s+9=0

And therootsare: s;=-3

$5=-3
Since the roots are real and repeated, the circuit is critically damped.

v(t) = Kje 3t + Kyte ™3t

Since
v(t) = ve(t) thenv(0) =v:(0) =1= K;
Also,

dv(t
d(t ) = —3K,e 3 + K,e 3t — 3K,te 3¢

Recall from above:

dv(t) i(t) 1
dt C R,C

v(t)

Equating the two expressions and evaluating at t = 0, we get:

i(t) 1 _ _ _
T R W = 3kKe 3+ Kyte 3t — 3K, te ™"
O _ 1 0y =3k, +K
C  R,c VT TR
or
1
5 1
t2_ 1=-3K, +K,
1/8 8 X 1/8
3 = _3K1 +K2

GivingK; =1and K, =6
Hence

v(t) =e 3t +6te 3tV

LM
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By KCL:

dv(t) 1
at + R_z v(t)

i(t)=C
Substituting for v(t) we get:
i(t) = %(—3e‘3t + 6e73t — 18te™3t) + % (e3t+6te3) A
or

1 3
P — - ,=3t _ 2 4 -3t
i(t) S e > te™t A

Example of a series RLC circuit with a step function
Consider the circuit shown — similar to one previously analyzed — except with a constant
forcing function present. The following are the circuit parameters:

C=0.04F;L=1H;R=6C; i,(0) = 4 Aand vi(0) = - 4 V. Find ve(t)fort> 0.

i,(0)
R E——
’ | L
i(t)
12u(t)V<+> '
- C 1 v.(0)

We will recall that general solution will consist of a particular solution plus a complementary
solution.
We have already determined that the complementary solution is of the form:
K; e 3tcos 4t + K,e 3t sin4t
The particular solution is a constant since the input is a constant. The general solution is:
ve(t) = Kze 3tcos 4t + Ke 3t sin4dt + K
When the circuit has reached the steady-state condition, the inductor is a short-circuit, the
capacitor is an open-circuit and hence the final value of v(t) willbe 12 V.
ve(o0) =12V
Substituting in the equation above, we get:
Ve(0) =12V = K;
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Therefore
ve(t) = Kze 3tcos 4t + Kye 3t sin4dt + 12
Using the initial conditions, we can calculate K5 and K.
ve(0) = K;+12=—40or K;=-16
Since i = C% or

dve(0) _i(0) 4

a ¢ —ooa 0
Therefore
dv;t(t) = —3K; e~3'cos 4t — 4K, e 3tsin 4t — 3K, e 3! sin 4t + 4 K,e 3 cos4t
and
dv;t(o) = —3K; + 4K, = 100

hence K, = 13. The general solution for v (t)is:

ve(t) = 12 — 16 e 3t cos4t + 13e 3t sin4t V
Example of a series RLC circuit with a step function
Consider the circuit shown below. Given the following:

Ri=10Q; R,=2Q;  C=1/4F;, L=2H; i(0) =% A

Determine the output voltage v(t).

w(*) e e :

We assume the switch has been connected to the 12 V supply for a long time so that the

circuit is in steady state at t = O-
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For t >0, the equations that describe the circuit are:

di _ 24
LE + R,i(t) + v(t) = IC

and

dv(t) 1

i(t)y=C Tt +R—2v(t)

Combining these equations, we get:

d?v(t) 1 Ry\dv(t) R{+R, 24
e (RZC+T) a T rRIc "W T e

Substituting the values of the circuit elements, we get:

dzv(t) +7 dv(t) + 12v(t) = 48
dt? dt v(®) =

The characteristic equation is:
s2+75s+12=0
And the rootsare: s;=-3
s;=-4
The circuit is overdamped and therefore the general solution is:

v(t) = Kie 3t + Kye ™ + K,

100Q i,(0) |
f = o i(t) +
24V V(ew)s 2
Now
U(OO) = K3 = 4‘
Hence

v(t) = Kie 3t + Kye ™ + 4
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10Q ﬂ)

t=0-
12V C) v (o) =2 V(o)

Now

i(0-) =1(0-) = ——=14=0,(04)

and v,(0-)=v(0-)=2x%xi(0—-)=2V

hence
vO+) =K, +K,+4=2
or
Ki+K, =-2
Now
dl;(to) = —3K; — 4K,
10 QQ
AT
i, (0+) + l i(0+)

t=0+ M
12V C-ID v (0+) AT

i,(04) =i(0 )+ v(0+) _ Cd‘l)(O) N v(0 +)

R, dt R,
dv(0) _i,(0+) v(0+)
dt C R,C
@ _ 12 _
dt 1/4 2 % 1/4
—3K, — 4K, = 0

Solving for K; and K, we get K; = —8and K, = 6.
The general solution for the voltage response is:

v(t) =4 —8e 3 + 6e™#

LM
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Sinusoidal forcing Functions
Consider the sinusoidal wave x(t) = X,,sin(wt) where X, is the amplitude of the sine
Type equation here.wave, w is the radian or angular frequency and wt is the argument of
the sine function.
The function repeats itself every 2m radians which is described mathematically as:
x(wt + 21) = x(wt)
Or
x[w(t+T)] = x(wt)
Consider the general expression for a sinusoidal function:
x1(t) = X, sin(wt + 0)
and
x2(t) = X, sin(wt + @)

If & # @ the functions are said to be out of phase.

A Simple RL Circuit with a sinusoidal forcing function

t=0 R

v(t)=V_cos ot i(t)J L

By KVL:

di(t)
dt

Since the forcing function is V,,, cos wt, we assume that the forced response component of

L

+ Ri(t) = V,, cos wt

the current i(t) is of the form i(t) = A cos(wt + @) which can be rewritten as:
i(t) = Acos®coswt— Asin@sinwt
i(t) = Ay coswt + A, sin wt

Substituting in the differential equation, we get:
d
L Tx (A;coswt + A, sinwt) + R(A;cos wt + A, sinwt) =V, cos wt
—AjwL sin wt + A, wL cos wt + R A;cos wt + RA, sinwt = V,,, cos wt

Equating coefficients of sine and cosine, we get:
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—AiwL+A4A,R=0
AR + AywL =V,
Solving for A; andA, gives:
_ RVn
R? + w?L?

Ay

Hence

wlV, .
5 Sin wt

() = _ wLh,
i RZ + w2l

m
RT+wiz 5T

Now
i(t) = Acos(wt+ @)
where

RV,
wlLV,,
wl

tan@ = — —
an @ R

Acos@ =

Asin@ = —

Since

R%V,,* N (wL)?V,,*
(R2 + szZ)Z (R2 + szZ)z
- (RZ + szZ)z

(Acos @)? + (Asin@)? = A% =

A2

And

A= V—m
VR? + w?L?
Therefore

wlL
i(t) = cos (wt —tan~?! —)

Vm
VR + w212 R
If L=0, then @ = 0 and i(t)is in phase with v(t).
If R=0, then @ = —90" and the current lags the voltage by 90"

If L and R are both present, the current lags the voltage by some angle between 0° and 90°.
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It should become clear that solving a simple one-loop circuit containing one resistor and one

inductor is complicated when compared to a single-loop circuit containing only two

resistors.
Recall Euler’s equation: e/®t = cos wt + j sin wt
Hence

Re(e/®t) = cos wt
and

Im(e’®t) = sinwt

Suppose a forcing function is: v(t) = V,,e/“t, we can rewrite
v(t) =V, cos wt + jV,, sin wt
The complex forcing function can be viewed as two forcing functions, a real one and an
imaginary one. Because of linearity, the superposition principle can be applied and hence
the current response can be written as:
i(t) = I, cos(wt + @) + jI,, sin(wt + @)
where
I, cos(wt + @) is the response due to V,, cos wt
And
jl, sin(wt + @) is the response due to jV,, sin wt

The expression for the current containing both a real and an imaginary term can be written
by Euler’s equation as:

i(t) = I,,e/@t+®

We can apply V,,e/®t and calculate the response I,,,e/(@t*®.

Redo example with simple RL circuit.
The forcing function is now:
Vel
The forced response will be of the form:
i(t) = L,e/ @+
Substituting in the differential equation:

di(t) ] .
LT + Ri(t) = Vmef“’t
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We get:

. d[]mej(wtﬂb)]

P + leej(wtﬂb) — Vmejwt

Or
RI,e/ @D 4 joLl, el @0 = 1 ejwt
Dividing by e/t we get:

Rl e’® + jolLl,,e’® =V,

Rewrite as:
. |4
[ el =_—_™
m T Rt ol
In polar form:
. — L
el = —m i~ (F)]
R? + (wl)?
Hence
%4
L, = _m
VR? + (wL)?
And

o—mr

Since the actual forcing function was V,,, cos wt rather than V,,,e/®¢, our actual response is
the real part of the complex response .
i(t) = Re[l,,e/@t+D)]

wlL
t—tan?! —)
COoS (0) an R

m

i(t) =1, cos(wt + @) = \/ﬁ
PHASORS
Assume that the forcing function for a linear network is of the form:

v(t) = V,elot
Then all steady-state voltages or currents in the network will have the same form and same
frequency. As we note the frequency, w, the e/®t can be suppressed as it is common to
every term in the equations that describe the network. All voltages and currents can be
fully described by a magnitude and phase. That is a voltage v(t) = V,, cos(wt + 8) can be
written in exponential form as: v(t) = V,, cos(wt + 0) = Re[Vmej(“’”g)] or as a complex
number: v(t) = Re( V,, 240 ej“’t). As we are only interested in the real part as this is the
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actual forcing function and we can suppress e/®t , we can work with the complex number
V,,40. This complex representation is referred as a phasor. So,

v(t) = V, cos(wt + @) = Re[V,e/ @] iswritten asV = V,,280
And i(t) = I, cos(wt + @) = Re[l,,e/ @] is written as I = I,,£@ in phasor notation.
Redo RL example:

The differential equation that describes the RL series circuit is:
di(t)
dt

The forcing function can be replaced by a complex forcing function written as Ve/“t with

L

+ Ri(t) = V,, coswt

phasor V = V,,20°. Similarly the forced response component of the current can be written
as Ie/®t with phasor I = I,,2@. We will recall that the solution of the differential equation
is the real part of this current.

The differential equation becomes:

d, . . .
LE(IeJ‘“t) + RIeT®t = Vp,el®t

Dividing by e/*t, we get:jwLI + RI =V or

PPN/ S
“R+joL . ™ T Rz VR
And
|74 wlL
i(t) = ——————cos (wt —tan~?! —)
VR?2 + (wl)? R
Summary

v(t) represents a voltage in the time domain, the phasor V represents the voltage in the

frequency domain.

Example: Convert the following voltages to phasors.
(i) v1(t) =12 cos(377t — 425°) V
(ii) v,(t) = 18 sin(2513t + 4.2°) V

Solution (i)
Recall v(t) = Vp, cos(wt + 0) = Re( V;,20 e/**)
Sow = 377; 8 =—425°% V,, =12 hence in phasor notation V{ = 12 £ — 425°V
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Solution (ii)

Recall

sin(wt) = cos (a)t — g)

Therefore v, (t) = 18 cos(2513t — 85.8°)
Sow = 2513; 6 = —85.8° V,, = 18 hence in phasor notation V, = 18 « — 85.8°V

Example: Convert the following phasors to the time domain given the frequency is 400 Hz.
(i) Vy=10220°V
(ii) V,=122-60°V

Solution (i) Recall V = V,,£6°so that V,,, = 10; 6, = 20°
Since v(t) = V,, cos(wt + 8) = Ve/*t, we have w = 2rf = 8007
So

v, (t) = 10 cos(800mt + 20°) V
Similarly in (ii)

v,(t) = 12 cos(800mt — 60°) V

Deriving the current-voltage relationship for a resistor using phasors.
For a resistor v(t) = Ri(t).
Applying the complex voltage Vmef(“’”‘gv) results in a complex current Imef(“’”gi).
Vel @t+0) = | oj(@t+6)
which can be rewritten as:
Vmejev = ]mejei
In phasor form V = RI whereV =V,,2 0, andI = [,,,20;

We observe 0,, = 8; which means the current and voltage are in phase.
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. di(t) . .
For an inductor where v(t) = L % if we substitute the complex voltage and current we

get:
jwt+6,) — d Jj(wt+6;)
Ve v = L_t (Ime i )

which can be reduced to:
V,,e/% = jwLl,,el%
In phasor notation;
V =jwLI
Now
V,e/% = wLl,,e/ 0907

The current lags the voltage by 90°

Example: The voltage v(t) = 12 cos(377t + 20°) V is applied to a 20-mH inductor.
Find the resulting current.

The phasor current is:
V. 12,20° 12220°

jwL  wLz90°  (377)(20 x 10-3)£90°

I =159270°
Therefore

i(t) = 1.59 cos(377t — 70°) A

dv(t)
dt

For a capacitor where i(t) = C if we substitute the complex voltage and current we

get:

o d .
Ime](wt+91) — C%[Vme](wt+9,,)]

Which reduces to:
I,e’% = jwCV, el = wCV,,e 0907
In phasor notation
I =jwCV

The current leads the voltage by 90°
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Impedance
Impedance Z is defined as the ratio of the phasor voltage V to the phasor current I.

V_ Vel 1,
I I,e/% I,

L(Qv - 91) = ZLQZ

In rectangular form
Z(w) = R(w) + jX(w)
where R(w) is the real or resistive component and X (w) is the imaginary or reactive
component.
Z is a complex number but NOT a phasor since phasors denote sinusoidal functions.
Z20, =R+ jX

Therefore Z = VR? + X2 and 6, = tan‘lg

R =Zcosb,

X =7Zsinb,

The Laplace Transform

The Laplace transform of a function f(t) is defined by the equation:

LIF(O)] = F(s) = f f()estde
0

Where s is the complex frequency
s=o0+jw
We assume f(t) = 0 for t < 0. For f(t) to have a Laplace transform, it must satisfy the

condition:

j “ertlf(O)]dt < oo
0

for some real value of o.
The inverse Laplace transform is defined by:
1 o1+joo
PO =f@ =5 Feetds
21j g, 4 joo
where o; is real.

The Laplace transform has a uniqueness property i.e. for a given f(t) there is a unique F(s)
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Singularity Functions

The unit step function u(t) and the unit impulse or delta function 5(t). They are called

singularity functions because they are either not finite or they do not possess finite

derivatives everywhere.

The Unit Step Function

(0, t<0
u(®) = {1, t>0
u(t) 1 u(t - )
1 1
0 t 0 a
u(t) A
1
T
0
-u(t-T)
ut) -u(t-1) 1
1
0

LM
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The Laplace Transform of the Unit Step function

(o8] o)

F(s) =J- u(t)e‘“dt=f le Stdt
0 0

o)

1
=— oc>0

1
F(s)=——e~st
s o S

Therefore
1
Llu()] = F(s) =

For the time-shifted unit step function u(t —a),

o)

F(s) = J- u(t — a)e stdt
0

We note that

1, a<t<o
”(t_a)_{o, t <0
Hence
0 1 o e—as
F(s) = f le Stdt = ——e™ S| =
a s a s
And for the pulse u(t) — u(t — T) the Laplace transform is:
e 1—e7Ts
F(s) = f [u(t) —u(t —T)]e stdt = —
0

LM
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The Unit Impulse Function

A

fit) 1 flt) ]
S(t - t,)

e/1

v

0 ta/2 ot t+a/2 ot 0 t

The unit impulse function can be represented in the limit by the rectangular pulse shown as

a-0
The function is defined as:
6(t—ty)) =0 t#t,
t0+$
f S(t—tydt=1 €>0
to—g

The unit impulse is zero except att = tg, where it is undefined. It has unit area.
An important property of the unit impulse function is its ability to sample or its sampling

property.

[#
_ _ (o), t1 <ty <t
f®)8C —to)dt = { 0, to<t, to>t

t1
The above is valid for a finite t, and any f(t) continuous at t,.

The unit impulse function samples the value of f(t) at t = t,

The Laplace transform of an impulse function

F(s) = fooa(t —to)e Stdt
0

Using the sampling property of the delta function, we get:
LISt —to)] = e7%
In the limit as
ty— 0, e b5 -1
and therefore

L[5(®)] = F(s) = 1
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Example: Find the Laplace transform of f(t) = t.

[0

F(s) = J- te Stdt
0
Integrating by parts, setting
u=t and dv=e*'dt
du = dt and v=[eStdt=—Ze St
S

Therefore

—t
F(s)=—e™ st
s

Example: Find the Laplace transform of f(t) = cos wt.

co

F(s) =f cos wt e Stdt
0

ooe+jwt + e—jwt
=f — e Stdt
0

ooe—(s—jw)t + e—(s+jw)t
= f 5 e Stdt
0
1 1 1
=§<s—]w S+ja)) 7>0
F(s) = =
2 1 2
If f(t) = sin (ot) then
W
Fls) = s2 4+ w?

LM

%) © ,—St
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0 o S s
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Some Laplace Transform Pairs

f(t) F(s)
6(t) 1
u(t) 1
s
o—at 1
s+a
t 1
52
te—at 1
(s + a)?
sin bt b
s2 + b2
cos bt ol
s2 + b2
e~ sin bt b
(s+ a)? + b2
e~ cos bt s+a
(s +a)? + b2

Some Useful Properties of the Laplace Transform

Property f(t) F(s)
1. Magnitude scaling Af(t) AF(s)
2. Addition /subtraction 1) £ fo(0) Fi(s) £ F5(s)
. . 1
3. Time scaling f(at) IF (i) a>0
a \a
4. Time shifting flt—=tout —ty), to =0 e toSF(s)
f@®Ou(t —ty) e PSFLIf(t + to)]
5. Frequency shifting e~ f () F(s+a)
6. Differentiation d"f(t) s"F(s) —s"1f(0) — s"72f1(0)
dtn Sofn_l(O)
7. Multiplication by t tf(t) B dF(s)
tnf(t) ds
(1) d"F(s)
dsn
8. Integration t 1
8 j F()dA F(s)
0
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Properties of the Laplace Transform

1
Lif(@)] =~ F(%) a>0
Time-shifting theorem
LIf(t = tou(t —tp)] = e °F(s)  t,=0
Frequency-shifting or modulation theorem
Lle™f(O)] = F(s+a)
Example: Find the Laplace transform of e ~% cos wt

Since L[cos wt] = ﬁ , then

s+a

Lle™* cos wt] = —————
[ ] (s+ a)? + w?

Inverse Laplace Transform

The algebraic solution of the circuit equations in the complex frequency domain results in a

rational function of s of the form:

F(s) =

P(s) ams™+ap s+t a;s+a

Q(s)  bps™+b,_;s" L+ -+ b;s+ b,

The roots of the polynomial P(s) (i.e., =z, —Z,, * —2,,) are called the zeros of the function

F(s) because at these values of s, F(s) = 0.

Similarly the roots of the polynomial Q(s) (i.e., —py, —P2, *** —by) are called poles of F(s),

since at these values F(s) becomes infinite.

1. If the roots are simple, then P{(s)/Q(s) can be expressed in partial fraction form

Pi(s) Ky K> Ko

Q(s) s+pg s+p; S+ pn

2. If Q(s) hassimple complex roots, they will appear in complex-conjugate pairs, and

the partial fraction expansion of P{(s)/Q(s) for each pair of complex-conjugate

roots will be of the form:

P4(s) Ky

) Grta— PG tatif) Grta—p) Gratp

Where Q(s) = Q1(s)(s + a — jB)(s + a + jB)and K is the complex conjugate

of K;.

LM
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3. If Q(s)has a root of multiplicity r, the partial fraction expansion for each such root
will be of the form
Py(s K K K
1(5) - = 11 + 12 2+...+¢r+...
Qi1(s)(s+p)” (s+p) (s+p1) (s +p1)

Example: Given

12(s+ 1)(s + 3)

F(s) = s(s+2)(s+4)(s+5)

Find f(t) = L7[F(s)]
Let us express F(s) in a partial fraction expansion.

12(s+ 1)(s + 3) _K0+ K, N K, N K;
s(s+2)(s+4)(s+5) s s+2 s+4 s+5

To determine K, multiply both sides of the equation by s and evaluate at s = 0.

12(s+D(s+3) N K;s N K,s N K3s
(s+2D(s+4)(s+5 ° s+2 s+4 s+5

At s= 0 we have

12(D@3) _
D = Ko t0+0+0
36
KOZE

Similarly multiplying both sides of the equation by (s + 2) and evaluating at s = -2

_12(s +1)(s +3)
(s + 2)F(s)|sep = (s+4)(s+5)

=K,

s=-2
GivesK; =1
Similarly

_12(s + 1)(s +3)
(s+4)F(s)|s=—g = (s+2)(s+5) s=—a

=K,

Gives
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Hence

36/40+ 1 36/8 32/5

F = —
(s) s+2 s+4 s+5
And
36 36 32
f() = (% + 1le %t + EQ_M — ?e_St)u(t)

Complex-Conjugate Poles
Consider the case where F(s) has one pair of complex-conjugate poles.

P (s) kK
Qi(S)(s+a—jB(s+a+jB) (s+a—jB) (s+a+jp)

F(s) =

Then
K = (S +a _j.B)F(S)lsz—a+jﬁ
K; is generally a complex number that can be expressed as |K; |20 and K; = |K |2 — 6

Hence
|K.|20 |Kil2—0
Gra—iB) Gratip)
The corresponding time function is then
f(t) = L7F(s)] = |K,|e/e (@ iP)t 4 |K, |10~ (a+ip)t
f(t) = |K1|e—at[ej([?t+9) + e J(Bt+0) 4 ]
f(@) = |Kle % cos(Bt + 6) + -

F(s) =

Example: Determine the time function y(t) for the function

10(s + 2)
s(s?+4s+5)

Y(s) =

Expressing in partial fraction, we obtain
10(s + 2) K, K, K

=— +
s(s+2—-j1)(s+2+j1) s s+2—j1 s+2+j1

. 10(s + 2) _ 10(s+2) —4
T s+2-jDG+2+Dl_, T (sP+4s+5)| _
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10(s + 2)

= = 2.2364£ — 153.43°
s(s+2+ 1)l

=—2+j1

1

p(oy = 4 2236415343 2236£153.43°
= s+2—j1 S+2+/1

Hence

y(t) = [4 + 4.472e 7% cos(t — 153.43°)Ju(t)

Multiple Poles
Consider the case where has a pole of multiplicity r.
Py(s) Ky Ky, Kiy

FS) = oGty Grr T Grp T Torpy T

Kiy = (s+p)" F(S)|s=—p1

d
Kirq = ds [(s + p1)"F(s)]

d2
(2DKypp = F (s+ pl)rF(S)|s=—p1

Hence
1 d/
—_ T
Klj - (T _])ldsr_] [(S +p1) F(S)] B
S=—P1
Example: Given that
10(s + 3
F(s) = ( )
(s+1)3(s+2)
Find f(t).
10(s + 3) Ki4 K, K3 K,
F = =
O =7 D6+2 6D 6T 2 T GrE T 5t2
Then

Kiz = (s +1)3 F(s)|s=—1 = 20

Kz = i[(S +1)°F(s)] 0 =-10
ds s=—1 (s+2)%,__,
2Kyq = ;—;(5 + 1)°F(8)|5=—p, = % =20
s=—1
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Ky =10

K, =(s+2)F(s)|s=—2 = K;

K, = -10

Then

10 10 20 10

F(s) = - + -
(s+1) (s+1)? (s+1)3 s+2

Since

L_l [ 1 ] — ﬂe—at

(s+a)*t] n!

Then

f(t) = (10e~t — 10te™* + 10t%e~" — 10e~*")u(t)

Laplace Transform in Circuit Analysis

Consider the RL series circuit shown.

t=0 R=100Q
vg(t)=1 u(t) C) i(t)l L =100 mH
di(t) .
LW + Ri(t) = vg(t)
The complementary differential equation is
di(t)

L Ri =

T + Ri(t) =0

which has a solution of the form
i.(t) = K.e %
After substitution we get
R—alL =0
Or
a= E = 1000
L

The particular solution is of the same form as the forcing function
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i(t) =K,
After substitution we get
1 =RK,
Or
1 1

K,=—=—
PR 100
The complete solution is then

: _ 1 _
i(t) = K, + K e 1000t = m_}_ K e~1000t

Since

i(0-)=i(0+) =0

1
0 = m + KC
1
100
1 1
i(t) = Too ™ We‘loo‘” A =10(1 — e~ 100y (t)mA

Solution with the Laplace Transform

di(y
LW-I- Ri(t) = vg(t)

Taking the Laplace of the above equation we get

V(s) = L[sI(s) — i(0)] + RI(s)

Since
i(0)=0
|4
I(s) = sLs-(i-Sz
But
Vi(s) = LIvs(t)] = L[1u(®)] = -
Hence

1(s) = s(sL+ R)

To find the i(t), we use the inverse Laplace Transform
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Hence

—R

i(t) = %(1 _ eTt) = 10(1 — e~1000t)y(£) mA

Notice that the complete solution is derived in one step as opposed to the solution in

the time domain.

For a resistor of value R, the current-voltage relationship in the time domain is

v(t) = Ri(t)
The relationship in the frequency domain, s, is
V(s) = RI(s)

For a capacitor of value C, the current-voltage relationship in the time domain is

t

v(t) = %f i(x)dx + v(0)
0

dv(t)
dt

i(t)y==C
The relationship in the frequency domain, s, is

I(s) wv(0)
¢ T

I(s) =sCV(s) — Cv(0)

V(s) =

For a inductor of value L, the current-voltage relationship in the time domain is

di(t)
dt

v(t) =1L

1 t
i(t) = ZJ v(x)dx + i(0)
0

The relationship in the frequency domain, s, is
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V(s) = sLI(s) — Li(0)

Example: For the network shown below, the switch opens at t = 0. Use Laplace

transforms to find i(t), for t > 0.

3H

t<0 12VC_'> 60 i(o_)l 30

3H

t>0 6Q . 30
:(t)l
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Fort <0, we have;

o 12
l(O )=?=4A

Fort >0, we have;
di(t)

37 + 3i(t) + 6i(t) =0

Taking the Laplace transform of the differential equation, we get:

3sI(s) —3i(07) + 3I(s) +6I(s) =0

(Bs+9)I(s) =12
12 4

1) =36573 543

i(t) =4e3tu(t) Afort>0
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Example: The switch in the circuit below opens at t = 0. Find i(t) for t > 0 using Laplace

transforms.

20

4Q

)

3Q

2H

i(t)T

20

4Q

Y

t<0
12 v<+>
i.(0-) l

3Q

2H

t>0

4Q

3Q

i L

2H

2Q

2Q

2Q
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Fort<O
The equivalent resistance Req is: ((4+2)//3)+2 =4 Q

The total current in the circuit is ltor = 12/4 =3 A
6

iL(O_) =m3 =24

Fort>0

zd;—(tt) + 2i(t) + 4i(t) + 3i(t) =0

2sI(s) —2i(07) + 2I(s) + 4I(s) + 3I(s) =0

2s+9)I(s) =4
42
2s+9 S+9/2

I(s) =

-9
i(t) =2eZ u(t) A fort>0
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Example:

LM

In the network shown, the switch opens at t=0. Use Laplace transforms to

find vy(t) for t > 0.

3 kQ K 4 kO
T
+
+
3 kQ 4 kQ
t<0
+
+
4 kQ
+
+
v(t) T 100KF i(t)T 2kQ ()
t>0 -
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Fort<O

) 442
UC(O )=m12=8v

Fort>0:

By KVL we have:
ve(t) + 2ki(t) + 4ki(t) =0

(6 = ¢ 220
Hence
ve(t) + (2k)(100p) dv;t(t) + 4k(100p) dv;t(t) =0
dvc(t) _
0.6 1t +v:(t) =0

Taking the Laplace transform of the above equation
0.6sV.(s) —0.6v-,(07)+V.(s)=0
0.6sV.(s) +V.(s) = 4.8
V.(s)(0.6s+1) = 4.8

4.8 8

V = =
)= T1 57167

therefore
ve(t) = 8e 167ty () V, t>0
And

vo(t) = 8e 167t = 2.67e 17ty (t) V fort > 0

2+4
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Example: In the network shown, the switch opens at t = 0. Use Laplace transforms to

find i (t) for t > 0.

3Q

A

t=0
A
LA 2 iL(t)l 1H - 05F

t<0
3Q

LA @ iL(0'>l v.(0)

t>0
30

1A CT) (1) iL(t)l 1H i) ~~ O5F
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Fort<O
ip(07)=0; ve(07)=0

Fort>0
i,(t) = 14
i1(t) =i (t) + i (¢)
By KVL:
3i,(t) + 2 j i, (£)dt — di;it) ~0
3[1— i, ()] + 2 f [1—i,(O)]dt — di;it) ~ 0
3—3i,(t) +2 f dt — 2 f i, (O)dt — di;it) =0

Taking the Laplace transform of the above equation;
2 2
=3I.(s) + 3 ;IL(S) —sl(s)=-3
2

[ 2
1,(s) —s———3]=—3——
B S S

I,(s)

'52+35+Zl_35+2

S S

3s+2 3s+2
s24+354+2 (s+2)(s+1)
A B
+
(s+2) (s+1

I,(s) =

I,(s) =

Hence

3s+2 A B
G+G+D G+ G+D

3s+2=A(s+1)+B(s+2)
Lets=-1
3(-1)+2=B(-1+2)

B=-1
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Lets=-2

LM

3(=2)+2=A(-2+1)
A=4

-1
G+2) G+

I,(s) =

i (t) = (e ?—eHu(t) A
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Example: In the circuit shown below, the switch has been closed for a long time and is

opened at t = 0. Find i(t) for t > 0, using Laplace transforms.

10 0.5H

i(t)

>
12V

5Q

1]
o

— 2F

N |

t<0

10 0-5H 30

—>
i(0)
j +
12V v.(0)

5Q -

t>0

10 0.5H 30

—
i(t)
12V —2F

N |
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Fort<O0;

i(07) =—— 12 =2A
1+5
ve(07) =5i(07) =10V
Fort>0:
By KVL:

05#+ i(t) + = fi(t)zlz

Taking the Laplace transform, we get

1 12
0.5I1(s) = 0.5i(07) + I(s) + —I(s) = —
2s S

1 12
0.51s) + 1(s) + o= I(5) = — +
2s S

1 12
0.51s) + 1(s) + o= I(5) = — +
2s S

12+ s

1(s) [055+—+ 1]

52 +25+1 12+S
1(s) =
S
1245 2 12 A B
I(S)z S — (5+ )=
s2+2s+1 (s+1)2 s+1 (s+1)2
2s
2(s+12) =A(s+1)+B
Lets=-1
2(-1+12) =B
B =22
Lets=0
24=A+B
A=2

I(s) = + 22
s T s+1 (s+1)2

i(t) = (e t+22te Hu(t) A

LM
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AC Power

Instantaneous Power

When a linear electric circuit is excited by a sinusoidal source, all voltages and currents in
the circuit are also sinusoids of the same frequency as that of the excitation sources.

The instantaneous power supplied or absorbed by any device is the product of the
instantaneous voltage and current.

Consider the ac network shown

E—

i(t)

i

Let  v(t) =V, cos(wt+86,)

And  i(t) = I, cos(wt + 6;)
The instantaneous power is then p(t) = v(t)i(t) = V,,I,,, cos(wt + 8,) cos(wt + 6;)

Using

N -

[cos(@; — @,) + cos(D; + B5)]

cos @, cos @, =

We can write
Vinlm
2

The instantaneous power consists of two terms, the first being a constant, the second is a

p(t) = [cos(8, — 0;) + cosRuwt + 6, + 6,)]

cosine wave of twice the excitation frequency.

Average Power
The average power is computed by integrating the instantaneous power over a complete

period and dividing this result by the period.
pP= ?f p(t)dt = ?I Vo1, cos(wt + 0,) cos(wt + 0;) dt
to to
Where tyis arbitrary, T = Zn/w is the period of the voltage or current and P has unit of

watts.

[cos(0, — 0;) +cosRwt + 6, + 0,)]dt

b 1jt0+TVmIm
T t

T 2
0]
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The first term of the integrand is a constant (independent of t). Integrating the constant
over a period and dividing by the period results in the original constant.
The second term is a cosine wave which when integrated over one complete period is zero.

Hence

N =

P ==-V,I,, cos(6, — 6;)

For a purely resistive circuit where 6, = 0;

1
P =Vl

For a purely reactive circuit where 8, — 6; = £90°

1
P= EVmIm cos(90°) =0

Purely reactive impedances absorb no average power. They are referred to as lossless
elements. A purely reactive network stores energy over one part of the period and releases

it over another.

Example: Determine the average power absorbed by the impedance in the circuit
below.
—
! 20
10 £60°
i2Q

/- V. Vyz6, 10260° 253,15 4
~Z 2+4j2 283245° 7

hence

I, =3534 and 6, = 15°

1
P = EVmIm cos(8, — 6;)

pP= %(10)(3.53) cos(60° — 15°)

=125W
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We will recall that the inductor absorbs no power. We can then calculate the power
absorbed by the resistor.

The voltage across the resistor is

2
Vg = ——=104£60° = 7.07£15°

2+ j2
Power absorbed by the resistor is:
1 1
P = EVmIm = 5(7.07)(3.53) =125W
Example: Determine the total average power absorbed and the total power delivered

in the circuit shown below.

I1J 2Q
+ 4 Q
S

10
, _leaast
1 - 4 -
12245° 12245° 36,7157
= = = 5.36£71.57°
27 2—j1  2.24s.-2657°
I = 11 + IZ

I =32£45° 4+ 5.36471.57° = 8.154£62.1°
The average power absorbed in the 4 Q resistor is:

1 1
P, = EVmIm = 5(12)(3) =18W
The average power absorbed in the 2 Q resistor is:

1 1
P, = ElfnR = 5(5-36)2(2) =287W

The total power absorbed is:

P, =18+28.7 =467 W
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The total average power supplied by the source is:

1
P = EVmIm cos(6, —0,)

1
Ps = > (12)(8.15) cos(45° — 62.1°) = 46.7W

Maximum Average Power Transfer

Consider the circuit shown.

TH

\Y
+ L Z
() |

Average power at the load is:
1
P =5 Vinlm cos(6,, — 6;,)

Phasor current and voltage at the load is:

I — VOC
L= Zm+ 27,
where
Zrn = Ryy + jXry
and
Z, =R, +jX,
Now
Voc
IL = 1
[(Rry + Ry)? + (Xry + X1)?]2
1
Voc(RE + X£)2
V, =

[(Rryr + R)? + X7y + XL)Z]%

6, —0

L iL

=0,

R,
cosf, =

1
(R +X7)?
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p =L VécR,

2(Rry + R)?+ (Xry + X,)?
By examination the following is observed:
Voc is a constant.
The quantity (X4 + X,) absorbs no power. Any non-zero value of this quantity will reduce
PL. To minimize this quantity Xy = —X|.
We are left with:

p L Vick,
2 (Rry + R)?

Earlier analysis of a similar expression showed that the quantity is maximised when:

Rry =R,
Therefore for maximum average power transfer to the load,
Z, =Ry +jX, =Rry — jXry = Z1y
If the load impedance is purely resistive, that is X, = 0, then maximum average power

dp
transfer occurs when —% = 0.
dR;

The value of R, that maximises P, when X, =0 is
R, = ,/R%‘H +X’12‘H

Effective or rms values
The average power absorbed by a resistive load is a function of the type of source that is

delivering power to the load. If the source is dc the average power absorbed is I?R. If the
source is sinusoidal, the average power absorbed is %ImR. These are by no means the only

waveforms available.

The effectiveness of a source, of whatever periodic waveform, in delivering power to a
resistive load is what we seek to establish. The concept of the effective value of a periodic
waveform is defined as that constant (dc) value of the periodic waveform that would deliver
the same average power.

If that constant current is I.5f, then the average power delivered to a resistor is:

P =1Z: R
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The average power delivered to a resistor by a periodic current i(t) is:

P= 2(t)Rdt
TJ; i“(0)

0

Equating both expressions, we obtain:

1 t0+T

0

This is called the root mean square value, I;.

Compute the rms value of i(t) = I, cos(wt — @) with a period of T = 2”/60.

1 to+T 1 to+T %
Lrms = Tj i2(t)Rdt = lfj 12, cos?(wt — ) dtl
t t

0 0

Using cos?@ = % + %cos 20

| =

2

Lims =1 Cszn/w[1+1 QCwt 20)]dt

The average or mean value of a cosine wave is zero, therefore

1 1

2 2/, |2
5

| _ W 27t/wld 2_1 w [t
m‘m%L Et‘m%@

[

Irms - ﬁ

A sinusoidal current with a maximum value [, delivers the same average power to a

Im

resistor R as a dc current with a value of 5

Recall average power

1 Vi Im
> VI, cos(6, — 6;) > ﬁcos(e,, 0;)

Or
P = Vimslyms cos(0, — 6;)

Power absorbed by a resistor R is

rms

P = IgmsR =
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Power Factor
The phase angle of the load impedance plays a very important role in the absorption of
power by a load impedance.
In steady-state average power delivered to a load is
P = Vimslyms cos(6, — 6;)
The average power is dependent on the cosine term.
The product V,,,,sL-ms is referred to as the apparent power with units volt-amperes (VA).

The power factor (pf) is defined as:

P
pf = ——

= cos(68, — ;) = cos 0z, (power factor angle)
Vrmslrms

For a purely resistive load where 8, = 0, the pf=1.
For a purely reactive load where 6;, = £90°, the pf=0
If the current leads the voltage as it does in an RC circuit load, the pf is said to be leading.

If the current lags the voltage as it does in an RL circuit load, the pf is said to be lagging.

Example:
ForZ, =1—-j1Q, 6, = tan™! (‘Tl) = —45°, the pf = cos 0, = cos(—45)° = 0.707

which is a leading pf.

ForZ, =2+/1Q, 6, = tan"! (%) = 26.57°, the pf = cos 0, = c0s(26.57)° = 0.894

which is a lagging pf.

Example: An industrial load consumes 88 kW at a pf of 0.707 lagging from a 480-V rms
line. The transmission line resistance from the power company’s transformer to the plant is
0.08 ). Determine the power that must be supplied by the power company

a) Under present conditions, and

b) If the pfis changed to 0.90 lagging
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Solution

a) Consider the circuit shown

0.08 Q lms
—_—»
+
PL = 88 kW

¥ 480V rms pf = 0.707
Y .
S - lagging

P
pf = ———=cos(f, — 6;) = cos by,
Vrmslrms
P, 88 x 103

frms = o) (V) (0.707)(480) ~ =734

The power company must supply
Pg = 88,000 + (0.08)(259.3)% = 93.38 kW

b) For a pf=0.90 lagging,

P, _ 88x10°
(Pf)Vyms) — (0.9)(480)

The power company must now supply

Irms -

= 203.7 Arms

P =P, + (0.08)I%,, = 93.38 kW
Pg = 88,000 + (0.08)(203.7)% = 91.32 kW
Note the difference in power that must be supplied
For a pf =0.707, line loss is 5.38 kW
For a pf =0.90, line loss is 3.32 kW
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Complex Power
Complex power, S, is defined as:

S =Vimslrms = Vims£0plrms£—0; = Vinslrms £6,—6;

S = Vimslrms €08(8,=6;) + jVemslrms sin(6,—6;)
The real part of the complex power is the real or average power.
The imaginary part of the complex power is called the reactive or quadrature power.
S=P+jQ
Where P = Re(S) = Vyppslrms cos(6,—6;)
And Q = Im(S) = Vipslyms sin(0,—6;)
The magnitude of S is called the apparent power.
Complex power is measured in volt-amperes.
For a resistor 8,—0; = 0°, cos(6,—0;) = 1; sin(6,—0;) = 0. The resistor absorbs real

power but does not absorb any reactive power.

For an inductor, 8,—60; = 90°,
P = Re(S) = Vyppslyms €0s(90°) = 0
Q = IM(S) = Vpmslyms SIN(90°) > 0

An inductor absorbs reactive power but does not absorb real power.

For a capacitor, 8,—60; = —90°,
P = Re(S) = Vyppolyms c0s(—90°) = 0
Q = Im(S) = Vyppslms Sin(—90°) < 0
A capacitor does not absorb any real power, but absorbs (negative) reactive power. Simply

means the capacitor is supplying reactive power. Capacitors for this reason are used in pf

correction.
Recall
— *
S - Vrmslrms
Now
Vims = IrmsZ
Hence

S = LimsZlyms = LrmslrmsZ
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Since
Lmslims = Lrms£0ilrms£—0; = Izms
Then
S = lLpslipmsZ = Iﬁmsz = Iﬁms(R +jX) =P+jQ

Example: A load operates at 20 kW, 0,8 pf lagging. The load voltage is
220£0°V rms at 60 Hz. the impedance of the line is 0.09 + j0.3 Q). Determine the voltage

and power factor at the input to the line.

0.09Q I

P, =20 kW

220£0° -
y + V rms pf = 9.8
S - lagging

We know
P=ScosBorS =
cos @
S = P _P_ 20’000—250001/,4
" cos® pf 08
S, = 25,00046 = 25,0004£36.87° = 20,000 + j15,000 VA
At the load
S, = VLII*,
Therefore
1y = 2200023087 _ 113 64236.87° 4
LT T 20200 T o ATms
And

I, =113.642 — 36.87° Arms
The complex losses in the line are:
Siine = I Zyine
Sine = (113.64)%(0.09 + j0.3) = 1162 + j3874.21 VA
The total power absorbed must be equal to the power supplied.
Hence
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Ss =S+ Siine

Ss = (20,000 +j15,000) + (1162.26 + j3874.21) = 21,162.26 + j18,874.21
Ss = 28,356.25241.73° VA

The generator voltage will then be

S| 28,356.25
Ve = —= =

= = 249,53V
ST, T 11364 rms

The generator pf is:

cos(41.73°) = 0.75 lagging
Another way to solve by KVL
Having calculated

I, =113.642 — 36.87° Arms
The voltage drop on the transmission line is

Vime = I.Zine = (113.642 — 36.87°)(0.09 + j0.3)
Vg = 35.59236.43°V rms
The generator voltage is then
Vg =2204£0° + 35.594£36.43° = 249.5324.86° V rms
Now
0,—0; = 4.86° — (—36.87°) = 41.73°

Hence

pf = cos(41.73°) = 0.75 lagging

Power Factor Correction

The need to have a high pf is now known. Less losses, smaller conductors etc. the nature of
most loads is pf lagging.

We need to find a way to increase the pf of a load economically. How to decrease the pf

angle is our objective (increase the pf).
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Electrical Source Industrial
+ Load with
A lagging pf

QL = Qqq

Since

_Q
tan@—P

To decrease 0, P could be increased. This is not practical or economically feasible as power
consumption would increase and the cost of electricity would increase.

Another option is to decrease Q by connecting a capacitor across the load

IT L
Electrical Source Industrial
+ Load with
C — V. lagging pf
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QL = Qg

Snew Qnew

new

v Qcap

Sota = Pora +JjQota = 1S01dl 20014
And
Snew = Pota + jQnew = |Snew!£0new
Snew — Sota = Scap = (Pold +anew) - (Pold +onld) = j(QneW - Qold) = chap

Example:
Calculate the complex power for the circuit shown and correct the pf to unity by connecting
a parallel reactance given the following: Vs =11740; R, =50Q; jX;, = 86.7 Q;

w = 377 rad/s (all rms values)

e | v

We know § = P + jQ for the complex load
Z, =R+ jX, =50+ ]86.7 =1004£(1.047) Q

v, 11720

I[=—=———=1172-1.047A
L=z, 7 1002(1.047)
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S=V, I; =11720 x 1.172£1.047 = 1372£1.047 = 68.4 + J118.6 VA

Hence

P=684W and Q =1185Vars

> Q =119 Var
'Q\‘
6//
60°
X :
P=68.4W Re

To eliminate the reactive power due to the inductance, add an equal and opposite reactive

component — Q.

Therefore choose C that Q¢ =-118.5 Vars.

+
Is
RL
VS VL 1~ C

Xy

The reactance
V. 1?2 (117)%
X, = = =1150Q

7 Q. ~ -1185

Since
1 1
C =- = = 23.1uF

wX;  377(—115)
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