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Preface

The creation of a truly autonomous and intelligent system — one that can sense,
learn from, and interact with its environment, one that can integrate seamlessly
into the day-to-day lives of humans — has ever been the motivating factor
behind the huge body of work on artificial intelligence, control theory and
robotics, autonomous (land, sea, and air) vehicles, and numerous other discip-
lines. The technology involved is highly complex and multidisciplinary, posing
immense challenges for researchers at both the module and system integra-
tion levels. Despite the innumerable hurdles, the research community has, as a
whole, made great progress in recent years. This is evidenced by technological
leaps and innovations in the areas of sensing and sensor fusion, modeling and
control, map building and path planning, artificial intelligence and decision
making, and system architecture design, spurred on by advances in related
areas of communications, machine processing, networking, and information
technology.

Autonomous systems are gradually becoming a part of our way of life,
whether we consciously perceive it or not. The increased use of intelligent
robotic systems in current indoor and outdoor applications bears testimony
to the efforts made by researchers on all fronts. Mobile systems have greater
autonomy than before, and new applications abound — ranging from fact-
ory transport systems, airport transport systems, road/vehicular systems, to
military applications, automated patrol systems, homeland security surveil-
lance, and rescue operations. While most conventional autonomous systems
are self-contained in the sense that all their sensors, actuators, and computers
are on board, it is envisioned that more and more will evolve to become open net-
worked systems with distributed processing power, sensors (e.g., GPS, cameras,
microphones, and landmarks), and actuators.

It is generally agreed that an autonomous system consists primarily of the
following four distinct yet interconnected modules:

(i) Sensors and Sensor Fusion

(ii)) Modeling and Control
(iii)) Map Building and Path Planning
(iv) Decision Making and Autonomy

These modules are integrated and influenced by the system architecture design
for different applications.

vii
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viii Preface

This edited book tries for the first time to provide a comprehensive treatment
of autonomous mobile systems, ranging from related fundamental technical
issues to practical system integration and applications. The chapters are writ-
ten by some of the leading researchers and practitioners working in this field
today. Readers will be presented with a complete picture of autonomous mobile
systems at the systems level, and will also gain a better understanding of the
technological and theoretical aspects involved within each module that com-
poses the overall system. Five distinct parts of the book, each consisting of
several chapters, emphasize the different aspects of autonomous mobile sys-
tems, starting from sensors and control, and gradually moving up the cognitive
ladder to planning and decision making, finally ending with the integration of
the four modules in application case studies of autonomous systems.

The first part of the book is dedicated to sensors and sensor fusion. The four
chapters treat in detail the operation and uses of various sensors that are crucial
for the operation of autonomous systems. Sensors provide robots with the cap-
ability to perceive the world, and effective utilization is of utmost importance.
The chapters also consider various state-of-the art techniques for the fusion
and utilization of various sensing information for feature detection and pos-
ition estimation. Vision sensors, RADAR, GPS and INS, and landmarks are
discussed in detail in Chapters 1 to 4 respectively.

Modeling and control issues concerning nonholonomic systems are dis-
cussed in the second part of the book. Real-world systems seldom present
themselves in the form amenable to analysis as holonomic systems, and the
importance of nonholonomic modeling and control is evident. The four chapters
of this part, Chapters 5 to 8, thus present novel contributions to the control of
these highly complicated systems, focusing on discontinuous control, unified
neural fuzzy control, adaptive control with actuator dynamics, and the control
of car-like vehicles for vehicle tracking maneuvers, respectively.

The third part of the book covers the map building and path planning aspects
of autonomous systems. This builds on technologies in sensing and control to
further improve the intelligence and autonomy of mobile robots. Chapter 9
discusses the specifics of building an accurate map of the environment, using
either single or multiple robots, with which localization and motion planning
can take place. Probabilistic motion planning as a robust and efficient planning
scheme is examined in Chapter 10. Action coordination and formation control
of multiple robots are investigated in Chapter 11.

Decision making and autonomy, the highest levels in the hierarchy of
abstraction, are examined in detail in the fourth part of the book. The three
chapters in this part treat in detail the issues of representing knowledge, high
level planning, and coordination mechanisms that together define the cognitive
capabilities of autonomous systems. These issues are crucial for the devel-
opment of intelligent mobile systems that are able to reason and manipulate
available information. Specifically, Chapters 12 to 14 present topics pertaining
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Preface ix

to knowledge representation and decision making, algorithms for planning
under uncertainties, and the behavior-based coordination of multiple robots.

In the final part of the book, we present a collection of chapters that deal
with the system integration and engineering aspects of large-scale autonom-
ous systems. These are usually considered as necessary steps in making new
technologies operational and are relatively neglected in the academic com-
munity. However, there is no doubt that system integration plays a vital role
in the successful development and deployment of autonomous mobile systems.
Chapters 15 and 16 examine the issues involved in the design of autonomous
commercial robots and automotive systems, respectively. Chapter 17 presents a
hierarchical system architecture that encompasses and links the various (higher
and lower level) components to form an intelligent, complex system.

We sincerely hope that this book will provide the reader with a cohesive
picture of the diverse, yet intimately related, issues involved in bringing about
truly intelligent autonomous robots. Although the treatment of the topics is
by no means exhaustive, we hope to give the readers a broad-enough view of
the various aspects involved in the development of autonomous systems. The
authors have, however, provided a splendid list of references at the end of each
chapter, and interested readers are encouraged to refer to these references for
more information. This book represents the amalgamation of the truly excellent
work and effort of all the contributing authors, and could not have come to
fruition without their contributions. Finally, we are also immensely grateful
to Marsha Pronin, Michael Slaughter, and all others at CRC Press (Taylor &
Francis Group) for their efforts in making this project a success.
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Abstract

As technology advances, it has been envisioned that in the very near future,
robotic systems will become part and parcel of our everyday lives. Even at
the current stage of development, semi-autonomous or fully automated robots
are already indispensable in a staggering number of applications. To bring
forth a generation of truly autonomous and intelligent robotic systems that will
meld effortlessly into the human society involves research and development on
several levels, from robot perception, to control, to abstract reasoning.

This book tries for the first time to provide a comprehensive treatment
of autonomous mobile systems, ranging from fundamental technical issues to
practical system integration and applications. The chapters are written by some
of the leading researchers and practitioners working in this field today. Readers
will be presented with a coherent picture of autonomous mobile systems at the
systems level, and will also gain a better understanding of the technological
and theoretical aspects involved within each module that composes the overall
system. Five distinct parts of the book, each consisting of several chapters,
emphasize the different aspects of autonomous mobile systems, starting from
sensors and control, and gradually moving up the cognitive ladder to planning
and decision making, finally ending with the integration of the four modules in
application case studies of autonomous systems.

This book is primarily intended for researchers, engineers, and graduate
students involved in all aspects of autonomous mobile robot systems design
and development. Undergraduate students may also find the book useful, as a
complementary reading, in providing a general outlook of the various issues
and levels involved in autonomous robotic system design.

xvii
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Sensors and Sensor Fusion

Mobile robots participate in meaningful and intelligent interactions with other
entities — inanimate objects, human users, or other robots — through sensing
and perception. Sensing capabilities are tightly linked to the ability to perceive,
without which sensor data will only be a collection of meaningless figures.
Sensors are crucial to the operation of autonomous mobile robots in unknown
and dynamic environments where it is impossible to have complete a priori
information that can be given to the robots before operation.

In biological systems, visual sensing offers a rich source of information to
individuals, which in turn use such information for navigation, deliberation,
and planning. The same may be said of autonomous mobile robotic systems,
where vision has become a standard sensory tool on robots. This is especially
so with the advancement of image processing techniques, which facilitates the
extraction of even more useful information from images captured from mounted
still or moving cameras. The first chapter of this part therefore, focuses on
the use of visual sensors for guidance and navigation of unmanned vehicles.
This chapter starts with an analysis of the various requirements that the use of
unmanned vehicles poses to the visual guidance equipment. This is followed by
an analysis of the characteristics and limitations of visual perception hardware,
providing readers with an understanding of the physical constraints that must be
considered in the design of guidance systems. Various techniques currently in
use for road and vehicle following, and for obstacle detection are then reviewed.
With the wealth of information afforded by various visual sensors, sensor fusion
techniques play an important role in exploiting the available information to
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2 Autonomous Mobile Robots

further improve the perceptual capabilities of systems. This issue is discussed,
with examples on the fusion of image data with LADAR information. The
chapter concludes with a discussion on the open problems and challenges in
the area of visual perception.

Where visual sensing is insufficient, other sensors serve as additional
sources of information, and are equally important in improving the naviga-
tional and perceptual capabilities of autonomous robots. The use of millimeter
wave RADAR for performing feature detection and navigation is treated in
detail in the second chapter of this part. Millimeter wave RADAR is capable of
providing high-fidelity range information when vision sensors fail under poor
visibility conditions, and is therefore, a useful tool for robots to use in perceiving
their environment. The chapter first deals with the analysis and characterization
of noise affecting the measurements of millimeter wave RADAR. A method is
then proposed for the accurate prediction of range spectra. This is followed by
the description of a robust algorithm, based on target presence probability, to
improve feature detection in highly cluttered environments.

Aside from providing robots with a view of the environment it is immersed
in, certain sensors also give robots the ability to analyze and evaluate its
own state, namely, its position. Augmentation of such information with those
garnered from environmental perception further provides robots with a clearer
picture of the condition of its environment and the robot’s own role within
it. While visual perception may be used for localization, the use of internal
and external sensors, like the Inertial Navigation System (INS) and the Global
Positioning System (GPS), allows refinement of estimated values. The third
chapter of this part treats, in detail, the use of both INS and GPS for position
estimation. This chapter first provides a comprehensive review of the Extended
Kalman Filter (EKF), as well as the basics of GPS and INS. Detailed treat-
ment of the use of the EKF in fusing measurements from GPS and INS is
then provided, followed by a discussion of various approaches that have been
proposed for the fusion of GPS and INS.

In addition to internal and external explicit measurements, landmarks in the
environment may also be utilized by the robots to get a sense of where they
are. This may be done through triangulation techniques, which are described
in the final chapter of this part. Recognition of landmarks may be performed
by the visual sensors, and localization is achieved through the association of
landmarks with those in internal maps, thereby providing position estimates.
The chapter provides descriptions and experimental results of several different
techniques for landmark-based position estimation. Different landmarks are
used, ranging from laser beacons to visually distinct landmarks, to moveable
landmarks mounted on robots for multi-robot localization.

This part of the book aims to provide readers with an understanding of the
theoretical and practical issues involved in the use of sensors, and the important
role sensors play in determining (and limiting) the degree of autonomy mobile
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Sensors and Sensor Fusion 3

robots possess. These sensors allow robots to obtain a basic set of observations
upon which controllers and higher level decision-making mechanisms can act
upon, thus forming an indispensable link in the chain of modules that together
constitutes an intelligent, autonomous robotic system.
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1.1 INTRODUCTION

1.1.1 Context

Current efforts in the research and development of visual guidance technology
for autonomous vehicles fit into two major categories: unmanned ground
vehicles (UGVs) and intelligent transport systems (ITSs). UGVs are primarily
concerned with off-road navigation and terrain mapping whereas ITS (or auto-
mated highway systems) research is a much broader area concerned with safer
and more efficient transport in structured or urban settings. The focus of this
chapter is on visual guidance and therefore will not dwell on the definitions of
autonomous vehicles other than to examine how they set the following roles of
vision systems:

Detection and following of a road
Detection of obstacles

Detection and tracking of other vehicles
Detection and identification of landmarks

These four tasks are relevant to both UGV and ITS applications, although
the environments are quite different. Our experience is in the development
and testing of UGVs and so we concentrate on these specific problems in this
chapter. We refer to achievements in structured settings, such as road-following,
as the underlying principles are similar, and also because they are a good starting
point when facing complexity of autonomy in open terrain.

This introductory section continues with an examination of the expectations
of UGVs as laid out by the Committee on Army Unmanned Ground Vehicle
Technology in its 2002 road map [1]. Next, in Section 1.2, we give an overview
of the key technologies for visual guidance: two-dimensional (2D) passive ima-
ging and active scanning. The aim is to highlight the differences between various
options with regard to our task-specific requirements. Section 1.3 constitutes
the main content of this chapter; here we present a visual guidance system (VGS)
and its modules for guidance and obstacle detection. Descriptions concentrate
on pragmatic approaches adopted in light of the highly complex and uncer-
tain tasks which stretch the physical limitations of sensory systems. Examples
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are given from stereo vision and image—ladar integration. The chapter ends
by returning to the road map in Section 1.4 and examining the potential role
of visual sensors in meeting the key challenges for autonomy in unstructured
settings: terrain classification and localization/mapping.

1.1.2 Classes of UGV

The motivation or driving force behind UGV research is for military application.
This fact is made clear by examining the sources of funding behind prominent
research projects. The DARPA Grand Challenge is an immediate example at
hand [2]. An examination of military requirements is a good starting point, in
an attempt to understand what a UGV is and how computer vision can play
a part in it, because the requirements are well defined. Another reason is that
as we shall see the scope and classification of UGVs from the U.S. military
is still quite broad and, therefore, encompasses many of the issues related to
autonomous vehicle technology. A third reason is that the requirements for
survivability in hostile environments are explicit, and therefore developers are
forced to face the toughest problems that will drive and test the efficacy of
visual perception research. These set the much needed benchmarks against
which we can assess performance and identify the most pressing problems.
The definitions of various UGVs and reviews of state-of-the-art are available in
the aforementioned road map [1]. This document is a valuable source for anyone
involved in autonomous vehicle research and development because the future
requirements and capability gaps are clearly set out. The report categorizes four
classes of vehicles with increasing autonomy and perception requirements:

Teleoperated Ground Vehicle (TGV). Sensors enable an operator to visualize
location and movement. No machine cognition is needed, but experience has
shown that remote driving is a difficult task and augmentation of views with
some of the functionality of automatic vision would help the operator. Fong [3] is
a good source for the reader interested in vehicle teleoperation and collaborative
control.

Semi-Autonomous Preceder—Follower (SAP/F). These devices are envis-
aged for logistics and equipment carrying. They require advanced navigation
capability to minimize operator interaction, for example, the ability to select a
traversable path in A-to-B mobility.

Platform-Centric AGV (PC-AGYV). This is a system that has the autonomy
to complete a task. In addition to simple mobility, the system must include extra
terrain reasoning for survivability and self-defense.

Network-Centric AGV (NC-AGYV). This refers to systems that operate as
nodes in tactical warfare. Their perception needs are similar to that of PC-AGVs
but with better cognition so that, for example, potential attackers can be
distinguished.
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TABLE 1.1
Classes of UGV
Class kph Capability gaps Perception tasks TRL 6
Searcher (TGV) All-weather sensors Not applicable 2006
Donkey (SAP/F) 40  Localization and mapping  Detect static obstacles, 2009
algorithms traversable paths
Wingman 100  Long-range sensors and Terrain assessment to detect 2015
(PC-AGV) sensors for classifying potential cover
vegetation
Hunter-killer 120  Multiple sensors and Identification of enemy 2025
(NC-AGV) fusion forces, situation awareness

The road map identifies perception as the priority area for development and
defines increasing levels of “technology readiness.” Some of the require-
ments and capability gaps for the four classes are summarized and presen-
ted in Table 1.1. Technology readiness level 6 (TRL 6) is defined as the
point when a technology component has been demonstrated in a relevant
environment.

These roles range from the rather dumb donkey-type device used to carry
equipment to autonomous lethal systems making tactical decisions in open
country. It must be remembered, as exemplified in the inaugural Grand
Challenge, that the technology readiness levels of most research is a long
way from meeting the most simple of these requirements. The Challenge is
equivalent to a simple A-to-B mobility task for the SAP/F class of UGVs. On
a more positive note, the complexity of the Grand Challenge should not be
understated, and many past research programs, such as Demo III, have demon-
strated impressive capability. Such challenges, with clearly defined objectives,
are essential for making progress as they bring critical problems to the fore and
provide a common benchmark for evaluating technology.

1.2 VISUAL SENSING TECHNOLOGY

1.2.1 Visual Sensors

We first distinguish between passive and active sensor systems: A passive sensor
system relies upon ambient radiation, whereas an active sensor system illumin-
ates the scene with radiation (often laser beams) and determines how this is
reflected by the surroundings. Active sensors offer a clear advantage in outdoor
applications; they are less sensitive to changes in ambient conditions. How-
ever, some applications preclude their use; they can be detected by the enemy
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in military scenarios, or there may be too many conflicting sources in a civilian
setting. At this point we also highlight a distinction between the terms “act-
ive vision” and ‘“‘active sensors.” Active vision refers to techniques in which
(passive) cameras are moved so that they can fixate on particular features [4].
These have applications in robot localization, terrain mapping, and driving in
cluttered environments.

1.2.1.1 Passive imaging

From the application and performance standpoint, our primary concern
is procuring hardware that will acquire good quality data for input to
guidance algorithms; so we now highlight some important considerations when
specifying a camera for passive imaging in outdoor environments.

The image sensor (CCD or CMOS). CMOS technology offers certain
advantages over the more familiar CCDs in that it allows direct access to indi-
vidual blocks of pixels much as would be done in reading computer memory.
This enables instantaneous viewing of regions of interest (ROI) without the
integration time, clocking, and shift registers of standard CCD sensors. A key
advantage of CMOS is that additional circuitry can be built into the silicon
which leads to improved functionality and performance: direct digital out-
put, reduced blooming, increased dynamic range, and so on. Dynamic range
becomes important when viewing outdoor scenes with varying illumination:
for example, mixed scenes of open ground and shadow.

Color or monochrome. Monochrome (B&W) cameras are widely used
in lane-following systems but color systems are often needed in off-road
(or country track) environments where there is poor contrast in detecting travers-
able terrain. Once we have captured a color image there are different methods
of representing the RGB components: for example, the RGB values can be
converted into hue, saturation, and intensity (HSI) [5]. The hue component of
a surface is effectively invariant to illumination levels which can be important
when segmenting images with areas of shadow [6,7].

Infrared (IR). Figure 1.1 shows some views from our semi-urban scene test
circuit captured with an IR camera. The hot road surface is quite distinct as
are metallic features such as manhole covers and lampposts. Trees similarly
contrast well against the sky but in open country after rainfall, different types
of vegetation and ground surfaces exhibit poor contrast. The camera works on
a different transducer principle from the photosensors in CCD or CMOS chips.
Radiation from hot bodies is projected onto elements in an array that heat up,
and this temperature change is converted into an electrical signal. At present,
compared to visible light cameras, the resolution is reduced (e.g., 320 x 240
pixels) and the response is naturally slower. There are other problems to contend
with, such as calibration and drift of the sensor. IR cameras are expensive
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FIGURE 1.1 A selection of images captured with an IR camera. The temperature of sur-
faces gives an alternative and complementary method of scene classification compared
to standard imaging. Note the severe lens distortion.

and there are restrictions on their purchase. However, it is now possible to
install commercial night-vision systems on road vehicles: General Motors offers
a thermal imaging system with head-up display (HUD) as an option on the
Cadillac DeVille. The obvious application for IR cameras is in night driving but
they are useful in daylight too, as they offer an alternative (or complementary)
way of segmenting scenes based on temperature levels.

Catadioptric cameras. In recent years we have witnessed the increasing
use of catadioptric! cameras. These devices, also referred to as omnidirec-
tional, are able to view a complete hemisphere with the use of a parabolic
mirror [8]. Practically, they work well in structured environments due to the
way straight lines project to circles. Bosse [9] uses them indoors and outdoors
and tracks the location of vanishing points in a structure from motion (SFM)
scheme.

1.2.1.2 Active sensors

A brief glimpse through robotics conference proceedings is enough to demon-
strate just how popular and useful laser scanning devices, such as the ubiquitous
SICK, are in mobile robotics. These devices are known as LADAR and are

1 Combining reflection and refraction; that is, a mirror and lens.
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available in 2D and 3D versions but the principles are essentially similar: a
laser beam is scanned within a certain region; if it reflects back to the sensor
off an obstacle, the time-of-flight (TOF) is measured.

2D scanning. The majority of devices used on mobile robots scan (pan)
through 180° in about 13 msec at an angular resolution of 1°. Higher resolution
is obtained by slowing the scan, so at 0.25° resolution, the scan will take about
52 msec. The sensor thus measures both range and bearing {r, 6} of obstacles
in the half plane in front of it. On a moving vehicle the device can be inclined
at an angle to the direction of travel so that the plane sweeps out a volume as
the vehicle moves. It is common to use two devices: one pointing ahead to
detect obstacles at a distance (max. range ~80 m); and one inclined downward
to gather 3D data from the road, kerb, and nearby obstacles. Such devices are
popular because they work in most conditions and the information is easy to
process. The data is relatively sparse over a wide area and so is suitable for
applications such as localization and mapping (Section 1.4.2). A complication,
in off-road applications, is caused by pitching of the vehicle on rough terrain:
this creates spurious data points as the sensor plane intersects the ground plane.
Outdoor feature extraction is still regarded as a very difficult task with 2D ladar
as the scan data does not have sufficient resolution, field-of-view (FOV), and
data rates [10].

3D scanning. To measure 3D data, the beam must be steered though
an additional axis (tilt) to capture spherical coordinates {r, 6, ¢: range, pan,
tilt}. There are many variations on how this can be achieved as an opto-
electromechanical system: rotating prisms, polygonal mirrors, or galvono-
metric scanners are common. Another consideration is the order of scan; one
option is to scan vertically and after each scan to increment the pan angle
to the next vertical column. As commercial 3D systems are very expensive,
many researchers augment commercial 2D devices with an extra axis, either by
deflecting the beam with an external mirror or by rotating the complete sensor
housing [11].

It is clear that whatever be the scanning method, it will take a protracted
length of time to acquire a dense 3D point cloud. High-resolution scans used
in construction and surveying can take between 20 and 90 min to complete a
single frame, compared to the 10 Hz required for a real-time navigation system
[12]. There is an inevitable compromise to be made between resolution and
frame rate with scanning devices. The next generation of ladars will incorporate
flash technology, in which a complete frame is acquired simultaneously on a
focal plane array (FPA). This requires that individual sensing elements on the
array incorporate timing circuitry. The current limitation of FLASH/FPA is the
number of pixels in the array, which means that the FOV is still small, but this
can be improved by panning and tilting of the sensor between subframes, and
then creating a composite image.
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In summary, ladar offers considerable advantages over passive imaging but
there remain many technical difficulties to be overcome before they can meet
the tough requirements for vehicle guidance. The advantages are:

e Unambiguous 3D measurement over wide FOV and distances
e Undiminished night-time performance and tolerance to adverse
weather conditions

The limitations are:

Relatively high cost, bulky, and heavy systems

Limited spatial resolution and low frame rates

Acquisition of phantom points or multiple points at edges or
permeable surfaces

Active systems may be unacceptable in certain applications

The important characteristics to consider, when selecting a ladar for a guid-
ance application, are: angular resolution, range accuracy, frame rate, and cost.
An excellent review of ladar technology and next generation requirements is
provided by Stone at NIST [12].

1.2.2 Modeling of Image Formation and Calibration

1.2.2.1 The ideal pinhole model

It is worthwhile to introduce the concept of projection and geometry and some
notation as this is used extensively in visual sensing techniques such as stereo
and structure from motion. Detail is kept to a minimum and the reader is referred
to standard texts on computer vision for more information [13-15]. The stand-
ard pinhole camera model is adopted, while keeping in mind the underlying
assumptions and that it is an ideal model. A point in 3D space {X € R?} pro-
jects to a point on the 2D image plane {¥ € R?} according to the following
equation:

x = PX: P € R>* (1.1)

This equation is linear because we use homogeneous coordinates by aug-
menting the position vectors with a scalar (X = [)~(T 11T € R*) and likewise
the image point (x = [x y w]T € R3: ¥ = x/w). A powerful and more natural
way of treating image formation is to consider the ray model as an example
of projective space. P is the projection matrix and encodes the position of the
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camera and its intrinsic parameters. We can rewrite (1.1) as:

x=K[R TIX:K eR>3, ReSOQB), TeR? (1.2)

Internal (or intrinsic) parameters. These are contained in the calibration

matrix K, which can be parameterized by: focal length (f), aspect ratio («), skew
(s), and the location of the offset of the principal point in the image {ug, vo}.

fos uo
K=10 aof w (1.3)
0 0 1

External (or extrinsic) parameters. These are the orientation and position
of the camera with respect to the reference system: R and T in Equation 1.2.

1.2.2.2 Calibration

We can satisfy many vision tasks working with image coordinates alone and a
projective representation of the scene. If we want to use our cameras as meas-
urement devices, or if we want to incorporate realistic dynamics in motion
models, or to fuse data in a common coordinate system, we need to upgrade
from a projective to Euclidean space: that is, calibrate and determine the
parameters. Another important reason for calibration is that the wide-angle
lenses, commonly used in vehicle guidance, are subject to marked lens distortion
(see Figure 1.1); without correction, this violates the assumptions of the ideal
pinhole model.

A radial distortion factor is calculated from the coefficients {k;} and the
radial distance (r) of a pixel from the center {x,, y,}.

8(r)=14+kir +kartir = (G —x)> + Ga —yp))" (14
The undistorted coordinates are then
(X =Gg —xp)8 +xp, Yy = Ga — yp)S + yp) (1.5)

Camera calibration is needed in a very diverse range of applications and so
there is wealth of reference material available [16,17]. For our purposes, we
distinguish between two types or stages of calibration: linear and nonlinear.

1. Linear techniques use a least-squares type method (e.g., SVD) to
compute a transformation matrix between 3D points and their 2D pro-
jections. Since the linear techniques do not include any lens distortion
model, they are quick and simple to calculate.
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2. Nonlinear optimization techniques account for lens distortion in
the camera model through iterative minimization of a determined
function. The minimizing function is usually the distance between
the image points and modeled projections.

In guidance applications, it is common to adopt a two-step technique: use
a linear optimization to compute some of the parameters and, as a second step,
use nonlinear iteration to refine, and compute the rest. Since the result from the
linear optimization is used for the nonlinear iteration, the iteration number
is reduced and the convergence of the optimization is guaranteed [18-20].
Salvi [17] showed that two-step techniques yield the best result in terms of
calibration accuracy.

Calibration should not be a daunting prospect because many software tools
are freely available [21,22]. Much of the literature originated from photo-
grammetry where the requirements are much higher than those in autonomous
navigation. It must be remembered that the effects of some parameters, such as
image skew or the deviation of the principal point, are insignificant in com-
parison to other uncertainties and image noise in field robotics applications.
Generally speaking, lens distortion modeling using a radial model is sufficient
to guarantee high accuracy, while more complicated models may not offer much
improvement.

A pragmatic approach is to carry out much of the calibration off-line in
a controlled setting and to fix (or constrain) certain parameters. During use,
only a limited set of the camera parameters need be adjusted in a calibration
routine. Caution must be employed when calibrating systems in sifu because
the information from the calibration routine must be sufficient for the degrees of
freedom of the model. If not, some parameters will be confounded or wander in
response to noise and, later, will give unpredictable results. A common problem
encountered in field applications is attempting a complete calibration off essen-
tially planar data without sufficient and general motion of the camera between
images. An in situ calibration adjustment was adopted for the calibration of the
IR camera used to take the images of Figure 1.1. The lens distortion effects were
severe but were suitably approximated and corrected by a two-coefficient radial
distortion model, in which the coefficients (k1, ko) were measured off-line. The
skew was set to zero; the principal point and aspect ratio were fixed in the
calibration matrix. The focal length varied with focus adjustment but a default
value (focused at infinity) was measured. Of the extrinsic parameters, only the
tilt of the camera was an unknown in its application: the other five were set by
the rigid mounting fixtures. Once mounted on the vehicle, the tilt was estimated
from the image of the horizon. This gave an estimate of the camera calibration
which was then improved given extra data. For example, four known points
are sufficient to calculate the homographic mapping from ground plane to the
image. However, a customized calibration routine was used that enforced the
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constraints and the physical degrees of freedom of the camera, yet was stable
enough to work from data on the ground plane alone. As a final note on calib-
ration: any routine should also provide quantified estimates of the uncertainty
of the parameters determined.

1.3 VisuAL GUIDANCE SYSTEMS

1.3.1 Architecture

The modules of a working visual guidance system (VGS) are presented in
Figure 1.2. So far, we have described the key sensors and sensor models. Before
delving into task-specific processes, we need to clarify the role of VGS within
the autonomous vehicle system architecture. Essentially, its role is to capture
raw sensory data and convert it into model representations of the environment
and the vehicle’s state relative to it.

1.3.2 World Model Representation

A world model is a hierarchical representation that combines a variety of sensed
inputs and a priori information [23]. The resolution and scope at each level are
designed to minimize computational resource requirements and to support plan-
ning functions for that level of the control hierarchy. The sensory processing
system that populates the world model fuses inputs from multiple sensors and
extracts feature information, such as terrain elevation, cover, road edges, and
obstacles. Feature information from digital maps, such as road networks, elev-
ation, and hydrology, can also be incorporated into this rich world model. The
various features are maintained in different layers that are registered together to
provide maximum flexibility in generation of vehicle plans depending on mis-
sion requirements. The world model includes occupancy grids and symbolic
object representations at each level of the hierarchy. Information at different
hierarchical levels has different spatial and temporal resolution. The details of
a world model are as follows:

Low resolution obstacle map and elevation map. The obstacle map consists
of a 2D array of cells [24]. Each cell of the map represents one of the follow-
ing situations: traversable, obstacle (positive and negative), undefined (such as
blind spots), potential hazard, and so forth. In addition, high-level terrain classi-
fication results can also be incorporated in the map (long grass or small bushes,
steps, and slopes). The elevation contains averaged terrain heights.

Mid-resolution terrain feature map. The features used are of two types,
smooth regions and sharp discontinuities [25].

A priori information. This includes multiple resolution satellite maps and
other known information about the terrain.
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FIGURE 1.2  Architecture of the VGS.
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Model update mechanism. As the vehicle moves, new sensed data inputs can
either replace the historical ones, or a map-updating algorithm can be activated.

We will see real examples of occupancy grids in Section 1.5.3 and
Section 1.3.6 (Figure 1.8 and Figure 1.9).

1.3.3 Physical Limitations

We now examine the performance criteria for visual perception hardware with
regards to the classes of UGVs. Before we even consider algorithms, the phys-
ical realities of the sensing tasks are quite daunting. The implications must
be understood and we will demonstrate with a simple analysis. A wide FOV
is desirable so that there is a view of the road in front of the vehicle at close
range. The combination of lens focal length (f) and image sensor dimensions
(H, V) determine the FOV and resolution. For example, a 1/2" sensor has image
dimensions (H = 6.4 mm, V = 4.8 mm). The angle of view (horizontally) is
approximated by

0 2 arct 1 (1.6)
= 2 arctan — .
H o

and it is easily calculated that a focal length of 5 mm will equate to an angle
of view of approximately 65° with a sensor of this size. It is also useful to
quote a value for the angular resolution; for example, the number of pixels per
degree. With an output of 640 x 480 pixels, the resolution for this example is
approximately 10 pixels per degree (or 1.75 mrad/pixel).

Now consider the scenario of a UGV progressing along a straight flat road
and that it has to avoid obstacles of width 0.5 m or greater. We calculate the
pixel size of the obstacle, at various distances ahead, for a wide FOV and a
narrow FOV, and also calculate the time it will take the vehicle to reach the
obstacle. This is summarized in Table 1.2.

TABLE 1.2
Comparison of Obstacle Image Size for Two Fields-of-
View and Various Distances to the Object

Obstacle size (pixel) Time to cover distance (sec)

Distance, d (m) FOV 60° FOV 10° 120 kph 60 kph 20 kph

8 35 113 0.24 0.48 1.44
20 14 45 0.6 1.2 3.6
50 5.6 18 1.5 3 9
300 0.9 3 9 18 54
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FIGURE 1.3 The ability of a sensor to image a negative obstacle is affected by the
sensor’s height, resolution, and the size of the obstacle. It is very difficult to detect holes
until the vehicle is within 10 m.

It can be observed from Table 1.2 that:

1. The higher the driving speed, the further the camera lookahead dis-
tance should be to give sufficient time for evasive action. For example,
if the system computation time is 0.2 sec and the mechanical latency
is 0.5 sec, a rough guideline is that at least 50 m warning is required
when driving at 60 kph.

2. Atlonger lookahead distances, there are fewer obstacle pixels in the
image — we would like to see at least ten pixels to be confident
of detecting the obstacle. A narrower FOV is required so that the
obstacle can be seen.

A more difficult problem is posed by the concept of a negative obstacle: a
hole, trench, or water hazard. It is clear from simple geometry and Figure 1.3
that detection of trenches from imaging or range sensing is difficult. A trench
is detected as a discontinuity in range data or the disparity map. In effect we
only view the projection of a small section of the rear wall of the trench: that is,
the zone bounded by the rays incident with the forward and rear edges.

We conclude from Table 1.3 that with a typical camera mounting height of
2.5 m, a trench of width 1 m will not be reliably detected at a distance of 15 m,
assuming a minimum of 10 pixels are required for negative obstacle detection.
This distance is barely enough for a vehicle to drive safely at 20 kph. The
situation is improved by raising the camera; at a height of 4 m, the ditch will
be detected at a distance of 15 m. Alternatively, we can select a narrow FOV
lens. For example, a stereo vision system with FOV (15°H x 10°V) is able to
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TABLE 1.3
Influence of Camera Height on Visibility of Negative
Obstacles

Visibility of negative obstacle (pixels)
trench width w=1m

Distance, d (m) Camera height h =2.5m Camera height h =4 m

8 21 (0.31 m) 35(0.5m)
15 6.8 (0.17 m) 11 (0.27 m)
25 2.5 (0.1 m) 4(0.16 m)

cover a width of 13 m at distance 25 m and possibly detect a ditch {w = 1 m,
h = 4 m} by viewing 8 pixels of the ditch.
There are several options for improving the chances of detecting an obstacle:

Raising the camera. This is not always an option for practical and oper-
ational reasons; for example, it makes the vehicle easier to detect by the
enemy.

Increasing focal length. This has a direct effect but is offset by prob-
lems with exaggerated image motion and blurring. This becomes an important
consideration when moving over a rough terrain.

Increased resolution. Higher-resolution sensors are available but they will
not help if a sharp image cannot be formed by the optics, or if there is image blur.

The trade-off between resolution and FOV is avoided (at extra cost and
complexity) by having multiple sensors. Figure 1.4 illustrates the different
fields-of-view and ranges of the sensors on the VGS. Dickmanns [26,27], uses
a mixed focal system comprising two wide-angle cameras with divergent axes,
giving a wide FOV (100°). A high-resolution three-chip color camera with
greater focal length is placed between the other cameras for detecting objects
at distance. The overlapping region of the cameras’ views give a region of
trinocular stereo.

1.3.4 Road and Vehicle Following
1.3.4.1 State-of-the-art

Extensive work has been carried out on road following systems in the late 1980s
and throughout the 1990s; for example, within the PROMETHEUS Programme
which ran from 1987 until 1994. Dickmanns [28] provides a comprehensive
review of the development of machine vision for road vehicles. One of the key
tasks is lane detection, in which road markings are used to monitor the position
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2D ladar|

FIGURE 1.4 Different subsystems of the VGS provide coverage over different field-
of-view and range. There is a compromise between FOV and angular resolution. The
rectangle extending to 20 m is the occupancy grid on which several sensory outputs
are fused.

of the vehicle relative to the road: either for driver assistance/warning or for
autonomous lateral control. Lane detection is therefore a relatively mature tech-
nology; anumber of impressive demonstrations have taken place [29], and some
systems have achieved commercial realization such as Autovue and AssistWare.
There are, therefore, numerous sources of reference where the reader can find
details on image processing algorithms and details of practical implementation.
Good places to start are at the PATH project archives at UCLA, the final report
of Chauffeur II programme [30], or the work of Broggi on the Argo project [29].
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The Chauffeur II demonstration features large trucks driving in convoy
on a highway. The lead vehicle is driven manually and other trucks equipped
with the system can join the convoy and enter an automatic mode. The system
incorporates lane tracking (lateral control) and maintaining a safe distance to the
vehicle in front (longitudinal control). This is known as a “virtual tow-bar” or
“platooning.” The Chauffeur II demonstration is highly structured in the sense
that it was implemented on specific truck models and featured inter-vehicle
communication. Active IR patterns are placed on the rear of the vehicles to aid
detection, and radar is also used. The PATH demonstration (UCLA, USA) used
stereo vision and ladar. The vision system tracks features on a car in front and
estimates the range of an arbitrary car from passive stereo disparity. The ladar
system provides assistance by guiding the search space for the vehicle in front
and increasing overall robustness of the vision system. This is a difficult stereo
problem because the disparity of features on the rear of car is small when viewed
from a safe driving separation. Recently much of the research work in this area
has concentrated on the problems of driving in urban or cluttered environments.
Here, there are the complex problems of dealing with road junctions, traffic
signs, and pedestrians.

1.3.4.2 A road camera model

Road- and lane-following algorithms depend on road models [29]. These mod-
els have to make assumptions such as: the surface is flat; road edges or markings
are parallel; and the like. We will examine the camera road geometry because,
with caution, it can be adapted and applied to less-structured problems. For
simplicity and without loss of generality, we assume that the road lies in the
plane Z = 0. From Equation 1.1, setting all Z coordinates of X to zero is equi-
valent to striking out the third column of the projection matrix P in Equation 1.2.
There is a homographic correspondence between the points of the road plane
and the points of the image plane which can be represented by a 3 x 3 matrix
transformation. This homography is part of the general linear group GL3 and as
such inherits many useful properties of this group. The projection Equation 1.1
becomes

x =HX: H e R>3 (1.7)

As a member of the group, a transformation H must®> have an inverse,
so there will also be one-to-one mapping of image points (lines) to points
(lines) on the road plane. The elements of H are easily determined (calib-
ration) by finding at least four point correspondences in general position on

2 The exception to this is when the road plane passes through the camera center, in which case H
is singular and noninvertible (but in this case the road would project to a single image line and the
viewpoint would not be of much use).
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FIGURE 1.5 The imaging of planar road surface is represented by a one-to-one invert-
ible mapping. A rectangular search region projects to a trapezoidal search region in
the image.

the planes.> The homography can be expressed in any valid representation of
the projective space: that is, we can change the basis to match the camera
coordinate system. This means that the road does not have to be the plane
Z = 0 but can be an arbitrary plane in 3D; the environment can be modeled
as a set of discrete planes IT; each with a homography H; that maps it to the
image plane.

In practice we use the homography to project a search region onto the
image; a rectangular search space on the road model becomes a trapezoid on
the image (Figure 1.5). The image is segmented, within this region, into road
and nonroad areas. The results are then projected onto the occupancy grid for
fusion with other sensors. Care must be taken because 3D obstacles within the
scene may become segmented in the image as driveable surfaces and because
they are “off the plane,” their projections on the occupancy grid will be very
misleading. Figure 1.6 illustrates this and some other important points regarding
this use of vision and projections to and from the road surface. Much information
within the scene is ignored; the occupancy gird will extend to about 20 m
in front of the vehicle but perspective effects such as vanishing points can
tell us a lot about relative direction, or be used to anticipate events ahead.
The figure also illustrates that, due to the strong perspective, the uncertainty
on the occupancy grid will increase rapidly as the distance from the vehicle
increases. (This is shown in the figure as the regular spaced [2 m] lane markings
on the road rapidly converge to a single pixel in the image.) Both of these
considerations suggest that an occupancy grid is convenient for fusing data but

3 Four points give an exact solution; more than four can reduce the effects of noise using least
squares; known parameters of the projection can be incorporated in a nonlinear technique. When
estimating the coefficients of a homography, principles of calibration as discussed in Section 4.2.2.2
apply. Further details and algorithms are available in Reference 13.
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FIGURE 1.6 The image on the left is of a road scene and exhibits strong perspective
which in turn results in large differences in the uncertainty of reprojected measurements.
The figure on the right was created by projecting the lower 300 pixels of the image onto
a model of the ground plane. The small box (20 x 20 m?) represents the extent of a
typical occupancy grid used in sensor fusion.

transformation to a metric framework may not be the best way to represent visual
information.

1.3.5 Obstacle Detection

1.3.5.1 Obstacle detection using range data

The ability to detect and avoid obstacles is a prerequisite for the success of the
UGYV. The purpose of obstacle detection is to extract areas that cannot or should
not be traversed by the UGV. Rocks, fences, trees, and steep upward slopes are
some typical examples. The techniques used in the detection of obstacles may
vary according to the definition of “obstacle.” If “obstacle” means a vehicle or
a human being, then the detection can be based on a search for specific patterns,
possibly supported by feature matching. For unstructured terrain, a more general
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definition of obstacle is any object that can obstruct the vehicle’s driving path
or, in other words, anything rising out significantly from the road surface.

Many approaches for extracting obstacles from range images have been
proposed. Most approaches use either a global or a local reference plane to
detect positive (above the reference plane) or negative (below the reference
plane) obstacles. It is also possible to use salient points detected by an elevation
differential method to identify obstacle regions [31]. The fastest of obstacle
detection algorithms, range differencing, simply subtract the range image of
an actual scene from the expected range image of a horizontal plane (global
reference plane). While rapid, this technique is not very robust, since mild
slopes will result in false indications of obstacles. So far the most frequently
used and most reliable solutions are based on comparison of 3D data with
local reference planes. Thorpe et al. [22] analyzed scanning laser range data
and constructed a surface property map represented in a Cartesian coordinate
system viewed from above, which yielded the surface type of each point and its
geometric parameters for segmentation of the scene map into traversable and
obstacle regions. The procedure includes the following.

Preprocessing. The input from a 2D ladar may contain unreliable range data
resulting from surfaces such as water or glossy pigment, as well as the mixed
points at the edge of an object. Filtering is needed to remove these undesirable
jumps in range. After that, the range data are transformed from angular to
Cartesian (x-y-z) coordinates.

Feature extraction and clustering. Surface normals are calculated from x-y-z
points. Normals are clustered into patches with similar normal orientations.
Region growth is used to expand the patches until the fitting error is larger than
a given threshold. The smoothness of a patch is evaluated by fitting a surface
(plane or quadric).

Defect detection. Flat, traversable surfaces will have vertical surface nor-
mals. Obstacles will have surface patches with normals pointed in other
directions.

Defect analysis. A simple obstacle map is not sufficient for obstacle ana-
lysis. For greater accuracy, a sequence of images corresponding to overlapping
terrain is combined in an extended obstacle map. The analysis software can
also incorporate color or curvature information into the obstacle map.

Extended obstacle map output. The obstacle map with a header (indic-
ating map size, resolution, etc.) and a square, 2D array of cells (indicating
traversability) are generated for the planner.

1.3.5.2 Stereo vision

Humans exploit various physiological and psychological depth cues. Stereo
cameras are built to mimic one of the ways in which the human visual system
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X=[xyZ"

FIGURE 1.7  Epipolar geometry is valid for general positions of two views. The figure
on the left illustrates the epipolar lines for two frames (1 and 2). However, if the optical
axes are parallel and the camera parameters are similar, stereo matching or the search for
corresponding features is much easier. The figure on the right illustrates the horizontal
and collinear epipolar lines in a left-right configuration with fixed baseline B.

(HVS) works to obtain depth information [32]. In a standard configuration,
two cameras are bound together with a certain displacement (Figure 1.7). This
distance between the two camera centers is called the baseline B. In stereo
vision, the disparity measurement is the difference in the positions of two cor-
responding points in the left and right images. In the standard configuration, the
two camera coordinate systems are related simply by the lateral displacement
B (Xg = X1 + B). As the cameras are usually “identical” (f = frp = f) and
aligned such that (Z; = Zr = Z) the epipolar geometry and projection equation
(x = f X/Z) enable depth Z to be related to disparity d:

X, +B
Z

d f Iy (18)

=XgR — XL = — =f= .
R — XL 7 7

where f is the focal length of the cameras. Since B and F are constants, the

depth z can be calculated when d is known from stereo matching (Z = fB/d).

1.3.5.2.1 Rectification

As shown in Figure 1.7, for a pair of images, each point in the “left” image is
restricted to lie on a given line in the “right” image, the epipolar line — and
vice versa. This is called the epipolar constraint. In standard configurations the
epipolar lines are parallel to image scan lines, and this is exploited in many
algorithms for stereo analysis. If valid, it enables the search for corresponding
image features to be confined to one dimension and, hence, simplified. Stereo
rectification is a process that transforms the epipolar lines so that they are
collinear, and both parallel to the scan line. The idea behind rectification [33] is
to define two new perspective matrices which preserve the optical centers but
with image planes parallel to the baseline.
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1.3.5.2.2 Multi-baseline stereo vision

Two main challenges facing a stereo vision system are: mismatch (e.g., points
in the left image match the wrong points in the right image) and disparity
accuracy. To address these issues, multiple (more than two) cameras can be
used. Nakamura et al. [34] used an array of cameras to resolve occlusion by
introducing occlusion masks which represent occlusion patterns in a real scene.
Zitnick and Webb [35] introduced a system of four cameras that are horizontally
displaced and analyze potential 3D surfaces to resolve the feature matching
problem.

When more than two cameras or camera locations are employed, multiple
stereo pairs (e.g., cameras 1 and 2, cameras 1 and 3, cameras 2 and 3, etc.)
result in multiple, usually different baselines. In the parallel configuration,
each camera is a lateral displacement of the other. For a given depth, we then
calculate the respective expected disparities relative to a reference camera (say,
the leftmost camera) as well as the sum of match errors over all the cameras.
The depth associated with a given pixel in the reference camera is taken to be
the one with the lowest error. The multi-baseline approach has two distinctive
advantages over the classical stereo vision [36]:

e It can find a unique match even for a repeated pattern such as the
cosine function.
e It produces a statistically more accurate depth value.

1.3.5.2.3 General multiple views

During the 1990s significant research was carried out on multiple view geo-
metry and demonstrating that 3D reconstruction is possible using uncalibrated
cameras in general positions [14]. In visual guidance, we usually have the
advantage of having calibrated cameras mounted in rigid fixtures so there seems
little justification for not exploiting the simplicity and speed of the algorithms
described earlier. However, the fact that we can still implement 3D vision even
if calibration drifts or fixtures are damaged, adds robustness to the system
concept. Another advantage of more general algorithms is that they facilitate
mixing visual data from quite different camera types or from images taken from
arbitrary sequences in time.

1.3.5.3 Application examples

In this section we present some experimental results of real-time stereo-vision-
based obstacle detection for unstructured terrain. Two multi-baseline stereo
vision systems (Digiclops from Pointgrey Research, 6 mm lens) were mounted
at a height of 2.3 m in front and on top of the vehicle, spaced 20 cm apart.
The two stereo systems were calibrated so that their outputs were referred to
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FIGURE 1.8 (a) Isodisparity profile lines generated from the disparity map using a
LUT method. (b) A single isodisparity line (curved line), its reference line (straight) and
detected obstacle pixels. (c) Detected obstacle points. (d) Obstacle map.

the same vehicle coordinate system. A centralized triggering signal was gener-
ated for the stereo systems and other sensors to synchronize the data capturing.
The stereo systems were able to generate disparity maps at a frequency of
10 frames/sec. To detect obstacles, an isodisparity profile-based obstacle detec-
tion method was introduced [37], which converted the 3D obstacle detection
into 1D isodisparity profile segmentation. The system output was an obstacle
map with 75 x 75 elements, each representing a 0.2 m x 0.2 m area within
15 m x 15 m in front of the vehicle. Seventy-five isodisparity profiles were
generated from the disparity map using a look-up-table method (Figure 1.8a).
The name isodisparity comes from the fact that points in each profile line have
the same disparity value. Regardless of the size of the disparity map (usu-
ally 320 x 240 pixels), the method was able to identify 75 x 75 points from
the disparity image, which exactly matched the elements of the obstacle map.
By processing these 75 x 75 points using reference-line-based histogram clas-
sification, obstacle points were detected with subpixel accuracy. Figure 1.8a
shows the profiles of a typical test terrain with road and bushes. Figure 1.8b
shows the calculated reference lines. It is noteworthy that the reference lines
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form a curved surface instead of a planar surface used by other approaches.
The final obstacle detection result and map are displayed in Figure 1.8c and d,
respectively.

1.3.6 Sensor Fusion

The most important task of a VGS is to provide accurate terrain descriptions
for the path planner. The quality of terrain maps is assessed by miss rate and
false alarm. Here, the miss rate refers to the occurrence frequency of missing
a true obstacle while a false alarm is when the VGS classifies a traversable
region as an obstacle region. Imaging a stereo vision system with a frame rate
of 10 Hz will generate 3000 obstacle maps in 5 min. Even with a successful
classification rate of 99.9%, the system may produce an erroneous obstacle
map three times of which may cause an error in path planning. The objective of
sensor fusion is to combine the results from multiple sensors, either at the raw
data level or at the obstacle map level, to produce a more reliable description
of the environment than any sensor individually. Some examples of sensor
fusion are:

N-modular redundancy fusion: Fusion of three identical radar units can
tolerate the failure of one unit.

Fusion of complementary sensors: Color terrain segmentation results can
be used to verify 3D terrain analysis results.

Fusion of competitive sensors: Although both laser and stereo vision per-
form obstacle detection, their obstacle maps can be fused to reduce false
alarms.

Synchronization of sensors: Different sensors have different resolutions
and frame rates. In addition to calibrating all sensors using the same vehicle
coordinates, sensors need to be synchronized both temporally and spatially
before their results can be merged. Several solutions can be applied for sensor
synchronization.

An external trigger signal based synchronization: For sensors with external
trigger capability such as IR, color, and stereo cameras, their data capturing can
be synchronized by a hardware trigger signal from the control system of the
UGV. For laser or ladar, which do not have such capability, the data captured at
the time nearest to the trigger signal are used as outputs. In this case, no matter
how fast a laser scanner can scan (usually 20 frames/sec), the fusion frame rate
depends on the slowest sensor (usually stereo vision, around 10 frames/sec).

A centralized time stamp for each image from each sensor: In this case
sensors capture data as fast as they can. Since each sensor normally has its
own CPU for data processing, a centralized control system will send out a
standardized time stamp signal to all CPUs regularly (say, every 1 h) to minimize
the time stamp drift.
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When sensor outputs are read asynchronously, certain assumptions such as
being Linear Time Invariant (LTI) [38] can be made to propagate asynchron-
ized data to the upcoming sample time of the control system. Robl [38] showed
examples of using first-order hold and third-order hold methods to predict sensor
values at desired times. When different resolution sensors are to be fused
at the data level (e.g., fusion of range images from ladar and stereo vision),
down-sampling of sensor data with higher spatial resolution by interpolation
is performed. For sensor fusion at the obstacle map level, spatial synchron-
ization is not necessary since a unique map representation is defined for all
Sensors.

Example: Fusion of laser and stereo obstacle maps for false alarm suppression

Theoretically, pixel to pixel direct map fusion is possible if the calibra-
tion and synchronization of the geometrical constraints (e.g., rotation and
translation between laser and stereo system) remain unchanged after calib-
ration. Practically, however, this is not realistic, partially due to the fact that
sensor synchronization is not guaranteed at all times: CPU loading, terrain
differences, and network traffic for the map output all affect the synchroniza-
tion. Feature-based co-registration sensor fusion, alternatively, addresses this
issue by computing the best-fit pose of the obstacle map features relative to
multiple sensors which allows refinement of sensor-to-sensor registration. In
the following, we propose a localized correlation based approach for obstacle-
map-level sensor fusion. Assuming the laser map L;; and stereo map S;; is to be
merged to form F;. A map element takes the value O for a traversable pixel, 1
for an obstacle, and anything between 0 and 1 for the certainty of the pixel to be
classified as an obstacle. We formulate the correlation-based sensor fusion as

L S;j = undefined
Sij L;j = undefined

i =) @1y + a2Siemgen) /(@ +a2) max(Corr(LySismgin) mon € Q
undefined Sij, Lij = undefined

(1.9)

where €2 represents a search area and {a1, a>} are weighting factors. Corr(L, )
is the correlation between L and S elements with window size w:

we/2 we/2

Corr(LigSismjtn) = Y. Y LitpjsqSitmipjintq  (1.10)
pP=—wc/2 g=—wc/2
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The principle behind the localized correlation sensor fusion is: instead of
directly averaging L;; and Sj; to get Fj;, a search is performed to find the best
match within a small neighborhood. The averaging of the center pixel at a
matched point produces the final fusion map.

In case an obstacle map only takes three values: obstacle, traversable, and
undefined; the approach above can be simplified as

L S = undefined
Sij  Ljj = undefined

Fi=31 Lj=1,Cyp>T,D<T, (1.11)
1 8;=1Co>T1,D<T,

0  otherwise

where T and T, are preset thresholds that depend on the size of the search
window. In our experiments a window of size 5 x 5 pixels was found to
work well. The choice of size is a compromise between noise problems with
small windows and excessive boundary points with large windows. Cy, and
Cj, are obstacle pixel counts within the comparison window we, for L;; and S;;,
respectively, D is the minimum distance between L;; and §j; in €2:

we/2 we/2
D=min| > > ISimipjintg — Livpjrgl | (mm) €@ (1.12)
p=—wc/2 gq=—w¢/2
we/2 we/2

Co= Y, D Sitmipjtntq (1.13)

p=—w¢/2 q=—wc/2

The advantage of implementing correlation-based fusion method is two-
fold: it reduces false alarm rates and compensates for the inaccuracy from
laser and stereo calibration/synchronization. The experimental results of using
above mentioned approach for laser and stereo obstacle map fusion are shown
in Figure 1.9.

The geometry of 2D range and image data fusion. Integration of sensory
data offers much more than a projection onto an occupancy grid. There exist
multiple view constraints between image and range data analogous to those
between multiple images. These constraints help to verify and disambiguate
data from either source, so it is useful to examine the coordinate transformations
and the physical parameters that define them. This will also provide a robust
framework for selecting what data should be fused and in which geometric
representation.
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FIGURE 1.9 Sensor fusion of laser and stereo obstacle maps. False alarm in laser
obstacle map (left image, three laser scanning lines at the top of the map), is suppressed
by fusion with the stereo vision obstacle map (middle image), and a more reliable fusion
result is generated (right image).

First, consider the relationship between a data point from the ladar and a
world coordinate system. We can transform {r,0} to a point X in a Cartesian
space. A 3D point X will be detected by an ideal ladar if it lies in the plane
[1z—o expressed in the sensor’s coordinate system. (This is neglecting the range
limits, and the finite size and divergence of the laser beam). If the plane, in the
world coordinate system, is denoted as I, the set of points that can be detected
satisfy

Mx =0 (1.14)

Alternatively we expand the rigid transformation equation and express this as
a constraint (in sensor coordinates)

RY T
xx=G6/x qGV=("1* (1.15)
0 1
Only the third row of G [r3; Tz] plays any part in the planar constraint on the
point {X = [X ¥ Z 1]T}. The roles of the parameters are then explicit:

X +rpY+r3Z+77=0 (1.16)

However, if the vehicle is moving over tough terrain there will be considerable
uncertainty in the instantaneous parameters of R and 7. We therefore look at
a transformation between ladar data and image data without reference to any
world coordinate system. Assuming there are no occlusions, X will be imaged
as x on the image plane I1; of the camera. As X lies in a plane I, there exists
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a homography H (abbreviated from H IL ladar to image) that maps X to x.

x=HX:H e R¥3 (1.17)

This mapping is unambiguous and is parameterized by the geometry
between the two sensors which is less uncertain than the geometry with
reference to a world coordinate system. H can be solved from point
correspondences and if required it can be decomposed into the geometric
parameters relating the two planes.

The reverse mapping is not unambiguous: a point X is the image of the ray
passing through x and the optical center Oc. We can map x (with H~!) to a
single point p {r, 6} in the laser parameter space but there is no guarantee that
the true 3D point that gave rise to X in the image came from this plane. Another
consideration is that image-ladar correspondences are rarely point-to-point but
line-to-point. (ladar data rarely comes from a distinct point in 3D; it is more
likely to have come from a set of points such as a vertical edge or the surface of
a tree.) Consider the image of the pole shown in Figure 1.10; the pre-image of
this is a plane, and so the image line could be formed from an infinite set of lines
(apencil) in this plane. However, knowledge of the laser point p, constrains the
3D space line to the pencil of lines concurrent with X. Furthermore, assuming
that the base of the image line corresponds to the ground plane is sufficient
to define a unique space line. There are various ways to establish mappings
between the two types of sensors without reliance on a priori parameters with
their associated uncertainties.

FIGURE 1.10 There is ambiguity in both ladar and imaging data. There are geometric
constraints between the sets of data that will assist in disambiguation and improving
reliability of both systems.
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One of the key problems in processing ladar data is data association.
For example, consider capturing data from a tree. The points that are detec-
ted depend on the viewpoint: that is, surface features are not pose invariant
[10]. This problem becomes easier with the use of a putative model of the tree
whose 2D position is determined by a centroid, which is invariant. Such a model
is easier to initiate if image data provides the evidence that the data points match
image features with the correct “tree-like” attributes. Once we have a model we
can anticipate where to search for features to match data points and vice-versa.
In this case we want to compare the real data with a model prediction but this
has to be very efficient given the large amount of data and hypotheses that will
occur. A typical problem is to test if a model patch will be detected by a sensor,
and how many data points to expect. Range detection is equivalent to ray inter-
section and is more easily solved after projection into a 2D space: a cylindrical
projection is sufficient and preserves the topology.

To summarize, in isolation there is much ambiguity in either sensor, and
exchanging information using image constraints can reduce this problem. The
difficulty is how to implement this practically as the concept of “being like
a tree” is more abstract than the neat formulation of raw data fusion as seen
in Section 1.3.6. This lack of precise mathematical formulation and reliance
on heuristic rules deters many researchers. However, recent advances and
increased processing speeds have made probabilistic reasoning techniques tract-
able and worthy of consideration in real-time problems such as visual guidance
and terrain assessment.

1.4 CHALLENGES AND SOLUTIONS

The earlier sections have detailed many of the practical difficulties of visually
based guidance and presented pragmatic techniques used during field demon-
strations. To be realistic, autonomous vehicles represent a highly complex set
of problems and current capability is still at the stage of the SAP/F “donkey”
engaged in A-to-B mobility. To extend this capability, researchers need to think
further along the technology road map [1] and tackle perception challenges
such as: terrain mapping, detection of cover, classification of vegetation, and
the like.

1.4.1 Terrain Classification

Obstacle detection based only on distance information is not sufficient. Long
grass or small bushes will also be detected as obstacles because of their height.
However, the vehicle could easily drive through these “soft” obstacles. Altern-
atively, soft vegetation can cover a dangerous slope but appear as a traversable
surface. To reduce unnecessary avoidance driving, detected obstacles need to

© 2006 by Taylor & Francis Group, LLC



34 Autonomous Mobile Robots

be classified as “dangerous” or “not dangerous.” Color cameras can be used to
perform terrain classification. Color segmentation relies on having a complete
training set. As lighting changes, due to time of day or weather conditions, the
appearance of grass and obstacle change as well. Although color normalization
methods have been successfully applied to the indoor environment, they, to
our knowledge, fail to produce reasonable results in an outdoor environment.
Similarly, color segmentation can classify flat objects, such as fallen leaves, as
obstacles, since their color is different from grass.

If dense range measurements in a scene are available (e.g., using ladar), they
can be used, not only to represent the scene geometry, but also to characterize
surface types. For example, the range measured on bare soil or rocks tends to
lie on a relatively smooth surface; in contrast, in the case of bushes, the range
is spatially scattered. While it is possible — although by no means trivial — to
design algorithms for terrain classification based on the local statistics of range
data [39-41], the confidence level of a reliable classification is low. Table 1.4
lists the most frequently encountered terrain types and possible classification
methods.

1.4.2 Localization and 3D Model Building from Vision

Structure from motion (SFM) is the recovery of camera motion and scene
structures — and in certain cases camera intrinsic parameters — from image

TABLE 1.4
Terrain Types and Methods of Classification
Confidence
Terrain type Sensors Classification methods level
Vegetable IR/Color camera Segmentation Medium
Rocks IR/Color camera Segmentation Medium
‘Walls/fence Camera, stereo, Texture analysis, obstacle High
laser detection
Road (paved, gravel, IR/Color camera Segmentation Medium
dirt)
Slope Stereo, ladar Elevation analysis, surface fit High
Ditch, hole Stereo, ladar Low
Sand, dirt, mud, IR/Color camera Segmentation Medium
gravel
‘Water Polarized camera, Feature detection, sensor fusion ~Medium
laser scanner
Moving target Camera, stereo Optical flow, obstacle High

detection, pattern matching
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sequences. Itis attractive because it avoids the requirement for a priori models of
the environment. The techniques are based on the constraints that exist between
the multiple views of features. This is a mature area of computer vision that
has attracted intensive research activity in the previous decade, prompted by
the breakthroughs in multiple view geometry in the early 1990s. Much of the
original work was motivated by mobile robotics but soon found more general
application such as: the generation of special effects for cinema, scene recovery
for virtual reality, and 3D reconstruction for architecture. Here, the theoretical
drive has been inspired by the recovery of information from recorded sequences
such as camcorders where the motion is general and little can be assumed
regarding the camera parameters. These tasks can be accomplished off-line and
the features and camera parameters from long sequences solved as a large-scale
optimization in batch mode. As such, many would regard this type of SFM as a
solved problem but the conditions in vehicle navigation are specific and require
separate consideration:

e The motion is not “general,” it may be confined to a plane, or
restricted to rotations around axes normal to the plane.

e Navigation isrequired in real-time and parameters require continuous
updating from video streams as opposed to the batch operations of
most SFM algorithms.

e Sensory data, from sources other than the camera(s), are usually
available.

e Many of the camera parameters are known (approximately)
beforehand.

e There are often multiple moving objects in a scene.

Visual guidance demands a real-time recursive SFM algorithm. Chiuso
et al. [42] have impressive demonstrations of a recursive filter SFM system that
works at a video frame rate of 30 Hz. However, once we start using Kalman
filters to update estimates of vehicle (camera) state and feature location, some
would argue that we enter the already very active realm of simultaneous local-
ization and mapping (SLAM). The truth is that there are differences between
SLAM and SFM and both have roles in visual guidance. Davison [43] has
been very successful in using vision in a SLAM framework and Bosse [9] has
published some promising work in indoor and outdoor navigation. The key
to both of these is that they tackle a fundamental problem of using vision in
SLAM: the relatively narrow FOV and recognizing features when revisiting a
location. Davison used active vision in Reference 4 and wide-angle lenses in
Reference 43 to fixate on a sparse set of dominant features whereas Bosse used
a catadioptric camera and exploited vanishing points. SLAM often works well
with 2D ladar by collecting and maintaining estimates of a sparse set of features
with reference to world coordinate system. A problem with SFM occurs when
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features used for reference pass out of the FOV: in recursive mode, there is no
guarantee at initiation that features will persist. Errors (drift) are introduced
when the reference features are changed and the consequence is that a robot
will have difficulty in returning home or knowing that it is revisiting a location.
Chiuso has a scheme to reduce this problem but drift is still inevitable. On the
other hand, SLAM has to rely on sparse data because it needs to maintain a full
covariance matrix which will soon become computationally expensive if the
number of data points is not restricted. It can be difficult to associate outdoor
data when it is sparse.

The two techniques offer different benefits and a possible complementary
role. SLAM is able to maintain a sparse map on a large scale for navigation but
locally does not help much with terrain classification. SFM is useful for building
a dense model of the immediate surroundings, useful for obstacle avoidance,
path planning, and situation awareness. The availability of a 3D model (with
texture and color) created by SFM will be beneficial for validation of the sens-
ory data used in a SLAM framework: for example, associating an object type
with range data; providing color (hue) as an additional state; and so on.

1.5 CONCLUSION

We have presented the essentials of a practical VGS and provided details on
its sensors and capabilities such as road following, obstacle detection, and
sensor fusion. Worldwide, there have been many impressive demonstrations of
visual guidance and certain technologies are so mature that they are available
commercially.

This chapter started with a road map for UGVs and we have shown that the
research community is still struggling to achieve A-to-B mobility in tasks within
large-scale environments. This is because navigating through open terrain is a
highly complex problem with many unknowns. Information from the immediate
surroundings is required to determine traversable surfaces among the many
potential hazards. Vision has a role in the creation of terrain maps but we have
shown that practically this is still difficult due to the physical limitations of
available sensor technology. We anticipate technological advances that will
enable the acquisition of high-resolution 3D data at fast frame rates.

Acquiring large amounts of data is not a complete solution. We argue that
we do not make proper use of the information already available in 2D images,
and that there is potential for exploiting algorithms such as SFM and vision-
based SLAM. Another problem is finding alternative ways of representing the
environment that are more natural for navigation; or how to extract knowledge
from images and use this (state) information within algorithms.

We have made efforts to highlight problems and limitations. The task is
complex and practical understanding is essential. The only way to make real
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progress along the road map is through testing sensors, systems, and algorithms
in the field; and then seeing what can survive the challenges presented.

ACKNOWLEDGMENTS

The authors would like to acknowledge the support of Ax STAR and DSTA
(Singapore) in funding project activities that have contributed to the findings
presented in this chapter.

REFERENCES

1.

10.

11.

12.

Committee on Army Unmanned Ground Vehicle Technology National
Research Council. Technology Development for Army Unmanned Ground
Vehicles. National Academy Press, Washington, 2002.

. J. Kuamgai. Sand trap. IEEE Spectrum, 41: 34-40, 2004.
. T. W. Fong, C. Thorpe, and C. Baur. Advanced interfaces for vehicle teleoper-

ation: collaborative control, sensor fusion displays, and remote driving tools.
Autonomous Robots, 11: 77-85, 2001.

. A. J. Davison. Mobile Robot Navigation Using Active Vision. PhD thesis,

Department of Engineering Science, University of Oxford, Oxford, UK,
February 1998.

. R. C. Gonzalez and R. E. Woods. Digital Image Processing. Addison-Wesley,

Reading, MA, 2nd edition, 1992.

. N.ZengandJ. D. Crisman. Categorical color projection for robot road following.

In Proceedings of 12th International Conference on Robotics and Automation,
pp. 1080-1085, 1995.

. J. D. Crisman and C. E. Thorpe. Scarf: a color vision system that tracks roads

and intersections. IEEE Transactions on Robotics and Automations, 9: 49-58,
1993.

. C.Geyer and K. Daniilidis. A unifying theory for central panoramic systems and

practical applications. In ECCV (2), pp. 445-461. Springer-Verlag, Heidelberg,
2000.

. M. Bosse, R. J. Rikoski, J. J. Leonard, and S. J. Teller. Vanishing points and

three-dimensional lines from omni-directional video. The Visual Computer, 19:
417-430, 2003.

F. Tang, M. D. Adams, J. Ibanez-Guzman, and W. S. Wijesoma. Pose invariant,
robust feature extraction from range data with a modified scale space approach.
In Proceedings of IEEE International Conference on Robotics and Automation,
New Orleans, LA, USA, April 2004.

T. C. Ng and J. C. Tan. Development of a 3D ladar system for autonomous
navigation. In Proceedings of IEEE Conference on Robotics, Automation and
Mechatronics (RAM 04), Singapore, pp. 792-797, 1-3 December 2004.

W. C. Stone, M. Juberts, N. Dagalakis, J. Stone, and J. Gorman. Performance
analysis of next generataion ladar for manufacturing, construction and mobility.

© 2006 by Taylor & Francis Group, LLC



38

13.

14.

15.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Autonomous Mobile Robots

Technical Report NISTIR 7117, NIST, Building and Fire Research Laboratory
and Manufacturing Engineering Laboratory, Maryland, USA, May 2004.

R. I. Hartley and A. Zisserman. Multiple View Geometry in Computer
Vision. Cambridge University Press, London, New York, ISBN: 0521623049,
2000.

O. Faugeras and Q.-T. Luong. The Geometry of Multiple Images. MIT,
Cambridge, MA, 1999.

Y. Ma, S. Soatto, J. Kosecka, and S. Sastry. An Invitation to 3D Vision: From
Images to Geometric Models. Springer-Verlag, Heidelberg, 2003.

. C. C. Slama. Manual of Photogrammetry. 4th edition, American Society of

Photogrammetry, Falls Church, VA, 1980.

J. Salvi, X. Armangu, and J. Batlle. A comparative review of camera calib-
rating methods with accuracy evaluation. Pattern Recognition, 35: 1617-1635,
2002.

R. Y. Tsai. An efficient and accurate camera calibration technique for 3D
machine vision. In Proceedings of IEEE Conference on Computer Vision and
Pattern Recognition, Miami Beach, Florida, pp. 364-374, 1986.

J. Weng, P. Cohen, and M. Herniou. Camera calibration with distortion models
and accuracy evaluation. IEEE Transactions on Pattern Analysis and Machine
Intelligence, 14: 965-980, 1992.

J. Heikkila and O. Silven. A four-step camera calibration procedure with implicit
image correction. In Proceedings of the 1997 Conference on Computer Vision
and Pattern Recognition (CVPR ’97), San Juan, Puerto Rica, pp. 1106-1112,
IEEE Computer Society, Washington, June 1997.

J.-Y. Bouguet. A camera calibration toolbox for matlab.
http://www.vision.caltech.edu/bouguetj/calib_doc/.
Intel. The open cv library.
http://sourceforge.net/projects/opencvlibrary/.

H. Tsai, S. B. Balakirsky, E. Messina, T. Chang, and M. Schneier. A hierarchical
world model for an autonomous scout vehicle. Proceedings of SPIE, 4715:
343-354, July 2002.

M. Hebert, C. Thorpe, and A. Stentz. Intelligent Unmanned Ground Vehicles:
Autonomous Navigation Research at Carnegie Mellon. Kluwer Academic
Publishers, Dordrecht, 1997.

M. Hebert, T. Kanade, and I. Kweon. 3D vision techniques for autonomous
vehicles CMU-RI-TR-88-12. Technical Report, Robotics Institute, Carnegie
Mellon University, August 1988.

E.D. Dickmanns. An advanced vision system for ground vehicles. In First Inter-
national Workshop on In-Vehicle Cognitive Computer Vision Systems (IVCCVS),
Graz, Austria, pp. 1-12, 3 April 2003.

R. Gregor, M. Lutzeler, M. Pellkofer, K.-H. Siedersberger, and
E. D. Dickmanns. EMS-vision: a perceptual system for autonomous vehicles.
IEEE Transactions on Intelligent Transportation Systems, 3: 48-59,
2002.

E. D. Dickmanns. The development of machine vision for road vehicles in the
last decade. In Procceedings of IEEE Intelligent Vehicle Symposium, 1V2002,
Verailles, France, vol. 1, pp. 268-281, 17-21 June 2002.

© 2006 by Taylor & Francis Group, LLC


http://www.vision.caltech.edu
http://sourceforge.net

Visual Guidance for Autonomous Vehicles 39

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

A. Broggi, M. Bertozzi, A. Fascioli, and G. Conte. Automatic Vehicle
Guidance: The Experience of the ARGO Autonomous Vehicle. World Scientific,
1999.

Chauffeur II Final Report. Technical Report IST-1999-10048 D24, The
Promote-Chauffeur II Consortium, July 2003.

T. Chang, H. Tsai, S. Legowik, and M. N. Abrams. Concealment and obstacle
detection for autonomous driving. In M. H. Hamza (ed.), Proceedings of
IASTED Conference, Robotics and Applications 99, pp. 147-152. ACTA Press,
Santa Barbara, CA, 28-30 October 1999.

T. Okoshi. Three-Dimensional Imaging Techniques. Academic Press,
New York, 1976.

N. Ayache. Artificial Vision for Mobile Robots: Stereo Vision and Multisensory
Perception. The MIT Press, Cambridge, MA, 1991.

Y. Nakamura, K. Satoh, T. Matsuura, and Y. Ohta. Occlusion detectable stereo-
occlusion patterns in camera matrix. In Proceedings of IEEE International
Conference on Computer Vision and Pattern Recognition, San Francisco, CA,
pp- 371-378, 18-20 June 1996.

C. L. Zitnick and J. A. Webb. Multi-baseline stereo using surface extraction.
Technical Report, School of Computer Science, Carnegie Melllon University,
November 1996. CMU-CS-96-196.

M. Okutomi and T. Kanade. A multiple-baseline stereo. IEEE Transactions on
Pattern Analysis and Machine Intelligence, 15: 353-363, 1993.

J. Xu, H. Wang, J. Ibanez-Guzman, T. C. Ng, J. Shen, and C. W. Chan. Isodispar-
ity profile processing for real-time 3D obstacle identification. In Proceedings
of IEEE International Conference on Intelligent Transportation Systems (ITS)
Shanghai, China, pp. 288-292, October 2003.

C. Robl and G. Faerber. System architecture for synchronizing, signal level
fusing, simulating and implementing sensors. In Proceedings of the 2000 IEEE
International Conference on Robotics and Automation, San Francisco, CA,
pp. 1639-1644, April 2000.

J. Huang, A. B. Lee, and D. Mumford. Statistics of range images. In Proceed-
ings of IEEE Conference on Computer Vision and Pattern Recognition, vol. 1,
pp- 324-331, 2000.

M. Hebert, N. Vandapel, S. Keller, and R. R. Donamukkala. Evaluation and
comparison of terrain classification techniques from ladar data for autonom-
ous navigation. In Twentythird Army Science Conference, Orlando, FL, USA,
December 2002.

N. Vandapel, D. F. Huber, A. Kapuria, and M. Hebert. Natural terrain classi-
fication using 3D ladar data. In Proceedings of IEEE International Conference
on Robotics and Automation, New Orleans, LA, USA, Vol. 5, pp. 5117-5122,
26 April-1 May 2004.

A. Chiuso, P. Favaro, H. L. Jin, and S. Soatto. Structure from motion caus-
ally integrated over time. /IEEE Transactions on Pattern Analysis and Machine
Intelligence, 24: 523-535, 2002.

A. J. Davison, Y. Gonzidlez Cid, and N. Kita. Real-time 3D SLAM with
wide-angle vision. In 5th IFAC/EURON Symposium on Intelligent Autonomous
Vehicles, Lisboa, Portugal. IFAC, Elsevier Science, 5-7 July 2004.

© 2006 by Taylor & Francis Group, LLC



40 Autonomous Mobile Robots

BIOGRAPHIES

Andrew Shacklock has 20 years of experience in mechatronics and sensor
guided robotic systems. He graduated with a B.Sc. from the University of
Newcastle Upon Tyne in 1985 and a Ph.D. from the University of Bristol in
1994. He is now a research scientist at the Singapore Institute of Manufacturing
Technology. His main research interest is in machine perception and sensor
fusion, in particular for visual navigation.

Jian Xu received the bachelor of engineering degree and master engineering
degree in electrical engineering from Shanghai Jiao Tong University, China
in 1982 and 1984, respectively. He received his Doctor of Engineering from
Erlangen-Nuremberg University, Germany in 1992. He is currently a research
scientist at the Singapore Institute of Manufacturing Technology, Singapore.
His research interests include 3D machine vision using photogrammetry and
stereo vision, camera calibration, sensor fusion, subpixeling image processing,
and visual guidance system for autonomous vehicle.

Han Wang is currently an associate professor at Nanyang Technological
University, and senior member of IEEE. His research interests include computer
vision and AGV navigation. He received his bachelor of engineering degree
from Northeast Heavy Machinery Institute in 1982 and Ph.D. from Leeds
University in 1989. He has been a research scientist at CMU and research
officer at Oxford University. He spent his sabbatical in 1999 in Melbourne
University.

© 2006 by Taylor & Francis Group, LLC



2 Millimeter Wave
RADAR Power-Range
Spectra Interpretation
for Multiple Feature
Detection

Martin Adams and Ebi Jose

CONTENTS

2.1 INtrodUCHION .. oute et e e e
2.2 Related WOrK ..o
2.3 FMCW RADAR Operation and Range Noise........................

24

2.5

2.6

2.3.1 Noise in FMCW Receivers and Its Effect on Range
Detection. ......ooviiii i
RADAR Range Spectra Interpretation....................ooeeeenn
2.4.1 RADAR Range Equation ...............ooooiiiiiiiii .
2.4.2 Interpretation of RADAR Noise.............oooiiiiiiian
24.2.1 Thermal noise ...........ccooevviiiiiiiiiiiiininn.
2422 PhaseNOiSe ..........coevviiiiiiiiiiiiiiiiiiiiian,
2.4.3 Noise Analysis during Target Absence and Presence .......
2.4.3.1 Power-noise estimation in target absence .........
2.4.3.2 Power-noise estimation in target presence ........
2.4.4 Initial Range Spectra Prediction..................ooceeian
Constant False Alarm Rate Processor for True Target Range
DEteCction .....ooiuuiii ittt
2.5.1 The Effect of the High Pass Filter on CFAR.................
2.5.1.1 Missed detections with CFAR .....................
2.5.1.2 False alarms with CFAR ...........................
Target Presence Probability Estimation for True Target Range
DEteCction ..ottt
2.6.1 Target Presence Probability Results..........................

© 2006 by Taylor & Francis Group, LLC



42 Autonomous Mobile Robots

2.6.2 Merits of the Proposed Algorithm over Other Feature

Extraction Techniques ............oooviiiiiiiiiiiiiiiiiinn, 74

2.7 Multiple Line-of-Sight Targets — RADAR Penetration............. 76
2.8 RADAR-Based Augmented State Vector............................. 79
2.8.1 Process Model .........ooouiiiiiiiiiiiiiiii 80

2.8.2 Observation (Measurement) Model .......................... 84
2.8.2.1 Predicted power observation formulation ......... 85

2.9 Multi-Target Range Bin Prediction — Results....................... 89
2.10 CONCIUSIONS . ... e 93
AcCKNOWIEAZMENTS . ...ttt 94
References ........oovuiiiii i 95
BAOGIaphies ... ... 97

2.1 INTRODUCTION

Current research in autonomous robot navigation [1,2] focuses on mining,
planetary-exploration, fire emergencies, battlefield operations, as well as
on agricultural applications. Millimeter wave (MMW) RADAR provides
consistent and accurate range measurements for the environmental ima-
ging required to navigate in dusty, foggy, and poorly illuminated envir-
onments [3]. MMW RADAR signals can provide information of certain
distributed targets that appear in a single line-of-sight observation. This
work is conducted with a 77-GHz frequency modulated continuous wave
(FMCW) RADAR which operates in the MMW region of the electromagnetic
spectrum [4,5].

For localization and map building, it is necessary to predict the target loc-
ations accurately given a prediction of the vehicle/RADAR location [6,7].
Therefore, the first contribution of this chapter offers a method for pre-
dicting the power-range spectra (or range bins) using the RADAR range
equation and knowledge of the noise distributions in the RADAR. The
predicted range bins are to be used ultimately as predicted observations
within a mobile robot RADAR-based navigation formulation. The actual
observations take the form of received power/range readings from the
RADAR.

The second contribution of this chapter is an algorithm which makes optimal
estimates of the range to multiple targets down-range, for each range spectra
based on received signal-to-noise power. We refer to this as feature detec-
tion based on target presence probability. Results are shown which compare
probability-based feature detection with other feature extraction techniques
such as constant threshold [9] on raw data and constant false alarm rate (CFAR)
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techniques [24]. The results show the merit of the proposed algorithm which
can detect features in typically cluttered outdoor environments with a higher
success rate compared to other feature detection techniques. This work is a step
toward robust outdoor robot navigation with MMW-RADAR-based continuous
power spectra.

Millimeter wave RADAR can penetrate certain nonmetallic objects, mean-
ing that multiple line-of-sight objects can sometimes be detected, a property
which can be exploited in mobile robot navigation in outdoor unstructured
environments. This chapter describes a new approach in predicting RADAR
range bins which is essential for simultaneous localization and map building
(SLAM) with MMW RADAR.

The third contribution of this chapter is a SLAM formulation using an
augmented state vector which includes the normalized RADAR cross sections
(RCS) and absorption cross sections of features as well as the usual fea-
ture Cartesian coordinates. The term “normalized” is used as the actual RCS
is incorporated into a reflectivity parameter. Normalization results, as it is
assumed that the sum of this reflectivity parameter and the absorption and
transmittance parameters is unity. This is carried out to provide feature-rich rep-
resentations of the environment to significantly aid the data association process
in SLAM.

The final contribution is a predictive model of the range bins, from differ-
ing vehicle locations, for multiple line-of-sight targets. This forms a predicted
power—range observation, based on estimates of the augmented SLAM state.
The formulation of power returns from multiple objects down-range is derived
and predicted RADAR range spectra are compared with real spectra, recor-
ded outdoors. This prediction of power—range spectra is a step toward a full,
RADAR-based SLAM framework.

Section 2.2 summarizes related work, while Section 2.3 describes FMCW
RADAR operation and the noise affecting the range spectra, in order to under-
stand the noise distributions in both range and power. Section 2.4 describes how
power—range spectra can be predicted (predicted observations). This utilizes the
RADAR range equation and an experimental noise analysis. Section 2.5 ana-
lyzes a feature detector based on the CFAR detection method. The study also
shows ways to compensate for the inaccuracies of the power—range compens-
ating high-pass filter, contained in FMCW RADARs, and thereby improve the
feature detection process. A method for estimating the true range to objects from
power—range spectra is given in Section 2.6 in the form of a new robust feature
detection technique based on target presence probability. Section 2.6.1 shows
the merits of the target presence probability-based algorithm which can detect
ground level features with greater reliability than other feature detection tech-
niques such as constant threshold on raw RADAR data and CFAR techniques.
An augmented state vector is introduced in Section 2.8 where, along with the
vehicle and feature positions, normalized RCS and absorption cross sections of

© 2006 by Taylor & Francis Group, LLC



44 Autonomous Mobile Robots

features are added together with the RADAR losses. Finally, Section 2.9 shows
full predicted range spectra and the results are compared with the measured
range bins in the initial stages of a simple SLAM formulation.

2.2 ReLATED WORK

In recent years RADAR, for automotive purposes, has attracted a great deal
of interest in shorter range (<200 m) applications. Most of the work in
short-range RADAR has focused on millimeter waves as this allows narrow
beam shaping, which is necessary for higher angular resolution [5]. Some
of the work to date in autonomous navigation using MMW RADAR is
summarized here.

Boehmke et al. [8] succeeded in producing three-dimensional (3D) terrain
maps using a pulsed RADAR with a narrow beam of 1° and high sampling rate.
The 1° RADAR beam width has a large antenna sweep volume and its physical
size is large for robotic applications. The efforts by Boehmke et al. show the
compromise between a narrow beam and antenna size, where a narrow beam
provides better angular resolution.

Steve Clark [9] presented a method for fusing RADAR readings from
different vehicle locations into a two-dimensional (2D) representation. The
method selects one range point per RADAR observation at a particular bearing
angle based on a certain received signal power threshold level. This method
takes only one range reading per bin which is the nearest power return to
exceed that threshold to the RADAR, discarding all others. Clark [10] shows
a MMW-RADAR-based navigation system which utilizes artificial beacons
for localization and an extended Kalman filter for fusing multiple observa-
tions. The fixed threshold can be used when the environment is known with no
clutter.! However, in a realistic environment (containing features having various
RCS) fixed thresholding on raw data will cause an exorbitant number of false
alarms if the threshold is low or missed detections if the threshold is too high.
Manual assistance is required in adjusting the threshold as the returned signal
power depends on various objects’ RCS. This method of feature detection is
environment-dependent.

Foessel [11] shows the usefulness of evidence grids for integrating uncer-
tain and noisy sensor information. Foessel et al. [12] show the development of a
RADAR sensor model for certainty grids and also demonstrate the integration
of RADAR observations for building 3D outdoor maps. Certainty grids divide
the area of interest into cells, where each cell stores a probabilistic estimate
of its state [13,14]. The proposed 3D model by Foessel et al. has shortcom-
ings such as the necessity of rigorous probabilistic formulation and difficulties

I Clutter in this research is assumed to be the backscatter from land and is difficult to model. Land
clutter is dependent on the type of terrain, its roughness, and dielectric properties.
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in representing dependencies due to occlusion. Jose and Adams [15] show a
method of feature detection from MMW RADAR noisy data.

2.3 FMCW RADAR OPERATION AND RANGE NOISE

This section gives a brief introduction to the RADAR sensor used in this work
and the FMCW technique for obtaining target range. This is necessary for
RADAR signal interpretation and for understanding and quantifying the noise
in the range/power estimates. This is ultimately used in predicting range bin
observations given the predicted vehicle state, in a mobile robot navigation
framework — which is one of the goals of this chapter. By analyzing the FMCW
technique it will be shown which noise sources affect both the range and received
power estimates, and how each of these is affected.

The RADAR unit (from Navtech Electronics) is a 77-GHz FMCW system.
The transmitted power is 15 dBm and the swept bandwidth is 600 MHz [16].
The RADAR is shown in Figure 2.1, mounted on a four-wheel steerable vehicle.
Figure 2.2 shows a schematic block diagram of an FMCW RADAR transceiver.
In Figure 2.2, the input voltage to the voltage control oscillator (VCO) is

FIGURE2.1 A 360° scanning MMW RADAR mounted on a vehicle test bed for SLAM
experiments within the NTU campus.
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FIGURE 2.2  Schematic block diagram of a MMW RADAR transceiver.

a ramp signal. The VCO generates a signal of linearly increasing frequency
8f in the frequency sweep period T,. This linearly increasing chirp signal is
transmitted via the antenna. An FMCW RADAR measures the distance to an
object by mixing the received signal with a portion of the transmitted signal [17].
Let the transmitted signal vr(#) as a function of time, ¢, be represented as

t

vr(#) = [A1 + at(t)] cos |:a)ct +Ab/ tdt + ¢(t)i|
0

Ay 5
= [AT + at(t)] cos | w.t + 7t + ¢ (1) 2.1

where At is the amplitude of the carrier signal, Ay is the amplitude of the
modulating signal, w, is the carrier frequency (i.e., 2w x 77 GHz), at(¢) is the
amplitude noise, and ¢ (¢) is the phase noise present in the signal which occurs
inside the transmitting electronic sections.

At any instant of time, the received echo signal, v is shifted in time from
the transmitted signal by a round trip time, t. The received signal is

A
Vr(t — 1) = [AR + agr(t — T)] cos |:a)c(t —-17)+ Tb(t —1)’ 4+ ¢t — r)]
2.2)

where Ay, is the received signal amplitude, ar (# — t) is the amplitude noise, and
¢ (t — 7) is the phase noise. The sources of noise affecting the signal’s amplitude
consist of external interference to the RADAR system (e.g., atmospheric noise,
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man-made interference signals) and internally produced noise at the receiver
antenna and amplifiers in the system.

In the mixer, the received signal is mixed with a portion of the transmitted
signal with an analog multiplier.

vr@®vr(t — 1) = [AT + ar (D] [Ag + ag(t — 1)]
X {cos |:a)ct + %tz + ¢(t)]}
e |
X {cos a)c(t—t)+7(t—r) + ¢t —1) (2.3)

The output of the mixer, voy(¢) is (using the trigonometric identity for the
product of two sine waves cosA cos B = 0.5[cos(A + B) + cos(A — B)])

vout(t — 7) = [AT + ar(1)] [/;R +ar(t — 1] (B, + By 2.4)

where By = cos[(2t — 1) (w, — ApT/2) + Ap? + () + ¢(t —t)] and By =
cos[(wc —Ap(T/2 = D))T + (1) — ¢t — T)].

The second cosine term, B>, is the signal containing the beat frequency. The
output of the low pass filter consists of the beat frequency component, B, and
noise components with similar frequencies to the beat frequency, while other
components are filtered out. The beat frequency, f4, is directly proportional to
the delay time, T which is directly proportional to the round trip time to the
target. The relationship between beat frequency and target distance is

r=D1 25
_TEfb (2.5)

where R is the range of the object, c is the velocity of the electromagnetic wave,
Ty is the frequency sweep period, and f; is the swept frequency bandwidth [18].

2.3.1 Noise in FMCW Receivers and Its Effect on Range
Detection

As described above, the low pass filter output at the RADAR receiver can be
represented by

/

Vbeat (£, T) = %cos {[a)c — Ay (% — t)] T+ Ap(t, r)} (2.6)
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where A’ = [A1 + ar ()] [AR + ar(t — 7)] is the signal amplitude along with
the noise affecting the amplitude. A¢(t,7) = ¢(t) — ¢(t — 7) is called the
differential phase noise which occurs due to the nonlinear frequency chirp from
imperfect VCO operation [19]. This phase noise affects the range accuracy
[20]. The amplitude and phase noise will affect the beat frequency signal in
two ways:

1. The amplitude noise will contain a signal frequency component
which is the same as the beat frequency. This noise component will
affect the amplitude of the beat frequency signal. This noise will
introduce uncertainty into the returned power.

2. The noise components with frequencies lying close to the beat fre-
quency (i.e., phase noise) distort the signal along the frequency axis.
This introduces noise into the beat frequency value and hence into the
range value. This will broaden the receiver power peaks and therefore
introduce noise into the range estimate.

2.4 RADAR RANGE SPECTRA INTERPRETATION

Figure 2.3 shows a real single RADAR range spectra, which is the received
power vs. range at a constant RADAR bearing angle. The RADAR can provide
multiple returns in a single range bin. An entire range spectra at any particular
bearing can be obtained. The range bin, is obtained by keeping the RADAR
pointed toward a RADAR corner reflector of RCS 10 m? kept arbitrarily at
7.8 m and the second dominant reflection occurs from a concrete wall which
is 23.7 m from the RADAR. That is, the RADAR waves are reflected from the
corner reflector as well as from the wall. This is possible due to the RADAR’s
beam width. The corner reflector is of known RCS and can give good reflec-
tions (high signal power) back to the RADAR. The spectrum has two main
features. First the signal return from the targets and second, noise. As shown
in Figure 2.3, for the particular RADAR used here, these signals are riding
over a low frequency signal which increases its amplitude up to a certain range
(~150 m) and decreases toward the maximum range (200 m). This is due to
the effect of the signal conditioning sections (filter roll-off) in the RADAR
receiver. To compensate the reduction in received power as range increases (as
will be shown in Section 2.4.1), a high pass filter” is usually used. The power

2 Assuming the RADAR range equation to be correct, a high pass filter with a gain of 40 dB/decade
should produce a flat power response for particular targets at various ranges. Figure 2.3 shows a
power-range spectrum recorded from the RADAR, which is fitted with a range compensating high
pass filter. It can be seen from Figure 2.3, that the power range response is not flat. For this particular
RADAR it makes sense to either determine the bias in the power—range spectra or model the high
pass filter as having a gain of 60 dB/decade, which would better approximate the power-range
relationship actually produced in Figure 2.3.
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FIGURE 2.3 Range spectrum from a MMW RADAR. The X axis is the range (in meters)
and the Y axis is the returned power (in decibel). The first reflection is from a corner
reflector and the second one is from a concrete wall. Multiple reflections are obtained
due to the beam width of the RADAR. The gain model of the high pass filter is also
shown in the figure.

return of the RADAR spectra decreases near the maximum range (200 m) due
to the low pass filter roll-off, which occurs before the high pass filter stage
(Figure 2.2).

To understand the MMW RADAR range spectrum and to predict it accur-
ately, it is necessary to use the RADAR range equation and knowledge of
the noise distributions in the RADAR spectrum. A method for predicting the
RADAR range spectra is now presented. An introduction is given explaining the
relationship between RADAR signal returned power and range. Then, a method
for establishing the relationship between the RCS and the range of objects in
outdoor environments is shown. A noise analysis during signal absence and
presence is then shown. This is necessary for predicting the range bins accur-
ately during target presence and target absence. RADAR range bins are then
predicted and it will be shown that the results compare reasonably well with
actual (recorded) range bins recorded at various robot poses.

© 2006 by Taylor & Francis Group, LLC



50 Autonomous Mobile Robots

2.4.1 RADAR Range Equation

According to the simple RADAR equation, the returned power P; is proportional
to the RCS of the object, o and inversely proportional to the fourth power of
range, R [21]. The simple RADAR range equation is formally written as

P.G*)\2o

~ (@4n)3RiL @.7)

r

where Py is the RADAR’s transmitted power, G is the antenna gain, X is the
wavelength (i.e., 3.89 mm in this case), and L the RADAR system losses. A high
pass filter (shown in Figure 2.2) is used to compensate for the R* drop in received
signal power. In an FMCW RADAR, closer objects produce signals with low
beat frequencies and vice-versa (Equation [2.5]). Therefore by attenuating low
frequencies and amplifying high frequencies, it is possible to correct the range-
based signal attenuation [18]. To compensate the returned power loss due to
increased range, the high pass filter is modeled in two ways:

1. The bias in the received power spectra is estimated.

2. By modeling the high pass filter with a gain of 60 dB/decade, instead
of the usual 40 dB/decade, to comply with the characteristics of the
particular RADAR used here.

The aim of this is to give a constant received signal power with range. The
actual compensation which results in our system was shown in Figure 2.2 where
it can be seen that the ideal flat response is not achieved by the internal high
pass filter.

2.4.2 Interpretation of RADAR Noise

This section analyzes the sources of noise in MMW RADARSs and quantifies
the noise power in the received range spectra (seen in Figure 2.3). In most robot
navigation formulations, observations must be predicted, and for the estimation
algorithms to run correctly, the actual observations are assumed to equal the
predictions, except that they are corrupted with Gaussian noise. It is therefore
the aim of this section to determine the type of noise distributions in the actual
received power and range values to determine how the predicted power-range
spectra can be used correctly in a robot navigation formulation.

RADAR noise is the unwanted power that impedes the performance of
the RADAR. For the accurate prediction of range bins, the characterization of
noise is important. The two main components are thermal and phase noise.
Thermal noise affects the power reading while phase noise affects the range
estimate.
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2.4.2.1 Thermal noise

Thermal noise is generated in the RADAR receiver electronics. The noise power
is given by PN (in Watts), where

PN = kToPB 2.8)

where k is the Boltzmann constant, Ty is the temperature, and g is the receiver
bandwidth [22]. As shown in Section 2.3, the power in the beat frequency
signal (found from the FFT of this signal) is affected by the thermal noise power
ag (t—1), which contributes to A’ in Equation (2.6). It can be shown by analyzing
the transition of this thermal (Gaussian) noise through the entire FMCW range
detection process that when a target is present (strong received signal) the noise
in the power—range spectrum follows a Gaussian distribution. When no target
is present (weak or no reflected signal) it will be demonstrated from the results
that the noise power follows a Weibull distribution. Therefore measurements
with target presence/absence were made to verify these distributions and to
quantify the power variance during target absence/presence.

2.4.2.2 Phase noise

Another source of noise which affects the range spectra is the phase noise. The
phase noise is generated by the frequency instability of the oscillator due to
the thermal noise. Ideally for a particular input voltage to the VCO, the output
has a single spectral component. In reality, the VCO generates a spectrum
of frequencies with finite bandwidth which constitutes phase noise. This is
shown in Equation (2.6), where a band of noise frequencies with different phase
components, A¢ (¢, T) affects the desired signal frequency, which corresponds
to range. The phase noise broadens the received power peaks and reduces the
sensitivity of range detection [11] as shown in Figure 2.4.> This introduces
noise into the range estimate itself. Experimental data provides insight into the
phase noise distribution. For predicting the RADAR range spectra, the peaks at
predicted targets are broadened by a small constant amount. This broadening
is based on real measurements, which have shown the peaks4 to have widths
ranging from 2.5 to 3.5 m. This has been observed from targets, of different
RCS, placed at different distances from the RADAR.

Figure 2.5 shows 1000 superimposed range bins obtained for the same
RADAR swash plate bearing angle. Figure 2.5a shows the entire range bins
over the full 200 m range, while Figure 2.5b shows a zoomed view of the
spectra obtained from the feature at 10.25 m. From the figures, it is evident that

3 The peaks and skirts shown in Figure 2.4 occur due to the leakage of signals from the transmitter
into the mixer through the circulator and also due to the antenna impedance mismatch [11].
4 At their intersections with the high pass filter gain curve shown in Figure 2.3.
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FIGURE 2.4 Phase noise in the FMCW transceiver occurs due to the instability of
the VCO.
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FIGURE 2.5 Thousand range bins plotted together for the same azimuth. (a) It shows
the full range bin (200 m). (b) It shows the power returns from the feature at a distance
of 10.25 m. The power noise affecting the returned power peaks is less than that during
target absence within the range bin.
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FIGURE 2.5 Continued.

the power variance of the noise at the peaks is less than that in the rest of the
signal.

2.4.3 Noise Analysis during Target Absence and
Presence

As indicated in Figure 2.5b, the power noise variance is different at the power
peaks (target presence) and nonpeaks (target absence) sections of the power
range spectra. Therefore, the noise statistics at the RADAR receiver outputs
during target absence and presence will now be derived. Knowledge of the
noise distributions is necessary for accurately predicting the RADAR spectra
for prediction of feature location in robot navigation.

2.4.3.1 Power-noise estimation in target absence

The noise in the voltage signal entering the mixer stage is assumed to be
Gaussian distributed with zero mean. A theoretical analysis to determine the
power-noise distribution, after this signal has passed through the low pass and
high pass filter stages, and the FFT process has been given in Reference 15.
However, due to the unknown nature of the exact internal components within
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the RADAR used in this work, an experimental determination of the power
noise distributions is used here.

To determine the power bias and variance of the range bins with no targets
present, range bins were recorded at a fixed RADAR bearing angle, with no tar-
gets present. These were recorded by pointing the RADAR toward the open sky.
The mean power and standard deviation of the noisy power—range spectra across
the complete range of the RADAR is shown in Figure 2.6. The standard devi-
ation of the noise is noticeably less at shorter ranges (<45 m), as the particular
RADAR used can only output a minimum received power value of —15 dB, and
any received power value less than this, will simply be output as —15 dB. The
noise power values significantly increase above the minimum — 15 dB at higher
ranges due to the higher gain of the high pass (range compensation) filter at
higher ranges.

Examination of the power distributions obtained at different ranges during
target absence, suggests that a suitable approximation to the distributions is

Power (dB)
(&)

-10}

-15 ; ; ; ; ; ; ; ; ;
0 20 40 60 80 100 120 140 160 180 200

Range (m)

FIGURE 2.6 Mean and standard deviation of the noise during target absence over the
complete range of the RADAR. The figures are obtained from noise only range bins by
pointing the RADAR toward the sky. (a) Mean power bias as a function of RADAR
range. (b) The standard deviation in power as a function of RADAR range. The standard
deviation is less at shorter distances due to the lower amplification of the high pass filter
at those ranges.

© 2006 by Taylor & Francis Group, LLC



Millimeter Wave RADAR Power-Range Spectra Interpretation 55

(b)y 6

Standard deviation (dB)

O L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200

Range (m)

FIGURE 2.6 Continued.

the Weibull distribution [23]. This can be seen in Figure 2.7, where power
distributions at arbitrary ranges of 10 and 100 m are shown.
The Weibull probability distribution function can be written as

£—1
flx) = % <%) @V vxs0 (2.9)

where x is the random variable, with scale parameter ¢ > 0 and shape parameter
& > 0. The mean of x is u = Y I'(1 + (1/€)) — 15 and variance, o2 =
VI (142/8)— 2T (14+(1/£))]%), where (- - - ) is the Gamma function [23].

For scaling purposes, in this case the random variable x equals the received
power P; + 15 dB, in order to fit Equation (2.9).

For a range of 10 m (Figure 2.7a), suitable parameters for an equival-
ent Weibull distribution, ¥ and & are 0.0662 and 0.4146, respectively.’ At
low ranges, this distribution is approximately equivalent to an exponential
distribution, with mean, ;« = —14.8 dB and variance o> = 0.3501 dB>.

For a range of 100 m (Figure 2.7b), suitable Weibull parameters have
been obtained as ¥ = 26.706 and & = 5.333. The distribution has a mean,

5 These values are obtained using MATLAB to fit Equation (2.9) to the experimentally obtained
distribution of Figure 2.7a.
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FIGURE 2.7 Experimental estimation of power noise distributions with no targets in
the environment. (a) Experimental estimation of the noise distribution obtained from a
10 m distance. The distance has been chosen arbitrarily. (b) Experimental estimation
of the noise distribution obtained from a 100 m distance. The distance has been chosen
arbitrarily.
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@ = 9.612 dB and variance, 02 = 28.239 dB2. These ranges have been selec-
ted arbitrarily to show the noise distributions for shorter (<45 m) and longer
ranges (45 < range < 200).

Therefore, to predict the power noise in the predicted power—range spectra,
for ranges above approximately 45 m, Equation (2.9) can be used with the con-
stant Weibull parameters determined at a range of 100 m. For ranges below this
value, an exponential distribution is assumed, which uses a standard deviation
value which is related to range as in Figure 2.6b.

2.4.3.2 Power-noise estimation in target presence

The receiver noise will also affect the signal when there is a target present.
The resultant distribution is the convolution of both the signal and noise and
is distributed normally [11]. The histogram in Figure 2.8a shows an approx-
imately normal distribution obtained experimentally for 5000 observations of
a RADAR retro-reflector at 10.25 m (the distance and the number of observa-
tions were selected arbitrarily). The experiment has been repeated for obtaining
the distribution from a wall at a distance of 150 m approximately. This is
shown in Figure 2.8b. The two histograms are approximately normally distrib-
uted and have variances of 4.07 and 5.76 dB2, respectively. It is evident from
Figure 2.8a, b and from Figure 2.5a that the noise variances affecting the signal
during target presence are similar.

For an FMCW RADAR, features close to the RADAR give beat frequency
signals with lower frequency and distant features give high frequency signals.
By attenuating lower frequencies and amplifying higher frequencies, it is pos-
sible to achieve a constant returned power for an object with a particular RCS
at all ranges. The graph shown in Figure 2.9 shows the calculated received
power from two objects with RCS values of 1000 and 0.001 m? for all range
values without the high pass filter effect. These have been calculated from the
simple RADAR equation, using the parameters of the particular RADAR used
here. The typical inverse range to the fourth power is still obtained even as
the RCS of the target reduces significantly. Hence in practice, even the small
signal reflections from atmospheric particles combined with the noise generated
inside the RADAR’s internal electronics will produce power—range relations of
this form (such as, e.g., Figure 2.10). Therefore, an ideal high pass filter will
give an approximately constant power noise variance for all ranges, for both
target presence and target absence [11]. From the noise variances under sig-
nal absence and presence conditions shown above, it is evident that the high
pass filter is close to its ideal state. (The power noise variance during target
absence and target presence are similar irrespective of ranges.) The estimation
of the noise statistics is helpful in accurately interpreting the range spectra as
well as predicting the RADAR spectra for feature location prediction in robot
navigation.
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FIGURE 2.8 Experimental power distributions obtained from targets at differing ranges.
(a) Experimental estimation of a noisy signal distribution. The distribution is obtained
from a target (a RADAR corner reflector of RCS 10 mz) at 10.25 m. (b) Experimental
estimation of a noisy signal distribution obtained from a wall at approximately 150 m.
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FIGURE 2.9 Expected curves of return power vs. distance for two objects with RCS
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FIGURE 2.10 Range spectra prediction without range compensation.
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2.4.4 Initial Range Spectra Prediction

The tools are now complete to simulate/predict RADAR spectra. In Figure 2.10,
an object with a known RCS (10 mz) is assumed to be at a distance of 10.25 m.
A Monte Carlo method has been used for simulating the noise in the figure.
A Gaussian noise distribution with a variance of 26.57 dB? is used when there is
signal presence, and during signal absence Weibull distributions with paramet-
ers explained in the previous section have been used. The values are obtained
from the experimental estimation of the noise distributions in target absence and
presence (Figure 2.7 and Figure 2.4.3). The simulated result of applying the
high pass 60 dB/decade filter is shown in Figure 2.11a. Analyzing the predicted
(Figure 2.11a) and actual range bin (Figure 2.11b) shows a slight mismatch in
the noise frequency with respect to range which is evident in the real spectra.
This mismatch is due to the phase noise throughout the entire range bin. The
phase noise, approximately quantified in Section 2.4.2, is taken into account
only during the parts of the range bin which are predicted to have targets, as
explained above. During sections of the range bin with no targets (i.e., beyond
11 min Figure 2.11a) it is not modeled, since this part of the spectra is of little
interest in target estimation.

A predicted and actual RADAR range spectra, obtained from an outdoor
environment, is shown in Figure 2.12. Figure 2.13a and b show the results of a
chi-squared test to determine any bias or inconsistency in the power—range
bin predictions. The difference between the measured and the predicted
range bins is plotted together with 99% confidence interval. The value of
99% bound, = £16.35 dB, has been found experimentally by recording several
noisy power—range bins in target absence (RADAR pointing toward open space)
as explained previously (3 x steady state standard deviation of Figure 2.6b)
[15]. Close analysis of Figure 2.13a shows that the error has a negative bias.
This is due to the approximate assumption of the high pass filter gain. For the
RADAR used here, the gain of the high pass filter used in the predicted power—
range bins was set to 60 dB/decade, as explained earlier. Figure 2.13b shows
a chi-squared test on the difference between a measured bin and its predicted
bin with the mean high pass filter bias of Figure 2.6a subtracted. Although the
error in Figure 2.13b is less biased than Figure 2.13a, a gain of 60 dB/decade
with the small bias (Figure 2.13a) is still acceptable as most of the error values
are well within 99% confidence limit and also taking the high pass filter effect
role into consideration.

A method for predicting the RADAR range spectra has been shown here
which can be used for predicting observations, based on an estimate of a targets
range and RCS value. Clearly a restriction of this method is that as a mobile
robot moves with respect to objects within the environment, range bins can only
be predicted assuming that the RCS does not change as the RADAR to target
angle of incidence changes. In general this is clearly not a valid assumption, but
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FIGURE 2.11 Predicted and actual RADAR spectra. (a) The effect of the range com-
pensation (high pass) filter of 60 dB/decade. (b) Power vs. range of a single range bin
obtained from an actual RADAR scan. A reflection is received from a target of RCS

10 m? at 10.25 m.
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FIGURE 2.12 Predicted and actual range bins for multiple targets down-range. (a) Pre-
dicted power vs. range of a single range bin with two features down-range. (b) Power vs.
range of a single range bin obtained from a RADAR scan with two features down-range.

© 2006 by Taylor & Francis Group, LLC



Millimeter Wave RADAR Power-Range Spectra Interpretation 63

(a) 30

20

-3 bound

Error (dB)

-30 L ! ! ! L L ! ! !
0 20 40 60 80 100 120 140 160 180 200

Range (m)

3o bound
20 +

10

o

Error (dB)

-10

_30 L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200

Range (m)

FIGURE 2.13 The difference between predicted and measured range bins, using two
different approximations for the power bias. (a) The difference between predicted (using
the 60 dB approximation for the high pass filter) and measured range bins containing
two features down-range. This error is shown with the 3o bounds. (b) The difference
between predicted and measured range bins containing two features down-range. This
error is shown with the 30 bounds. The average error lies close to zero, as the gain of
the high pass filter is obtained from the real measurements.
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becomes acceptable for objects that are small and cylindrical in shape, making
their RCS approximately view-point invariant, such as lamp posts, trees, etc.,
which can be used for outdoor navigation.

2.5 CONSTANT FALSE ALARM RATE PROCESSOR FOR TRUE TARGET
RANGE DETECTION

To extract the true range values, previous methods have used a power threshold
on the range bins (the closest power value to exceed some threshold gives the
closest object) [9] or constant false alarm rate (CFAR) techniques [21,24]. The
problem with thresholding is, it requires manual adjustment of the threshold as
the RCS of objects in an outdoor natural environment will vary. The function
of CFAR processors is to maintain a constant and low rate of false alarms in
detecting true range values [25].

A cell averaging (CA) detector is useful for maintaining a CFAR where the
power noise-plus-clutter observations x = xi,...,Xx,...,x, follow a Weibull
random distribution shown in Equation (2.9). The structure of the applied CA-
CFAR is shown in Figure 2.14. This figure shows M /2 reference cells (where
M = 70) on each side of the cell, ¥, under investigation. Guard cells are present
to account for the broadened target reflection [26]. A moving window of width
M = 70 range points is then used to sum the local noisy power values in the

Reference cells

AN

Input
Xi — M2 M2
GY /G
Guard
z cells z
[ ]
o
z y
z
Threshold —— TxZ Comparator
Output
1or0

FIGURE 2.14 The structure of the applied CA-CFAR detector.
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range bin as shown in Equation (2.10) [27].
M
Z=) x (2.10)
i=1

This sum is multiplied by a threshold, t (in this case T = 0.033), for
later comparison with a test sample power value. The value for t is chosen
for achieving the desired value of Py, the design false alarm probability, in the
absence of targets [28]. The scalar 7 is a function of the number of reference cells
M (here M = 70) and Py, is (1 x 1079) for the RADAR used here [10]. The test
sample Y is either a noise-plus-clutter observation or a target return. The variable
threshold tZ is compared with Y. A target is declared to be present if

Y>1tZ (2.11)

The range bin in Figure 2.15 was obtained from an environment contain-
ing a concrete wall at approximately 18 m. The detected features are indicated
along with the adaptive threshold. The moving average will set the threshold
above which targets are considered detected. Due to the phase noise, the power
returned from the target is widened along the range axis, resulting in more
feature detections at approximately 18 m. In Figure 2.15a and b, CFAR “picks
out” features which lie at closest range. Features at a longer range, however,
will not be detected as the noise power variance estimate by the CFAR pro-
cessor becomes incorrect due to the range bin distortion caused by the high pass
filter.

2.5.1 The Effect of the High Pass Filter on CFAR

In general, since the gain of the high pass filter is not linear (Figure 2.6a) the sum
of the noisy received power values in Equation (2.10) is inaccurate at higher
ranges, which ultimately results in the missed detection of targets at these range
values. This is evident from Figure 2.15b where CFAR detects a feature (corner
reflector) at 10.25 m while it misses a feature (building) at 138 m. The second
reflection is due to the beam-width of the RADAR, as part of the transmitted
signal passes the corner reflector. It would therefore be useful to reduce the
power—range bias before applying the CFAR method. Therefore, to correctly
implement the CA-CFAR method here, first, the average of two noise only
range bins can be obtained.® the result of which should be subtracted from the
range bin under consideration. This is carried out to obtain a range independent,
high pass filter gain for the resultant bin.

The CFAR method has been applied to the range bin of Figure 2.11b, the
full 200 m bin of which is shown in Figure 2.16a, after subtracting the high

6 The noise only range bins are obtained by pointing the RADAR toward open space.
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FIGURE2.15 CFAR target detection. (a) The detection of a target (concrete wall approx-
imately at 18 m) using a CA-CFAR detector. A series of targets around the 18 m mark
are obtained due to the phase noise in the returned peak. (b) The missed detection of a
feature (a building at 138 m) by a CA-CFAR detector. Due to the gain of the high pass
filter, the noise estimation is inaccurate at higher ranges resulting in missed detection of
features.

pass filter bias of Figure 2.6a. This figure shows the result from an environment,
containing a corner reflector at 10.25 m and a building at approximately 138 m.
By reducing the high pass filter effect (range independent gain for all the ranges),
the CFAR detection technique finds features regardless of range as shown in
Figure 2.16a. It is clearly necessary to compensate for any nonideal high pass
filter characteristics, in the form of power—range bias, before CA-CFAR can be
applied correctly.

Problems still arise however, as CFAR can misclassify targets as noise
(missed-detection) and noise as targets (false-alarm). Both of these are evident
and labeled in the CFAR results of Figure 2.16a.

2.5.1.1 Missed detections with CFAR

In a typical autonomous vehicle environment the clutter level changes. As the
RADAR beam width increases with range, the returned range bin may have
multiple peaks from features.
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FIGURE 2.15 Continued.

From Figure 2.14, it can be seen that if two or more targets are separated
by less than the window width M, the local power sum in Equation (2.10) will
become large, causing the adaptive threshold to increase, resulting in a missed
detection [29]. This is also shown in Figure 2.16b where a return from an object,
which lies within M range samples of the first feature is completely missed by
the CFAR detector.

2.5.1.2 False alarms with CFAR

Due to the filtering elements within the RADAR, the power noise in the RADAR
range bins is correlated. Therefore, if the window size is too small, all of its
power-range samples will be highly correlated. This means that the sum of
the power values, calculated in Equation (2.10), will misrepresent the true sum
which would be obtained from a set of uncorrelated values. This can ultimately
result in the adaptive threshold being set too low, meaning that even noise
only power values can exceed it. This gives false alarms. This can be overcome
by increasing the window width. However, as explained above, a larger window
width can result in the missed detection of features. The occurrence of false
alarms is shown in Figure 2.16a and b.
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FIGURE 2.16 Target estimation with CFAR. (a) The graph shows target detection using
a CFAR detector. The effect of the high pass filter is removed from the range bin. (b) The
figure shows a missed detection of a feature (at 38 m) by the CA-CFAR processor.
The first feature is at 22 m and the second feature is at 38 m approximately. The effect
of the high pass filter is removed from the range bin.

In general, the CFAR method tends to work well with aircraft in the air
having relatively large RCS, while surrounded by air (with extremely low RCS).
At ground level, however, the RCS of objects is comparatively low and also
there will be clutter (objects which cannot be reliably extracted). Further, as the
CFAR method is a binary detection technique, the output is either a one or a
zero (Equation [2.11]), that is, no probabilistic measures are given for target
presence or absence.

2.6 TARGET PRESENCE PROBABILITY ESTIMATION FOR TRUE
TARGET RANGE DETECTION

For typical outdoor environments, the RCS of objects may be small. The smaller
returned power from these objects can be buried in noise. For reducing the
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FIGURE 2.16 Continued.

noise and extracting smaller signal returns along with the higher power returns,
a method is now introduced which uses the probability of target presence [30]
for feature detection [15]. This method is appealing compared to CFAR and
constant threshold methods at ground level, as a threshold can be applied on
the target presence probability. By setting a threshold value to be dependent on
target presence probability and independent of the returned power in the signal,
a higher probability threshold value is more useful for target detection. The
proposed method does not require manual assistance. The merits of the proposed
algorithm will be demonstrated in the results in Section 2.6.1. The detection
problem described here can be stated formally as a binary hypothesis testing
problem [31]. Feature detection can be achieved by estimating the noise power
contained in the range spectra. The noise is estimated by averaging past spectral
power values and using a smoothing parameter. This smoothing parameter
is adjusted by the target presence probability in the range bins. The target
presence probability is obtained by taking the ratio between the local power of
range spectra containing noise and its minimum value. The noise power thus
estimated is then subtracted from the range bins to give a reduced noise range
spectra.
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Let the power of the noisy range spectra be smoothed by a w-point window
function b(i) whose length is 2w + 1

w

Pk, 1) = Z b()P(k —i,1) (2.12)

i=—w

where P(k, [) is the kth power value of /th range spectra.
Smoothing is then performed by a first order recursive averaging technique:

Pk, l) = a;Pk,l — 1) + (1 — ag)P(k, 1) (2.13)

where o is a weighting parameter (0 < oy < 1). First the minimum and
temporary values of the local power are initialized to Puin (k, 0) = Pimp(k,0) =
P(k,0). Then a range bin-wise comparison is performed with the present bin /
and the previous bin / — 1.

Puin(k, 1) = min{Pmin(k, 1 — 1), P(k, )} (2.14)
Punp(k, 1) = min{Pynp(k, 1 — 1), P(k, 1)} (2.15)

When a predefined number of range bins have been recorded at the same
vehicle location, and the same sensor azimuth, the temporary variable, Py is
reinitialized as

Puin(k, ) = min{Pymp(k, [ — 1), P(k, D)} (2.16)
Punp(k, 1) = P(k, 1) (2.17)

Let the signal-to-noise power (SNP), Psnp (&, [) = 13(k, 1)/ Pmin (k, ) be the
ratio between the local noisy power value and its derived minimum.

In the Neyman—Pearson test [32], the optimal decision (i.e., whether target
is present or absent) is made by minimizing the probability of the type II
error (see Appendix), subject to a maximum probability of type I error as
follows.

The test, based on the likelihood ratio, is

p(Psnp|H1) )

(2.18)
p(Psnp|Hop) 150
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where § is a threshold,” Hy and H; designate hypothetical target absence
and presence respectively. p(Psnp|Ho) and p(Psnp|H1) are the conditional
probability density functions. The decision rule of Equation (2.18) can be
expressed as

H,
Psnp(k, 1) 2 6 (2.19)

Hy

An indicator function, I(k, /) is defined where, I(k, ) = 1 for Psyp > § and
1(k, 1) = 0 otherwise.
The estimate of the conditional target presence probability,® p’(k, ) is

Pk, ) = app'(k,l — 1) 4+ (1 — ap)1(k, 1) (2.20)

This target presence probability can be used as a target likelihood
within mobile robot navigation formulations. ) is a smoothing parameter
(0 < ap < 1). The value of «;, is chosen in such a way that the probability
of target presence in the previous range bin has very small correlation with the
next range bin (in this case o = 0.1).

It is of interest to note that, as a consequence of the above analysis, the
noise power, Aq(k, 1) in kth range bin is given by

halk, 1) = ag(k, Dag(k, 1 — 1) + [(1 — @g(k, )] P(k, 1) (2.21)
where
agk,) =oay+ (1 — ad)p’(k, D (2.22)

and a4 is a smoothing parameter (0 < oy < 1). This can be used to obtain a
noise reduced bin, IA’NR (k, 1) using the method of power spectral subtraction [34].
In the basic spectral subtraction algorithm, the average noise power, Aak, D)
is subtracted from the noisy range bin. To overcome the inaccuracies in the
noise power estimate, and also the occasional occurrence of negative power
estimates, the following method can be used [35]

Pk, ) — ¢ x Aglk, 1) if Pk, 1) > ¢ x hg(k,])

Pyg(k, 1) = .
ek, d x rg(k,D) otherwise

7 This threshold can be chosen based upon the received SNP, at which the signal can be trusted
not to be noise. Note that this does not have to be changed for differing environments, or types of
targets.

8 Conditioned on the indicator function 1(k, 1) [33].

© 2006 by Taylor & Francis Group, LLC



72 Autonomous Mobile Robots

where c is an over-subtraction factor (¢ > 1) and d is spectral floor parameter
(0 < d < 1). The values of ¢ and d are empirically determined for
obtaining an optimal noise subtraction level at all ranges and set to be 4
and 0.001.

Although areduced noise range bin can be useful in other detection methods,
the target presence probability estimate (Equation [2.20]), will be demon-
strated further in the results. This method shows improved performance over
CFAR methods as the threshold can be applied on the target presence probab-
ility instead of SNP. Setting an arbitrary threshold value on the probability of
target presence (>0.8) is sufficient for target detection. Based on the results,
this is a robust method and requires no adjustments when used in different
environments.

2.6.1 Target Presence Probability Results

The results of the proposed target detection algorithm are shown in Figure 2.17
where a noisy RADAR range bin (Figure 2.17a), the corresponding estimated
target presence probability (Figure 2.17b) from Equation (2.20) and the reduced
noise range spectra (Figure 2.17¢) have been plotted. In Figure 2.17a, the range
bin contains three distinct peaks of differing power values, whereas the target
presence probability plot shows the three peaks with a more uniform range
width and similar probabilistic values. This result shows that although the return
power values varies from different objects, the corresponding target presence
probability values will be similar.

The target presence probability-based feature detector is easier to interpret
as shown in Figure 2.18 and Figure 2.19 where the target presence probability
plot is shown along with the corresponding raw RADAR data. Figure 2.18a and
Figure 2.19a show the raw RADAR data obtained in an indoor sports hall and
outdoor sports field, respectively. The corresponding target presence probab-
ilities are shown in Figure 2.18b and Figure 2.19b, respectively. Figure 2.18b
shows the target presence probability plot of an indoor stadium. The four walls
of the stadium are clearly obtained by the proposed algorithm. The other prob-
ability values at higher ranges arise due to the multipath effects in the RADAR
range spectrum. Figure 2.19b is obtained from an outdoor field. The detec-
ted features are marked in the figure. The clutter shown in Figure 2.19b is
obtained when the RADAR beam hits the ground due the unevenness of the
field surface.

The merit of the proposed algorithm is shown in Figure 2.20 where plots
obtained using different power thresholds applied to raw RADAR range spectra
are shown and compared with the threshold (0.8) applied to the probability plot.
Figure 2.20a shows the comparison of 2D plots obtained by choosing a constant
threshold of 25 dB applied to the raw RADAR data and the target presence prob-
ability plot. Figure 2.20b shows the comparison of plots obtained by constant
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FIGURE 2.17 Received range bin, noise reduced bin, and the probability of target
presence vs. range plot. (a) Received noisy RADAR range bin. (b) Target presence
probability of the corresponding range bin. (c¢) Noise reduced RADAR range bin.
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FIGURE 2.17 Continued.

threshold of 40 dB applied against the raw RADAR data and the target presence
probability. Further results conducted show the target presence probability of
objects will be the same and is found to be more than 0.8. Feature detection using
the target presence probability is then carried out by keeping the threshold at 0.8.
The results shown in Figures 2.18 to 2.20 clearly show that the target presence
probability-based feature detection is easier to interpret and has lower false
alarms compared to constant threshold-based feature detection in the typical
indoor and outdoor environments tested [36].

2.6.2 Merits of the Proposed Algorithm over Other
Feature Extraction Techniques

The constant threshold applied to raw RADAR data requires manual inter-
vention for adjusting the threshold depending on the environment. In CA-CFAR,
the averaging of power values in the cells provides an automatic, local estimate
of the noise level. This locally estimated noise power is used to define
the adaptive threshold (see e.g., Figure 2.16a). The test window compares
the threshold with the power of the signal and classifies the cell content as
signal or noise.
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FIGURE 2.18 Raw RADAR data and corresponding target presence probability plots
obtained from an indoor sports hall. (a) Power vs. range of a 2D RADAR scan from
an indoor environment. (b) Target presence probability vs. range of a 2D RADAR scan
in indoor environment. The probability of the targets detected (i.e., walls) are shown in
the figure.

When the signal and noise distributions are distinctly separated in range,
CFAR works well. But when the signal and noise distributions lie close
together, which is often the case at ground level (as shown in Figure 2.21),
the method misclassifies noise as signal and vice versa. This is the reason
for the poor performance of the CFAR technique with noisy RADAR data.
Figure 2.22 shows features obtained by target presence probability and the
CA-CFAR technique. The dots are the features obtained by target presence
probability while the “+” signs are the features obtained from the CFAR-based
target detector. From the figures it can be seen that the target presence-based
feature detection has a superior performance to CA-CFAR detector in the
environment tested. Figure 2.23 shows the difference between the ground
truth and the range observation obtained from the target presence probabil-
ity. The ground truth has been obtained by manually measuring the distance
of the walls from the RADAR location. The peaks in Figure 2.23 are to some
extent due to inaccurate ground truth estimates, but mainly due to multi-path
reflections.

The proposed algorithm for feature extraction appears to outperform
the CFAR method because the CFAR method finds the noise locally, while
the target presence probability-based feature detection algorithm estimates
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the noise power by considering more than one range bin (Equation [2.16]). The
target presence probability-based feature extraction, unlike the CFAR detector,
is not a binary detection process as is shown in Figure 2.17c. This method
of feature detection is useful in data fusion as the feature representation is
probabilistic.

2.7 MuLTIPLE LINE-OF-SIGHT TARGETS — RADAR PENETRATION

At 77 GHz, millimeter waves can penetrate certain nonmetallic objects, which
sometimes explains the multiple line-of-sight objects within a range bin.® This
limited penetration property can be exploited in mobile robot navigation in
outdoor unstructured environments, and is explored further here.

For validating the target penetration capability of the RADAR, tests were
carried out with two different objects. In the section of the RADAR scan,
shown in Figure 2.24a, a RADAR reflector of RCS 177 m? and a sheet of

9Although it should be noted that these can be the results of specular and multiple path
reflections also.
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(@

FIGURE 2.19 Raw RADAR data and corresponding target presence probability
obtained from an outdoor environment. (a) Power vs. range of a 2D RADAR scan from
an outdoor environment. (b) Target presence probability vs. range of a 2D RADAR scan
in outdoor environment. The probability of the targets detected (i.e., RADAR reflectors,
wall, and tree) are shown in the figure.

wood of thickness 0.8 cm were placed at ranges of 14 and 8.5 m respectively,
to visually occlude the reflector from the RADAR. This ensured that no part
of the RADAR reflector fell directly within the beam width of the RADAR,
so that if it was detected, it must be due to the radio waves penetrating the wood.
Figure 2.24a shows the detection of the two features down-range even though,
visually, one occludes the other. The experiment was also repeated for a perspex
sheet of thickness 0.5 cm (Figure 2.24b). The results of object penetration by
RADAR waves motivates further development of power spectra prediction with
multiple line-of-sight features which is one of the contributions of this chapter.
For feature-based SLAM, it is necessary to predict the target/feature locations
reliably, given a prediction of the vehicle/RADAR location. As RADAR can
penetrate certain nonmetallic objects it can give multiple range information.
A method for predicting the power-range spectra (or range bins) using the
RADAR range equation and knowledge of various noise distributions in the
RADAR has already been explained in this chapter.

For SLAM, the measurements taken from the RADAR used here are the
range, R, bearing, 6, and the received power, Pg, from the target at range R.
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FIGURE 2.19 Continued.

One of the contributions of this chapter is to predict range bins from new robot
positions given an estimate of the vehicle and target states. A new augmented
state vector is introduced here which, along with the usual feature coordinates
x and y, contains that feature’s normalized RCS, Yg, and absorption RCS, Y,
and the RADAR losses, L.

To illustrate this, Figure 2.25 shows a 360° RADAR scan obtained from an
outdoor field. Objects in the environment consist of lamp-posts, trees, fences,
and concrete steps. The RADAR penetrates some of the nonmetallic objects,'”
and can observe multiple targets down line. This is shown in Figure 2.26, which
is the received power vs. range for the particular bearing of 231° marked in
Figure 2.25. Multiple targets down range can occur due to either the beam width
of the transmitted wave intersecting two or more objects at differing ranges or
due to penetration of the waves through certain objects. The RADAR used here

10 At 77 GHz the attenuation through paper, fiberglass, plastic, wood, glass, foliage, etc., are
relatively low while attenuation through brick and concrete is high [37].
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FIGURE 2.20 Target presence probability vs. range spectra and the corresponding
power vs. range taken from a 2D RADAR scan in an indoor environment. The figures
shows a comparison of the proposed feature detection algorithm with the constant
threshold method. (a) A constant power threshold of 25 dB is chosen and compared with
the threshold (0.8) applied on probability-range spectra. (b) A constant power threshold
of 40 dB is chosen and compared with the threshold applied to the probability—range
spectra.

is a pencil beam device, with a beam width of 1.8°. This means that multiple
returns within the range spectra occur mostly due to penetration. Therefore a
model for predicting entire range spectra, based on target penetration is now
given.

2.8 RADAR-BASED AUGMENTED STATE VECTOR

The state vector consists of the normalized RADAR cross section, Yg, absorp-
tion cross section, Y, and the RADAR loss constants, L, along with the vehicle
state and feature locations. The variables, Yg, Y,, and L are assumed unique to
a particular feature/RADAR. Hence, this SLAM formulation makes the (very)
simplified assumption that all features are stationary and that the changes in the
normalized values of RCS and absorption cross sections of features when sensed
from different angles, can be modeled using Gaussian random variables vr;.
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FIGURE 2.20 Continued.

This is a reasonable assumption only for small circular cross sectioned objects
such as trees, lamp posts, and pillars, however, as will be shown the method pro-
duces good results in semi-structured environments even for the targets which
do not conform to these assumptions. The SLAM formulation here can handle
multiple line-of-sight targets.

2.8.1 Process Model

A simple vehicle predictive state model is assumed with stationary features
surrounding it. The vehicle state, x, (k) is given by x,,(k) = [x(k), y(k), Or 1T
where x(k), y(k), and 6 (k) are the local position and orientation of the vehicle
attime k. The vehicle state, x, (k) is propagated to time (k + 1) through a simple
steering process model [38].

The model, with control inputs, u(k) predicts the vehicle state at time (k+1)
together with the uncertainty in vehicle location represented in the covariance
matrix P(k + 1) [39].

xy(k + 1) = f(x, (k), u(k)) + v(k) (2.23)
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FIGURE 2.21 Experimental estimation of signal and noise distributions. In the CFAR
method, the local noise-plus-clutter power (Equation [2.10]) in the window is used to
set the detection threshold. The method compares the signal in the test window and
the detection threshold. The method fails when there are multiple detections within a
range-bin and in cluttered environments.

u(k) = [v(k), x(k)]. v(k) is the velocity of the vehicle at time k and « (k) is the
steering angle. In full, the predicted state at time, (k + 1) becomes

T X4+ 1k) 7 [ Xkl ] [Ax()]
$(k + 11k) y(klk) Ay(k)
br(k + 1]k) Or(kIk) a (k)
Xp, (k + 11k) Xp, (k|k) 0p,
Y (k 4 1]k) Ypu (klk) Op,
Y, (k + 1]k) Y, (k|k) 0p,
Yo, (k+ 1K) | — | Yo kI&) | 4 | Op (2.24)
Xpy (k 4 1]K) Xpy (k|k) Opy
Y (k + 1]k) Ypy (k[K) Opy
gy (k + 11k) Yry (k|k) Opy
Y,k + 11k) Yoy (k|k) Opy
| Lk+1k) | | Lk | [ 0]
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FIGURE 2.22 Comparison of CA-CFAR detector-based feature extraction and feature
detection based on target presence probability.
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FIGURE 2.23 The difference between the ground truth range values and the range
estimates from the target presence probability.
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FIGURE 2.24  Initial test results carried out to show the RADAR wave penetration with
different objects. (a) A scan of a RADAR reflector of RCS 177 m?, 14 m from the
RADAR, and a wooden sheet of thickness 0.8 cm visually occluding the reflector from
the RADAR. The wooden sheet is 8.5 m from the RADAR. (b) A RADAR reflector of
RCS 177 m?, 14 m from the RADAR, and a perspex sheet of thickness 0.5 cm, 8.5 m
from the RADAR. Again, the reflector is visually occluded from the RADAR.
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FIGURE 2.25 A 360° RADAR range spectra obtained from an outdoor field, contain-
ing trees, nonmetallic poles, fences, and concrete walls. The received power value
is represented in color space, as shown by the right hand color bar, with power
units in decibel.

where Ax(k) = v(k) At cos(Or(k|k) + a(k)), Ay(k) = v(k) At sin(fg(k|k) +
a(k)) and At is the sampling time.

The augmented state vector is then x(k) = [x,, {F1, Yr,, Yo, }» - - {Fi, TR,
Tal.},...,{FN,TRN,TaN},L]T where x, is the vehicle’s pose, F; =
[)cpl.,ypi]T is the ith feature’s location, where 1 < i < N. Tg is
the normalized RCS of the ith feature, Y, is its normalized absorp-
tion cross section, L represents the RADAR loss, and v(k) = [v,(k),
Op1s Opys vy s Vs -+ Opis Opis Vs Vs -+ +> Oy Opiys gy s vy » 01T

2.8.2 Observation (Measurement) Model

Another contribution of this chapter is the formulation of the observation model.
The RADAR observation is used to estimate the vehicle’s state once the vehicle’s
pose is predicted. During filter update, the prediction and estimation are fused.
For each of the features in the map, the predicted range, Ritk + 11k), the
RADAR bearing angle, ,3,- (k + 1]k), and the power, ﬁ,- (k + 1]k) are to be
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FIGURE 2.26 A single RADAR range bin, recorded at the bearing angle 231° shown
in Figure 2.25, obtained from the outdoor field with multiple features down-range.

predicted from the predicted state in Equation (2.24). The predicted range and
bearing observations are similar to the ordinary SLAM formulation, that is,

E®+HM=J@AH4W—h®+MNLH%@+H@—%@+HMP
(2.25)

Vi (k 4+ 11k) — Jr(k + 1]k)
X, (k + 1|k) — xg(k + 1]k)

Bi(k + 1]k) = 6r(k + 1]k) — tan™" [ ] (2.26)

The predicted power for all targets, such as those in Figure 2.26, is the
fundamental difference offered in this chapter.

2.8.2.1 Predicted power observation formulation

The assumptions made in the predicted power model are as follows:

o The environmental features of interest are assumed to have small
circular cross-sections, so that the estimated normalized RCS
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sections and absorption coefficients are approximately the same in
all directions with respect to that feature.

e The measured returned power should be independent of range (due to
the built-in range compensation filter). This filter must first be
removed or post-filtered to remove its effect, to produce range
dependent power returns from all objects [15].

o The beam-width of the RADAR wave does not increase considerably
with range.

A target is assumed to affect the incident electromagnetic radiation in three
possible ways:

1. A portion of the incident energy Yg, 0 < Tg < 1, is reflected and
scattered

2. A portion of the incident energy Y,, 0 < Y, < 1, is absorbed by the
target

3. A portion of the incident energy 1 — (Y 4+ Y) is further transmitted
through the target

T is thus referred to as the “normalized” RCS section. Figure 2.27 shows
a MMW RADAR in an environment with i-features down-range at a particu-
lar bearing. The following terms are used in formulating the predicted power
observation:

Pinci = Power incident on the ith feature

Prgr; = Power reflected from the ith feature

PtraANi = Power transmitted through the ith feature

Pincit = Power incident on the first feature which is reflected from

the ith feature

o Prgri1 = Power reflected back toward the ith feature from the first
feature. This component will not reach the RADAR receiver directly
and is not considered in this formulation

e PrraNi1 = Power transmitted through the first feature which is the

reflection from the ith feature

The power incident at the first feature is given by

PtGA[
47‘L’R12

Pinct = (2.27)

where P; is the power transmitted by the RADAR, G is the antenna gain, and
Ry is the distance between RADAR and the first feature and A; is the area
of the object illuminated by the RADAR wave. Let Tg, be the normalized
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FIGURE 2.27 Power definitions for reflections, absorptions, and transmissions for i
multiple line-of-sight features.

RCS and Y,, be the normalized absorption cross section of the first feature.
The power received by the RADAR receiver from the first feature is given by
Prgr1 = PreriAe/(4TRY)

P.GTg A

- (2.28)
(47)2R}

D/
Prerp1 =

where A, is the antenna aperture. It is shown in the RADAR literature that
A, = GA? /4m [21]. Substituting for A, in Equation (2.28), the power return
from the first feature is

X P.G?22 TR A
P; = (2.29)
REF1 ()3 R?
The power Ptrani that passes through the first feature is given by
P:GAr(1 — [Yr, + Ta 1)
PTRANI = — ! 4 (2.30)

n2
(4m)R>
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The power reflected from the second feature, PRgp; is given by

P.GA* gy (1 — [Yr, + Yoy 1)
@r 2R R, — Ry)’

PRrem = (2.31)

The power then transmitted back to the first feature from the second feature is
given by

P.GAP YR, (1 — [Yr, + Yoy 1)

Pinc21 = — (2.32)
(47 )R (Ry — Ry)
The power, Pinc21 then passes through feature 1 and is given by
Prranzi = Pincai (1 — [Tr, + Ta, 1) (2.33)
The power returned from the second feature is then IA’/TR AN2] = PTRAN21A/
4rR?)
. P.GAPA TR, (1 — [Tg, + Yo 1)?
P/TRANzl = —= . - (2.34)

(4R} (Ry — Ry)*
In general, the predicted power from the ith feature can be written as

KA/ DYp (k + 1]k)
(4)2

[Ti=oll — (T, (e 1)+ Tk + 11)) 12
X S _
T Ryt (k + 11k) — Ry(k + 11K))*

Plgani (k + 11k) =

35)

where K = P;GA,, A, = GA?>/4m, Yr, = Yuy = Ro = 0 and, for the ith
feature, R; is related to the augmented state by Equation (2.25).

Equation (2.25), Equation (2.26), and Equation (2.35) between them com-
prise the observation. In order to generate realistic predictions of the range bins,
knowledge of the power and range noise distributions is necessary. This has been
studied extensively in previous work, and can be found in Reference 15.

The range and power noise are experimentally obtained [15]. The noise
in range is the phase noise, which is obtained by observing the range bins
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containing reflections from objects with different RCSs at different locations.
The noise statistics in power is obtained during both target presence and
absence.

The angular standard deviation is assumed to be 1° as the RADAR wave is
a pencil beam. The observation model is then given by

zi(k +1) = [Ri(k + 1), Bi(k + 1), Pi(k + DIT + wi(k + 1)
=hxk+1) + wik+1) (2.36)

where z;(k + 1) is the observation, and w;(k + 1) is the additive observation
noise given by

wi(k + 1) = [ve(k + Dvg(k + D,k + D1 (2.37)

and h is the nonlinear observation function defined by Equation (2.25),
Equation (2.26), and Equation (2.35).

2.9 MuLti-TARGET RANGE BIN PREDICTION — RESULTS

To validate the formulation for realistically predicting multiple line-of-site
target range bins, tests using a RADAR unit from Navtech Electronics were
carried out. Initially the vehicle was positioned at pose X, (k) as demonstrated
in Figure 2.28. The full 360° RADAR scan obtained from this vehicle location
is shown in Figure 2.25. Range bins obtained from the initial vehicle location
at two different bearing angles are shown in Figure 2.26 and Figure 2.29a.
Figure 2.26 is obtained at azimuth 231° and is indicated by the black line in
Figure 2.25. Features in the environment are marked in the figures. The next
predicted vehicle location is calculated using the vehicle model and system
inputs (Equation [2.24]). This corresponds to the new predicted vehicle pose
X,(k + 1 | k) in Figure 2.28. The range spectra in all directions are then pre-
dicted from the new predicted vehicle location. For example, in the range bin
predicted at angle /§ (k + 1 | k) in Figure 2.28, the predicted values for the
range, bearing and received power of features A and D are calculated according
to Equation (2.25), Equation (2.26), and Equation (2.35).

A single range prediction obtained from the predicted vehicle location
Xy(k + 1]k) is shown in Figure 2.29b having two features down-range.
Equation (2.35) can be used to predict the received power as long as the power
bias as a function of range incorporated into the RADAR electronics is taken
into account. This simply requires knowledge of the RADAR’s high pass filter
circuitry which in an FMCW RADAR compensates for the fourth power of
range loss, expected according to the simple RADAR Equation [15, 21].
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FIGURE 2.28 Vehicle motion and the features observed/predicted. Features

observed/predicted down-range at different bearings are marked.
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FIGURE 2.29 Observed and one step ahead predicted range spectra. (a) RADAR range
spectra (233° azimuth) obtained at the starting robot location. Two features observed
down-range are marked. (b) Predicted RADAR range spectra (at 234° bearing) obtained
from the predicted vehicle location.
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FIGURE 2.29 Continued.

The actual observation is obtained from the next vehicle location and is
shown in Figure 2.30a which shows power peaks in close proximity to those pre-
dicted in Figure 2.29b. The predicted and actual received powers from the target
at A are in close agreement in both figures whereas, the predicted value for the
received power (30 dB) of the target at 58 m (feature D in Figure 2.29b) is
slightly less than the actual received power (38 dB) in Figure 2.30a. The dis-
crepancy for feature D can be due to violation of some of the assumptions made
in the formulation — in particular that the normalized reflection and absorption
cross-sections remain constant, independent of the RADAR to target angle of
incidence.

Figure 2.30b shows the results of a chi-squared test to determine any bias or
inconsistency in the power—range bin predictions. The difference between the
measured and the predicted range bins is plotted together with 99% confidence
interval. The value of 99% bound, = +£16.35 dB, has been found experiment-
ally by recording several noisy power—range bins in target absence (RADAR
pointing toward open space) [15]. Close analysis of Figure 2.30b shows that
the error has a negative bias. This is due to the approximate assumption of the
high pass filter gain. For the RADAR used here, the gain of the high pass filter
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FIGURE 2.30 An actual range bin and the error between the predicted and observed
spectra. (a) Actual RADAR range spectra (at 234° bearing) obtained at the next robot
location. Features observed down-range are marked. (b) The difference between pre-
dicted and measured range bins containing two features down-range is shown. This error
is compared against 30 noise power bounds.

used in the predicted power—range bins was set to 60 dB/decade.!! The result
shows that this approximation for the high pass filter gain is acceptable, as a
large portion of the error plot lies within the 3o limits.

This formulation and analysis shows the initial stages necessary in imple-
menting an augmented state, feature rich SLAM formulation with MMW
RADAR. Future work will address the ease with which data association can be
carried out using the multidimensional feature state estimates, and a full SLAM
implementation in outdoor environments, will be tested.

11 Assuming the RADAR range equation to be correct, a high pass filter with a gain of 40 dB/decade
should produce a flat power response for particular targets at various ranges. Figure 2.26 shows
a power-range spectrum recorded from the RADAR. It can be seen from Figure 2.26, that the
power range response is not flat. For this particular RADAR it makes sense to either determ-
ine the bias in the power—range spectra or, model the high pass filter as having a gain of
60 dB/decade, which would better approximate the power-range relationship actually produced
in Figure 2.26.
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FIGURE 2.30 Continued.

2.10 CONCLUSIONS

This chapter describes a new approach in predicting RADAR range bins which
is essential for SLAM with MMW RADAR.

A noise analysis during signal absence and presence was carried out. This
is to understand the MMW RADAR range spectrum and to predict it accur-
ately as it is necessary to know the power and range noise distributions in the
RADAR power-range spectra. RADAR range bins are then simulated using
the RADAR range equation and the noise statistics, which are then compared
with real results in controlled environments. In this chapter, it is demonstrated
that it is possible to provide realistic predicted RADAR power/range spectra,
for multiple targets down-range.

Feature detection based on target presence probability was also introduced.
Results are shown which compare probability-based feature detection with other
feature extraction techniques such as constant threshold on raw data and CFAR
techniques. A difficult compromise in the CA-CFAR method is the choice of
the window size which results in a play-off between false alarms and missed
detections. Variants of the CFAR method exist, which can be tuned to overcome
the problem of missed detections, but the problem of false alarms remains
inherent to these methods.

The target presence probability algorithm presented here does not rely on
adaptive threshold techniques, but estimates the probability of target presence
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based on local signal-to-noise power estimates, found from several range
bins. The results show that the algorithm can detect features in the typically
cluttered outdoor environments tested, with a higher success rate compared to
the constant threshold and CFAR feature detection techniques.

A SLAM formulation using an augmented state vector which includes the
normalized RCS and absorption cross-sections of features, as well as the usual
feature Cartesian coordinates, was introduced. This is intended to aid the data
association process, so that features need not just be associated based on their
Cartesian coordinates, but account can be taken of their estimated normalized
reflection and absorption cross-sections also.

The final contribution is a predictive model of the form and magnitudes
of the power-range spectra from differing vehicle locations, for multiple line-
of-sight targets. This forms a predicted power-range observation, based on
estimates of the augmented SLAM state. The formulation of power returns
from multiple objects down-range is explained and predicted RADAR range
spectra are compared with real spectra, recorded outdoors.

This work is a step toward building reliable maps and localizing a vehicle
to be used in mobile robot navigation. Further methods of including the target
presence probability of feature estimates into SLAM are being investigated.

APPENDIX

The binary hypothesis testing problem is a special case of decision problems.
The decision space consists of target presence and target absence represented
by 8o and 81, respectively. There is a hypothesis corresponding to each decision.
Hj is called null hypothesis (hypothesis accepted by choosing decision 8g) and
H, is called the alternative hypothesis. The binary hypothesis problem has four
possible outcomes:

Hj was true, &g is chosen : correct decision.

H| was true, §; is chosen : correct decision.

Hy was true, 81 is chosen : False alarm, also known as a type I error.
H{ was true, &g is chosen : missed detection also known as a type 11
error.

ACKNOWLEDGMENTS

This work was funded under the first author’s AcRF Grant, RG 10/01,
Singapore. We gratefully acknowledge John Mullane for providing some of
the outdoor RADAR scans and Javier Ibanez-Guzman, SIMTech Institute of
Manufacturing Technology, Singapore, for use of the utility vehicle. We further
acknowledge the valuable advice from Graham Brooker (Australian Centre for
Field Robotics) and Steve Clark (Navtech Electronics, UK).

© 2006 by Taylor & Francis Group, LLC



Millimeter Wave RADAR Power-Range Spectra Interpretation 95

REFERENCES

1.

10.

11.

12.

13.

14.

15.

J. J. Leonard and Hugh F. Durrant-Whyte. Dynamic map building for an
autonomous mobile robot. In IEEE International Workshop on Intelligent
Robots and Systems, pp. 89-96, Ibaraki, Japan, July 1990.

. Fan Tang, Martin Adams, Javier Ibanez-Guzman, and Sardha Wijesoma. Pose

invariant, robust feature extraction from range data with a modified scale
space approach. In IEEE International Conference on Robotics and Automation
(ICRA), New Orleans, USA, April 2004.

. Alex Foessel, Sachin Chheda, and Dimitrios Apostolopoulos. Short-range

millimeter-wave radar perception in a polar environment. In Proceedings of
the Field and Service Robotics Conference, pp. 133—138, Pittsburgh, PA, USA,
August 1999.

. Steve Clark and Hugh F. Durrant-Whyte. Autonomous land vehicle naviga-

tion using millimeter wave radar. In International Conference on Robotics and
Automation (ICRA), pp. 3697-3702, Leuven, Belgium, 1998.

. Graham Brooker, Mark Bishop, and Steve Scheding. Millimetre waves for

robotics. In Australian Conference for Robotics and Automation, Sydney,
Australia, November 2001.

. J. Leonard and Hugh F. Durrant-Whyte. Directed Sonar Sensing for Mobile

Robot Navigation., Kluwer Academic Publishers, Dordrecht, 1992.

. Somajyoti Majumder. Sensor Fusion and Feature Based Navigation for Subsea

Robots, The University of Sydney, August 2001.

. Scott Boehmke, John Bares, Edward Mutschler, and Keith Lay. A high

speed 3D radar scanner for automation. In Proceedings of ICRA ’98, Vol. 4,
pp- 2777-2782, May 1998.

. Steve Clark and G. Dissanayake. Simultaneous localisation and map building

using millimetre wave radar to extract natural features. In /EEE International
Conference on Robotics and Automation (ICRA), pp. 1316-1321, Detroit,
Michigan, May 1999.

Steve Clark. Autonomous Land Vehicle Navigation Using Millimetre Wave
Radar. PhD thesis, Australian Centre for Field Robotics, University of Sydney,
1999.

Alex Foessel. Scene Modeling from Motion-Free Radar Sensing. PhD thesis,
Robotics Institute, Carnegie Mellon University, Pittsburgh, PA, January 2002.
Alex Foessel, John Bares, and William Red L. Whittaker. Three-dimensional
map building with MMW radar. In Proceedings of the 3rd International Confer-
ence on Field and Service Robotics, Helsinki, Finland, June 2001. Yleisjljenns,
Painnoprssi.

Hans Moravec and A. E. Elfes. High resolution maps from wide angle sonar.
In Proceedings of the 1985 IEEE International Conference on Robotics and
Automation, pp. 116-121, March 1985.

Sebastian Thrun. Learning occupancy grids with forward models. In Proceed-
ings of the Conference on Intelligent Robots and Systems, Hawaii, 2001.

Ebi Jose and Martin D. Adams. Millimetre wave radar spectra simulation and
interpretation for outdoor slam. In International Conference on Robotics and
Automation (ICRA), New Orleans, USA, April 2004.

© 2006 by Taylor & Francis Group, LLC



96

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

Autonomous Mobile Robots

. Steve Clark and Hugh F. Durrant-Whyte. The design of a high performance

MMW radar system for autonomous land vehicle navigation. In FSR’97 Pro-
ceedings of the International Conference on Field and Service Robotics, A.
Zelinsky, Ed. Australian Robotic Association Inc, Sydney, NSW, Australia,
pp- 292-299, 1997.

S. Scheding, G. Brooker, M. Bishop, R. Hennessy, and A. Maclean. Terrain
imaging millimetre wave radar. In International Conference on Control,
Automation, Robotics and Vision, Singapore, November 2002.

Dirk Langer. An Integrated MMW Radar System for Outdoor Navigation. PhD
thesis, Robotics Institute, Carnegie Mellon University, Pittsburgh, PA, January
1997.

M. E. Adamski, K. S. Kulpa, M. Nalecz, and A. Wojtkiewicz. Phase noise in two-
dimensional spectrum of video signal in FMCW homodyne radar. In 13th Inter-
national Conference on Microwaves, Radar and Wireless Communications,
(MIKON-2000), Vol. 2, pp. 645-648, 2000.

K. Nakamura, T. Hara, M. Yoshida, T. Miyahara, and H. Ito, Optical fre-
quency domain ranging by a frequency-shifted feedback laser. IEEE Journal of
Quantum Electronics, 36, 305-316, 2000.

M. 1. Scolnik. Introduction to Radar Systems. McGraw Hill, New York, 1982.

F. R. Connor. Noise. Introductory Topics in Electronics and Telecommunica-
tions, 2nd ed. Edward Arnold, 1982.

Douglas C. Montgomery and George C. Runger. Applied Statistics and
Probability for Engineers. John Wiley and Sons, Inc, 2nd ed., 1999.

N. C. Currie and C. E. Brown. Principles and Applications of MMW Radar.
Artech House, Dedham, MA, 1987.

P. P. Gandhi and S. A. Kassam. Analysis of CFAR processors in nonhomogen-
eous background. IEEE Transactions on AES, 4, 427-445, 1988.

G. Davidson, H. D. Griffiths, and S. Ablett. Analysis of high-resolution land
clutter. IEE Proceedings — Visual Image Signal Processing, 151, 86-91, 2004.
P. P. Gandhi and S. A. Kassam. Optimality of the cell averaging CFAR detector.
IEEE Transactions on Information Theory, 40, 1226-1228, 1994.

S. Watts. The performance of cell-averaging CFAR systems in sea clutter. In
The Record of the IEEE 2000 International Radar Conference, Alexandria, VA,
USA, May 2000.

H. Rohling and R. Mende. Os CFAR performance in a 77 GHz radar sensor
for car application. In CIE International Conference of Radar, pp. 109-114,
October 1996.

Israel Cohen and Baruch Berdugo. Noise estimation by minima controlled
recursive averaging for robust speech enhancement. /EEE Signal Processing
Letters, 9, 12—15, 2002.

H. L. Van Trees. Detection, Estimation and Modulation Theory — Part I. Wiley,
New York, 1968.

T. Kirubarajan and Y. Bar-Shalom. Multisensor-Multitarget Statistics in Data
Fusion Handbook. CRC Press, Boca Raton, FL, 2001.

Robert M. Gray and Lee D. Davisson. Introduction to Statistical Signal
Processing. Cambridge University Press, London, New York, December 2004.

© 2006 by Taylor & Francis Group, LLC



Millimeter Wave RADAR Power-Range Spectra Interpretation 97

34. S. F. Boll. Supression of acoustic noise in speech using spectral subtraction.
IEEE Transactions on Acoustic, Speech and Signal Processing, ASSP-27,
113-120, 1979.

35. M. Berouti, R. Schwartz, and J. Makhoul. Enhancement of speech corrup-
ted by acoustic noise. In Proceedings of the IEEE ICASSP’79, pp. 208-211,
Washington, USA, 1979.

36. Ebi Jose and Martin D. Adams. Relative radar cross section based feature
identification with millimetre wave radar for outdoor slam. In International
Conference on Intelligent Robots and Systems (IROS), Sendai, Japan, September
2004.

37. D.D. Ferris, Jr. and N. C. Currie. Microwave and millimeter-wave systems for
wall penetration. In Proceedings of the SPIE — The International Society for
Optical Engineering, Vol. 3375, pp. 269-279, Orlando, FL, USA, 1998.

38. J. Guivant, E. Nebot, and S. Baiker. Autonomous navigation and map building
using laser range sensors in outdoor applications. Journal of Robotic Systems,
17, 565-583, 2000.

39. Y. Bar-Shalom and T. E. Fortmann. Tracking and Data Association. Academic
Press, New York, 1988.

BIOGRAPHIES

Martin Adams is an associate professor in the School of Electrical and
Electronic Engineering, Nanyang Technological University (NTU), Singapore.
He obtained his first degree in engineering science at the University of Oxford,
U.K. in 1988 and continued to study for a D.Phil. at the Robotics Research
Group, University of Oxford, which he received in 1992. He continued his
research in autonomous robot navigation as a project leader and part time
lecturer at the Institute of Robotics, Swiss Federal Institute of Technology
(ETH), Zurich, Switzerland. He was employed as a guest professor and taught
control theory in St. Gallen (Switzerland) from 1994 to 1995. From 1996 to
2000, he served as a senior research scientist in robotics and control, in the
field of semiconductor assembly automation, at the European Semiconductor
Equipment Centre (ESEC), Switzerland.

He is currently the principal investigator of two robotics projects at NTU,
both of which involve sensor data interpretation for SLAM and other mobile
robot applications. His other research interests include active LADAR design,
range data processing and data fusion with inertial navigation systems and other
aiding devices.

Ebi Jose is a Ph.D. student at the School of Electrical and Electronic Engin-
eering, Nanyang Technological University (NTU), Singapore. He obtained
his B.Tech. degree in instrumentation from Cochin University of Science
and Technology, Kerala, India in 2002. During his degree he worked in the

© 2006 by Taylor & Francis Group, LLC



98 Autonomous Mobile Robots

semi-conductor testing industry where he designed and developed equipment
for the nondestructive testing of semiconductor devices.

His current research interests include MMW RADAR sensor percep-
tion, RADAR signal processing, online feature detection, and autonomous
navigation of land vehicles.

© 2006 by Taylor & Francis Group, LLC



Data Fusion via Kalman
Filter: GPS and INS

Jingrong Cheng, Yu Lu, Elmer R. Thomas, and
Jay A. Farrell

CONTENTS
3.1 INtrodUCHON ...ttt et 100
3.1.1 DataFusion —GPSandINS..................oiii. 101
32 Kalman Filter ......ooooii 102
3.2.1 Stochastic Process Models...............cccoviiiiiiiiinan 102
3.2.1.1 Computationof @ and Q ............ceevuniienn. 104
322 BasicKF ... 105
3.2.2.1 Implementation iSSUES...........vveeeerrnnnneeenn.. 107
323 Extended KF......ccooiiiiiiiiiiii i 109
3.3 GPS Navigation SYSteM ... ....uuuuuttietttiiiiieaaas 113
3.3.1  GPS Measurements ........oeveeeeeeeeeeeeeaaaaaaaaaaaaaannns 113
3.3.2 Single-Point GPS Navigation Solution....................... 115
3.3.3 KF for Stand-Alone GPS Solutions .......................... 119
3.3.3.1 Clockmodel .....ooovviiiiiiiiiiiiiiiiiie, 120
3.3.3.2 Stationary user (P model) .......................... 121
3.3.3.3 Low dynamic user (PV Model) .................... 122
3.3.3.4 High dynamic user (PVA model) .................. 122
3335 GPSKFexamples .......coovviiiiiiiiiiiiiinen... 123
333,06 SUMMATIY . ..vvetiiii e 127
3.4 Inertial Navigation SYStEIM .. .......uuuuuuuututeiieiiiiiiiiiennenennns 128
3.4.1 Strapdown System Mechanizations .......................... 129
3.4.2 Error Model of INS System................coooiiiiiiiiinn 131
3.4.3 EKF Latency Compensation .............c.ceeviiuuueeeeeannn. 131
3.5 Integration of GPS and INS ...... ... 132
3.5.1 INS with GPS Resetting .........coovviiiiiiiiiiiiiiiiiennn 133
352 GPSAidedINS. ..o 133
3.5.2.1 Loosely coupled system..................cceeeee... 134
3.5.2.2 Tightly coupled system...............c..oevueenn... 135
3.6 Chapter SUMMAIY ........uttteeti et e e e e e 142
99

© 2006 by Taylor & Francis Group, LLC



100 Autonomous Mobile Robots

ACKNOWIEAGMENLS . . ... 143
REeferences ......oovnuuiiii i 144
Biographies ........o.uuiiiiiii 146

3.1 INTRODUCTION

Data fusion is the process of combining sensory information from different
sources into one representational data format. The source of information may
come from different sensors that provide information about completely different
aspects of the system and its environment; or that provide information about
the same aspect of the system and its environment, but with different signal
quality or frequency. A group of sensors may provide redundant information,
in this case, the fusion or integration of the data from different sensors enables
the system to reduce sensor noise, to infer information that is observable but
not directly sensed, and to recognize and possibly recover from sensor failure.
If a group of sensors provides complementary information, data fusion makes
it possible for the system to perform functions that none of the sensors could
accomplish independently. In some cases data fusion makes it possible for
the system to use lower cost sensors while still achieving the performance
specification.

Data fusion is a large research area with various applications and methods
[1-3]. In addition to having a thorough understanding of various data fusion
methods, it is useful to understand which methods most appropriately fit the
corresponding aspects of a particular application. In many autonomous vehicle
applications it is useful to dichotomize the overall set of application information
into (internal) vehicle information and (external) environmental information.
One portion of the vehicle information is the vehicle state vector. Accurate
estimation of the vehicle state is a small portion of the data fusion problem
that must be solved onboard an autonomous vehicle to enable complex mis-
sions; however, accurate estimation of the vehicle state is critical to successful
planning, guidance, and control. When it is possible to analytically model the
vehicle state dynamics and the relation between the vehicle state and the sensor
measurements, the Kalman filter (KF) and the extended Kalman filter (EKF)
are often useful tools for accurately fusing the sensor data into an accurate
state estimate. In fact, when certain assumptions are satisfied, the KF is the
optimal state estimation algorithm. The KF and its properties are reviewed in
Section 3.2.

This chapter has two goals. The first is to review the theory and application
of the KF as a method to solve data fusion problems. The second is to discuss
the use of the EKF for fusing information from the global positioning system
(GPS) with inertial measurements to solve navigation problems for autonomous
vehicles. Various fusion paradigms have been suggested in the literature — GPS,
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inertial navigation system (INS) only, INS with GPS resetting, INS with GPS
position aiding (i.e., loose coupling), and INS with GPS range aiding (i.e., tight
coupling). This chapter presents each approach and discusses the issues that
are expected to affect performance. Discussion of latency, asynchronous, and
nonlinear measurements are also included.

3.1.1 Data Fusion — GPS and INS

For planning, guidance, and control applications it is critical that the state of
the vehicle be accurately estimated. For these applications, the state vector of
the vehicle includes the three-dimensional (3D) position, velocity, and attitude.
Often, it is also possible to estimate the acceleration and angular rate. Various
sensor suites and data fusion methods have been considered in the literature
[4-8]. This chapter focuses on one of the most common sensor suites [9-11]
— fusion of data from an inertial measurement unit (IMU) and a GPS receiver.
The chapter considers the positive and negative aspects of various methods that
have been proposed for developing an integrated system.

An IMU provides high sample rate measurements of the vehicle acceler-
ation and angular rate. An INS integrates the IMU measurements to produce
position, velocity, and attitude estimates. INSs are self-contained and are not
sensitive to external signals. Since an INS is an integrative process, meas-
urement errors within the IMU can result in navigation errors that will grow
without bound. The rate of growth of the INS errors can be decreased through
the use of higher fidelity sensors or through sensor calibration. In addition,
the INS errors (and calibrations) can be corrected through the use of external
sensors. With a well-designed data fusion procedure, even an inexpensive INS
can provide high frequency precise navigation information [12]. The rate of
growth of the INS error will depend on the IMU characteristics and data fusion
approach.

A GPS receiver measures information that can be processed to directly
estimate the position and velocity of the receiver antenna. More advanced multi-
antenna GPS approaches can also estimate the vehicle attitude [13—15]. The
accuracy of the vehicle state estimate attained by GPS methods depends on the
receiver technology and the processing method. Civilian nondifferential GPS
users can attain position estimates accurate to tens of meters. Differential
GPS users can attain position estimates accurate to a few meters. Differen-
tial GPS users capable of resolving carrier phase integer ambiguities can attain
position estimates accurate to a few centimeters. The main disadvantage of state
estimates determined using GPS is that the estimates are dependent on reception
of at least four GPS satellite signals by the receiver. Satellite signal reception
requires direct line of sight between the receiver and the satellite. While this
line of sight is obstructed for a sufficiently large number of satellites, the GPS
solution will not be available.
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GPS and INS have complementary properties which have motivated various
researchers to study methods to fuse the data from the two systems. The object-
ive is to attain high performance for a higher percentage of the time than either
approach could attain independently. This chapter uses GPS and INS to illustrate
the use of the KF for data fusion. Section 3.2 reviews the KF, EKF, and various
properties and application issues. Section 3.3 reviews the various issues related
to the GPS system. Of particular interest will be various assumed dynamic
models and issues affecting state estimation accuracy. Section 3.4 provides a
brief review of INS and their error models. The main objective is to present
the model information necessary to analyze alternative methods for combining
GPS and INS information, which is done in Section 3.5.

3.2 KALMAN FILTER

Since R. E. Kalman published his idea in the early 1960s [16,17], the KF
has been the subject of extensive research. It has been applied successfully to
solve many practical problems in different fields, particularly in the area of
autonomous navigation. The KF involves two basic steps: use of the system
dynamic model to predict the evolution of the state between the times of the
measurements and use of the system measurement model and the measurements
to optimally correct the estimated state at the time of the measurements. It is
well known that the KF is recursive, computationally efficient, and optimal in
the sense of the minimum mean of the squared errors [18].

This section contains three subsections. Section 3.2.1 reviews the linear
dynamic system models that are required for the prediction and measurement
update steps of the KF. Section 3.2.2 reviews the KF algorithm, a few of its
properties, and methods to address various implementation issues. Section 3.2.3
reviews the EKF algorithm which is applicable when either the dynamic or
measurement model of the system is not linear. The EKF is needed in GPS-INS
data fusion applications since the INS dynamic model is nonlinear and the GPS
measurement model may be nonlinear.

3.2.1 Stochastic Process Models

Because the state of most physical systems evolve in continuous time,
continuous-time dynamic models are of interest. The dynamic behavior of
a linear continuous-time system driven by a random process w(f) may be
described mathematically by a set of ordinary differential equations:

x(t) = FOx(®) + G (t) 3.1)
y(@®) = H®Ox(@) + v(1) (3.2)
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where x(¢) is the n-element state vector of the system, F(¢) is the system matrix,
G(?) is the input distribution matrix, y(¢) is the measurement vector, H(z) is the
measurement matrix, and v(¢) is the measurement noise vector.

The vectors w(t) and v(¢) are assumed to be white and Gaussian with

Elo] =0, Elo®o’ (+1)]= Q1)) (3.3)
Elv(]1 =0, EN®OV (1 +1)] =R®(7) (3.4)

where Q,, is the power spectral density (PSD) of the white noise w (¢) and R(¢)
is the covariance matrix of the measurement noise process v(z). If either w ()
or v(¢) is not white, then it may be possible to append linear dynamics to the
model of Equation (3.1) and Equation (3.2) to still utilize the model of a linear
system driven by white noise, see Reference 19. For the state estimation design
discussions of this chapter, unless otherwise stated, assume that the system
model has been manipulated into the form of Equation (3.1) and Equation (3.2)
with white process and measurement noise.

In applications, such as those involving GPS, where the measurements
occur at discrete instants of time, it is convenient to utilize a discrete-time
formulation of the KF. If we denote the sequence of measurement times by
Hy.oslks testls - - -, then implementation of the discrete-time KF requires a
model for propagating the state between measurement times and a model for the
relation between the state and the measurement that is valid at the measurement
time. Using linear system theory [20,21], the state transition valid between #;
and Tret1 is

X(te41) = P q1, )X (1) + w(te) (3.5)
where

1
wite) = / (41, )G () d (3.6)
T

and P (fx41,1) is the state transition matrix from ¢ to #;41. The measurement
model valid at #; is

y() = H(t)x (1) + v(te) (3.7
To simplify notation, these equations will be written as

X1 = PpXp + Wi (3.8)
Vi = Hgxy + vy (3.9)
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The process noise wy and measurement noise v are assumed to be zero-mean,
white noise with covariance properties as follows:

Q 9’ k = j
Elwiw!] = {0 ¢ ) #]. (3.10)
, J
Ri, k=j
Ewv}]= g / (3.11)
0, k#j
E[wvj]1=0, forall k and (3.12)

3.2.1.1 Computation of ® and Q,

The covariance matrix associated with w(#y) is:

Tk+

1
Qi = Qtet1, 1) = / (1141, 1)G(T)QGT (1) ®T (141, 7)dr (3.13)

3

For systems where F(¢), G(¢), and Q,,(#) are accurately approximated as con-
stant over the interval of integration, the transition matrix can be calculated by
the inverse Laplace transform

S (tet1, k) = £ HIST = F1 ™ mp -1 (3.14)

Alternative methods to compute ®; and Qy use matrix exponentials [22,23] or
Taylor series expansions. A common method for computing @, is the truncated
power series:

F2A2 F3AP
2! + 3!

(A1) =" =1+ FAr + +--- (3.15)

where At = 41 — t; and the choice of the order of the power series depends
on the system design requirements.

When F is time varying, it is necessary to subdivide At such that F can
be considered as constant on the subintervals At; = 1; — 17,1 where 79 = 1%,
W = tiy1, and ;7 = 1,1 + At fori = 1,...,N. Let At = Zf’zl AT;
then &, ]_[fv:l ®(7;,7i—1). The matrix Q; can be found by approximation
techniques:

Qr = Q(n, T0) (3.16)
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where by subdividing (3.13) into subintegrals and using ®(tiy1,70) =
®(7i41, 1) P (15, T0) We obtain

Q(tj, 10) = ®(7;, 1i-D[GQ,,GT AT + Q(zi_1,70)1® (ri, 1) (3.17)
fori =1,...,N with Q(tg, 79) = 0.

Example 3.1 Since a common GPS measurement epoch uses #; = k, this
example considers computation of ®; and Qy, over the unitinterval t € [k, k+1)
where k is an integer. First, the unit interval is subdivided into N subintervals
of length dt = 1/N sec. Each subinterval is [1;, Ti+1) where t; = k + idt for
i=0,...,N.Forsmall dr,

@ (tit1, i) = A+ F(r)dr)
and
®(Tit+1, 70) = P(Tit1, 1) ®(7i, T0) (3.18)
therefore,
@ (Tit1, 70) = @ (7, 70) + F(7) @ (i, 70) d7

Similarly, over each 1 sec interval, Q; = Q(7n,70) can be integrated as
follows:

Qi(t1,k) = ®(11,70)GQ,,GT® (71, 70) dt

Qi(12, k) = ®(12, 71)[GQ,,GT d7 + Q (71, k)1 (12, 1) (3.19)

Qi(tv, k) = @ (v, tv_1)[GQ,,GT dt + Qi (ty—1, k) 1®T (v, TN—1)

3.2.2 Basic KF

Since there are numerous books devoted to the derivation of the KF, such as
References 19, 20, and 24, the derivation is not included herein. Instead, the
KF algorithm and its properties are reviewed.

The KF estimates the state of a stochastic system. To determine optimal
gains for the filter at time #, the KF compares the covariance of the state estimate
at 7, with the covariance of the measurement at #;. To enable this comparison,
the KF algorithm will propagate the covariance of the state estimate as well
as the state estimate. Prior to discussing the KF algorithm, it will be useful to
summarize the new notation that will be used. The KF gain valid at time #
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is Ky. The state estimate at time #; using all measurements up to time #; will
be denoted by f(j|,-. Therefore, Xy is the estimate of the state at time # using
all measurements up to and including yj, while X x— is the estimate of the
state at time #; using all measurements up to and including yx_;. Similarly,
Py« denotes the covariance of the state estimation error at time #; after using
all measurements available up to and including yi, and Pyx—; denotes the
covariance of the state estimation error at time #; after using all measurements
available up to and including y;_.

The KF algorithm is a recursive process. As such, it requires initialization
prior to starting the recursion. Assume that the first measurement will occur at
t1 and denote the initialized state estimate and its associated error covariance
matrix as Xojo and Pojo. These initial values should be

Xol0 = E(x0), Pojo = cov(xp) (3.20)

and k = 0. Often, it will be the case that Pg|o is diagonal with each element
being large. The KF is implemented as follows:

1. Predict the state vector and error covariance matrix for the next
measurement time:

Xir 1k = PrXpk (3.21)

Piiije = ®iPi @) + Qx (3.22)

Then, increment k = k + 1.
2. Calculate the KF gain matrix for incorporation of yy:

Ky = Py Hy [H Py HY + Ry ]™! (3.23)
3. Use yx to correct Xgjx—:
Xk = Xgk—1 + Kelyk — HiXgpe—11 (3.24)

4. Compute the error covariance of the state estimate after incorporat-
ing yi:

Prr = 1 — KeH [Prr—1 (3.25)
where I is an n-dimensional identity matrix.
Steps 14 are iterated for each new measurement. This iteration can con-

tinue ad infinitum. A few facts are important to point out. First, the discrete
measurements have not been assumed to be equally spaced in time. The only
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assumption is that we have a model available, of the form of Equation (3.8)
and Equation (3.9), suitable for accurate propagation of the state estimate and
state estimate error covariance matrix between measurement instants. Second,
Step 3 is the only step that requires the measurement; therefore, when the next
measurement time can be accurately predicted, then Steps 1 and 2 are often com-
puted prior to the arrival of the next measurement. The purpose of doing this is
to minimize the computational delay between the arrival of y; and availability
of Xy to the other online processes that need it (e.g., planning, guidance, or
control). Third, the portions of the KF algorithm that require the majority of the
computations are Equation (3.22), Equation (3.23), and Equation (3.25), which
are related to maintaining the error covariance matrix and the Kalman gain.

3.2.2.1 Implementation issues

The performance of the KF depends on the accuracy of the process model
and the measurement model. The implementation approach also affects the
performance and computational load of the KF. This section discusses some of
the important implementation issues related to the KF.

Sequential processing of independent measurements. When the system has
m simultaneous, but independent measurements, the noise covariance matrix is
diagonal:

ry 0 0
0 0 ry

In this case, it is computationally efficient to treat the measurements as sequen-
tial measurements. This replaces an m-dimensional matrix inversion with m
scalar divisions. At time #;, we introduce an auxiliary vector Xg and matrix po
which are initialized as

po=Pir—1 and Xo =X (3.27)
The following recursion is performed for i = 1 to m:

. pi—th]

ri + hipi—1hf

. . (3.28)
Xi =X;—1 + Ki[yi — h;x;_1]

I — Kih;]p;—1

=
I
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where h; is the ith row of the measurement matrix Hy and y; is the ith element of
the vector y. After the mth step of the recursion, the state and error covariance are

Rtk = X (3.29)
Py =pm

Note that the state estimate X x and error covariance Py that result from this
scalar processing will exactly match (within numerical error) the results that
would have been obtained via the vector processing implementation. The gain
matrices K that result from the vector and scalar processing algorithms will be
distinct, due to the different order in which each implementation introduces the
measurements.

Rejection of bad measurements. In engineering applications, data does not
always match theoretical expectations. Therefore, it is also necessary to set up
some criteria to reject some measurements.

For example, if for a scalar measurement y; the absolute value of the meas-
urement residual res; = y; — h;X;_| at time k is sufficiently larger than its

standard deviation ,/ hiPk|k_1th + r, then the measurement could be ignored.

In this case, this kth measurement would be missed. Such situations are
discussed below.

Missed measurements. Sometimes an expected measurement may be miss-
ing. One circumstance under which this could occur was discussed earlier.
When a measurement is missing, the “measurement” contains no information;
therefore, the uncertainty of the measurement is infinite (i.e., R = «I with
o = 00). In this case, by Equation (3.23), K; = 0. Using this fact, in Steps 3
and 4 of the KF, yields

Xk = Xkjk—1 (3.30)

Pii = Prjk—1 (3.31)

The missed measurement has no effect on the estimated state or its state error
covariance matrix.

Divergence of the KF. The KF is the optimal state estimator for the modeled
system. The KF is stable if certain technical assumptions, including observab-
ility and controllability from the process noise vector are met [19-21]. Lack
of observability, absence of controllability from the process noise vector, or
modeling error can cause the KF state estimate to diverge from the true state.
These are issues that must be studied and addressed at the design stage.
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Tuning. Ideally, the KF is applied to a well-modeled dynamic system with
stochastic process noise and measurement noise satisfying the required assump-
tions. In such cases, the Q and R matrices can be computed correctly as a portion
of the stochastic model. In some other applications, examples of which will
occur in Section 3.3.3, the vector w represents unknown factors that may not
be truly random. In such applications, Q and R are often used as performance
tuning parameters. As Q is decreased relative to R, the KF trusts the dynamic
model of the system more than the measurements; therefore, the states of the
system converge more slowly since new information is weighted less. If Q is
increased relative to R, the measurements will be weighted more and the states
will converge faster; however, the measurement noise will have a larger effect
on the accuracy of the filtered solution. Note that in applications where Q and
R are used as performance tuning parameters, all stochastic interpretations of
Py i are lost. Instead, the KF is being used as an algorithm to estimate the state,
but the KF optimality properties are not applicable.

Maintaining symmetry. The equation
Pr = I — K Hg [Prr—1 (3.32)
is a simplified version of
Pi = [ — KeHg Py 1 [T — KeH T + KRy K] (3.33)

Equation (3.32) is valid only when Ky is the optimal Kalman gain matrix.
When K is defined by an equation other than Equation (3.23) and is not the KF
optimal gain matrix, then Equation (3.33) should be used. Since Py is the error
covariance matrix, it should be symmetric and positive semidefinite. Although
Equation (3.33) requires more computational operations than Equation (3.32)
does, Equation (3.33) is a symmetric equation. However, the symmetry of either
result can be guaranteed and the computational requirements are decreased by
only computing the lower diagonal half of Py.

Maintaining definiteness. Neither Equation (3.32) nor Equation (3.33)
guarantees that Py, is symmetric or positive semidefinite in the presence of
numeric errors. One possible solution is to factorize Py (e.g., P = UDUT or
P = QR) and derive algorithms that propagate the factors directly. Such fac-
torized algorithms [20,21] have better numeric stability properties, especially
in applications where computational error is an issue.

3.2.3 Extended KF

The previous sections have discussed only linear systems with zero-mean, white
Gaussian process, and measurement noise. The optimality properties of the KF

© 2006 by Taylor & Francis Group, LLC



110 Autonomous Mobile Robots

under these assumptions were briefly discussed in the previous sections. In
many applications either the measurement model, the system dynamics, or
both are nonlinear. In these cases the KF may not be the optimal estimator.
Nonlinear estimation is a difficult problem without a general solution. Nonlinear
estimation methods are discussed, for example, in References 25 and 26. For
the navigation systems which are the main focus of this chapter, the EKF has
proved very useful because the linearized dynamic and measurement models are
accurate for the short periods of time between measurements. Due to its utility
in the applications of interest, the EKF is reviewed in this section.

Such navigation systems can be described by the nonlinear stochastic
differential equation

x() =f(x,u, 1) + g(x, )W (f) (3.34)
with a measurement model of the form
y(&) =hx, 1)+ V(@) (3.35)
where f is a known nonlinear function of the state x, the signal u, and time; g is
a known nonlinear function of the state and time; and w’ and v’ are continuous-
time white noise processes.
For its covariance propagation and measurement updates, the EKF will
use a linearization of Equation (3.34) and Equation (3.35). The linearization is
performed relative to a reference trajectory x*(¢) which is a solution of

x*(t) =f(x*,u,1)

between the measurement time instants. The corresponding reference measure-
ment is

y* (1) = h(x*,1)
The error state vector is defined as
8x =x —x*
and the measurement residual vector as
Sy =y —y"@®
The linearized dynamics of the error state vector are

8%(1) = F()8x(1) + GOW (1) + ex(t) (3.36)
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and the linearized (residual) measurement model is
8y(t) = H(1)8x(1) + v/ (1) + ey (1) (3.37)

where

oh
F(r) = - HO) = - . G =gx"1

of
ox x=x*

and ex(?), e,(?) are linearization error terms.
From Equation (3.36) and Equation (3.37), the equivalent model for discrete
measurements is

IXjr1 = PrIXy + Wi

8yx = Hpdxy + vi

where the state transition matrix and process noise covariance matrix can be
calculated by the methods given in Section 3.2.1. The approximation will hold
only for a short period of time and only if the reference trajectory is near
the actual trajectory. For the systems that are the focus of this chapter, the
linearization will occur around the computed navigation state. Time propagation
occurs between GPS measurement epoches, which are typically separated by
only a few seconds. Measurements at a given epoch are assumed to occur
simultaneously. The purpose of the GPS corrections is to keep the navigation
state near the state of the true system.

Implementation of the EKF algorithm is very similar to that of the KF, in fact,
only the state propagation and measurement prediction steps will change. In
addition, the P matrices computed in the algorithm are no longer true covariance
matrices; although, we will still use that name in the following text.

To initialize the EKF algorithm, assume that the first measurement will
occur at #; and denote the initialized state estimate, residual state estimate,
and its associated error covariance matrix as Xojo, §Xo|0, and Pojo, respectively.
These initial values should be

Xoj0 = E(X0), 68Xoj0 =0, Pojo = cov(xg)

Since this is a nonlinear estimation process, it is important that x(0) — Xojo be
small. The equations and procedures for the EKF are summarized as follows:

1. Propagate the state estimate to the next measurement time #;1 by
integrating

X4 (1) = F(x*, u, 1) (3.38)
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over the time interval ¢ € [fy, f41] with initial condition x*(#;) =
Xijk- At the completion of the integration, let Xgyix = X* (1)
Along the solution x*(#), compute

F@) = % and G@r) = g(x*,1), fort € [t trr1]

x=x*

Compute the state transition matrix ®; and compute the process
noise covariance matrix Qy. Predict the error state vector and error
covariance matrix:

Sﬁk—&-llk = Qkaﬁk‘k =¢,0=0 (3.39)
Pirije = ®iPi®; + Qx (3.40)

The reason that §Xx is set to 0 in (3.39) is clarified in the discussion
following (3.43).

Increment k = k + 1.

Linearize the measurement matrix at x*(#;) and calculate the EKF
gain matrix:

oh
Hy = H(t) = =
X Ix=fep—1 (3.41)

T T -1
Ky = Prg— 1 Hy [HiPrje— 1 H, + Ry ]
Compute the error states using the residual measurements:

8Xpk = 0Xppk—1 + Ki[8yx — HxdXppe—1]
where 8Xjx—1 is the error state vector estimated prior to the new

measurements, which by Equation (3.39) is zero.
Update the estimated states Xy x:

Xk = Xijk—1 + 6Kk (3.43)

Since the error state has been included in the state estimate, the error
has been corrected; therefore, the new best estimate of the error state
is zero. Therefore, Xk, must be set to zero: §Xxjx = 0.

Update the posterior error covariance matrix:

Py = 1 — KpHg [Prk—1
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The EKF iterates Steps 1 to 7 for the duration of the application. Steps 1 and 2
perform computations related to time propagation of the state and the matrix P.
Steps 4 to 7 perform computations related to the measurement update.

In the EKF algorithm, the computation, use, resetting, and time propagation
of §Xy i often causes confusion. The above algorithm is a fotal state implement-
ation. In an alternative error state implementation of the algorithm, Step 6 could
be removed. Without Step 6, Equation (3.39) of Step 2 would have to be imple-
mented to time propagate the error state and the simplification to Equation (3.42)
of Step 5 would not be possible. In this alternative implementation, it is pos-
sible that, over time, 55(k|k could become large. In this case, x* is not near the
actual state. In this case, the linearized equations may not be accurate. The
EKF algorithm as presented (using Step 6) includes §Xx in x* resulting in
a more accurate linearization. The total and error state implementations are
discussed in greater detail in References 20 and 27.

3.3 GPS NAVIGATION SYSTEM

The purpose of this section is to discuss the advantages and disadvantages
of various EKF approaches to state estimation using GPS measurements.
Section 3.3.1 presents background information about GPS that is necessary for
the subsequent discussions. Section 3.3.2 discusses position estimation based
on GPS measurements. The EKF approaches to solving the GPS equations are
compared in Section 3.3.3.

3.3.1 GPS Measurements

The GPS is designed to provide position, velocity, and time estimates to users
at all times, in all weather conditions, anywhere on the Earth. The existing
GPS signal for each satellite consists of a spectrum spreading code and data
bits modulated onto a carrier signal. By accurately measuring the transit time
of the code signal, the receiver can form a measurement of the pseudorange
between the satellite and the receiver antenna. This measurement is referred
to as a pseudorange as it is also affected by receiver and satellite clock errors.
By processing the data bits to determine the clock error model and ephemeris
data, the receiver can compute the satellite position and clock errors as a func-
tion of time. Tracking the satellite signal requires that the receiver acquire
either frequency or phase lock to the satellite carrier signal. Phase information
from the tracking loop has utility as an additional range measurement and the
change in the phase measurement over a known period of time (referred to
in the GPS literature as a Doppler measurement) can be used to estimate the
receiver velocity. The GPS satellites broadcast signals on two frequencies: L1
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and L2. Users with “two frequency” receivers can obtain pseudorange, phase,
and Doppler measurements for each of the two frequencies.

The L1 and L2 code and carrier phase measurements from a given satellite
can be modeled as

ALl =R+bu+CAtsv+j:_2[a+Ecm + MPy + 1y
1

J

p1o = R+ by + cAtyy +f—‘la + Ecm + MP; + 12
2

~ )

¢Ll)\l + NiAq =R+bu + cAtgy _j;]a + Ecm + mp1 +ny
1

~ bil

¢r2A2 + Nody = R+ by, + cAtgy — f—la + Ecm +mpy + 12
2

where R = || Xsv — X,,|| is the geometric distance between the satellite position
X,y and receiver antenna position X, b, is the receiver clock bias, and c Aty is
the satellite clock bias. The satellite clock bias can be partially corrected by eph-
emeris data. E.y, represents common errors other than dispersive effects such as
ionosphere and I, represents ionospheric error. The symbols 1 and n represent
receiver measurement noise. The symbols mp and MP represent errors due to
multipath. Note that the receiver clock bias is identical across satellites for all
simultaneous pseudorange and phase measurements. Since the receiver phase
lock loops can only track changes in the signal phase and the initial number of
carrier wavelengths at the time of signal lock is not known, each phase signal is
biased by an unknown constant integer number of carrier cycles represented by
Nj and N;. Use of the phase measurements as pseudorange signals for position
estimation also requires estimation of these unknown integers [28—32]. Use of
the change in the phase over a known period of time to estimate the receiver
velocity does not require estimation of these integers, since the integers are
canceled in the differencing operation [33,34]. The standard GPS texts [34,35]
include entire sections or chapters devoted to the physical aspects of the various
quantities that have been briefly defined in this section.

Note that only R and b,, contain the position and receiver clock information
that we wish to estimate. The symbols cAtgy, I, Ecm, MP, mp, 1, and n all
represent errors that decrease the accuracy of the estimated quantities. There
are many techniques to reduce these measurement errors prior to the navigation
solution. Dual frequency receivers can take advantage of the code measurements
from L1 and L2 to estimate the ionospheric delay error I, as

fif2

I, = ——
2 2
f2_1

(OL1 — PL2)
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Due to the differencing of measurements, this estimate is noisy; since I, changes
very slowly, it can be low-pass filtered to remove the noise. For measure-
ments from single frequency receivers, it is possible to compensate part of the
ionospheric delay errors by an ionospheric delay model [36]. Alternatively,
differential operation using at least two receivers can effectively remove all
common mode errors (i.e., cAtgy, Iy, Ecm).

The methods discussed in the subsequent sections can be used for the pseu-
dorange or integer-resolved carrier phase measurements. We will not discuss
Doppler measurements. To avoid redundant text for the code and integer-
resolved carrier measurements, we will adopt the following general model for
the range measurement to the ith satellite

Bi= =4 =02+ G =P +bu e (B4

where p could represent the code pseudorange measurements or integer-
resolved carrier phase measurements. The variable b, represents the receiver
clock bias. The symbol ¢ represents the error terms appropriate for the different
measurements. When a GPS receiver has collected range measurements from
four or more satellites, it can calculate a navigation solution.

3.3.2 Single-Point GPS Navigation Solution

This section presents the standard GPS position solution method using nonlinear
least squares. In the process, we will introduce notation needed for the sub-
sequent sections. In this section, the state vector is defined as x = [x, y, z, b,1F
where (x,y,z) is the receiver antenna position in earth centered earth fixed
(ECEF) coordinates and b,, is the receiver clock bias.

Taylor series expansion of Equation (3.44) about the current state estimate

~

X = [%,,2, b,] yields

pi(x) = pi(X) + [h;, 1]6x + h.o.t.s + &

where
SX=X—-X=[x—-X,y—Y, 2—2, lau—l;u]T
FR =X =0+ (V=97 + & -2 +b (349
_ [% dei %]
0x ’ 8)/ ’ Bz ®&3.2
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and
pi —(X; —x)
0x X =02+ (Vi — ) + (Z — 2)°
i —(¥; —)
0y JXi— 02+ T — )+ (Z -2
i ~(Z—2)

7 Kt (i )P + G- 2P

Given m simultaneous range measurements, all the measurements can be put
in the matrix form

Sp =Héx+v (3.46)
by making the definitions
A,Ol hls 1
Ap2 h2’ 1
Sp = . and H= . (3.47)
Apm hn’h 1

where the residual measurement is
Ap; = pi(x) — pi(X)

and v represents the high order terms (h.o.t.s) of the linearization plus the
measurement noise.

To determine the state vector, a minimum of four simultaneous range meas-
urements are required. The weighted least squares solution to Equation (3.46) is

sx = [H'R'H]"'HTR'sp (3.48)

The corrected position estimate is then
T =% +6x (3.49)
To reduce the effects of the linearization error terms, the above process can
be repeated using the same measurement data and the corrected position at
the end of the current iteration as the starting point of the next iteration (i.e.,

X = x). The iteration is stopped when the error state vector §x converges to
a sufficiently small value. Even after the convergence of §x has been achieved,
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there may still be significant error i, = x — X+ between the actual state and the
best estimate after incorporating the measurements. The measurement noise
covariance matrix is

(,12 o --- 0
R, =cov(v) = | : (3.50)
0 0 o2

The value of al.z for the ith satellite could be determined based on time-series
analysis of measurement data, the S/N ratio determined in the tracking loop for
that channel, or computed based on satellite elevation. The covariance of 7y is

Ry = cov(ny) = [H'R™'H]™! (3.51)

It is important to note that this matrix is not diagonal. Therefore, errors in the
GPS position estimates at a given epoch are correlated.

The above solution approach can be repeated (independently) for each epoch
of measurements. This calculation of the position described so far, at each
epoch, results in a series of single-point solutions. At each epoch, at least four
simultaneous measurements are required and the solution is sensitive to the
current measurement noise. There is no information sharing between epochs.
Such information sharing between epochs could decrease noise sensitivity and
decrease the number of satellites required per epoch; however, information
sharing across epochs will require use of a dynamic model. Section 3.3.3 dis-
cusses advantages and disadvantages of alternative models and EKF solutions
for GPS-only solutions. Section 3.4 discusses methods for combining GPS and
IMU data.

Example 3.2 Throughout the remainder of this chapter we will extend the
example that begins here. The example will be analyzed in )t%. By this we mean
that we are analyzing a 2D world, not a 2D solution in a 3D world. We restrict
the analysis to a 2D world for a few reasons (1) the analysis will conveniently
fit within the page constraints of this chapter; (2) graphical illustrations are
convenient; and (3) several important theoretical issues can be conveniently
illustrated within the 2D example. The main conclusions from the 2D example
have exact analogs in the 3D world (discussed in Example 3.6).

In a 2D world, p(¢), v(t) € %? and there is a single angular rotation angle
Y(t) € R withw(t) = fp(t) € NR. All positions and ranges will be in meters.
All angles are measured in degrees. The quantities ¥ and w are not used in this
example, but are defined here for completeness as they are used in Example 3.6.
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To find the position corresponding to range measurements in the 2D
example, we define the position and clock bias error vector as

Sp=x—K=[x—%y—9bit—by"

The range is computed as

AR = (X — 97 + (% — 7 + b,

The line-of-sight vector (from satellite to user) is

—(X;—% (Y —3
hi:[ KB Tioh } 352
VX =32+ X =57 VX =D+ (- §)?
Because there are three unknowns, measurements from at least three satel-
lites will be required. Let us assume that there are satellites at locations

P; =10 x IOG[ELZZ]m for 61 = 90°, 6, = 85°, 03 = 20°, and 64 = —85° with
corresponding range measurements of p; = 9.513151e6, p» = 9.469241e6,
03 = 9.363915e6, and ps = 10.468545¢6. Then, if the initial position estimate
is X = [0.00,0.00,0.00]7, the sequence of positions and position corrections
computed by iterating Equation (3.48) and Equation (3.49) with R = I, is shown
in Table 3.1. Note that if the initial estimate, possibly obtained by propagation
of the estimate from a previous epoch, was accurate to approximately 10 m, then
one or possibly two iterations would provide convergence of a new estimate
consistent with the measurements of the current epoch to better than millimeter
accuracy. Also, even after the estimate of x has converged to micrometer accur-
acy, the error in the estimated measurement is still 0.44 m. This is the least
squared error that can be achieved by adjusting the three elements of x to fit the
four measurements of p.

TABLE 3.1

Results of Computations for Example 3.2

Iteration §x 16l X o — ol
0 NA NA  [0,0,0]

1 [5.01,5.09,0.14]e5 7.1e5  [5.011961,5.090871,1.364810]e5 23368.75
2 [-0.12,-0.91,—1.36]e4  1.6e4  [5.000000,5.000046,0.000062]e5 7.33
3 [0.01,—4.20, —421]0  6.0e0  [5.000000,5.000000,0.000002]e5 0.44
4 [-0.26, ~8.53,-9.29]e—7 1.3e—6 [5.000000,5.000000,0.000002]e5 0.44

© 2006 by Taylor & Francis Group, LLC



Data Fusion via Kalman Filter 119

The error covariance matrix for the estimated position vector is

0.377 0.040 0.133
Ry = | 0.040 1.492 0.376
0.133 0.376 0.384

The variance of x is smaller than the variance of y due to the geometric alignment
of the satellites. Also, the estimates of x and y are correlated. Note that receivers
do not typically provide this covariance matrix as an output.

If only the first three measurements are used to estimate x, then the meas-
urements can be perfectly fit, but the error in the estimated position and the
error covariance matrix will increase.

3.3.3 KF for Stand-Alone GPS Solutions

This section discusses methods that have been proposed in the literature to
achieve improved performance by using the EKF to share information across
measurement epochs. Higher performance can be represented by increased
position accuracy or decreased requirements on the number of required satellites
per epoch.

Sharing information across measurement epochs requires models for the
dynamics of the user receiver and the receiver clock error. The receiver
clock dynamic model is discussed briefly in Section 3.3.3.1. Various pos-
sible dynamic models for the receiver antenna position are discussed in
Section 3.3.3.2 to Section 3.3.3.4. Each of these dynamic models will be lin-
ear; however, since the GPS measurement model is nonlinear, the solution still
requires an EKF.

The use of the EKF algorithm of Section 3.2.3 to solve the GPS navigation
problem is illustrated as a block diagram in Figure 3.1. The dynamic motion
equations are integrated between measurement times to predict the receiver
antenna position at subsequent measurement times. The measurement predic-
tion equations use the predicted antenna position and the computed satellite
position to predict range measurement for each satellite. The residuals between
the GPS measurements and the predicted measurements drive the EKF which
outputs the error state estimates. The error state estimates are fed back to correct
the predicted states, which are used to initialize the prediction step for the next
epoch.

Section 3.3.3.2 to Section 3.3.3.4 discuss the advantages and disadvantages
of three possible receiver state estimation algorithms. The EKF algorithm and
Figure 3.1 are applicable to all three approaches. The main distinctions between
the approaches are the definitions of the state vector and the dynamic model for
the state vector.
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Measurements +

FIGURE 3.1 Block diagram representation for a GPS-only navigation system solved
via KF. The dynamic motion prediction by either Equation (3.21) or Equation (3.38)
extrapolates from the present state estimate using the assumed dynamic model.

3.3.3.1 Clock model

Global positioning system receivers use oscillators with very stable frequencies.
Integration of this frequency provides the basis for the receiver clock time
signal. The error between the oscillator frequency and its specified frequency
represents the receiver clock drift rate. It is common to model the clock drift
rate as a random walk process. We scale these quantities by the speed of light
to represent the clock bias b, and drift rate f,, in meters and meters per second.
The dynamic model for x. = [b,, fu]T is

%, = F.x, + W, (3.53)

where

|0 1 | ow
el wes[] o5

and the power spectral density S, and Sy of the process noise w, and wy are
determined by the characteristics of the receiver clock [20]. The corresponding
state transition matrix and process noise covariance matrix for the discrete clock
model are:

c e 1A . | SeAr+s AR saE
®f = (nan =, | Q= ; (3.55)
S5 Spae
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where At = tx41 — tx. This clock model will be included as a portion of the
model in each of the following sections.

3.3.3.2 Stationary user (P model)

If it is known that the receiver antenna is stationary, then the position vector
X, = [x,y, z]T satisfies x, = 0. Combining the receiver position model with
the clock model, the dynamic model for a stationary user is

X 0 0]|x A/

Fl= 4 P 3.56
where w, = [wy, wy, wZ]T is the process noise for the position states. The state
transition matrix and process noise covariance matrix for the equivalent discrete

model are:
s [T 0 s _[Q 0
o, = |:O q)i] , Q= [ 0 Qi (3.57)

where Q']: is the process noise covariance matrix corresponding to w), in the
sense of Equation (3.6) and Equation (3.10), and I is a 3 x 3 identity matrix.
The linearized measurement model is

hl hc
hy he|[s

y=8p = : ‘ [SiljJrv (3.58)
h,, h.

where h, = [1, 0] characterizes the effect of the clock state §x. on the meas-
urement, 8p is defined in Equation (3.47), h; is defined in Equation (3.45),
3%, = [8x, 8y, 5z]T is the position error vector, Ry = R, denotes the covariance
of v as defined in (3.50), and 8x., = [8b,, (Sf,,]T is the clock state error
vector. With the above specifications, the parameters ®;,Hy, Q;, and Ry
required for the EKF implementation described in Section 3.2.3 have all been
defined.

For a receiver that is in fact stationary, w, = [wyx, wy, a)Z]T = 0. In this
case, Qf = OL. If the EKF algorithm is designed using Q” = 0I, then portions
of the diagonal of the state error covariance matrix P and of the gain matrix K
will asymptotically approach zero. This is desirable when the model is accurate
and the antenna is stationary. If the receiver antenna position is not stationary
or if the model is not accurate (e.g., time correlated multipath errors have been
ignored), then this property is not desirable. An ad hoc approach is to treat
the matrices Q7 and R as tuning parameters to adjust the convergence rate of
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the filter. However, a far better approach is to develop a more appropriate system
model.

3.3.3.3 Low dynamic user (PV Model)

For a receiver in a “low dynamic environment” it may be reasonable to assume
that the velocity vector is a random walk process. In this case, an eight
state model is appropriate with the acceleration vector modeled as white noise.
The state vector includes the position state X, receiver clock state X, and
velocity state X, = [vy, vy, VZ]T; therefore, the dynamic model is

X 01 0 X 0
X |[=10 0 0 X, | + | wy, (3.59)
X 0 0 F.||x W

where Wy, = [wy, Wyy, a)vz]T represents the process noise representation of the
unknown acceleration. The measurement model is

hy 0 h.

hy 0 h||%
: ). &

hm 0 hC

with the measurement noise covariance defined in Equation (3.50).

We will not provide an in-depth discussion of this model here, as the majority
of the comments about the model of the following section are also applicable to
the model of this section. However, it is important to note that few applications
involve white acceleration processes. In fact, the acceleration process is rarely
even stationary. Therefore, with this assumed dynamic model, the matrix Qy
is best considered as a tuning parameter and proper stochastic interpretations
of the various variables in the algorithm are no longer applicable.

3.3.3.4 High dynamic user (PVA model)

A GPS receiver may (and typically will) operate in applications where the
acceleration vector is time varying. In such “high dynamic environments,’
it is necessary to augment the three acceleration states x, = [ax,ay,az]T to
the system model. With the acceleration states modeled as first-order Markov
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processes, the process model for a high dynamic user is

%] 01 0 07[x 0
| o001 of|x 0
%10 0D 0f|x|T|wa (3-61)
X 0 0 0 F.||x. W,
where D = diag[—%, —%, —riv] is a design matrix containing the reciprocal

of the acceleration correlation times and W, = [@Wax, Way, waZ]T represents the
acceleration state process driving noise. The measurement model is

hi 0 0 b s
hy 0 0 he||sy
y= 8[0 = . Sxa +v (362)

with the measurement noise covariance defined in Equation (3.50).

As with the P and PV models, there is no rigorous method to properly select
the D and Qv parameters of the PVA model. The above model assumes different
correlation times for the horizontal vs. vertical accelerations. This assumption
obviously depends on whether the receiver is used in an aircraft, sea surface, or
land vehicle application. Although the receiver user may specify an application
class, correct values for D and Qy may not exist or be known for this design
approach. Therefore, these quantities are used to tune the performance of the
EKF algorithm. Even though there is no direct measurement of acceleration, the
augmented states may enable the filter to improve the accuracy of the navigation
solution by fusing sensor information across measurement epochs. Compared
to single epoch solutions, improved accuracy would be obtained by the EKF
methods if the vehicle were not accelerating during a period of time when an
insufficient number of satellites were available; however, receiver acceleration
would affect the estimation accuracy.

3.3.3.5 GPS KF examples

This section presents two examples of the use of the EKF in the solution of
the GPS state estimation problem. In each example, we work in the 2D world
introduced in Example 3.2 and include sufficient details to allow duplication of
the results by interested readers.

Example 3.3 This example considers the situation where a stationary receiver

is in operation with a PVA model. The state model is defined in Equation (3.61).
Using a 1 sec measurement epoch with R = 1 m?2, cov(w;rwa) = Q0l,
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Sp=1.10x 10719 8, = 0.65 x 1079, and 7, = 1.0, the resulting
discrete-time state transition and process noise covariance matrices are

L ILb 037, 0
0, I, 063, 0,
0, 0, 0371, 0,
0, 0 0, P,

o
~
Il

and

0.30I, 0.68I, 0.641,7[0,
_ 0.68I, 1.68I, 2.00L || 0,
Q=010 0.641, 2.00I, 4331, || 0,

0, 0, 0, Q.

where I, is a 2D identity matrix, 0 is a 2D null matrix, and

1 1 1.32 0.32 _
o, = |:O 1i| and Q.= cov(wgwc) = [0 o O65i| x 10710

The scalar parameter Q, which theoretically represents the spectral density of
the “acceleration driving noise,” is used to tune the size of the Q; matrix. We
generate noisy measurements using the following procedure: compute exact
ranges between the user and each satellite, add the clock bias b,, and add
Gaussian random noise with unit variance. The clock bias in the simulation
grows at a unit rate (i.e., b, = 1.07). The initial P matrix is defined by
the diagonal [1e6, 1e6, 12, 1e2,.1,.1, 1e6, 1]. At this point, we have enough
information to implement the discrete-time EKF.

The norm of the sequence of position estimation errors is shown in
Figure 3.2a which is the left column of Figure 3.2. Each row of the figure
shows the estimation error for the same sequence of measurements when only
the value of Q is changed in the EKF design. When the design specifies a large
acceleration driving noise (e.g., Q = 10), the estimation error is large with
significant energy at high frequencies. This is due to the fact that the large value
of Q causes the EKF computations to keep the Kalman gain relatively large,
favoring current measurements over information from past measurements that
is represented by the state estimate. When the design specifies a small accelera-
tion driving noise (e.g., @ = 0.001), the estimation error is smaller in magnitude
with significantly less energy at high frequencies. This is due to the fact that
the small value of Q causes the EKF computations to decrease the Kalman gain
over time causing the current measurements to make smaller corrections to the
information from past measurements that is represented by the state estimate.
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(a) Estimation error
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FIGURE 3.2 EKF-based GPS solutions for Examples 3.3 and 3.4. (a) Estimation error
for a stationary receiver using the PVA model and EKF with different settings of the
“covariance” parameter Q. (b) Actual (solid line) and estimated trajectory (dots) for a
moving receiver using the PVA model, EKF estimation, and different settings of the
“covariance” parameter Q.

This example shows the possible benefit of using the EKF to combine
measurements over time to attain improved accuracy. The performance that
is achieved will depend on the EKF parameter settings relative to the actual
dynamic situation of the receiver. If the process noise covariance matrix Qy is
too large, then the past information encapsulated in the prior estimate of the
state will be largely ignored in the computation by the EKF of the posterior state
estimate. If the matrix Qy is too small, then the estimated state may significantly
lag the actual state. This is further illustrated in the next example.

Example 3.4 In this example, the receiver is attached to a moving platform.
The platform trajectory is illustrated by the solid curve in each subgraph of
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(b) Trajectory vs. EKF estimated
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FIGURE 3.2 Continued.

Figure 3.2b. For the majority of the simulation, the motion is parallel to the
x-axis at 20 m/sec, except for a short period of time near + = 15 sec when
the platform performs a maneuver similar to an automobile lane change that
involves a nonzero yaw rate and lateral acceleration. The discrete-time model,
estimator design, and method of computing noisy measurements are the same
as in Example 3.3.

Figure 3.2b shows the estimated positions on an x—y graph to allow straight-
forward comparison between the estimated and actual trajectory for various
settings of the design parameter . The estimated positions are marked by a
dot every 0.1 sec even though the GPS measurement epoch is still 1.0 sec to
clearly indicate the estimated velocity (i.e., the slope of the estimated position
curve between GPS epochs).
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When the design uses a large Q, the variance of the estimated position is
large, but the estimator rapidly adjusts the estimated state so that the estimate
does not significantly lag the actual state following the vehicle maneuver. When
the design uses a small value for Q, the variance of the estimated position is
smaller; however, the estimated state significantly lags the actual state following
the vehicle maneuver.

Figure 3.2a and b are intentionally placed side-by-side to emphasize the
fact that there is no single optimal choice for the design parameter Q. The
desirable setting of Q depends on the application and maneuvering conditions.
Some receivers allow the user to effect the receiver estimation procedure (either
the model structure or the value of Q) through the user interface. It is the
responsibility of the user to understand the settings and their tradeoffs relative
to the application. This is especially true when the state estimate is being used
as the input to a control system.

Due to the structure of the ®; matrix, if the GPS H matrix has a null
direction d such that Hd = 0, then position, velocity, and acceleration errors
parallel to d will not be observable from the GPS measurements. Note that
the rows of the H matrix contain the line-of-sight unit vectors between the
receiver antenna and the satellite. Therefore, to accurately and rapidly track the
platform motion during (and after) a maneuver, the receiver must be tracking at
least one satellite located in a direction such that the line-of-sight unit vector has
a significant component in the same direction as the acceleration unit vector;
otherwise, the GPS measurements will be insensitive to the acceleration. In
particular, if a receiver is operating in an urban canyon! type of environment
and accelerates parallel to the direction in which the satellite signals are blocked
then the position, velocity, and acceleration accuracy in that direction will
deteriorate.

No amount of signal processing can help, unless additional sensors
(e.g., inertial, wheel speed, vision, precision clock) are added.

Finally, it is critical to note that estimation errors, even restricted to the
GPS measurement epochs, are correlated. They are not white discrete-time
processes. This is clearly illustrated in Figure 3.2b for small values of Q, but is
also true for larger values of Q. The fact that the position estimation errors are
not white is critical to understanding one of the drawbacks of using the GPS
position estimates to aid an INS (see Section 3.5.2.1).

3.3.3.6 Summary

The approaches discussed in the previous three sections have several aspects
that should be pointed out. First, as discussed following Equation (3.50),

I Thisis a canyon created by the urban environment (e.g., a road between tall buildings) that may
block satellite signals in specific directions [37-39].
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at each epoch the components of the estimated state vector will be correlated.
In addition, due to the fusion of measurements across epochs, even if the meas-
urement noise v is white, the state estimation error will be a colored noise
process. Second, the three preceding sections discussed estimation algorithms
in the order of increasing complexity. The required number of computations to
implement the EKF increases as the size of the state vector increases. Third,
performance will suffer if the application conditions do not match the algorithm
assumptions. If, for example, a P or PV algorithm or too small a value of Q is
used in a “high-dynamic environment,” then the estimated position may have
significant lag relative to the actual position. Fourth, use of Doppler meas-
urements can increase convergence rates, but opens up other modeling issues
[40]. Fifth, if GPS measurements are unavailable for some period of time, the
dynamic model is available to propagate the state estimates; however, accelera-
tion of the system during this time period can have serious adverse effects on the
accuracy of such predictions. This issue can be addressed well by, for example,
properly incorporating an inertial measurement system. Sixth, a recurrent issue
in the approaches of this section is that the stochastic model parameter Q could
not be properly selected. Instead it was used as performance tuning parameter.
Proper incorporation of IMU data into the approach will also allow proper
selection and interpretation of the parameter in a stochastic sense. Addition
of an IMU will increase the cost of the system, but offers the potential for
higher performance (e.g., bandwidth, accuracy, coast time, and sample rate)
and availability.

3.4 INERTIAL NAVIGATION SYSTEM

A strapdown INS incorporates an IMU that measures the acceleration and angu-
lar rate of the system and analytic routines on a computer that integrate the
inertial measurements to provide estimates of the vehicle position, velocity,
and attitude in a desired coordinate frame. This section reviews the strapdown
INS mechanization equations and the dynamic error model of the INS system.
Various methods for fusing the GPS and INS information are reviewed and
discussed in Section 3.5. The example in a 2D world is continued to highlight
various important issues related to GPS—INS integration.

This paragraph briefly defines the various coordinate frames that will be used
in the subsequent discussion. All coordinate frames are defined by orthogonal
axes in a right-handed sense. The body frame is attached to and moves with the
vehicle. The inertial measurements are resolved along the axes of the platform
frame. To simplify the discussion, we assume that the body and platform frames
are identical. The navigation frame is attached to the earth at a convenient point
of reference and determines the desired frame in which to resolve the vehicle
position and velocity vectors. The ECEF frame is attached to the center of and
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rotates with the Earth. A local geodetic frame has its origin fixed on the surface
of the earth and axes aligned with the directions of true north, east, and down
(along the parallel to the ellipsoid normal vector to complete the right-handed
coordinate frame).

3.4.1 Strapdown System Mechanizations

As illustrated in Figure 3.3, the accelerometers measure the specific force vector
£ in the body frame-of-reference and the gyros measure the angular rate of the
vehicle with respect to an inertial frame-of-reference wf’b = [p, ¢, r1T inthe body
frame-of-reference. The gyro measurements are integrated to compute the atti-
tude of the vehicle frame with respect to the navigation frame. The attitude is
used to compute the rotation matrix Cj, required to transform vectors between
the body and navigation frames. In particular, the specific force in the navigation
frame is

" = Cjt’ (3.63)

This rotation matrix can be represented as a direction cosine matrix which is
the solution of
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FIGURE 3.3 Block diagram representation (similar to figure 3.12 in Reference 41) of a
strapdown INS.
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where ﬂZb is the skew matrix form of “’Zn and

Wb = ol — Co( + o) (3.65)

The symbols wf, and w}, represent the rotation rate of the ECEF frame relative
to an inertial frame and the rotation rate of the navigation frame relative to
the earth frame (i.e., transport rate), respectively. Both vectors are resolved
in the navigation frame. The second term on the right of (3.65) compensates
the gyro measurements for the rotation rate of the navigation frame relative to
an inertial frame.

The dynamic equations for an INS system have different forms for different
navigation frames. Detailed derivations of the navigation equations with respect
to different navigation frames can be found in various references, for example,
in References 27, 34, and 41-43. The navigation equations for a terrestrial
navigation system operating in the local geodetic frame are:

v, =f" — Qo + wl) x v, +gf (3.66)

e

where V! = [V, Ve, vg]T is the velocity with respect to the Earth expressed
in the local geodetic frame (i.e., navigation frame), f" = [f,,fe, fd]T is the
specific force resolved to this navigation frame, and g; is the local gravity
vector expressed in the navigation frame. The local gravity vector is

g =g— o, x [0, xR (3.67)

which accounts for the mass attraction of the earth g and the centripetal accel-
eration caused by the Earth’s rotation. Note that g; is the acceleration sensed
by a stationary accelerometer located on the surface of the earth. Note also that
g, is a function of position.

Given an initial velocity, Equation (3.66) integrates acceleration to estimate
the velocity as a function of time. Prior to integration, the measured specific
force vector is corrected for Coriolis effects (second term) and gravity (third
term). Given an initial position, integration of velocity provides an INS estimate
of position. Given high rate IMU measurements (and a sufficiently fast com-
puter), the INS can integrate the above equations to provide high rate estimates
of position, velocity, attitude, angular rate, and acceleration. Since the INS is an
integrative process, the INS attenuates the high frequency measurement noise
from the IMU, but amplifies low frequency measurement errors such as biases.
Calibration and removal of the INS state and IMU instrument errors can be
accomplished through EKF data fusion, once the designer obtains a dynamic
model for the INS and IMU error processes.
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3.4.2 Error Model of INS System

The INS dynamics as represented in Equation (3.66) are nonlinear functions of
the INS state variables. As discussed in Section 3.2.3, the EKF will utilize a
linearized error-state model. The dynamic model for the error state of the INS
is derived in several references, for example, in References 27 and 41-43. After
minor simplification, it can be expressed as

sp 0 Fpv O 0 0 Sp wp

v Fyp Fw Fy, Fyy, 0 Sv wy + vy

spl=1] 0 0 Fp 0 Fpx, Sp | + | wp +vg (3.68)
X, 0 0 0 Fxx, 0 Xa wa

Xg 0 0 0 0 Fyox, | [ X¢ wg

which is the required time-varying linear model in the form of Equation (3.1).
The 15 state errors are defined as: tangent plane position error p =
[n, e, 8d]T, tangent plane velocity error §v = [dvy, SVE, Svp]T, attitude error
sp = [eN,eE,eD]T, platform frame accelerometer bias error x,, and plat-
form frame gyro bias error X,. Additional IMU error calibration states (e.g.,
gyro scale factors) could be considered for state augmentation. The various F
matrices in Equation (3.68) are derived and defined, for example, in chapter 6
of Reference 27. The F matrix is time-varying, since it is a function of velocity,
attitude, angular rate, and specific force. The F matrix contains unstable and
neutrally stable components; therefore, initial condition errors and measure-
ment errors can cause the INS error state to diverge. Fusion of the INS state
with external sensors, such as GPS, using the EKF can estimate and compensate
for these errors.

3.4.3 EKF Latency Compensation

During each INS integration step, the INS will first compensate the IMU meas-
urements for the calibration factors (e.g., biases) estimated by the EKF. Next,
the INS will integrate Equation (3.64) and Equation (3.66) (or similar equations
depending on the choice of navigation frame and attitude representation). The
equations are integrated for the duration of the application regardless of the
availability of aiding measurements. With regard to aiding, two time instants
should be distinguished. The time-of-applicability of an aiding measurement
is the time at which the measurement is accurate. The time-of-availability of a
measurement is the time at which the aiding measurement is available for use by
the computer performing the data fusion operation. While the INS integration
process is ongoing, the INS state must be saved at the time-of-applicability of
the aiding measurements.

© 2006 by Taylor & Francis Group, LLC



132 Autonomous Mobile Robots

In particular, for GPS aiding, the time-of-availability of a GPS measurement
is typically delayed from its time-of-applicability due to latency within the
receiver and communication delay between the receiver and the EKF processor.
A typical latency between the times of applicability and availability is on the
order of a few hundred milliseconds (i.e., typically <0.25 sec). Fortunately,
most receivers provide a one-pulse-per-second (1PPS) output signal that can
be configured to align in time with the GPS second. In addition, assuming
a one second GPS measurement epoch, the time-of-applicability of the GPS
measurement can be aligned with the GPS second. When the EKF processor
receives the 1PPS signal, it saves the INS state. By doing this, the EKF will
have the INS state coincident with the GPS measurement even though the GPS
measurement will not arrive until a significant fraction of a second later. At the
time-of-availability of the EKF estimated correction, the EKF can use the state
transition matrix to propagate the correction from its time-of-applicability to
its time-of-availability.

Example 3.5 Let ¢ denote an integer GPS second. At time ¢, the EKF pro-
cessor detects the 1PPS signal and saves the INS state x(¢). In addition, the
GPS processor saves the receiver tracking data and computes the pseudoranges
p(1). The pseudorange measurements are sent to the EKF processor arriving
attime r; = t 4+ 7 where 0 < t < 1 sec. At time #; the EKF processes the
pseudoranges to compute §x(#) which is available at some #, > #;. At this
point in time it is not correct to simply add the correction to the current INS
state, since §x(1) # §x(fp) (i.e., x(¢2) + 8x(¢) would not be correct). Note that
the time #, is known to the EKF processor and that the processor is already
propagating the state transition matrix ¢ by a method such as Equation (3.18),
because ® is required to propagate the state estimation error covariance matrix.
With these quantities being known and available, it is straightforward for the
EKEF processor to propagate the correction from its time-of-applicability to its
time-of-availability #, as

§x(tr) = ®(1p,1)5x(1)

Then, §x(#2) can be added to the INS state x(#2) to properly compensate the
system.

Alternative latency compensation methods are described in the literature,
see, for example, Reference 44.

3.5 INTEGRATION OF GPS AND INS

Due to their complementary characteristics, various methods have been sugges-
ted to implement a system to integrate GPS and INS with the goal of achieving

© 2006 by Taylor & Francis Group, LLC



Data Fusion via Kalman Filter 133

performance that is superior to which either system could attain on its own.
This section will discuss different approaches for GPS/INS integration. The
main objective is to compare the relative advantages and disadvantages between
the alternative approaches.

3.5.1 INS with GPS Resetting

In this approach, the INS is integrated to provide its state estimate between
the GPS measurement epochs. At a GPS measurement epoch, the methods
of Section 3.3 are used to compute the position and velocity based only on
the GPS measurement data. The GPS position and velocity estimates are
used as the initial conditions for the INS state during the next period of
integration.

Often, the reason that this approach is proposed is its extreme simplicity.
For example, GPS receivers directly output user position and velocity. In this
approach, where the designer treats the position and velocity computed by the
GPS receiver as measurements for the state estimation process, the designer of
the integrated system need not solve the GPS system equations. In addition, the
design of this approach does not involve a KF (outside of the receiver). However,
the disadvantage of this simplicity is a low level of performance relative to the
level that could be achieved by a more advanced approach. Note, for example,
that the IMU errors are not estimated or compensated. Therefore, the rate of
growth of the INS error state does not decrease over time. Also, additional
sensors or multiple GPS antennae and additional processing are required to
maintain the attitude accuracy.

Various ad hoc procedures can be defined to improve performance of the
resetting approach, but performance analysis is typically not possible. The reset-
ting approach is not a recommended approach. Note that this approach does
not involve any advanced form of data fusion. The only point at which inform-
ation is exchanged is after the GPS measurement, when the INS state is reset.
Significantly better performance can be obtained by the methods described in
the following section.

3.5.2 GPS Aided INS

The following two sections discuss the EKF as a tool to use GPS measurements
to calibrate INS errors. In both approaches, the INS integrates the vehicle state
based on IMU measurements. In Step 1 of the EKF algorithm of Section 3.2.3,
the INS state is represented by x* and the IMU input is represented by u. The
linearized F matrix is given by Equation (3.68). The matrix Qy represents the
covariance of the integrated accelerometer and gyro measurement noise pro-
cesses. The matrix Qi can be computed accurately (see Example 3.1) and
is determined by the quality of the IMU. The only remaining quantities that
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FIGURE 3.4 Block diagram of a loosely coupled GPS aided INS.

must be specified for implementation of the EKF are the matrices H and R.
These matrices are distinct for the two methods to be discussed and will be
specified below.

3.5.2.1 Loosely coupled system

As illustrated in Figure 3.4, in a loosely coupled system, the EKF measure-
ments are the GPS position (or velocity or both). Residual measurements are
formed with the INS estimates of position (or velocity or both). The position
measurement residual is

1 0 0] ]én
Y =Pgps —Pmns=|0 1 0 de | + nx (3.69)
0 0 1 8d
If the INS error state is ordered as §x = [8pT,8vT,8pT,X;F,Xg]T as in

Equation (3.68); then, for Step 4 of the EKF algorithm, the linearized position
measurement matrix is

H; = [L, 0]

where Iis a3 x 3 identity matrix and 0 is a 3 x 12 matrix of zeros. In this approach,
the receiver clock model and associated error states need not be included in the
EKF model, as the receiver has already accounted for the receiver clock bias in
the estimation of the receiver antenna position.

For the implemented system to attain performance near that predicted the-
oretically, it is critical for the designer to understand at least the following
practical issues:

Correlated GPS position error vector: As discussed in Section 3.3.2
and demonstrated in Example 3.2, at any given epoch, the components of
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the vector of position errors are correlated. For the EKF estimation of the
INS error, the position error correlation matrix Ry (#) must be available and
due to the cross-correlation scalar measurement processing cannot be used.
Typically, GPS receivers will not provide Rx(#) along with the estimated
position.

Nonwhite measurement error processes: Asshownin Examples 3.3 and 3.4
the GPS position error processes are not white, but may have significant time
correlation. The time correlation may come from nonwhite GPS measurement
errors such as multipath or from the GPS solution method. In particular, when
the GPS receiver position solution incorporates a KF [45], then the time correl-
ation of the GPS position errors is increased. The designer of a loosely coupled
GPS aided INS approach should ensure that the GPS receiver is configured to
determine epoch-wise position and velocity solutions.

Doppler: The GPS “Doppler” measurement is typically not a true Doppler
measurement. Typically, the Doppler measurement is the change of the phase
of the carrier signal over some interval of time [40]. The interval of time is
often 1.0 sec. Because of this, the GPS velocity output computed from the
Doppler measurement is not the instantaneous velocity at some specific time-
of-applicability.

Lever arm: The INS computes the position of the IMU effective center
location. The GPS computes the position of the antenna phase center. These
two positions are not the same. The vector offset is referred to as the lever arm
and should be compensated for the EKF data fusion procedure.

The main motivation for the use of a loosely coupled approach, instead
of a tightly coupled approach, is that the former is simpler. A loosely coupled
approach can be implemented with an off-the-shelf GPS receiver and an off-the-
shelf INS. The designer need not work with clock models, GPS ephemeris data,
ephemeris calculations, or GPS basic measurements. Note that this approach
does attempt to estimate IMU calibration parameters (e.g., biases). As those
errors are calibrated, the rate of growth of the INS errors will decrease. However,
depending on the extent of the simplifications made in implementing the EKF
and the extent to which the above issues are addressed, the INS errors may not
be correctly estimated.

3.5.2.2 Tightly coupled system

As illustrated in Figure 3.5, in a tightly coupled system, the EKF measurements
are the GPS range (or phase change) measurements. Residual measurements are
formed with the INS estimates of range (or phase change). The INS estimates
the range using Equation (3.44) with &; = 0. To utilize that equation, the
satellite position is computed using ephemeris data downloaded through the
GPS receiver. Similarly, the GPS pseudorange or carrier phase measurements
are output by the GPS receiver.
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FIGURE 3.5 Block diagram of a tightly coupled GPS aided INS.

From Section 3.3, the range measurement residual is

hlgg, L] Isn

hCl, 1 Se

y=46p= ; sd (3.70)
h,Ce, 1| Lbu

where C¢, is the rotation matrix for transforming the representation of vectors
in navigation frame to the ECEF frame that is valid at the measurement epoch.
When using this implementation approach, the designer is responsible for
accommodating the receiver clock bias. As an alternative to including clock
bias states in the error model, the clock bias can be addressed by subtracting
the measurement of one satellite from the measurement of all other satel-
lites, but the resulting differenced signals then have correlated measurement
errors.

If the INS error state is ordered as §x = [8p”, by, 8v", by, 8pT, xJ, xg]T with
the INS error dynamics as in Equation (3.68) and the receiver clock dynamics
as in Section 3.3.3.1; then, for Step 4 of the EKF algorithm, the linearized
pseudorange measurement matrix is

H; = [HC;, 0]

where H is defined in Equation (3.47), 0 is an m by 13 matrix of zeros, and m is
the number of satellites available. Note that the components of the error in this
vector of measurements are uncorrelated. Whether or not the measurement error
can be considered white depends on which GPS error correction approaches
are used and the time between measurement epochs. If significantly correl-
ated measurement errors exist, then they should be addressed through state
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augmentation and possibly a Schmidt—Kalman filter implementation approach
[19,20].

As opposed to a loosely coupled system, the designer of a tightly coupled
system must implement ephemeris calculations, implement a receiver clock
model, and be familiar with various receiver specific issues and peculiarit-
ies. The payoff for this increased level of understanding is potentially better
performance. The higher performance is achievable because the various meas-
urement errors and their covariance can be properly modeled and incorporated
in the design approach. As in the loosely coupled approach, the tightly
coupled approach does attempt to estimate IMU calibration parameters (e.g.,
biases). As the errors are calibrated, the rate of growth of the INS errors will
decrease.

Example 3.6 This example uses the same hypothetical 2D world as in
Example 3.4. Simulation results are shown in Figure 3.6. The vehicle traject-
ory is also similar to that in the previous example. In this example, using GPS
measurement epochs that have 1 sec duration, at the (k + 1)th measurement
epoch (i.e., t = k + 1) the GPS range vector will be used as measurements in
the EKF to estimate the INS error state. The GPS measurements are computed
as the actual range plus a linearly increasing clock bias, and Gaussian ran-
dom noise with unit variance. In addition to the GPS receiver, the vehicle
is equipped with an IMU and a computer capable of integrating the INS
equations.
In two dimensions, the INS integrates the equation

i 0010 0][a 0 0 0
e 0001 0[]|e 0 0  0f[a
X=|[Vu=]0 0 0 0 Of|Vu|+|cosyy —singy O]]|a

be 000 0 O0ffP singy  cosyy 0| L&

i 0000 0] [y 0 0 1

(3.71)

between GPS measurement epochs, thatis, ¢ € [k, k4 1) sec. In these equations,
for a generic variable z, z denotes the computed value of z and Z denotes the
measured value of z. Using this notation, [§ay, 8a,, d@,] are the estimated values
of the IMU biases [§ay, da,, Sw,].

Let (ay, a,) be the measured acceleration vector and @, be the measured
yaw rate in body frame.

Considering bias errors, scale factor errors, and white measurement noise,
the assumed relations between the IMU measurements (a,, a,, @, ) and the actual

© 2006 by Taylor & Francis Group, LLC



138 Autonomous Mobile Robots

15

£
>
-5 L L L
0 200 400 600 800
5
E
S
@
§ O
T
£
»
w
-5 . . .
0 10 20 30 40
Time, t (sec)

FIGURE 3.6 EKF based GPS solutions for Example 3.6. (a) Position estimation results
for Example 3.6. Top — Estimated position trajectory (dotted) overlaid on the actual tra-
jectory (solid). Bottom — Position estimation errors vs. time (solid and dashed curves),
and EKF estimate of the position error standard deviation (dotted). (b) Estimation res-
ults for Example 3.6. Top — Velocity estimation errors vs. time (solid curves) and EKF
estimate of the velocity error standard deviation (dotted). Middle — IMU bias estima-
tion errors vs. time. Bottom — Yaw estimation error vs. time (solid) and EKF estimate
of the yaw error standard deviation (dotted).

values (a,, a,, w,) are:

ay = (1 + 8ky)ay, — day +ny (3.72)
ay = (1 + 8ky)a, — day, + n, (3.73)
& = (1 + 8ky)wy — Sy + 1y (3.74)

where $a,, 8a,, Sw, are bias errors, n,, n,, n, represent white noise processes
with variance of (5.0 x 1074, 5.0 x 1074, 5.0 x 10_6) respectively, and
(8ky, 8k, , 8k;-) represent sensor scale factor errors. We have included scale factor
errors at this point due to their importance, but will assume that the scale factor
errors are known to be identically zero in the following discussion.
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FIGURE 3.6 Continued.

To estimate the IMU bias vector, we append the bias error to the state vector
8x = [én, e, 8vy, Ve, 8V, Say, bay, Sw;]

and specify a dynamic model for the appended states. By its design, the IMU
performance is independent of vehicle maneuvering, as long as the IMU is
used within its bandwidth and output range specifications. Therefore, specific-
ation of the IMU bias stochastic models can be based on data acquired in
the lab. It is often sufficient to consider the IMU bias errors as random walk
variables

8ay, = nyp,
8ay, = nyp,
S, = np,

In this simulation example, (np,, np,, 1p;) have variance of (1.0 x 1078, 1.0 x
1078, 5.0 x 107!2) respectively. The augmented, linearized, dynamic model
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for the error state (used to implement the EKF) is

S5 ] o010 O 0 0 0] rén 7
Se 0001 O 0 0 0] se
SVn 0 000 —a cosyy —siny 0]/ sy,
SV, 0 00 0 a sing cosyr Of]fsy,
sy | |0 000 0 0 0 1||sy
Say, 0000 O 0 0 01 |sa,
Séty 0000 O 0 0 01 |sa,
s0,] |00 00 0 0 0 0| |sw,]
r 0 0 0 0 0 07
0 0 0 0 0 Of[n,]
cosyy —sinyy 0 O O Of |ny
sinyy cosyy O O O Of|n,
1o 0 1 0 0 0]]n, 673
0 0 0 1 0 0f]ny,
0 0 0 0 1 O [n,]
L 0 0 00 0 1]
where
B[ el o

The clock model and clock error states must also be appended. The resulting
equation can be written as

Skins = Finssxins + T'Wins (377)

With the variances specified above, the matrix Q is known. Note that
in this approach the matrices Q and R are well defined based on the
physics of the problem; they are not ad hoc tuning parameters as they were
in Section 3.3.3.

Between GPS measurement epochs that are separated by 1 sec (i.e., t €
[k,k + 1) sec for the (k 4 1)th epoch) the INS propagates the state estimate
using the IMU data. The INS also propagates the error covariance matrix P
according to Equation (3.40). The error covariance propagation does depend
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on the IMU data because the F matrix includes a,, a., and . Due to the
dependence of F on the IMU data, the matrices ® and Q; must be computed
during operation as discussed in Section 3.2.1.1.

At the GPS measurement epoch, the GPS pseudorange measurements are
used in an EKF to estimate the INS error state. When the INS error state
is available from the EKF, it is used to correct the INS state according to
Equation (3.43). As time progressed the IMU errors are calibrated and the
rate of growth of the INS errors decreases.

The top graph in Figure 3.6a shows both the estimated and the actual vehicle
trajectories. The lateral maneuver occurs at approximately + = 15 sec. The
bottom graph shows the position estimation error components as a function
of time. In addition to the estimation errors, the graph shows £+/P11 + P2
which represents the EKF prediction of the standard deviation of the position
estimation error. The variance of the position error decreases steadily over
the period of the simulation due to the decay of the initial position error, the
estimation of velocity, and the balancing of the acceleration biases with the yaw
estimation error.

The top graph of Figure 3.6b shows velocity estimation error components
and the EKF prediction of the standard deviation of the velocity estimation error
as functions of time. After the initial transients, the velocity estimation error
decreases steadily due to the decay of the initial velocity error and the balancing
of the acceleration biases with the yaw estimation error. The middle graph shows
the bias estimation error components as functions of time. The bottom graph
shows the yaw estimation error and the EKF prediction of the standard deviation
of the yaw estimation error as functions of time. Analysis of Equation (3.76)
shows that the yaw angle and gyro bias errors are observable only when the
acceleration vector [a; (), a.(#)] is nonzero. Therefore, the yaw error is not
adjusted by the EKF except for a brief interval following the maneuver. Close
inspection of Figure 3.6b shows that the yaw error standard deviation is slowly
increasing due to the accumulation of gyro measurement noise during the atti-
tude integration process. Note that the yaw estimation error does not approach
zero; however, its net effect on the velocity and position does approach zero
(in the absence of maneuvering). From Equation (3.71) we see that (neglecting
noise)

8V = vy — VA = ap — (@ cos ¥ — ay sin )
8vn = ap — ((ay — 8ay) cos(Y — 8¥) — (ay — day) sin(y — 8v))

Even when the acceleration vector is zero, we have

8V = (cos(y¥) cos(8v) + sin(yr) sin(8y))day
— (sin(yr) cos(8¥) — cos(y) sin(8vyr))da, (3.78)
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Although the linearization of Equation (3.78) is used to formulate the third row
of Equation (3.76), for fixed ¥ the equation

(cos(¥) cos(8vr) + sin(y) sin(8yr))day
— (sin(¥r) cos(8¥) — cos(y) sin(8y))da, = 0

defines a surface of [8ay, 8a,, 8v] values such that §v,, = 0. The §v, dynamics
provide a second such null surface. As long as the EKF drives the vector
[8ay, 8ay,8¢] to the intersection of these two surfaces, the net effect of these
errors are balanced. For this 2D example, the intersection of the two surfaces
is defined by

|:Oi| _ [cosw —sin ¢] |: cosdy  sin Sw] |:521,{| (3.79)
0 sinyy  cosy || —sindy cosdy || day, ’

In particular, the EKF causes the accelerometer bias estimation errors 8a,
and d8a, to converge to zero, but 81 need not converge to zero. This is the
practical result of the fact that, without acceleration, the yaw error is not
observable.

In real 3D applications, the situation is more complex, since without
maneuvering the errors in estimating pitch and roll have similar effects as
accelerometer bias errors. Therefore, the linearized dynamics have unobserv-
able subspaces. As the vehicle maneuvers, the null surfaces change. Over time,

if the null surfaces change sufficiently, then the yaw and bias estimation errors
will converge toward zero (until the maneuvering stops).

Note that if GPS measurements are unavailable, the integration of the IMU
measurements by the INS is not interrupted. Therefore, this approach does
increase the availability of the state estimate (higher frequency and no dropouts
due to missing satellites). The bandwidth of the state estimate is also increased
since it is determined by the bandwidth of the IMU not the bandwidth of the
GPS receiver. The accuracy of the integrated solution will depend on the quality
of the IMU and the GPS receiver. The length of time that the INS can main-
tain a specified level of accuracy after losing reception of GPS signals will
predominantly depend on the quality of the IMU.

3.6 CHAPTER SUMMARY

This chapter has reviewed the use of the KF and EKF as a tool for fusing
information from various sensors that provide information about the state of
a dynamic system. Preconditions necessary for the use of these methods are
analytic models for the state dynamics and the relation between the state and
the measurement. One prominent application of these tools that satisfies these
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preconditions is the integration of GPS and INS. We have presented an analytic
overview of a few of the existing uses of the EKF in this application. Many other
alternatives have been suggested in the literature. We have used a 2D example
to work through various design issues and to illustrate various implementation
issues.

While the theory of this chapter has reviewed GPS aided INS in standard
vector form, four of the examples have utilized a fictional 2D world. There-
fore, it is useful to briefly consider how the conclusions of those examples
generalized to the 3D world in which an actual system must function. The
objectives of Example 3.2 were to illustrate the standard method of solution
of the GPS positioning problem and to demonstrate that the components of
the position estimate error vector were correlated (i.e., Ry is not diagonal).
The objectives of Examples 3.3 and 3.4 were to illustrate the use of the Q
matrix as a tuning parameter, to reinforce the fact that such tuning removes
the optimal stochastic properties from the KF, and to illustrate the fact that
there are not optimal settings of the tuning parameters that apply in all user
situations. In addition, that example demonstrates that the position estimate
error vector is not white, but has significant time correlation. The objectives of
Example 3.6 were to illustrate the error state modeling approach which allows a
proper stochastic interpretation of KF implementations,” to illustrate the state
augmentation process used for instrument calibration, to illustrate that in this
approach the Q and R matrices are not tuning parameters but are physically
determined, to illustrate that the observability of certain subspaces of the error
state are dependent on the vehicle motion, and to illustrate that the state estim-
ation error is uncorrelated with the vehicle motion due to the IMU and INS. All
these issues were more convenient to illustrate in a 2D example, but are equally
applicable to our 3D world.

Another implementation approach, referred to in the literature as Deep
or Ultratight integration, feeds information from the INS back into the GPS
receiver [46—48]. We have not discussed these methods in this chapter as their
implementation requires access to GPS receiver source code, which is not avail-
able to most GPS users. The objective of these techniques is to use the INS
estimates of the GPS receiver position and velocity to aid the receiver in acquir-
ing and tracking the GPS satellite signals. This would be especially beneficial
in low signal-to-noise ratio situations.
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4.1 INTRODUCTION

Landmarks are routinely used by biological systems as reference points during
navigation. Their employment in robotic navigation requires the development of
satisfactory sensor technologies for landmark selection and recognition, which
poses a big challenge. During the last two decades, landmarks and triangulation
techniques have been widely used in navigation of autonomous mobile robots
in industry [1,2]. Such a navigation strategy relies on identification and sub-
sequent recognition of distinctive environment features or objects that are either
known a priori or extracted dynamically. This process has inherent difficulties
in practice due to sensor noise and environment uncertainty [3]. This chapter
outlines a number of landmark-based navigation algorithms that are able to
locate the mobile robot and update landmarks autonomously.

Autonomous mobile robots need the capability to explore and navigate
in dynamic or unknown environments in order to be useful in a wide range
of real-world applications. Over the last few decades, many different types
of sensing and navigation techniques have been developed in the field of
mobile robots, some of which have achieved very promising results based
on different sensors such as odometry, laser scanners, inertial sensors, gyro,
sonar, and vision [4]. This trend has been mainly driven by the necessity
of deployment of mobile robots in unstructured environments or coexisting
with humans. However, since there is huge uncertainty in the real world and
no sensor is perfect, it remains a great challenge today to build robust and
intelligent navigation systems for mobile robots to operate safely in the real
world.

In general, the methods for locating mobile robots in the real world
are divided into two categories: relative positioning and absolute position-
ing. In relative positioning, odometry (or dead reckoning) [4] and inertial
navigation (gyros and accelerometers) [5] are commonly used to calculate
the robot positions from a starting reference point at a high updating rate.
Odometry is one of the most popular internal sensor for position estim-
ation because of its ease of use in real time. However the disadvantage
of odometry and inertial navigation is that it has an unbounded accumu-
lation of errors, and the mobile robot becomes lost easily. Therefore, fre-
quent correction based on information obtained from other sensors becomes
necessary.

In contrast, absolute positioning relies on detecting and recognizing dif-
ferent features in the robot environment in order for a mobile robot to reach
a destination and implement specified tasks. These environment features are
normally divided into four types [4] (i) active beacons that are fixed at known
positions and actively transmit ultrasonic [6], IR or RF signals for the calcu-
lation of the absolute robot position from the direction of receiving incidence;
(ii) artificial landmarks that are specially designed objects or markers placed at

© 2006 by Taylor & Francis Group, LLC



Landmarks and Triangulation in Navigation 151

known locations in the environment; (iii) natural landmarks that are distinctive
features in the environment and can be abstracted by robot sensors; and (iv)
environment models that are built from prior knowledge about the environment
and can be used for matching new sensor observations. Among these envir-
onment features, natural landmark-based navigation is flexible as no explicit
artificial landmarks are needed, but may not function well when landmarks
are sparse and often the environment must be known a priori. Although the
artificial landmark and active beacon approaches are not flexible, the ability to
find landmarks is enhanced and the process of map building is simplified. They
have been widely adopted in many real-world applications, including Global
Positioning Systems (GPSs) [7] and retro-reflective barcode targets [3]. This
chapter only addresses the issues related to artificial landmarks and the associ-
ated navigation methods. More information on other landmarks can be found
in Reference 8.

To make the use of mobile robots in daily deployment feasible, it is neces-
sary to reach a trade-off between costs and benefits. Often, this calls for efficient
landmark detection and triangulation algorithms that can guarantee real-time
performance in the presence of insufficient or conflicting data from differ-
ent types of sensors. Therefore, the use of multiple sensors (laser, sonar, and
vision) and multiple landmarks (artificial and natural) for the position estima-
tion of a mobile robot becomes absolutely necessary. Unlike odometry-based
systems, landmark-based systems do not suffer from drift errors. However,
how to select and recognize good landmarks in different circumstances is a
nontrivial task since the different view angles of landmarks bring different
errors into the measurements. Therefore, it is often the case that some land-
marks are misidentified and this remains a challenging issue in many real-world
applications. Moreover, the cooperative navigation of multiple mobile robots
is a more flexible navigation method than navigation methods for a single
robot.

The rest of the chapter is structured as follows. Section 4.2 presents an
overview of our approach to landmark-based navigation, and proposes a multi-
sensor system that can locate the robot and update different kinds of landmarks
in the robot internal model concurrently. Section 4.3 describes a navigation
system based on a rotating laser scanner and artificial landmarks, in which a
triangulation method for calibrating the mobile robot position is also presented.
Then the visual-based navigation is addressed in Section 4.4 for the mobile robot
torecognize the digital and symbolic landmarks automatically. These landmarks
are very common in office environments (name plates) and highway systems
(road sign boards). Section 4.5 describes the localization system based on a
SICK laser scanner and two cylinder landmarks, in which cylinder landmarks
are fixed on two mobile robots and can change their relative position and distance
for localization. Finally, a brief summary and potential future extension are
given in Section 4.6.
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4.2 LANDMARK-BASED NAVIGATION

In a landmark-based navigation system, the robot relies on its onboard sensors
to detect and recognize landmarks in its environment to determine its position.
This navigation system very much depends on the kind of sensors being used, the
types of landmarks, and the number of landmarks available. For instance,
Sugihara [9] used a single camera on a robot to detect the identical points in the
environment and then adopted an O(n’1g n) algorithm to find the position and
orientation of the robot such that each ray pierces at least one of the » points in
the environment. An extended version was proposed in References 10 and 11,
respectively. The localization based on distinguishable landmarks in the envir-
onment has been researched in Reference 12, in which the localization error
varies depending on the configuration of landmarks. Apart from vision systems,
other sensors have been widely used in position estimation, including laser [3],
odometry [13], ultrasonic beacons [6], GPS [7], IR [12], and sonars [14]. Since
no sensor is perfect and landmarks may change, none of these approaches
is adequate for a mobile robot to operate autonomously in the real world.
A landmark-based navigation system needs the integration of multiple sensors
to achieve robustness and cope with uncertainties in both sensors and land-
mark positions. This motivates us to pursue a hybrid approach to the problem
by integrating multiple sensors and different kinds of landmarks in a unified
framework.

In general, the accuracy of the position estimation in a landmark-based
navigation system is affected by two major problems. The first problem is that
the navigation system cannot work well when landmarks accidentally change
their positions. If natural landmarks are used in the navigation process, their
positions must be prestored into the environment map so that it is possible for
a mobile robot to localize itself during its operation. The second problem is
that sensory measurements are noisy when the robot moves on an uneven floor
surface or changes the speed frequently. The accuracy of robot positioning
degrades gradually, and sometimes becomes unacceptable during a continuous
operation. Therefore, re-calibration is needed from time to time and it becomes
a burden for real-world applications.

To effectively solve these problems, we propose a novel landmark-based
navigation system that is able to:

o Initialize its position through triangulation when necessary

e Update its internal landmark model when the position of landmarks
is changed or new landmarks become available

e Localize the robot position by integrating data from odometry, laser
scanner, sonar, and vision

Figure 4.1 shows the block diagram of our navigation system that is able
to implement concurrent localization and map building automatically. It is
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FIGURE 4.1 Landmark-based localization.

a closed-loop navigation process for position initialization, position updating,
and map building. The system consists of three parts: an initialization part, a
Kalman filter (KF) part, and a map-updating part:

e The initialization part includes a triangulation algorithm, which is
based on angular measurements from the multiple sensors. Whenever
the mobile robot is stationary, the triangulation algorithm is called to
recalibrate the robot location so that the accumulative position errors
can be corrected.

e The KF part aims to fuse measuring data from different sensors, and
reduce individual sensor uncertainties. More details are presented in
Section 4.3.3.

e The map building part is to update and maintain the internal world
model of the mobile robot. A recursive least square algorithm is
adopted to optimize the landmark position during operation. The
key idea is to optimize the internal landmark model during the robot
operation and add any new landmark that is consistently detected by
the laser scanners and vision systems into the localization process.
The choice of the least square criteria is of course based on the
assumption that measurement errors have Gaussian distributions.

As can be seen in Figure 4.1, we have considered two types of laser
scanners and one vision system for landmark detection and recognition. The
proposed navigation system is especially aimed at service robots that operate
in indoor environments such as offices and hospitals where the global map of
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the environment is two-dimensional. The position of the robot with respect to
this map is unknown and needs to be determined.

There are three kinds of landmarks that are considered in our design (i) single
strip retro-reflective landmarks, (ii) digital landmarks, and (iii) geometric land-
marks. The positions of the first two kinds of landmarks are pre-input into a
global map of the robot’s environment. The positions of the geometric land-
marks are abstracted and then registered into the global map dynamically. The
next three sections describe their application in robot navigation respectively.
Note that our navigation system is not restricted to these three kinds of land-
marks, and can be easily extended into other kind of landmarks and their
combination.

4.3 LASER SCANNER AND RETRO-REFLECTIVE LANDMARKS

4.3.1 Laser Scanner and Angle Observation

The localization system based on the laser scanner and retro-reflective land-
marks is a promising absolute positioning technique in terms of performance
and cost [8]. Using this technology, the coordinates of retro-reflective land-
marks are prestored into an environment map. During its operation, the robot
uses its onboard laser sensor to scan these landmarks in its surroundings and
measure the bearing relative to each of them [1]. Then the position estimation
of the mobile robot is normally calculated by using two distinctive methods:
triangulation [12] and Kalman filtering [14].

Research here is based on a rotating laser scanner that is able to measure the
angle between the robot base line and the beam line from either the leading or
the falling edge of landmarks in the horizontal plane. As shown in Figure 4.2,
the laser scanner is situated on top of the physical center of the robot, scanned
360° in azimuth up to 50 m range at a constant speed of 2 Hz. Note that an
IR laser beam (870 nm) from a HeNe laser diode emits energy of 0.5 mW,
which is eye-safe. As can be seen, there are six landmarks in this environment,
namely By, B2, . . ., Bg. The landmarks are in the form of a single strip for easy
detection from a large distance, instead of traditional bar-codes. All landmarks
have an identical size of 50 cm in length and 10 cm in width. The positions of
the landmarks are surveyed in advance and prestored into the robot memory as
a look-up table, represented by the coordinates in the world frame:

m = [Blv AR 7Bi7 .. ,BN] = [(bxl’byl)s I ] (bxisbyi)s .. ] (41)
where (by;, by;) are the coordinates of the ith landmark and N is the total number
of landmarks in use.

These landmarks can return strong reflective signals to the scanner, that
is, the area inside dotted lines in Figure 4.2. The reflected light from these
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FIGURE 4.2 Landmarks and an onboard laser scanner.

landmarks is measured by a photo-detector inside the scanner. The scanner
outputs the relative angles (with respect to the robot frame) measured by the
scanner encoder at the falling edge of each landmark. The measurement vari-
ance would increase when the mobile robot moves around. This is because

the vibration of the laser scanner would appear when the floor surface is not
smooth.

4.3.2 Triangulation Algorithm

In the case of a stationary robot, the laser scanner senses all six landmarks,
as shown in Figure 4.3, from a single location continuously. Then these data
can be used to calculate the initial position and heading of the robot by the trian-
gulation algorithms proposed in References 8 and 15. There are two ways to do
triangulation. First, triangulation can be recursively implemented by choosing
three landmarks in Figure 4.3 in turn when the mobile robot is stationary. It is
actually identical to the “3-point problem” in land surveying. The laser scanner

detects the falling edges of three landmarks and in turn provides three angle
measurements, denoted by 8; (i = 1, 2, 3):

1 byi —y

Bi = tan™
by —x;

4.2)

where 6 is the robot orientation, (by;, by;) are the coordinates of the landmark

Bi, and (x;, y;) are the coordinates of the laser scanner in a global frame.
Based on the trigonometric identity, the equations for calculating the robot

position and orientation are easy to derive from Equation (4.2). More details can
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FIGURE 4.3 Triangulation example.

be seen from References 12 and 16. There are two problems in this triangulation
process:

e First, the triangulation algorithm is normally sensitive to the positions
of the three landmarks being used. When three targets are in an
optimal position (about 120° apart), the results are very accurate.
Otherwise, the robot position and orientation have big variances with
respect to an optimal value.

e Second, itis very difficult to identify which landmark has been detec-
ted if all landmarks are identical. Mismatch is more likely to happen
in practice when obstacles obscure one or more landmarks.

Alternatively, we can use all landmarks to make a least square solution with
redundant observations so that the individual solutions do not depend on the
specific choice of the landmarks. This solution is nonlinear, however, the equa-
tions can be readily linearized and used with the standard least square algorithm.
The advantage of this approach is that the redundant observations can be used
to check and, hopefully, eliminate blunders (misidentification of the targets,
etc.) in the observation automatically. This approach can be readily automated
and is, indeed, very popular in surveying. But it needs more computation time
compared with the first approach.

Since the laser scanner can only measure the angles to the different land-
marks, and cannot distinguish one landmark from another, a key problem is
how to determine the correspondence between the measured angle and the
landmark [1]. Therefore, the initialization of the robot position is normally
done manually. Also, re-calibration is done manually when the mobile robot
gets lost. This is inconvenient for real-world applications. It is necessary to find
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a feasible way to initialize the position of a mobile robot automatically, which
can be found in Reference 3.

4.3.3 KF-Based Navigation Algorithm

The triangulation algorithm is difficult to implement when the robot moves
around since it is necessary to compensate the time frame as each of three
landmarks is detected at different robot positions. Skewis and Lumelsky [12]
proposed a triangulation algorithm to attack this problem. However, there was
no satisfactory result being obtained after the algorithm was tested. This is
mainly due to the following reasons:

e Each of the landmarks is in a single strip and not encoded, that is,
indistinguishable from one another.

e Noisy readings come from the laser scanner as some angle measure-
ments are caused by random objects.

e In general, the robot environment is nonconvex. Therefore, not all
landmarks can be seen by the laser scanner. Moreover some land-
marks may be obscured by dynamic objects such as humans and
other robots.

The KF algorithm is a natural choice for robot localization since it provides
a convenient way to fuse the data from multiple sensors, for example, the laser
scanner and odometry. However, it normally requires a linear dynamic model
and a linear output model. However, in this research, both models are nonlinear
as follows:

x(k + 1) = f(x(k), u(k)) + w(k) (4.3)
z(k + 1) = h(B;, x(k)) + v(k) 4.4)
where f(x(k), u(k)) is the nonlinear state transition function of the robot. w(k) ~
N(0, Q(k)) indicates a Gaussian noise with zero mean and covariance Q(k).
h(B;, x(k)) is the nonlinear observation model and v(k) is Gaussian noise with

zero mean and covariance R(k).
The control vector is calculated by two optical encoders at each cycle time k:

uk) = [Ad, AO1T 4.5)

and the state transition function of the robot is

x(k) + Ad cos6
f(x(k),uk)) = | y(k) + Adsin8 (4.6)
0(k) + A6
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For the laser scanner, the observation model is

hB:. () = arctan 22X g0 4.7)
" byi — x(k) '

Since the models (4.3) and (4.4) are nonlinear, the EKF [17] must be used here

to integrate the laser measurements and encoder readings. Note that the EKF is
recursively implemented as follows:

Step 1: Prediction — 1t predicts the next position of the robot using
odometry.

x(k + 1/k) = £(x(k), u(k)) (4.8)
plk + 1/k) = VIP(k/k)VET + Q(k) 4.9)

where Vf is the Jacobean matrix of the transition function, and is
obtained by linearization

1 0 —Ad®k)sind(k)
VE=|0 1 Ad(k)cosé(k) (4.10)
0 0 1

Step 2: Observation — It makes actual measurements.
The measurement of the laser scanner is

z(k + 1) = h(B;, x(k)) (4.11)
The predicted angular measurement is
z(k +1) = h(Bi, x(k + 1/k)) (4.12)

Step 3: Matching— It compares the real measurement with the predicted
measurement.
To calculate the innovation, use

vik+1) =zk+1)—zk+1) (4.13)
The innovation covariance is:

Stk + 1) = VhP(k + )VhT + R(k + 1) (4.14)
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where VB is the Jacobean matrix of the measurement function:

oh  oh
Vh=|—, —, -1 (4.15)
ox  dJy

For each measurement, a validation gate is used to decide whether it
is a match or not:

vik+ DS+ DVvik+1) <G (4.16)

If it is true, the current measurement is accepted. Otherwise, it is
disregarded.

Step 4: Updating — 1Tt corrects the prediction error from odometry
readings.
The filter gain is updated by:

Wk +1) =Pk +1/k)VhTS  (k + 1) 4.17)
The robot state is then calculated by:
x(k+1/k+1) =xk+1/k) + Wk + Dvk+ 1) (4.18)
The covariance is updated by:

P(k +1/k +1) =Pk + 1/k) — W(k + DSk + DWT (k + 1)
(4.19)

Step 5: Return to Step 1 to recursively implement the four steps earlier.

The algorithm is essentially very simple although it contains some very use-
ful features. It produces the estimate of the current robot position at each cycle
by integrating odometry data with only one angle measurement from the laser
scanner. Recursively, it combines every new measurement with measurements
made in the past to estimate the robot position, or “make a compromise.” This
can be seen as a pseudo “triangulation” technique in a dynamic sense.

4.3.4 Implementation and Results

The proposed navigation algorithm based on angle-only observations was
implemented in our robotics research laboratory. The mobile robot equipped
with a rotating laser scanner and single-stripe landmarks were fixed on the walls
within the laboratory. The mobile robot was commanded to follow a close-loop
route at a speed of 0.3 m/sec. The route is near circular with a diameter of 4 m.
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FIGURE 4.4 Navigating a close-loop route inside building.

Figure 4.4 presents the results gathered from the robot operation. There
are three sets of data, namely a planned trajectory, a trajectory calculated from
odometry, and a trajectory estimated by the EKF. As can be seen, the trajectory
produced by odometry deviated further than the one generated by the EKF.
Both odometry data and the EKF data look very close to the planned trajectory
since the trajectory plotting is scaled down too much. However, the odometry
data will deviate further away from the desired trajectory if the mobile robot
travels continuously, which is due to the accumulative error of odometry.

4.4 VISION AND DIGITAL LANDMARKS

Visual robot navigation can be roughly classified into two major approaches:
one is the iconic or appearance-based method that directly compares the raw data
with the internal map and another is the feature-based method that focuses on
the prominent features [18]. A feature-based navigation algorithm is often sim-
pler and reliable, especially in dynamic environments. For instance, Atiya and
Hager [19] used a stereo vision system to obtain vertical image edges in order to
determine robot position. The observed landmark and stored map labeling prob-
lem is solved by a set-based method. Se et al. [20] proposed a random sample
consensus (RANSAC) approach to determine the global position of the robot
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by matching the SIFT (scale invariant feature transform) features. Feature-based
methods are often very efficient, and we have adopted it in our design.

However, the presence of nonunique feature landmarks causes the serious
concern in feature-based visual navigation. Therefore, instead of undistinguish-
able landmarks addressed in the previous section, we propose a new type of
artificial landmarks, which draws inspiration from wide applications of License
Plate Recognition (LPR). These landmarks are embedded with characters and
digit numbers that are similar to the name plates in offices and the license plates
used in transport. A similar approach is presented in Reference 21, which pro-
posed a visual landmark learning and recognition system for use in mobile
robot navigation tasks that can read text inside well-defined landmarks such as
nameplates, streets, and roads. However, there is no indication of its real-time
performance.

Figure 4.5a presents the format of the proposed landmark, and Figure 4.5b
shows a real landmark held by a person. Each landmark has the following
features:

e Five characters, the letter L followed by four digits, are printed on
the landmark.

e Each of the five characters has the same size, and the clearances
between the characters are all the same (H, W, and D in Figure 4.1a).
We currently select the parameters: L = 33, D = 200, H = 66,
and W = 34 (mm), which may be changed in different application
environments.

e The positions of the characters are also known (L in Figure 4.5a).

4.4.1 Landmark Recognition

The digits are the index of the landmark and the algorithm can identify the
landmark with a digits recognition method. The standard size of the charac-
ters contains enough information for robot localization. Since the proposed
landmark is similar to a license plate, many algorithms developed for license
recognition can be used here directly, including the fuzzy-map method for
locating the plate and the neural network for character recognition [22], and
the fast plate location method based on vertical edges of the images [23].
Figure 4.6 shows a new landmark recognition algorithm that consists of three
major modules: region finding, digits finding, and digits recognition.

4.4.1.1 Region finding module

This module is to find out all the probable regions that contain the landmark
digits and exclude as much background as possible. Considering the features
of the digits (sharply rising and falling edge in pairs in a horizontal scan line),
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FIGURE 4.5 The proposed digital landmark. (a) The format of the landmark. (b) An
example of the landmark.

we develop a simple region finding algorithm for extracting potential regions
from images being captured.

While scanning the lines, the program will count the edge pairs (a pair is
composed of a rising edge and a falling edge), and record the line sections
that contain more than four edge pairs. In a scan line, the program may record
more than one section if the pairs are further away from each other. The region
extraction module analyzes the line sections recorded and finds out the probable
regions based on the following assumptions:

e The line sections will gather closely in the digits region.

e The numbers of line sections in the digits region will not be less
than 10.

e The clearance between line sections in a digit region will be limited.
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FIGURE 4.6 Landmark recognition algorithm.

4.4.1.2 Digits finding module

The digits finding module is mainly based on an edge following algorithm. The
steps can be described as follows:

e Do top-down line scans of a potential region until an edge pixel of a
digit is found.

e Follow the edge of the digit and record the parameters (position,
width, height, etc.).

e Repeat steps above until all the digits in the region have been found.

4.4.1.3 Digits recognition module

The digits recognition module works in several steps as follows:

e Normalization — It divides the image areas and normalizes them to
64 x 64 arrays regardless of the original size of the digits. If some
noisy areas were found with the digits, this step will normalize them
as well, in order to avoid losing information. Figure 4.7a is the result
of normalization of the digits detected.

e Thinning — It is to extract out the skeleton (one-pixel-wide central
line of a line). The skeleton is essential for texture analysis of a pat-
tern. The end points, bifurcate points, etc. can be extracted from
the skeleton. The program adopts an updated Hilditch algorithm
to implement the thinning operation. Figure 4.7b is the result of
thinning. There are often some noises in the thinning image, for
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FIGURE 4.7 Normalization, thinning, and noise removing.

example, some odd pixels which will generate fake endpoints and
bifurcate points.

e Noise removal — This step removes the noisy pixels according to
the following rules (i) The isolated pixels are removed; (ii) short
lines (the length is less then 60 pixels) are removed; and (iii) short
odd lines are removed. An odd line is composed of the pixels from
an endpoint to a bifurcate point. The bifurcate point pixel is pre-
served while processing. Figure 4.7¢ is an example of noise removed
images.

e Feature extraction — It extracts a grid based 9-element feature vec-
tor F = (fi,f>,....fo)T for each of the normalized probable digits
(NPD). The nine elements express the ratio of the number of black
pixels in a subarea. The following figure gives the serial number
of the subareas in a NPD. The borderlines of subareas are the four
lines shown in Figure 4.7d, and the coordinate value of a NPD is
from 0 to 63 in both x and y axes. The elements are defined by the
following equation:

N;

-
C Y iogNi

(4.20)
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where N; is the number of the black pixels in the ith subarea shown
in Figure 4.7d. For instance the feature vector for the letter “L” in
Figure 4.7c is (0.2343, 0, 0, 0.246, 0, 0, 0.246, 0.168, 0.144) T.
We can find that in the NPD for “L,” no black pixel is in subarea 1,
2, 4, and 5; and the black pixels in subareas 7 and 8 are relatively
smaller than those of the subarea 0, 3, and 6. Because the features
are relative values instead of absolute ones, the feature values are
free from the different exposure level of the image, which causes the
different width of the character strokes. The features are robust to the
sloping digits, which may be due to a sloping camera. The image in
Figure 4.5b is an example for sloping digits. We found in the NPD
that the distribution of black pixels in each subarea of the NPD does
not change due to the slope. The feature extracted from it also proves
the same.

e Feature matching — It calculates the scalar products of the fea-
ture vector extracted in the earlier step and those from the features
library; then it will give out the result according to the minimum
scalar product. This step also contains a simple judgment of the
results if more than one probable region is found. The following
conditions are adopted to do this, if (i) five digits are found in
a region; (ii) the first character of a region is recognized as “L”;
(iii) the minimum scalar products are very small; and (iv) the region
is more probable to be the right one. Another function of this
step is to connect the characters recognized into a string accord-
ing to the right region judgment and positions of digits and then
output it.

4.4.2 Position Estimation

Assume that the robot position is expressed by the vector p = (x,y, G)T, and
three coordinate systems are adopted for our implementation:

e {W}: the global coordinates. The localization is to find out W P, the
position vector in {W}.

e {L}: the landmark coordinates. It is fixed on the current landmark
which is being seen. The original point is fixed on the position shown
in Figure 4.5a.

e {I}: the image coordinates. It is fixed on the image plane.

If a landmark is “seen” by the robot, it is able to identify the landmark and
get the position information of the landmark in {W} from the database, and
therefore the transformation matrix CZVis known. If the position in {L},LP, is
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deduced, the localization can be done by the transformation
Yp=c).Lp 4.21)
The problem now is to calculate

L L L oL\T
P=(x:,y:,60.) (4.22)

In this section, two methods of localization, that is, triangulation, and least
square estimation (LSE), are investigated in terms of two cases: single landmark
and double landmarks.

4.4.2.1 Triangulation method

Figure 4.8 is the sketch map of landmark imaging, using a pinhole model. P1
and P2 are two of the vertical edges of the five characters (10 edges alltogether).
The positions of P1 and P2 are known as (p%, 0) and (pé, 0). The parameters of
the landmark are shown in Figure 4.5a.

According to the pinhole model, we get:

O —yr _H 04 —Y)r H

— —a 3 - 4.23
7 7 7 b #423)

where r is the resolution with the unit of MPD (millimeters per dot), and (x{ , y{ )
is the coordinate value of the ith feature point, both endpoints of the selected
vertical edges.
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FIGURE 4.8 Landmark detection.
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Assume that the position of the lens center is (x; ,yL) According to
Pythagoras theory, we have:

L L\2 L2 2
—x7)° 4+ =1
{(pi 2)2 (yz)z ; (4.24)
(p2 _'xc) + (yc) = 12
Considering that yé‘ is always a positive value, we have:
2 _ 2 L2 L2
L_lizh+pry —p
L=
2055 = xp) (4.25)
e =/l = &k —pp)?

In Figure 4.9, the direction may be easily obtained as:
L_ L 1
— X, X1r
0 = 41 + 42 = tan_l (pl—Lc> + taIl_l (}CL) (426)
c

By combining Equation (4.25) and Equation (4.26), we have

2 2
I} =G +p5 —ph
205 = ph)
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We substitute P into Equation (4.21), and then the localization is com-
pleted. Equation (4.27) is the result of localization. The coordinates given by
the program are in {L}. The errors of this method are caused by the imprecise
extraction of each character. Differentiating Equation (4.27), we have:

————(Lidly — hdb)
L vz = PD) L_ L
dx l —
L 1 ~di — L e (4.28)
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dxl _ zyc(pl _xc) (de+ dyc
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FIGURE 4.9 Landmark-based localization of the robot.

Equation (4.28) shows the relationship between localization errors and char-
acter extraction errors. It can be seen that the localization error is relative to [;
and /», as well as the distances between the robot and the features, which will
be large when the observing angle is large. In the two-landmark case, the two
features p1 and p, can be selected from different landmarks, which can provide
more accurate position results.

4.4.3 Least Square Estimator (LSE)

In a real application, the robot continuously samples data using its onboard
camera. Errors may be reduced by fusing the data of individual samples. In this
section, LSEs are used in terms of two different cases: single landmark case
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and dual landmark case. The method proposed here is the extension of Boley’s
LSE [24].

4.4.3.1 Single-landmark LSE (SLSE)

The single-landmark LSE algorithm is based on the coordinates shown in
Figure 4.9a. The origin point is placed at the landmark, and the x-axis is set
parallel to the robot moving trajectories. From each sampling point on a robot
trajectory, the bearings to the landmark are measured as «; (i = 0, 1,...,n),
by using the methods in Section 4.2. The position of each sample is noted in
the vector z; = (x;, y,-)T, the distances between each position, and zp, which
can be obtained from the readings of odometry, are noted as d; = z; — z0 =
(x; — x0, yo)T. It is easy to observe that:

d:
tan(e;) = 2T % (4.29)
Yo
Rewriting Equation (4.29), we have:
xo cos(aj) — yo sin(e;) = —d; cos(a;) (4.30)
Row-by-row collecting all the equations for i = 1,...,n, we have over
determined equations which can be expressed as:
Azg=0b (4.31)
where
cos(or;) —sin(ag) —d cos(or1)
cos(ap) —sin(ap) X0 —d> cos(ayp)
: : Y0 :
cos(a,) —sin(ay,) —d,, cos(ay,)
Using the Least Square method, we can estimate z as follows:
0= (A"A)""'ATp (4.32)
In this method, we adopt samples at the positions z; (i = 1,...,n) as the

reference sample (RS) to estimate the robot position zg.

4.4.3.2 Dual-landmark LSE (DLSE)

In this case, the coordinates are built on two landmarks. The original point is set
to one landmark and the x-axis point to the other one. The coordinate values of
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two landmarks are known as (0, 0) and (D, 0), where D is the distance between
two landmarks.

For each sampling point z;, both landmarks are measured as («1;, )T, and
two equations will be generated:

d .
tan(ary) = T
Yo + dyi 4.33)
xo+dyg—D '
tan(ap)) = —————
Yo + dy;

where dy; and dy; are the displacement of the sampling points in two directions,
which are obtained from the readings of the odometer.

Rewriting Equation (4.33), and collecting the equations for each RS,
we have:

Azg=b (4.34)

where

cos(ayy) —sin(aqq)

A cos(ap)  —sin(ai,) R <x0>
cos(apy) —sin(apy) Yo
cos(a2y)  — sin(azn)

sinaudyl — dxl COosS 11

- sin a1, dyy — dy, COS 1,

sinaz1dyy — (dy2 — D) cos ay

sin ap,d2 — (dyy — D) cos any

The position zq can also be deduced from Equation (4.32).

4.4.4 Implementation and Results

The experiments are carried out using a “Logitech QuickCam” web camera
(1/4” CCD sensor, 4.9 mm lens). In our implementation, the mobile robot is
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FIGURE 4.10  Single landmark—based LSE.

moving along a straight line at different distances to the landmark that was
fixed on the wall. After landmark recognition, the robot’s position is calculated
through the triangulation method described in Section 4.2 [3,12,16].

Then LSE is implemented in two ways, namely batch processing and recurs-
ive processing. The experimental results for single landmark are presented
in Figure 4.10. In contrast, the experimental results for dual landmarks are

presented in Figure 4.11.
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As we can see from Figure 4.10a and Figure 4.11a, the batch filtering
algorithm gave better localization results than the recursive filtering algorithm,
but it is not real time. Although the recursive filters have relatively large errors
(the left side of each line) at the beginning, the estimated results converge
rapidly when more data is available. The final result is therefore applicable in

a real-time system.
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FIGURE 4.11 Dual landmark-based LSE.

© 2006 by Taylor & Francis Group, LLC




Landmarks and Triangulation in Navigation 173

4.5 SICK LASER SCANNER AND GEOMETRIC LANDMARKS

Geometric landmarks are widely used for robot navigation, which are normally
static. Recently, Howard and his colleagues [25] proposed a new approach
by equipping their robots with geometric landmarks that are easily found and
movable within the environment. In their implementation, a large heterogeneous
team of robots was adopted, each of which carried a SICK scanner and two geo-
metric landmarks (cylinders). Motivated by their research, we have equipped
each of our robots with a SICK scanner and a cylinder so that colocalization
can be implemented.

Since indoor environments usually contain many straight lines, the detection
process is greatly aided if the landmark always has identical range signatures
regardless of relative position or orientation. This is the case for one shape only,
the circle. This characteristic aids detection but is not helpful when determin-
ing relative positions between two or more robots because rotational changes
cannot be perceived. Two distinguishable circles guarantee unique localization.
If the circles are indistinguishable then localization is one of the two places.
Figure 4.12 shows a typical mapping situation involving co-location. Two cyl-
inders A and B are shown; these cylinders could be individual robots or one
robot carrying two cylinders. The advantage of observing two robots is that
large separations may be used, leading to more accurate localization, however,
mounting both cylinders on one robot reduces the number of robots required,
the observer and the mobile landmark robot. Figure 4.12 presents a cooperative
localization and mapping scenario involving three robots R1, R2, and R3. R1 is
equipped with a laser scanner and the remaining robots are mobile landmarks.
The initial positions of R2 and R3 allow R1 to map the room on the left. Under
the observation of R1, at position A, R2 and R3 move across the corridor to the

R1 R2 R2

e .® Rl
K_,@/F/\@ ®

R

R3

FIGURE 4.12 Cooperative localization scenario involving three robots.
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second room where they adopt positions B and C. Now R1 can continue to D
using R2 and R3 as artificial landmarks and map the second room.

Once the relative positions of the companion robots are known, map building
is possible. The main difficulty is achieving fast and reliable detection of circles
of known radius from noisy range data. The detection of shapes in images is
a large area of research within the computer vision community and contains
several relevant techniques such as the Hough Transform and least squares
fitting approaches.

4.5.1 Circular Hough Transform

The Hough Transform [25] has been highly successful in the vision community,
thanks to its tolerance of image noise and excellent straight-line detection. The
Hough Transform may be generalized to any geometric primitive. However, the
introduction of each new parameter adds another dimension to the Hough space.
The geometric increase in storage and processing required for the accumulator
grids have repercussions on performance. A typical high-resolution laser scan is
given in Figure 4.13a which shows a relatively cluttered environment with two
circular landmarks that are indicated with dashed lines. The standard Hough
Transform is particularly ineffective for circle extraction from laser range data
because of the uneven distribution of points in Cartesian space. The laser scanner
samples at regular intervals of 6 resulting in an increased density of read-
ings from nearer objects. A nearby straight edge obstacle may be detected in
preference to the circles.

This is rectified by a Range Weighted Hough Transform (RWHT) as dis-
cussed in Reference 26. The weight function applied is a simple linear increase
from the origin of the scan. This linear increase negates the effect of the 1/r
fall in point density. The improvement is immediately apparent in Figure 4.13b
where the peaks of the circle centers can be distinguished from nearby walls.
As can be seen, the two highest peaks correspond to the circular landmarks.

Only a 2D Hough parameter space is required for the circle search because
the radii of the circles are known. The two parameters are the coordinates of the
candidate circle center. The confusion of straight lines with circles is a serious
problem that refuses to be resolved. A possible solution would be to first remove
all points corresponding to straight lines and then perform the circular Hough
Transform on the remaining points, however this is very time consuming. The
process for Hough Transform circle detection is summarized in Figure 4.14.

There are a number of reasons why the circular Hough Transform is not
particularly suited to this application. Range data are different from image data
for which the Hough Transform was first devised. Another problem is that it
always returns an answer even if the geometric primitive is not present in the
data. The determination of peak significance by comparison with others and
the kind of data expected requires a relatively complicated statistical analysis.
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FIGURE 4.13  Circular Hough transform.

4.5.2 Least Squares Fitting of Circles

Poor performance of the Hough Transform approach prompted research into
least squares curve fitting approaches. It is evident from Reference 27 that fitting
circles to points is a nontrivial process, mainly because the resulting equations
are highly nonlinear and circles cannot be elegantly expressed in Cartesian
coordinate systems. No least squares algorithm suitable for range data could be
found, therefore one was devised.

One of the problems with the circular Hough Transform is that there is
much information specific to range scans that is not included in the search for
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FIGURE 4.14  Flowchart of the circular Hough transform detection process.

circles. One important property of circles is that they are highly symmetric and
so appear identical when viewed from any angle; this greatly eases the burden
of detection. Also, the range data has an inherent sequence that is not obvious in
Cartesian coordinates. Detection of a circle occurs when a sequence of adjacent
points lie close to the circumference of that circle. Relaxing the requirement
for the detection of occluded targets allows the following algorithm shown in
Figure 4.15b.

The algorithm assumes the center of the circular target is at the scan angle of
the current scan point being analyzed. The mean of the least squares differences
is then calculated by Equation (4.38) and Equation (4.39). Scan angles with this
quantity below a threshold (comparable to the accuracy of the laser scanner)
are likely contenders for having the center of the target circle situated along
them. Figure 4.15a illustrates the geometry involved with laser scan points
depicted by crosses. Point A is the current scan point being evaluated and the
circle represents the search target. The candidate circle for A is assumed to be
positioned with center C, as shown on the line OA where O is the origin of the
laser scan. Assuming the laser scan returns points evenly distributed over 6 then
the number of nearest neighbors to be incorporated is determined. Points that
lie within an angle of AOB from A are candidate points where

N R
AOB = arcsin ———— (4.35)
(R+0A)

and R is the radius of the circular landmark.

Care has to be taken regarding scan points lying near D and B, which are
subject to glancing edge effects. The causes of these effects are specular reflec-
tion and pixel mixing which occurs when the laser spot spans an environmental
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FIGURE 4.15 Least squares fitting of circles. (a) Geometric construction illustrating
the least squares method for circle location. (b) Flowchart of the least-squares circle
detection algorithm.

range discontinuity. The subset of laser range points processed is

_ r] r2 PR rn
S = (91 - 9n> (4.36)

where r and 6 are the polar coordinates of the scan points in the coordinate
system of the robot. The position of the hypothesis circle in polar coordinates is

Fn+l +R
©)-(4
2

The distance of the ith point from circle circumference is

d; = \/ C2 +r? —2Cyricos(Co — ;) — R (4.38)
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FIGURE 4.16 Reciprocal root mean least squares differences of the laser scan in
Figure 4.13b.

Ultimately the mean least squares difference is calculated in the usual
fashion as

zzz—lidz (4.39)
_ni—l i '

This indicates how far, on average, the points are from the circumference of the
hypothesis circle and the reciprocal is proportional to the likelihood of detection.
This is repeated for each point in the scan. The points that exceed a threshold
probability imply successful circle detection at that position. Figure 4.16 plots
the reciprocal root mean least square differences for the example laser scan
in Figure 4.13b. Note that the two prominent peaks correspond to the circular
landmarks.

What is apparent from Figure 4.16 is the accurate detection and localiza-
tion of the two circular targets with the smaller of the two circle peaks being
nearly twice as big as the largest background peak. This ensures a super-
ior performance of 98% reliability vs. 50% for a RWHT. A comparison of
Figure 4.13b and Figure 4.16 emphasizes the effectiveness of the least squares
algorithm over the RWHT for reliable circular target extraction from laser
range data. The least squares algorithm takes advantage of range data spe-
cific characteristics like sequence and a single observation point. The more
generic RWHT does not utilize this extra information and so the least squares
method is not only 25 times more accurate but also faster and requires less
memory.

© 2006 by Taylor & Francis Group, LLC



Landmarks and Triangulation in Navigation 179

of©
<6

FIGURE 4.17 Pose change calculation from two observations.

4.5.3 Cooperative Position Estimation

The two cylindrical targets are observed from two different poses and the obser-
vations superimposed. This is shown in Figure 4.17 with the second observation
cylinder positions indicated with an apostrophe, that is, A’ and B’. The pose
change consists of a rotation and translation. The rotation angle is the change in
angle of the line joining the two circles. Once the rotation of the robot between
the poses is known, the rotation effect can be reversed, that is, placing the cyl-
inders at the positions C and D, as shown in Figure 4.17. The change in position
or translation of the robot between observations is given by the difference in
position of the midpoints of CD and AB. Knowing the rotation @ and translation
T of the robot between successive scans, enables the amalgamation of scan data
to produce a global map. Scan data, L, is transformed point by point into the
coordinate frame of the global map, L, by

i (Tx cosf —sinf)
b= <TY) * (sin@ cos @ )L’ (4.40)

Given that a robot can observe other stationary robots, how may it determine
changes in its pose? Changes in pose may be described as linear combinations of
two geometric transforms, translation and rotation. An important consideration
is if the observed robots are distinguishable; if they can be unambiguously iden-
tified then the determination of pose change between landmark observations is
trivial. The rotation is calculated from the change in angle of the lines joining
the landmarks, and the translation is the average displacement of each point to
its image point. If the landmarks are indistinguishable then it is not so straight-
forward because each point cannot be associated with absolute certainty to the
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same point in the subsequent sensor update. Problems also arise with symmetric
distributions of landmarks.

If the relative positional information of indistinguishable landmarks is avail-
able then three are sufficient to unambiguously determine pose. Initially two
would appear sufficient, however the ambiguity of identity means that land-
marks may be rotated 180°. Even though only three asymmetrically distributed
indistinguishable landmarks are needed for unambiguous pose determination,
the fewer landmarks required, the better. Is it possible to have reliable pose
updates using only the relative positions of two landmarks? There are a number
of ways that this may be achieved. The simplest is to use distinguishable land-
marks, for instance circles of sufficiently different radii. If indistinguishable
landmarks have to be used then they may be placed in such a configuration
as localization is only required in one half plane. An example would be when
they are against a wall then the robot cannot be localized in the half plane
behind the wall and still be able to detect the landmarks. Use of odometry and
fast updates means that the large pose changes that would cause ambiguity
would never happen between updates or would be detected by the odometry
Sensors.

4.5.4 Implementation and Results

The experimental platform is a Magellan Pro-robot equipped with a SICK LMS
200 laser range finder. The range finder has a scanning angle width of 180°
and a resolution of 0.5°. The laser range finder is almost an ideal sensor with
unrivalled accuracy, acquisition time, and range. The main problems are cost,
mass (4.5 kg), and power consumption (17.5 W). The characteristics of this
LMS are detailed in References 28 and 29.

Experiments were performed to test the localization accuracy delivered and
involved driving the robot along a straight line and in a square. The deviation
of the colocation positions from this straight line give an indication of the
localization error in the direction perpendicular to the line. This error depends
approximately linearly on the angular resolution of the laser scanner, the range
and separation of the geometric targets. The localization error was of the order
of 0.02 m at ranges of 0 to 8 m with the laser scanner operating at a resolution
of 0.25°.

Error in the range to the targets introduces error into the position estimation
of the robot. Figure 4.18 illustrates the dependence of the pose uncertainty on
the range error. The origin O is the true position of the robot and O’ is its worst
case perceived position if the range to the target A is over estimated and that to
target B is underestimated. The error estimate is greatly simplified if a far field
approximation is used which implies

AB << OM (4.41)
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.

B B

FIGURE 4.18 Geometric construction used to calculate the localization error.

in this approximation the following similarities prove useful
sinf ~ tan 6 ~ 6 4.42)

for small angles of @ in radians. As OM = O’M then for the displacement of
O’ the angle of rotation is

. 2 AA AA’
OMO' = arctan (- ) ~ 2= (4.43)

J2 AB AB

Note the +/2 factor is due to the addition of the errors in quadrature. Finally the
position error can be expressed as

_ AA
00’ ~ vV2—0OM (4.44)
AB

The far field approximation, expressed in Equation (4.41), falters if the targets
are near and for large target separations, however in these situations the error
is minimal. It should also be clear from Figure 4.19 that the dependence of
position error o, on angular error oy for the laser scanner is simply

ox ~ OMoy (4.45)

The angular error for the SICK LMS 200 is ca. 0.5° so at a range of 4 m the
position error due to angular error is around 0.03 m. Targets separated by 2 m
with radii 0.1225 m at a range of 4 m observed with a range error of 0.01 m
produced a position error of 0.03 m. This prediction is close enough to the error
observed at this range in Figure 4.20.
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FIGURE 4.19  Plot showing the increase of position error with range to targets and line
of best fit.
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FIGURE 4.20 Localization along square path (solid line indicates true path taken and
circles are the geometric targets used for localization).

A typical set of continuous localization results are displayed in Figure 4.20.
The robot was moved one loop around a 1.57 m square at 0.2 m/sec. The laser
scanner mounted on the robot has a maximum scan angle of 180° and so the
robot had to reverse along some edges of the square in order to maintain tracking.
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The target cylinders were located at (0, 1) and (—1, 0) because in these positions
they can always be observed by the 180° scanner, allowing continuous position
updates. The localization error can easily be extracted from Figure 4.20 and is
of the order of 0.03 m. The position accuracy is better toward the origin of the
graph because the robot is nearer to the target positions of (0, 1) and (—1, 0).

4.6 CONCLUSIONS

This chapter addresses the problem of landmarks and triangulation in naviga-
tion of mobile robots. A novel landmark-based navigation system is proposed,
which consists of three types of landmarks (retro-reflective, digital, and geo-
metric) and three types of sensors (laser, vision, and odometry), as well as sonar
sensors. Some corresponding navigation and triangulation algorithms have been
developed so that the robot is able to estimate its position and update its internal
map continuously in a dynamic environment.

To improve the localization accuracy for mobile robots in continuous opera-
tion, the EKF algorithm has been adopted in the navigation process to integrate
odometry data and angle observations from the laser scanner in order to provide
a useful solution toward real-world applications. A triangulation module is
embedded into the proposed architecture to re-calibrate the robot’s position
when the robot is stationary or gets lost. The experimental results are presented
to show its applicability.

A digital landmark-based localization algorithm for mobile robots is demon-
strated, which uses a fast digits recognition method. The algorithm provides
an easy solution to landmark identification in complex environments, which
is robust to slope images. Some advantages of the algorithm are the flexible
extendibility of digital landmarks and the low computation cost of landmark
recognition. We are currently investigating the following four issues (i) other
information in the single landmark, for example, the edges of middle characters,
may be used; (ii) other data fusion methods to use pre-known position inform-
ation (from dead-reckoning or EKF); (iii) multiple landmarks may be seen in
some conditions, and triangulation methods may be used; and (iv) localization
algorithms based on texture landmarks.

The feasibility of cooperative localization based on one sensing robot and
two landmark robots is also investigated. It is implemented by a least squares
fitting approach optimized for the sequential natural of the range data and
the highly symmetric aspect of the circular geometric targets. This coloca-
tion scheme allows fast position and orientation determination with bounded
errors and reliability indicators in unknown indoor environments. The robust
localization algorithm lays the foundation for mapping featureless and highly
symmetric environments. Continuous localization was performed at 0.2 m/sec.
Continuous localization can be provided, however these scans should not be
incorporated into the global map, only the ones taken when stationary should
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be used to improve the quality of the global map. Improvements in colocation
accuracy should be possible allowing either the extension of the range over
which cooperative localization is possible or reducing the separation of the
targets so that they may be mounted on one robot thus allowing cooperative
mapping with only two robots. These improvements in colocation accuracy
would primarily come from over-sampling the least squares fitting algorithm.

Although multiple sensors and multiple landmarks have been adopted in
the proposed navigation system, they have been independently investigated
and tested so far. A natural extension of future research is to investigate the
integration of three landmark-based navigation algorithms. Moreover, the pro-
posed navigation algorithms have potential applications for service robots in
homes, offices, and hospitals. It can also be used for outdoor beacon-based
navigation such as GPS navigation systems.
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Modeling and Control

For robotic systems that are embodied, situated and mobile, intelligent inter-
action with the environment and the successful operation in response to
higher-level commands is crucial before such systems can qualify as autonom-
ous and intelligent. This implies the ability of each robot to, at least, be capable
of controlling the equipped hardware so as to take the action that is required of
the robot, which ranges from moving between points, to changing the pose of
equipment like robotic grippers and manipulators. Effective control of a robot’s
hardware faculties, and making use of sensor feedback, is therefore extremely
important.

Due to Brockett’s theorem, it is well known that nonholonomic systems with
restricted mobility cannot be stabilized to a desired configuration (or posture)
via differentiable, or even continuous, pure-state feedback. Therefore, different
approaches have been proposed, which includes discontinuous, hybrid, and time
varying control laws. Many elegant control strategies have been proposed for
various nonholonomic systems. Among them, research results can generally be
classified into two classes. The first class is kinematic control, which provides
the solutions only on a pure kinematic level, where the systems are represented
by their kinematic models and velocity acts as the control input. One commonly
used approach for the controller design of nonholonomic systems is to convert,
with appropriate state and input transformations, the original systems into some
canonical forms for which the design can be carried out more easily. Chapter 5
explores the use of discontinuous control laws for the kinematic control of
nonholonomic systems. The chapter also presents the design of a hybrid variable
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and a switching strategy to guarantee robust stability of the closed loop system
in the presence of disturbances and measurement noise.

The second class of results on the control of nonholonomic systems is
dynamic control, where the torque and force are taken as the control inputs. Both
trajectory tracking and force control are manageable for a constrained robot if
the exact robot dynamic model is available for controller design. In real applica-
tions, however, perfect cancellation of the robot dynamics is almost impossible.
As such, adaptive control was proposed to deal with parameter uncertain-
ties. Approximator-based adaptive control approaches have been extensively
studied in the past decade using Lyapunov analysis for general nonlinear sys-
tems. Motivated by previous works on the control of nonholonomic constrained
mechanical systems and the approximation-based adaptive control of nonlinear
systems, the adaptive neuro-fuzzy (NF) control is developed in Chapter 6 for
the control of nonholonomic constrained systems using the Lyapunov stability
analysis in a unified procedure.

In addition, we should note that actuator dynamics constitute an import-
ant component of the complete robotic dynamics, especially in the case of
high-velocity movement and highly varying loads. Many control methods have
therefore been developed to take into account the effects of actuator dynamics.
However, very few works in literature have considered the control of nonholo-
nomic systems with actuator dynamics. To address this, Chapter 7 considers the
stabilization problem for general nonholonomic mechanical systems at the actu-
ator level, taking into account the uncertainties in dynamics and the actuators.
The controller design consists of two stages. In the first stage, to facilitate con-
trol system design, the nonholonomic kinematic subsystem is transformed into
a skew-symmetric form and the properties of the overall systems are discussed.
Then, a virtual adaptive controller is presented to compensate for the parametric
uncertainties of the kinematic and dynamic subsystems. In the second stage, an
adaptive controller is designed at the actuator level and the controller guarantees
that the configuration state of the system converges to the origin.

The last chapter of this part of the book considers the control of nonholo-
nomic (specifically, car-like) robots for vehicle following. This is an important
aspect of advanced autonomous mobile robot systems in which robots may
very likely outnumber human operators. The nonholonomic nature of car-
like mobile robot motion imposes intrinsic difficulties in control design. This
chapter, hence, presents a unified control design for tracking maneuvers of two
car-like mobile robots. The vehicle tracking maneuvers are formulated into an
integrated framework, with forward tracking, backward tracking, driving, and
steering, at the kinematics and dynamics levels. A nonlinear controller with a
few design parameters is designed for maneuvers with simultaneous driving and
steering for vehicle tracking — in both forward tracking and backward track-
ing maneuvers. Tracking stability is ensured by the proper design of a stable
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performance target dynamics with a set of sufficient conditions for selecting
design parameters.

Together with the effective use of sensors, effective control of the con-
figuration of the robots’ hardware forms the basic and necessary capabilities
that bring mobile robotic systems closer to autonomy. The possession of the
sensing and control capabilities presented in the first two parts of the book is
indispensable for autonomous mobile robots, and will fuse with higher level
decision-making mechanisms, which focus on more abstract cognitive planning
abilities, to bring forth truly autonomous and intelligent systems.
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5.1 INTRODUCTION

In this chapter we study the stabilization problem for nonholonomic systems.

Nonholonomic control systems are becoming increasingly important in
research and industry as they present many interesting features and potenti-
alities. From the researchers’ point of view nonholonomic control systems are
a prototype of strongly nonlinear systems, requiring a fully nonlinear analysis,
since all first approximation methods are inadequate. Thus, the design of a good
control law for a given nonholonomic system is a challenging task. On the other
hand, from an industrial point of view, nonholonomic systems are extremely
appealing for their efficiency and flexibility. They can be used as means of
transport, inspection, and operation in free space and hostile environments.

Before moving to the technical discussion, it is worth pointing out why we
deal with nonholonomic control systems and why we focus on noncontinuous,
hybrid, or time-varying stabilizers. A possible answer to the first question can
be found in the words of D. Edelen [1]: “Real problems in the real world rarely
exhibit themselves in those pleasant forms wherein one can model them in terms
of systems with holonomic constraints. [...] The second law of thermodynamics
tells us that such holonomic representations must ultimately degenerate from
the domain of the real into ethereal flights of fancy.”

A more practical answer comes from everyday life. Consider the problem
of parking a car, we can only drive forward or backward and steer to the left or
to the right. Observe a falling cat, an astronaut, a gymnast, or a diver: they can
change configuration requiring no contact with fixed objects. These examples
seem to be weakly related but, from a mathematical point of view, they are all
examples of nonholonomic control problems.

Consider now the second question. In the earlier examples an experienced
operator is able to perform the proper succession of operations in order to drive
a nonholonomic system from an initial configuration to a final one. However,
when the ability of the operator is not enough or when we desire to automatic-
ally reconfigure a nonholonomic system, it is necessary to design a regulator.
Hence the birth of the theory of nonholonomic control or nonholonomic motion
planning. Unfortunately, one of the first results of such a theory was a negative
one [2]: there exists no continuously differentiable, time invariant, control law
able to asymptotically stabilize a controllable nonholonomic system. There-
fore, many researchers have proposed and studied discontinuous, hybrid, or
time varying control laws.

We now briefly review some of the existing results on the control of non-
holonomic systems (see References 3 and 4 for further detail). The control
strategies for nonholonomic systems can be divided into two main groups:
open loop strategies and closed loop (feedback) strategies. In the latter group
we can further distinguish between continuous and discontinuous control laws. !

LA third possible approach is the one based upon sampled-data control laws.
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In open loop strategies (see e.g., [S—7]) the control signal is calculated
off-line starting from the knowledge of the initial and the final configurations
of the system. By their own nature, these strategies are not able to compensate
for disturbances and model errors, therefore, in practise, the reached config-
uration may differ significantly from the desired final one. Nevertheless, it is
possible to include open loop strategies in an iterative design method, which
possesses some robustness properties. This approach is known as iterative state
steering [8].

In closed loop strategies (see e.g., [9—16] for time-varying feedbacks, [17—
21] for discontinuous ones, [12,22,23] for middle strategies [discontinuous and
time varying], [24,25] for hybrid control laws, and [26-28] for multi-rate meth-
ods) the control signal is computed online, based on the knowledge of the actual
configuration of the system and of the final one. They can potentially com-
pensate for model errors and disturbances. However, the result of Reference 29
states that there does not exist a continuous homogeneous controller that
robustly stabilizes nonholonomic systems against modeling uncertainties. This
has motivated further research in this direction. Many researchers have been
trying to solve this problem using discontinuous feedback (see [8,30-33]), or to
find special instances in which a continuous feedback can yield robust stability
(see e.g., [34]).

From the very brief discussion above it is apparent that several tools are
available for the control of nonholonomic systems. However, to date, it is not
possible to single-out a control strategy (or a set of tools) that performs better
than the other ones. This is mainly due to the following facts. A good control
law should have two basic features. First, it should drive the system from its
initial state to the final one in a simple way, second it should be robust against
model mismatches, noisy measurements, and the approximate knowledge of
initial conditions. Open loop strategies are generally able to grant the first item,
but nothing can be said on their robustness, although they can be exploited in
robust iterative designs. On the other hand, closed loop strategies are potentially
more robust, but the dynamics of the closed loop system may not be natural. In
particular the closed loop system may show oscillatory response, which is not
at all necessary or required to reach the desired final configuration. Note finally
that closed loop strategies are potentially more robust than open loop ones.
However, we will show that the robust stabilization problem for nonholonomic
systems has very special properties, and it is intrinsically hard.

5.2 PRELIMINARIES AND DEFINITIONS

In this chapter, we discuss the problem of designing stabilizing control laws for
nonholonomic systems described by equations of the form

X =g®u (5.1)
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withx € U € R",u € R", and m < n. Despite its simple formulation this
problem does not possess a simple solution, as can be inferred from the Theorem
of Brockett [2]. This theorem, yielding necessary conditions for smooth sta-
bilizability for general nonlinear systems, provides necessary and sufficient
conditions for feedback stabilizability of nonholonomic systems.

Theorem 5.1 [2] Let ¢ = g(q)u be given, with g € R",u € R™, g(qo)up =
0, g(+) continuously differentiable in a neighborhood of qo. Assume, moreover,
that span{g(q)} is a nonsingular distribution of dimension m in a neighborhood
of qo. Then:

1. There exists a continuously differentiable control law which makes
(g0, uo) asymptotically stable iff m > n.

2. There exists a continuously differentiable and dynamic feedback law
which makes® (qo, £, uo) asymptotically stable iff m > n.

The first part of Theorem 5.1 is due to Brockett [2], while the second
one to Pomet [10] (see also the work of Ryan [35] for a more general result in
the framework of nonsmooth stabilizability). We will not present the proof of
the above theorem, which can be found in the literature [2,10,36]; we simply
mention that the provided obstruction to stabilizability has a topological nature.
The essence of Theorem 5.1 is that the only inferesting nonholonomic systems
are those for which the distribution g(g) drops dimension precisely at gg, is
not continuously differentiable at go, or is not defined at go. In such cases
we cannot infer anything about the existence of C! (smooth), time invariant,
static or dynamic, asymptotically stabilizing control laws. Motivated by the
conclusions of Brockett’s Theorem we focus on:

o State feedback control laws described by equations of the form
u = a(x) (5.2)

where o : R" — R™ is a discontinuous function of its arguments.
e State feedback, hybrid, control laws described by equations of
the form

u=kx,sqg), Sq=kgx,sg) (5.3)

2 & denotes the state of the dynamic controller.
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where s evolves in the finite set® {1,2},k : R” x {1,2} — R™ is
continuous in x for each fixed s;; kg : R" x {1,2} — {1,2}, and s,
is defined as s, (¢) = limg—; 54(5);

e Time varying, state feedback, sampled-data, control laws described
by equations of the form

u = up (x(kT), kT) (5.4)

where T > 0 is the sampling time, and ur : R" x R — R™ is a
continuous function of its arguments.

Remark 5.1 Whenever we deal with discontinuous control laws, functions
which are not defined at some points, for example, are unbounded at x = 0,
are allowed. In particular the term discontinuous will be used throughout this
chapter to denote functions which are unbounded, hence undefined, in a certain
set; for example, the function )1_{ is discontinuous at x = 0.

The purpose of the control law is to guarantee that each initial state in a given
set converges asymptotically to the origin. However, as we use different control
laws, we will need different definitions of stability.

Definition 5.1 [20] A control law described by equations of the form (5.2)
almost stabilizes® the system (5.1) in the region Q2 if the following holds:

(i) Forallinitial states xo € Q2 the closed loop system admits a unique
(forward) solution
(ii) For all initial states xo € Q2 one has, along the trajectories of the
closed loop system, lim;_,  ||x(?)]| =0
Moreover, the control law almost exponentially stabilizes the system (5.1)
in the region Qq if in addition
(iii) There exist positive constant co and Ly such that for all initial states
xo € Qo and for all t > 0 one has, along the trajectories of the
closed loop system, ||x(t)|| < coexp ™’

Hybrid and sampled-data control laws are discussed in relation with robust
stabilization problems. To discuss the properties of hybrid control laws we need
to introduce a notion of robustness with respect to small noise. To this end,

3 For this controller to make sense we equip {1,2} with the discrete topology, that is, every set is
an open set.

4 This terminology differs from that introduced in Reference 37. Note also that stability has to be
understood as Lagrange stability.

5 The set 2o does not need to be a neighborhood of the origin, but may be an open and dense set
with the origin at its boundary.
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consider two functions e and d satisfying the following regularity assumptions:
eand d are in LS (R" x [0, +00); R"), and are continuous in x for each . We
introduce® these functions as a measurement noise e and an external noise d
and define the perturbed system with u given by Equation (5.3), that is,

X =gk +e(x,1),s4(1) +d(x,1)

_ (5.5
sq =kg(x + e(x,1),5q)

In this context the definition of global exponential stability is as follows.

Definition 5.2 [32] Let e and d be two functions satisfying our standing
regularity assumptions. The origin of the system (5.5) is said to be a globally
exponentially stable equilibrium on R" if the following two properties hold:"

(i) For every (xo,50) € R" x {1,2}, there exists a solution of (5.5)
starting from (xo, so). Moreover all maximal solutions of (5.5) are
defined on [0, 4+-00).

(ii) There exists 8 of class K and C > 0 such that, for all r > 0 and
Sor all (xo,s0) € R" x {1,2} with |xo| < §(r) and for all maximal
solutions (X, Sy) of (5.5) starting from (xo, so), one has

X)) <re”™, V¥i=0 (5.6)
Finally, we characterize robustly stabilizing controllers.?

Definition 5.3 [32] The controller (k, ky) is a robustly globally exponentially
stabilizing controller if there exists a continuous function p : R" — R such that
p(x) > 0, for all x # 0, and such that for any two functions e and d satisfying
our standing regularity assumptions and

sup [e(x, )| < p(x), esssupg_old(x,)| < p(x) 5.7

R>o

forall x € R", the origin of (5.5) is a globally exponentially stable equilibrium
on R"™

6 Using similar arguments we could also consider an actuator noise.

7 A function y : R>( — R is of class K if it is continuous, strictly increasing, and zero at zero.
Itis of class Koo, if it is of class K and unbounded. A continuous function 8 : R>g X R>g — R>q
is of class ICL if B (-, ) is of class /C for each T > 0 and B(s, -) is decreasing to zero for each s > 0:
8 Note that our notion of robust stability is closely related to the classical notion of Input-to-State
stability [38].
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To discuss generalized sampled-data control laws, consider the perturbed
model

X =g@ulx,1) +dx,t) (5.8)

where d € R™ is a disturbance. Assume the system is between a sampler
and zero-order hold. Then it is possible to define a parameterized family® of
discrete-time models of (5.8) described by

x(k+1) = Fr(k,x(k), u(k),d(k)) (5.9)

where the free parameter 7 > 0 is the sampling period, and x(k) =
x(kT),u(k) = u(kT), and d(k) = d(kT). If we use the approximate model
(5.9) to design a discrete-time controller we obtain a discrete-time controller
ut (x(k), k) that is also parameterized by T. Consider now the resulting closed
loop system, namely

x(k+ 1) = Fr(k,x(k), ur (x(k), k), d(k)) (5.10)

Definition 5.4 [39] The family of systems (5.10) is semiglobally practically
input-to-state stable (SP-ISS) if there exist B € KL and y € K, such that for
any strictly positive real numbers Ay, Ay, 8 there exists T* > 0 such that the
solutions of the closed loop system satisfy

[x(k, ko, X0, d)| < B(IxXol, (k — ko)) + v (ldlloc) + & (.11

forallk > ko, T € (0,T*), |xo| < Ay, and ||d|lcoc < Ag4. Moreover, if d = 0,

andthe above holds, the system is semiglobally practically asymptotically stable
(SP-AS) and ut is called a SP-AS controller.

We stress that, in practice, when designing a discrete-time controller for a
continuous-time plant the final goal is to achieve stabilization for the sampled-
data system. It is therefore important to note that, as discussed in References 40
and 42, SP-ISS (SP-AS) of the discrete time closed-loop systems implies, under
the considered assumptions, SP-ISS (SP-AS) of the sampled-data controlled
systems.

5.3 DISCONTINUOUS STABILIZATION

Discontinuous, time invariant, control laws have been dealt with in several
research papers, see for example, References 17, 19, and 43; however, our

9 The approximate model, to be useful for control design, has to satisfy the so-called one-step
consistency property [40,41].
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starting point is completely different. First of all we show that, under some
technical assumptions, a nonholonomic system admits a smooth stabilizer only
if a subset of the differential equations describing the system are not defined
on a certain hyperplane passing through the origin of the coordinates system.
Hence, we focus on such a class of systems and we give sufficient conditions for
the existence of stabilizing control laws. Finally, we show that any smooth non-
holonomic system can be always transformed into a system which is not defined
on a certain hyperplane, say P, passing through the origin of the coordinates
system. Using the above results, we will propose in Section 5.3.4 a general
procedure to design discontinuous almost asymptotically stabilizers for non-
holonomic control systems. Such a procedure yields a control law which is not
defined on P; hence the closed loop system is not defined on P. However, we
will prove that every initial condition which lies outside P yields trajectories
which converge asymptotically to the origin.

5.3.1 Stabilization of Discontinuous Nonholonomic
Systems

In this section we discuss the issue of smooth asymptotic stabilizability for
systems described by equations of the form (5.1) with x € R" and u € R™*.
We exploit a few basic facts from geometric control theory, as presented in
Reference 44. Note however that proper care has to be taken as we deal with
discontinuous functions.

Lemma 5.1 [20] Consider the system

X1 = g11(x1,x2)u (5.12)

X = g21(x1, x2)u1 + 822(x1,x2)u

with x; € RP,x; € R P x = col(x;,x) € RLuy € RP,up € R™,
u = col(uy,up) € R™? andm+p <n (gij(x1,x2) are matrix functions of
appropriate dimensions). Assume that the matrix function g21(x1,x2) is smooth
in an open and dense set U, that the matrix functions g11(x1,x2) and g2 (x1,x2)
are smooth in U,'0 and that the distribution

G = span{g) (x1,Xx2), - - ., 8m+p(x1,%2)}

10 et U be an open and dense set. We denote with U the smallest simply connected open set
properly containing U.
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where gi(x1,X2) denotes the ith column of the matrix

2(x1,x2) = |:811(X1,X2) 0 i|

g21(x1,x2)  g22(x1,X2)

is nonsingular in U. Finally, assume, without lack of generality, that the set U
contains the origin of R".
Then the following holds:

1. Set uy = ui(x1,x2) with
ui(0,x) =0 (5.13)

for all x;. Then, for every uy, the n — p-dimensional manifold M =
{x € U: x; = 0} is invariant for the system

X1 = g Ger, x2)up (x1,x2)
. (5.14)
X2 = g21(x1, x2)up (x1,x2) + g22(x1,x2)u2

2. If the matrix function g11(x1,x2) has constant rank equal to p in U
and there exists a smooth scalar function ¢ (x1) such that the matrix
function ¢ (x1)g21(x1,x2) is smooth in U, then the n — p-dimensional

distribution
A = span Opxn—p)
Iip

is controlled invariant.'!

Remark 5.2 As discussed in Reference 17, under mild hypotheses and with
a proper choice of coordinates, it is always possible to write the kinematic
equations of a nonholonomic system with equations having the form (5.12), with

0 1
grx,x) =1, gilx,x) = [*(M xz)}’ gn(x1,x2) = [*(xl'"x2)]

This form is known as normal form [17].

Lemma 5.1 is instrumental to yield a necessary condition and a certain
number of sufficient conditions for asymptotic stabilizability of nonholonomic
systems described by equations of the form (5.12).

1 Opx(n_.p) denotes the zero matrix of dimensions p x (n — p) and I denotes the identity matrix
of dimension s.
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Theorem 5.2 [20] Consider a system described by equations of the form
(5.12). Let U be a neighborhood of the origin. Assume there exists a smooth
control law

U= u(x1.x0) = |:u1(xl,x2)i|

uz(x1,x2)

defined on U, which locally asymptotically stabilizes the resulting closed loop
system. Moreover, assume that:

(i) The control uy(x1,x2) satisfies the condition (5.13)
(ii) The vector field g1 (x1, x2)u1 (x1,x2) is a smooth n— p-dimensional
vector field defined in U
(iii) The matrix functions g11(x1,x2) and g22(x1,Xx2) are smooth in U.

Then there exists a smooth matrix function g% (x1, x2), defined on U, such lhgt
8%(0,x2) # O(u—p)xp, and a smooth scalar function 8" (x1,x2), defined on U,
such that g°(0,x2) = 0, having the property that

8%(x1,x2)

5.15
gl (x1,x2) ©1)

g21(x1,x2) =

that is, the matrix function g21(x1,x) is not defined for x; = 0.

Remark 5.3 Strictly speaking, it is not correct to discuss the asymptotic
stability of the origin for a system described by equations of the form (5.12)
with g21(x1,x2) fulfilling condition (5.15), as such a system is not defined at
the origin. Hence, the origin is not an equilibrium. However, it is possible to
overcome this problem using the following definition of asymptotic stability. We
say that a smooth control law locally (globally) asymptotically stabilizes system
(5.12) if the closed loop system is smooth in a neighborhood of the origin (in R")
and the origin is a locally (globally) asymptotically stable equilibrium of the
closed loop system. For example, the system x = )I—Cu is globally asymptotically

stabilized by the smooth control u = —x*.

We now discuss sufficient conditions for asymptotic stabilizability of
systems described by equations of the form (5.12).

Theorem 5.3  [20] Consider the system (5.12) defined in an open and dense
set U, such that U contains the point x = 0. Consider the following hold.

(i) The matrix functions g11(x1,x2) and g (x1,x2) are smooth in U.
(ii) The matrix function g1(x1,x2) is smooth in U.
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(iii) The matrix function gy (x1,Xx2) depends on xo only, that is,
g22(x1,x2) = g22(x2) for some function g2 (-).

(iv) There exists a smooth vector function uy(x1,x2), zero for x; = 0
and for all xy, that is, ui (0,x2) = 0, such that

—00 < x1Xg11(x1,x2)u (x1,x2) <0

for some positive definite matrix X and for all nonzero xi in U.
Moreover go1(x1,x2)u1(x1,X2) is smooth in U and it is a function
of x» only, that is, g1 (x1,x2)u1(x1,x2) =f2(xz),f0r some function
Jzz(') such thatfg(O) =0.

(v) There exists a smooth function u>(x2) that renders the equilibrium
x2 = 0 of the system

Ky = f(x) + g0 (x2)ua(x2)
locally asymptotically stable.

Then, the smooth control law

U= uxy.xy) = |:Ml(xlax2)]

u2 (x2)
locally asymptotically stabilizes the system (5.12).

As should be clear from Theorem 5.3, the possibility of rendering the
manifold x; = 0 invariant for the closed loop system, allows the asymptotic
stabilization problem to be solved in two successive steps. Hypothesis (iv)
determines the component u#; of the control law; whereas the component u,
must be chosen to fulfill hypothesis (v). Observe that the choice of u; is crucial,
as the existence of a smooth function u;(x;) fulfilling hypothesis (v) depends
on such a choice. The hypotheses of Theorem 5.3 may be easily strengthened
to obtain a global result.

Theorem 5.4  Consider the system (5.12) defined in an open and dense set
U, such that U = R". Suppose (i), (ii), (iii), and (iv) of Theorem 5.3 hold.
Moreover, suppose that the following holds:

(v) There exists a smooth function uy (xa) which renders the equilibrium
xp = 0 of the system

%2 = fr(x) + g (x)uz(x2)

globally asymptotically stable.
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Then the smooth control law

U= u(x1.x0) = |:ul(xl,x2)i|

uz(x2)
globally asymptotically stabilizes the system (5.12).

Example 5.1 The following simple example illustrates the obtained results.
Consider the system

1= (f + )
. X2
Xy = ——u1+up
X1
defined on U = {x € R2|x1 = 0} and fulfilling hypotheses (i), (ii), and (iii)
of Theorem 5.4. Setting u; = —x; we fulfill also (iv) and (v). Hence, simple
calculations show that the smooth (linear) control law

_|
= —2)62
yields a globally asymptotically stable closed loop system.

Before concluding this section we discuss another extension of Theorem 5.3.

Theorem 5.5  [20] Consider the system (5.12) defined in an open and dense
set U, such that U contains the point x = 0. Suppose (i), (ii), and (iii) of
Theorem 5.3 hold. Suppose, moreover, that the following holds:

(iv)" There exists a smooth vector function u(xy,xp), zero for x; = 0,
and for all x;, that is, uy(0,x2) = 0, such that

—00 < X1 Xg11(x1,x2)ui (x1,x2) < —x)0x;

for some positive definite matrices X and Q and for all nonzero
x1 in U. Moreover g21(x1,x2)u1 (x1,Xx2) is smooth in U and it is
a function of xa only, that is, g>1(x1,x2)u1(x1,x2) = f_z(xz), for
some function fz(-) such that fz(O) =0.

(v)" There exists a smooth function u(x) which renders the equilib-
rium xp = 0 of the system

% = H(x2) + g0 (x)ux(x2)

locally exponentially stable.
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(v)" Then the smooth control law

us(x2)

u (xl,xz):|

u=u(xy,x) = [

locally exponentially stabilizes the system (5.12).

The hypotheses of Theorems 5.3, 5.4, and 5.5 seem very restrictive.
However, it is possible to transform several smooth nonholonomic systems
in such a way that the aforementioned hypotheses are automatically fulfilled.

5.3.2 The o Process

In this section we discuss the use of nonsmooth coordinates changes to trans-
form continuous systems into discontinuous ones. We consider a choice of
coordinates system in which, to a small displacement near a fixed point, there
corresponds a great change in coordinates. The polar coordinates system pos-
sesses such a property; however the cartesian to polar transformation requires
transcendental functions; therefore, when not needed, we avoid using the polar
coordinates, using another procedure: the so-called o process (see Reference 45,
where the o process is used to resolve singularities of vector fields).

Mainly, the o process consists of a nonsmooth rational transformation, but,
with abuse of notation, we denote with the term o process every nonsmooth
coordinates transformation possessing the property of increasing the resolution
around a given point.

Example 5.2 Consider the two dimensional system with one control

x=g10,u, ¥y =g yu

and perform the coordinates transformation

Z X
MR PA

The resulting system is

_ &G —waiGw)
Z

z=gi(z,zwW)u, w (5.16)
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and it is discontinuous if one of the g;(z, zw) is such that g;(0,0) # 0. If the
system (5.16) is not discontinuous we can further transform it with a second o
process. !?

5.3.3 The Issue of Asymptotic Stability

Theorems 5.3, 5.4, and 5.5 yield sufficient conditions for stabilizability of
discontinuous nonholonomic systems, while the o process allows to map a
continuously differentiable system into a discontinuous one. To have a practic-
ally useful result, we have to show that asymptotic stability of the transformed
(discontinuous) system implies almost asymptotic stability of the original
(continuously differentiable) system. Moreover, to implement a discontinuous
control we must define it on the points of singularity.

Consider a continuously differentiable nonholonomic system described

by equations of the form (5.1). Set x = col(x1,x2) with x; € R and
x2 =col(x21,...,x2,—-1) € R”~! and define the o process]3
&1 X
= = 5.17
5 [52 o (x1,x2) ©-17)
where & = col(8a1, . . .. E2,0-1), 0 (x1,X2) = col(01(x1,x2), ..., 0n—1(x1,X2)),
and o;(x1,x2) =x;‘lf/xl’ witho; > 1l and B; > O, foralli = 1,...,n — 1.

The application of the o process (5.17) to the system (5.1) yields a new system
which is, in general, not defined for £&; = 0. Suppose now that the transformed
system, with state &, is exponentially stabilized by a control law u = u(§),
that is, [£1(¢)] < c1exp(—A1?) and |£2;(¢)| < cai exp(—Ap;t) for some positive
M,A2isc1,and cp; and foralli = 1,...,n — 1. Then |x1(¢)| < ¢y exp_W and
i (1) < (c1e2) Vi exp(Z2E1 221y for all i = 1,...,n — 1. We conclude
that exponential convergence to zero of the state & of the transformed system
implies exponential convergence to zero of the state x of the original system.

Remark 5.4 The previous conclusions also remain valid if the stabilizer is
dynamic. This fact is useful to design dynamic, output feedback, discontinuous
stabilizers for nonholonomic systems [46].

Remark 5.5 Asymptotic stability of the system with state & does not imply
asymptotic stability of the system with state x, as the inverse of the coordinates
transformation (5.17) does not map neighborhood of & = 0 into neighborhood
of x = 0, as illustrated in Figure 5.1. Therefore, exponential stability (in the
sense of Lyapunov) of the closed loop system with state & implies only almost
exponential stability of the closed loop system with state x.

12 Note that the composition of o processes yields a o process.
13 The coordinates transformation (5.17) defines a o process only if ¥;8; > 1.
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Xo E..z

&1

FIGURE5.1 The anti-o process x| = &1,xp = &€&, does not map the ball 512 —|—§22 =R?
into a neighborhood of the origin in the xjx;-plane.

The continuously differentiate control law which stabilizes a given
discontinuous nonholonomic system needs to be transformed back to the ori-
ginal coordinates via inversion of the o process (in Reference 45 such procedure
is denoted anti-o process). Note that the anti-o process yields a discontinuous
control law

o Ap—1
| x2,n— 1
’ ﬁnfl
X

anti-o X1
u€1,6215 - E20-1) —> u | X1, =0
X

Such a control law cannot be directly implemented, because it is not defined
at x; = 0. Nevertheless, it is implementable provided that some conditions are
fulfilled.

Theorem 5.6 [20] Consider a smooth nonholonomic system
X =gxu (5.18)

with x € R", u € R", and n > m. Assume that x;(0) # 0. Apply the o
process (5.17) and suppose there exists a continuously differentiable control
law u = u(&) globally exponentially stabilizing the transformed system, that
is, |£1(1)| < crexp ™! and & (1) < ca; exp 2, for some positive A1, A, c1,
and cy; and foralli = 1,...,n — 1. Assume moreover that there exist positive
constants co < ¢y and hg > Iy such that'* ¢ exp_)‘ot < |&(®)|. Assume
finally that

pi=0 (5.19)

14 This implies that the state £; does not converge to zero in finite time.
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foralli =1,...,n— 1. Then for every € > 0 there exists a § > 0 (depending
on €) satisfying § < co < |x1(0)] = 1£1(0)| < ¢y, such that the trajectories of
the system in closed loop with the C° control law

xal xo‘nfl
ulxy, %, ..., %’"" if |x1| > 6
u= xll x|"71 (5.20)

0 elsewhere

converge to the set Qe = {x € R"|||x|| < €} in some finite time T, and remain
therein for all t > T,.

At this point the reader may argue whether it is possible or not to let § go
to zero, that is, what we can conclude about the (discontinuous) control law

ulx ol S ifx; #0
U= b ! (5.21)
Op1 if x; = 0

Observe that the control law (5.21) is discontinuous at x; = 0 as a function of
x, but it is continuous as a function of ¢, since x1(#) = 0 only asymptotically
(if x1(0) # 0, which is without lack of generality). Moreover, by hypothesis,
the variables &; = xgl’ /x| tend to zero when ¢ goes to infinity. Thus

o On—1
lim u | x1(2), lel(t), el xz’”_l(t) =u(0,0,...,00=0
—00 xllsl (f) x,‘fn—l(t)

As a consequence, the control law (5.21) is well defined and bounded,
along the trajectories of the closed loop system, for all # > 0 and, viewed
as a function of time, is even continuous (i.e., it is at least CO) as t
goes to infinity. Finally, using Theorem 5.6, with § = 0, and assuming
that the conditions (5.19) hold, we conclude that the control law (5.21)
almost exponentially stabilizes the system (5.18) on the open and dense set
Q = {x e R*x; # 0}

Remark 5.6 The assumption x1(0) # 0 is without lack of generality,
as it is always possible to apply preventively an open loop control, for
example, a constant control, driving the system away from the hyperplane
x1 =0/[32,33,47].

Remark 5.7 By a general property of one dimensional dynamical systems,

we conclude that the state variable x| = &) evolving from a nonzero initial
condition approaches the equilibrium x; = 0 without ever crossing it, that is,
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there exists no finite time T such that x1(T) = 0. Thus, the singular plane
x1 = 0is never crossed, but is just approached asymptotically. Moreover, every
trajectory starting in QT = {x € R'x; > 0} (7 = {x € Rx; < 0})
remains in QT (Q7) for every finite t and approaches the border of QT (Q27)
as t goes to infinity.

5.3.4 An Algorithm to Design Almost Stabilizers

In this section we propose a procedure to design discontinuous control laws for
smooth nonholonomic systems described by equations of the form (5.12). The
procedure is composed of the following steps.

() Transform a given smooth nonholonomic system, by means of a
o process, into a discontinuous system.

(II) Check if the discontinuous system admits a smooth control law
yielding asymptotic stability. In case of positive answer proceed
to step III, otherwise return to step I and use a different o process.

(IIT) Build a smooth stabilizer for the transformed system.
(IV) Apply the anti-o process to the obtained stabilizer to build a
discontinuous control law for the original system.

The crucial points of the algorithm are the selection of the o process (step I)
and the design of the smooth asymptotically stabilizing control law for the
transformed system (step III). In particular, step III can be easily solved for
low dimensional systems; whereas there is no constructive or systematic way
to perform step I successfully; that is, to select a o process which allows to
conclude positively the algorithm.

Finally, to obtain a discontinuous nonholonomic system described by
equations of the form (5.12), with go(x1,xp) fulfilling condition (5.15), the
following simple result may be useful.

Proposition 5.1 [20] Consider a nonholonomic system described by equa-
tions of the form (5.12). Assume that gi1(x1,x2) = I, and that the
matrices g1(x1,x2) and g (x1,x2) have smooth entries in R". Consider a
coordinates transformation (o process) described by equations of the form

0]
§l=x1, &= M
o(x1)

where ®,(x1,x2) is a smooth mapping such that ®,(0,x2) # 0 and o(x1)
is a smooth function which is zero at x; = 0. Then the transformed system
is always described, in the new coordinates, by equations of the form (5.12)
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but, in general, the matrix g21(&1, &>) is not defined at &, = 0, that is, fulfills
condition (5.15).

The presented discontinuous stabilization approach has been exploited in
the control of underactuated spacecraft in Reference 36 and has been given
an interesting geometric interpretation in Reference 48 and related references.
Finally, in Reference 49 and related works, it has been shown that the proposed
approach can be interpreted in terms of a state-dependent time-scaling.

5.4 CHAINED SYSTEMS AND POWER SYSTEMS

From this section onward, we focus on two special classes of nonholonomic
systems: chained systems and power systems. They occupy a special place in the
theory of nonholonomic control. Many nonholonomic mechanical systems can
be represented by, or are feedback equivalent to, kinematic models in chained
form or in power form. Chained systems have been introduced in Reference 7,
where sufficient conditions for (local) feedback equivalence to chained forms
have also been given. Power systems have been introduced in Reference 50.
Therein, it has also been shown that chained systems and power systems are
globally feedback equivalent. Chained systems!? are described by equations of
the form

)211 = Uuj
Xy =1up
&5 = xou (5.22)

)'C,, = Xp—1U].

Power systems are described by equations of the form

X1 = u
Xy =up
X3 = xX1uU2
(5.23)
. 1 n—2
Xp = m}cl uy.

15 Tnthe terminology of Reference 7, Equations (5.22) describe a one-chain single generator system.
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5.5 DiscoNTINUOUS CONTROL OF CHAINED SYSTEMS

To begin with, we transform system (5.22) through the o process

§1=x1
&b =x
6, L (5.24)
n x%n—3)
Xn
En = —(n—2)

yielding a discontinuous system described by equations of the form

El=wum
b =wuw

: En—p — (n —3)&,—1 (5.25)
gn—l = U
&1
3 n—1 — -2 n
gn = %-ls#ub

Remark 5.8 The o process (5.24) is a special case of (5.17) with o; = 1 for
alli=1,...,.n—1and Bi=i—1foralli=1,...,n— 1. Observe that such
Bi fulfill the conditions (5.19).

Consider now the system (5.25) and apply the control u; = —k&, with
k > 0. A simple computation shows that the resulting system, described by
equations of the form

£ = A&+ bou (5.26)
where & = [£1,&,...,&],
[~k 0 0 0 0
0 0 0 0 0
0 —k k 0 0
A=10 0 —k 2% 0 (5:27)
0 0 0 0 - (n—2)k]
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and
bh=[0 1 0 --- 0] (5.28)

is stabilizable with the second control input u;. Therefore, recalling the results
established in Section 5.3, we give the following statement.

Proposition 5.2 [20] The discontinuous control law

1731 —kx1
u = = X3
up pax2 +p3i; ot pn-d

X

5.29
xﬁié =+ Dn ﬁz ¢ )
X 1

withk > 0 and p = [0,p2,p3,...,Pn—1,Pnl such that the eigenvalues of the
matrix A + bap have all negative real part, almost exponentially stabilizes the
system (5.22) in the open and dense set Q1 = {x € R"|x; # 0}.

Remark 5.9 [f we rewrite the control law (5.29) as

73] —kxl
U= = _
u paxa+ Bxs 4+ iﬁfé Xn—1 + 5

1 1

we can regard it as a linear control law with state dependent gains.

5.5.1 An Example: A Car-Like Vehicle

In this section we consider the problem of designing a discontinuous controller
for a prototypical nonholonomic system: a car-like vehicle. For simplicity we
consider an ideal system, that is, the wheels roll without slipping and all pairs
of wheels are perfectly aligned and with the same radius. A thorough analysis
of the phenomena caused by nonideal wheels can be found in Reference 51.
The problem of stabilizing a car-like vehicle has been addressed with different
techniques by several authors, see References 5 and 7 for open loop strategies
and References 9, 12, and 52, for state feedback control laws. In what follows,
exploiting the results in Section 5.3, we design a discontinuous state feedback
controller. This control law, because of its singularity, is not directly implement-
able. However, as discussed in Section 5.3, and in Reference 33 and 53, and
in Section 5.7, it is possible to build modifications yielding uniform ultimate
boundedness or (robust) exponential stability.
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The kinematic model of a car with rear tires aligned with the car and front
tires allowed to spin about the vertical axis [7] is

X = cos v

y =sinfv;

o (5.30)
6= 7 tan 0v

$=mn

where (x,y) denotes the location of the center of the axle between the two rear
wheels, 6 the angle of the car body with respect to the x-axis, ¢ the steering
angle with respect to the car body, and v; and v; the forward velocity of the rear
wheels and the velocity of the steering wheels, respectively (see Figure 5.2).
Applying the control transformation

uj
V
! cos 6
V2 | | —3sin® ¢ tan 6 sec Ou; + [ cos? 30
7 1 cos“ ¢ cos” Buy

o

FIGURE 5.2 Model of an automobile.
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and the o process

& =x
1 3
& = Ysec 0 tan ¢
tan 6
& =
X
2
o=

we obtain a system described by equations of the form

&1 =u

£ =u
b=
. -2

&4 = &5—154141

thatis, by equations of the form (5.25) with n = 4. Thus, using Proposition (5.2),
we design the state feedback control law

up| _ —ké&i
u P282 + 383 + pads
In the original coordinates the feedback law is described by

X

vi = —k
cosf

3
vy = k= sin® ¢ tan 0 sec 0
I cos 6

1 tan 0
+ I cos® ¢ cos® 6 |:p2 <—sec39 tanc/)) +p3 <£> + p4 (%):|
/ x X
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To have almost exponential stability of the closed loop system it is necessary
to have k > 0 and to set p3, p3, and p4 such that!'© 0(Ayg) € €, where

b2 P3 P4
As=|—-k k O
0 —k 2k

It must be noticed that the matrix A4 is a submatrix of the matrix A 4+ bop
considered in Proposition 5.2. This is without lack of generality as only n — 1
eigenvalues of the matrix A 4+ byp can be set with the vector p, whereas one
eigenvalue is always equal to —k. Figure 5.3 and Figure 5.4 show the results of
simulations carried out with the proposed controller.

5.5.2 Discussion

Discontinuous, state feedback, control laws to almost exponentially stabilize
chained systems, have been presented. In contrast to other results, the given
control laws are extremely simple and possess an intuitive interpretation in terms
of linear feedback with state dependent gain scheduling. It is worth stressing
that the design of the stabilizing control law involves mainly linear control tools,
that is, stability of the closed loop system depends on the stability of some linear
systems. A drawback of the proposed approach is the possibility for numerical
problems to appear in real time implementations. In fact, most of the features
of the closed loop system derive from the simplification in the product xilul.
If such a simplification takes place only approximately, for example, for the
presence of measurement noise, the limit lim,, ¢ xilu 1(x]“), where x’f is the
available measure on x|, may be unbounded.

5.6 ROBUST STABILIZATION — PART |

The results in Section 5.4 can be interpreted as follows. For nominal and ideal
conditions (e.g., exact integration, noise free measurements) and as long as
x1(0) # 0, the discontinuous controllers proposed therein are well defined
and yield bounded control action, along the trajectories of the closed loop
system. Moreover, as detailed in Reference 53, the analysis carried out in
References 19-21, 43, and 54-56 is correct and yields an adequate picture
of the ideal properties of this class of discontinuous controllers. However, a
substantial difference is to be expected in a nonideal situation, as the control
law blows up, that is, provides unbounded control action, whenever the discon-
tinuity surface x; = 0 is intersected, for example, in the presence of external

16 5 (A) denotes the spectrum of the square matrix A and ¢~ denotes the open left-half of the
complex plane.
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FIGURE 5.3 (a) Time histories of x(¢) (solid), y(¢) (dashed), ¢ (¢) (dash-dotted), and
0(z) (dotted). (b) Translational (solid) and rotational (dashed) velocity controls.

disturbances. In what follows we perform a very simple robustness analysis,
with reference to an interesting situation, namely in the presence of external
disturbances and model errors, and for a prototype system.

Consider a three dimensional chained system perturbed by a constant
nonzero disturbance entering the third equation,]7 that is,

X1 =uj, xXp=uy, X3=xu+d (5.31)

17 The disturbance models a violation of the nonholonomic constraint, that is, xpx1 —x3 # 0.
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FIGURE5.4 Parking maneuver. The dashed line describes the trajectory, in the xy-plane,
of the center of the axle between the two rear wheels.

with d # 0. For such a system we point out some structural limitations, namely
the nonexistence of sufficiently regular control laws yielding a closed loop
system with converging solutions.

Proposition 5.3 [53] Consider system (5.31) with d # 0 and a con-
trol law u(x,t) such that, for any initial condition, x;(t) and u;(x(t),t) are
absolutely continuous functions of time and 1im;_ o [X1(t)| = X1.00. Then,
lim;—, o0 [x3(2)| = o0.

Proposition 5.3 points out a limitation of any regular control law applied to
system (5.31) with d # 0. However, this limitation does not apply if we simply
ask for boundedness (and not convergence) of the trajectories of the controlled
system or if we use more general control signals.

Proposition 5.4 [53] Consider the system (5.31) with d # 0 known. There
exist absolutely continuous controls u;(t) such that x(t) remains bounded for
all t = 0. Moreover, if x2(0) = 0 there exist impulsive controls u;(t) such that
x(t) remains bounded for all t > 0 and x3(t) converges to a constant value.

Several points are left open by the above discussion. These will be partly

addressed and solved in the next two sections, where we present robust hybrid
and sampled-data stabilizers for chained and power systems.
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5.7 RoOBUST STABILIZATION — PART 1l

In this section we consider the robust stabilization problem for nonholonomic
systems in the presence of measurement errors and exogenous disturbances.
This problem has been only partly investigated, and several attempts have been
made to study the robustness properties of existing control laws or to robustify
given controllers [34,53,57]. Most of the robust stabilization results and invest-
igations focus on the problems of parametric uncertainties or model errors, see
for example, [58] where the problem of local robust stabilization by means of
time-varying control laws have been studied; [57], where a similar problem
has been addressed using the class of discontinuous control laws discussed in
Section 5.4 and [8,24] where several types of hybrid control laws have been used
to achieve local robustness against unknown parameters or unmodelled dynam-
ics. On the other hand, the fundamental problems of robustness in the presence
of sensor noise, external disturbances, and actuator disturbances have been
only partially addressed, see for example, [33,53]. These problems are of spe-
cial interest and relevance whenever discontinuous control laws are employed,
as for such control laws classical robustness results and Lyapunov theory are not
directly applicable, see however Reference 59, where a discontinuous control
law, possessing a Lyapunov stability property, has been constructed. In what
follows we make use of the class of discontinuous control laws presented in
Section 5.4 and we show how, adding a proper modification together with a
hybrid variable, it is possible to obtain a closed loop system with global sta-
bility properties and which is globally robust against measurement noises and
exogenous disturbances. The proposed controller takes inspiration from the
results in References 33, 60, and 61.

5.7.1 The Local Controller

Consider the system (5.22) and the control law u; : R” — R? defined by

X3 Xn
uy(x) = —x1,  uy(x) = parxo —i—p3x—1 + P (5.32)
X1

with the p; such that the matrix

p2+1l p3 Pn—1 Pn

-1 2 0 0

io| o - 0 0
0 0 -1 n-1
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is Hurwitz.!® Let P = P’ > 0 be such that A’P + PA < 0, and let z be a variable
in R U {400} defined by

Y'PY ifx; #0
2=z +oo ifx; =0 ( )

with!?

X2 X3 Xn
Y:Y(X): T T T
X1 Xl xl

, VxeR"x #0

Consider now the perturbed closed loop system composed of the chained
system (5.22) perturbed by an additive disturbance d and in closed loop with
u = u;(x 4+ e), where e represents a measurement noise. For such a perturbed
system the following fact holds.

Lemmas.2 There exists a continuous function p; : R — R satisfying p;(§) >
0,V€ # 0, such that, for all e and d satisfying the regularity assumptions in
Section 5.2 and Equation (5.7) with p = p;(x1), and for all xo satisfying
72(x0) < M, there exists a Carathéodory solution X starting from xo and all
such Carathéodory solutions are maximally defined on [0,400). Moreover
there exists a function §; of class Koo and C > 0 such that, for all r and M, and
for all xg satisfying |xo| < 6;(r) and z(xg) < M, we have |X(t)| < ra/Me= €
and z(t) < Me=, for all t > 0.

Lemma 5.2 states that, for any M > 0, the region z(x) < M is robustly
forward invariant, that is, it is positively invariant in the presence of a class of
measurement noise and external additive disturbances. Moreover, any trajectory
in such a region converges exponentially to the origin.

5.7.2 The Global Controller

Let 4 > 0 and consider the control law u, defined as uj; = 1 and uze =
—uxy. Consider the perturbed closed loop system composed of the chained
system (5.22) perturbed by an additive disturbance d and in closed loop with
u = ug(x + e), where as before e represents a measurement noise. For such a
perturbed system the following fact holds.

18 The eigenvalues of the matrix A can be arbitrarily assigned by a proper selection of the
coefficients p;.

19 The variable Y differs from the variable used in the o-process in Section 5.4 and in References 20
and 57. It is not difficult to show that using the o-process therein it is possible only to prove a
weaker version of Theorem 5.7.
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Lemma 5.3 There exists a continuous function p, : R" — R satisfying
pg(x) > 0,Vx # Osuch that, for any initial condition, the considered perturbed
system where e and d satisfies the regularity assumptions in Section 5.2 and
Equation (5.7) with p = pg(x), admit a unique Carathéodory solution, defined
forallt > 0. Moreover there exists a function 84 of class Koo such that, for any
r > 0 and for any M > O there exists a time Ty = Tq(M, 84(r)) such that, for
all Caratheéodory solutions X with initial condition xo with |xo| < 84(r), one
has z(X(t)) < M forallt > Tg, and |X(t)| < r forallt < T,.

Lemma 5.3 states that, for any M > 0, the trajectories of the perturbed sys-
tem enter the region z(x) < M in finite time, while remaining bounded for all ¢.

5.7.3 Definition of the Hybrid Controller and Main
Result

We are now ready to define the hybrid controller robustly stabilizing system
(5.22). To this end, for any strictly positive number M, we define the subset
Iy of R" as T'yy = {x,x1 # 0,z < M}, where z is defined by (5.33). Let
M5, > M > 0. The hybrid controller (k, k) is defined making a hysteresis
between u; and u, on I'yy, and 'y, that is,

u(x) ifsg=1andx; #0
k(x,s50) =140 ifs;j=1andx; =0 (5.34)
ug(x) ifsg=2

1 if x €Ty, U{0}
ka(x,54) = {sq if x € Ty, \Ty, (5.35)
2 ifx ¢ Ty, U {0}

Theorem 5.7 [32] The hybrid controller (k,ky), described in Section 5.7.1,
Section 5.7.2, and Section 5.7.3 robustly globally exponentially stabilizes
system (5.22).

5.7.4 Discussion

A hybrid control law globally robustly exponentially stabilizing a chained
system has been proposed. This controller retains the main features of the
discontinuous controller proposed in Section 7.4, while allowing to counteract
(small) exogenous disturbances and measurement noise. A similar, but local,
result was developed in Proposition 3 of Reference 33. Note finally that the idea
of switching between a local and a global controller to achieve stabilization in
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the large has been advocated in several papers, and typically in the context
of stabilization of unstable equilibria of mechanical systems. However, what
makes the present result interesting is that we aim at achieving robust asymptotic
stability rather than asymptotic stability.

5.8 RoOBUST STABILITAZION — PART 1l

In the aforementioned discussion, we have implicitly assumed that the control
signals are continuous, that is, are generated by an analog device, and measure-
ment signals are also continuous. In real applications, however, control signals
are (in general) computed by a digital device, and measurements are obtained
by sample and hold of physical signals. This implies that, from a realistic point
of view, it is necessary to regard the system to be controlled as a sampled-data
system. Control of nonlinear sampled-data systems has recently gained a lot
of interest, see for example, References 40 and 62. The main issue in address-
ing and solving sampled-data control problems for nonlinear systems is the
definition of an adequate discrete time model, which should describe (with a
given accuracy) the behavior of the sampled-data system. This problem has been
widely addressed in the numerical analysis literature, see References 40 and 41.
In particular, it has been shown that approximate discrete time models obtained
using standard Euler approximation are adequate for control, provided that one
is ready to trade global properties with semi-global properties and asymptotic
properties with practical properties.

5.8.1 Robust Sampled-Data Control of Power Systems

In this section we focus on systems in power form (see Equation (5.23)) and on
their Euler approximate discrete time model given by

x1(k + 1) = x1(k) + Tui (k) + di (x (k). k)
x2(k + 1) = x2(k) + Tup (k) + da(x(k), k)

x3(k + 1) = x3(k) + Txy (k)uz (k) + dz(x(k), k)
(5.36)

" P us (k) + dy (x(k), k)

k1) =00 + o

where we have also included the additive disturbance d(x(k), k) € R".

Theorem 5.8 [42] Consider the Euler approximate model in Equation (5.36)
with d(x(k),k) = 0 for all k. Let p(s) = gols|” with b > 0 and go > 0 and
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W) = Y1, cilxil, with ¢; > 0a; € {2,3,...). Then there exists T* > 0
such that for all T € (0, T*) the controller ur := (uir, uzr)’ where*0
uir = — g1x1 — p(W)(cos((k + DT) — § sin((k + 1)T))
+ %Ap sin((k + 1)T)
upr = — gasign(Ly, W)|Ly, WI* 2p (W) 4 2(g1x1 + p(W) cos((k + 1)T))

x cos((k + DT) — egrxy sin((k + 1)T)) (5.37)

with g1 > 0,82 > 0,a > 0 and a sufficiently small ¢ > 0, is a SP-AS controller
for the system (5.36) and the function

Vr(k,x) = (g1x1 4+ p(W) cos(kT))* + p(W)* — egix1 0(W) sin(kT)
(5.38)

is a (strict) SP-AS Lyapunov function for the closed loop system (5.36), (5.37).

The control law is similar to the one proposed in Reference 50 and the
Lyapunov function is a modification of the one proposed in Reference 10.
The proposed result provides a discrete-time counterpart and to some extent a
generalization of Theorem 2 of Reference 10. Theorem 5.8 states that Vr is a
strict SP-AS Lyapunov function for the closed loop system. It is well known that
the existence of a strict SP-AS negative Lyapunov function allows to address
the stabilization problem in the presence of disturbances.

Proposition 5.5 [42] There exist T* > 0 such that for all T € (0,T*) the
controller (5.37) is a SP-ISS controller for system (5.36) and the function (5.38)
is a SP-ISS Lyapunov function for the closed loop system (5.36), (5.37.)

5.8.2 An Example: A Car-Like Vehicle Revisited

In this section we apply the proposed result to the model of a car-like vehicle
introduced in Section 5.5.1. Consider the model (5.30) and the coordinate
transformation [50,52]

X1 =X
Xy = sec’ (0) tan(¢p)

(5.39)
x3 = x sec’(0) tan(¢p) — [ tan(6)

x4 =1ly+ %xzsec3 (6) tan(¢p) — Ix tan(0)

20f2 denotes the vector [0, 1,x1, ..., ﬁxi’_z]/ and Lp, W = %—‘;{V.fg.
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yielding
)'Cl = uj
X2 = up
. (5.40)
X3 = X1uU2
. 1.2
X4 = jxl us

where u; = vicosf and up = %(5603 () tan(¢)). Applying Theorem 5.8 we
construct the controller

uir = —3x1 + p(W)(cos((k + )T) — §sin((k + DT))
wrr = up(2p (W) — 3exy sin((k + DT) + 2(3x1 + p(W) 541
x cos((k + 1)T)) cos((k + 1)T))

with k = 1,p(W) = % YW), and up = —%sign(LfZW(x))F/|Lf2W(x)|,
which is a SP-AS controller for the Euler model (5.40). Figure 5.5 shows
simulation results when the controller (5.41) is applied to control the plant
(5.40). We have used x, = (0,0,0,1)’,7T = 0.2, and € = 0.35.

5.8.3 Discussion

The problem of robust stabilization of nonholonomic systems in power form
has been addressed and solved in the framework of nonlinear sampled-data
control theory. It has been shown that, by modifying the periodic controller in
Reference 10, SP-AS and SP-ISS can be achieved. The main drawback of the
proposed controllers is the slow convergence rate, which is, however, intrinsic
to smooth time-varying controllers [12].

5.9 CONCLUSIONS

The problem of (discontinuous) stabilization and robust stabilization for non-
holonomic systems has been discussed from various perspectives. It has been
shown that, in ideal situations, a class of discontinuous controllers allow to
obtain fast convergence and efficient trajectories. This approach is, however,
inadequate in the presence of disturbances and measurement noise, hence it is
necessary to modify the proposed control by introducing a second controller,
a hybrid variable, and a switching strategy, which together guarantee robust
stability. Both these controllers have been designed in continuous time. It is
therefore difficult to quantify the loss of performance arising from a sampled-
data implementation. As a result, we have discussed the robust stabilization
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FIGURE 5.5 Response of the car model controlled using the controller (5.41): (a) vari-
ables x, y, and 0; (b) trajectory of the center of the axel between the two rear wheels; (c)
control signals; (d) Lyapunov function.

problem in the framework of nonlinear sampled-data systems. The discussion
in the chapter has highlighted main issues:

e For the class of nonholonomic system described by Equation (5.1) it
is not possible to single out the best control strategy, that is, several
control strategies with diverse and conflicting properties exist.

o It may be difficult to provide general stabilization results for nonholo-
nomic systems described by Equation (5.1), hence it is convenient to
consider special (canonical) forms, such as chained forms or power
forms. The use of canonical forms allows the explicit construction
of (robustly) stabilizing control laws, and the in-depth study of the
asymptotic properties of closed loop systems.

Several issues have been left aside in this chapter. We mention the stabilization
problem for systems with high-order nonholonomic constraints, the stabiliz-
ation problems for systems which are not feedback equivalent to chained or
power forms (e.g., the so-called ball and plate system, and all systems arising
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in dextrous manipulation), the stabilization of dynamic models of nonholo-
nomic systems, and the adaptive stabilization of nonholonomic systems with
unknown parameters. Finally, the important problem of trajectory tracking for
nonholonomic systems has not been discussed at all. We believe that the list
of reference (although by no means complete) provides adequate pointers to
investigate and study the above issues.
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6.1 INTRODUCTION

In recent years, control and stabilization of mechanical systems with
nonholonomic constraints has been an area of active research. Due to Brockett’s
theorem [1], it is well known that nonholonomic systems with restricted mobil-
ity cannot be stabilized to a desired configuration (or posture) via differentiable,
or even continuous, pure-state feedback, although it is controllable. A number
of approaches including (i) discontinuous time-invariant stabilization [2,3],
(ii) time-varying stabilization [4], and (iii) hybrid stabilization [5] have been
proposed for the problem (see the Survey Paper 6 and the references therein for
more details).

For the controller design of nonholonomic systems, there are efforts focused
on the kinematic control problem, where the systems are represented by their
kinematic models and the velocity acts as the control input. One commonly

229
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used approach for the controller design of nonholonomic systems is to convert,
with appropriate state and input transformations, the original systems into
some canonical forms for which the design can be carried out more easily
[7,8]. Using the special algebraic structures of the canonical forms, various
feedback strategies have been proposed to stabilize nonholonomic systems in
the literature [9-12]. The majority of these constructive methods have been
developed based on exact system models. However, it is more practical to design
the controller against possible existence of modeling errors and external dis-
turbances. A hybrid feedback algorithm based on supervisory adaptive control
was presented to globally asymptotically stabilize a wheeled mobile robot
[13]. Output feedback tracking and regulation controllers were presented in
Reference 14 for practical wheeled mobile robots. Robustness issues with regard
to disturbances in the kinematic model have also been investigated.

In practice, however, it is more realistic to formulate the nonholonomic
system control problem at the dynamic level, where the torque and force are
taken as the control inputs. In actual applications, however, exact knowledge of
the robot dynamics is almost impossible. Adaptive control strategies were pro-
posed to stabilize dynamic nonholonomic systems [15]. Sliding mode control
was applied to guarantee the uniform ultimate boundedness of tracking error
in Reference 16. In Reference 17, stable adaptive control was investigated for
dynamic nonholonomic chained systems with uncertain constant parameters.
Using geometric phase as a basis, control of Caplygin dynamical systems was
studied in Reference 18, and the closed-loop system was proved to achieve the
desired local asymptotic stabilization of a single equilibrium solution. Thanks
to the research in References 19 and 20, the motion control part of the problem
can be reduced to a problem similar to the free-motion control of a robot with
less degrees of freedom. Robust adaptive motion controllers were proposed in
References 21 and 22 using the linear-in-the-parameter property of the system
dynamics and the bound of the robot parameters.

The difficulty in precise dynamic modeling has invoked the development
of approximator-based control approaches, using Lyapunov synthesis for the
general nonlinear system [23-28]. Neural networks (NNs) are well known for
its ability to extend adaptive control techniques to systems in nonlinear-in-the-
parameters. The universal approximation properties of NNs in the feedback
control systems successfully avoid the use of regression matrices, and assump-
tions such as certainty equivalence. It requires no persistence of excitation
conditions by using the robustifying terms. For a comprehensive study of
the subject, readers are referred to Reference 29 and the references therein.
For fuzzy logic systems, it provides natural and linguistic representation of
human’s (or expert’s) knowledge, reasoning about vague rules that describe
the imprecise and qualitative relationship between the system’s input and out-
put. The combination of NNs and fuzzy logic systems can overcome some
of the individual weaknesses and offer some appealing features. It offers an
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architecture that uses fuzzy algorithms to represent the knowledge in a natural
and interpretable manner, while preserving the learning ability of NN as well as
the associated convergence and stability. The neuro-fuzzy (NF) system is a
NN-based fuzzy logic control and decision system, and is suitable for online
systems identification and control.

For adaptive NF control system design, the parameterized NF approx-
imators are generally expressed as a series of the commonly used radial
basis function (RBF) because of its nice approximation properties, that is,
y = Z/’ w;¢ (0, |x — ¢jll), where w; is the connection weight, and ¢; and
oj are the center and width respectively that decide the shape of the function
¢. The major challenge in the RBF approximation problem lies in the selection
of the receptive center and width, that is, ¢; and o; as they both appear non-
linearly. In general, there are three kinds of methods to determine ¢; and oj.
The first is the grid-type partition method, which uses a grid partitioning of the
multidimensional space and defines a number of fuzzy sets or nodes for each
variable. This is the most intuitive approach but the problem is the exponential
growth of fuzzy rules or nodes in relation to the dimension of the input space.
The second kind is the clustering algorithm, such as fuzzy C-means (FCM) [30]
and the nearest-neighborhood cluster algorithm [31]. These methods are found
to be useful in choosing parameters, but require off-line learning. In addition, the
gradient descent method is usually employed for fine tuning the parameters c;
and o; by clustering algorithm so that the approximation accuracy is improved.
The last type consists of optimization approaches such as genetic algorithms
(GA). However, the problem with either the gradient descent method or GA is
that the learning and the adaptation speeds are slow. On the other hand, most
of the adaptive control schemes using RBF as an approximator only consider
the updating law of weights w; to simplify the design [32]. However, it is obvi-
ous that the parameters, ¢; and o; are important in capturing the fast-changing
system dynamics, reducing the approximation error, and improving the control
performance [33]. An adaptive scheme of tuning both the weights w; and the
center and width, ¢; and o}, was presented in Reference 34.

Motivated by previous works on the control of nonholonomic constrained
mechanical systems and the approximation-based adaptive control of nonlinear
systems, adaptive NF control is developed in this chapter for nonholonomic con-
strained mobile robotic systems using Lyapunov stability analysis in a unified
procedure. Despite the differences between the NNs and fuzzy logic systems,
they actually can be unified at the level of the universal function approxim-
ator, termed as the NF networks which are multilayer feedforward networks
that integrate the TSK-type fuzzy system and RBF NN into a connectionist
structure. Indeed, for simple systems, the rules are fairly easy to derive with
physical insight, however, they become unreasonably difficult for systems with
strong nonlinear couplings yet without a good physical understanding. Because
of the difficulty in deriving the rules in fuzzy systems for systems with little
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physical insights, we present the adaptive laws to design the outputs of the
“rules” numerically using adaptive (NN) control techniques. It is shown that
the motion tracking error converges to zero, the force tracking error is uniformly
bounded, and the closed-loop stability is guaranteed without the requirement
of the PE condition.

The rest of the chapter is organized as follows. The dynamics of mobile
robot systems subject to nonholonomic constraints are briefly described
in Section 6.2. Multilayer NF systems as the key design tool are introduced
in Section 6.3. The main results of the adaptive NF control design are presented
in Section 6.4, and a simulation example is provided in Section 6.5. Concluding
remarks are given in Section 6.6.

6.2 DyNAMICS OF NONHOLONOMIC MOBILE ROBOTS

In general, a nonholonomic mobile robot system having an n-dimensional con-
figuration space with generalized coordinates ¢ = [q1, .. .,q,]" and subject to
(n — m) constraints can be described by [35]

M(q)g+ C(q.9q + G(q) = B(g)t +f + 1 (6.1)

where M (g) € R"™" is the inertia matrix and M(¢)T = M(q) > 0, C(q,§) €
R™ ™ is the centripetal and coriolis matrix, G(g) € R" is the gravitation force
vector, B(q) € R™"*" is the full-rank input transformation matrix and is assumed
to be known, as it is a function of fixed geometry of the system, 7 € R" is the
input vector of forces and torques, f € R”" is the constrained force vector,
and 7y € R" denotes bounded unknown disturbances including unstructured
unmodeled dynamics. The dynamic system (6.1) has the following properties
[32,36]:

Property 6.1 Matrices M (q), G(q) are uniformly bounded and uniformly con-
tinuous if q is uniformly bounded and continuous, respectively. Matrix C(q, q)

is uniformly bounded and uniformly continuous if q is uniformly bounded and
continuous.

Property 6.2 Matrix M — 2C is skew-symmetric, that is, xX (M — 2C)x = 0,
Vx # 0.

When the system is subjected to nonholonomic constraints, the (n — m)
nonintegrable and independent velocity constraints can be expressed as

J(@)g=0 (6.2)

where J(g) € RO*™*" ig the matrix associated with the constraint.
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The constraint (6.2) is referred to as the classical nonholonomic constraint
when it is not integrable. In the chapter, constraint (6.2) is assumed to be
completely nonholonomic and exactly known. The effect of the constraints can
be viewed as restricting the dynamics on the manifold 2y, as

Quh = {(g, P (@)g =0}

It is noted that since the nonholonomic constraint (6.2) is nonintegrable, there
is no explicit restriction on the values of the configuration variables.

Based on the nonholonomic constraint (6.2), the generalized constraint
forces in the mechanical system (6.1) can be given by

f=I"@xr (6.3)

where A € R"™" is known as friction force on the contact point between the
rigid body and environmental surfaces.

Since J(g) € R™™>"_ it is always possible to find an m rank matrix
R(g) € R formed by a set of smooth and linearly independent vector fields
spanning the null space of J(g), that is,

RY(¢)J"(q) =0 (6.4)

Denote R(q) = [r1(g). ..., m(g)] and define an auxiliary time function z(t) =
[21(®), ..., Zm(®)]T € R™ such that

g =R(@z(t) = ri(@z1(®) + -+ - + rm(@)zm () (6.5)

Equation (6.5) is the so-called kinematic model of nonholonomic systems in the
literature. Usually, z(#) has physical meaning, consisting of the linear velocity
v and the angular velocity w, that is, z() = [v w]T. Equation (6.5) describes
the kinematic relationship between the motion vector ¢(¢) and the velocity
vector z(t).

Differentiating (6.5) yields

i =R(@):+ R(q)% (6.6)
From (6.5), z can be obtained from ¢ and ¢ as

:=[R"@R)I'R" ()¢ (6.7)
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The dynamic equation (6.1), which satisfies the nonholonomic constraint (6.2),
can be rewritten in terms of the internal state variable z as

M(q)R(q) + [M(q)R(g) + C(q, PRz + G(q) = B(@)t + T (A + 14
(6.8)

Substituting (6.5) and (6.6) into (6.1), and then premultiplying (6.1) by RT (¢),
the constraint matrix JT(q)A can be eliminated by virtue of (6.4). As a
consequence, we have the transformed nonholonomic system

g =R(@z=ri(@z1+ -+ rm(@m (6.9)
Mi(@)Z+ Ci1(q, Pz + Gi(q) = B1(@)T + ta1 (6.10)
where
Mi(q) = R"M()R
C1(q.9) = R'IM(@)R + C(q. )R]
Gi(9) = R'G(g)
Bi(q) = R'B(q)
Ty = RTTd
which is more appropriate for the controller design as the constraint A has been
eliminated from the dynamic equation.

Exploiting the structure of the dynamic equation (6.10), some properties
are listed as follows.

Property 6.3 Matrix Di(q) is symmetric and positive-definite.
Property 6.4 Matrix D1 (@) —2C1(q, q) is skew-symmetric.

Property 6.5 D(q), G(g), J(q), and R(q) are bounded and continuous if
z is bounded and uniformly continuous. C(q,§) and R(q) are bounded if
% is bounded. C(q,§) and R(q) are uniformly continuous if % is uniformly
continuous [37].

In the following, the kinematic nonholonomic subsystem (6.5) is converted
into the chained canonical form. The nonholonomic chained system considered
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in this chapter is the m-input, (m— 1)-chain, single generator chained form given
by Walsh and Bushnell [38]

G Q<ism—DA<j=m—1) (61D
Xjnj = Uj+1

Note that in Equation (6.11), X = X1, X2, ..., Xm]T € R" with X; =
(X122 X1, ] 2 < j < m) are the states and u = [uy,u2, ..., up]"
are the inputs of the kinematic subsystem.

The class of nonholonomic systems in chained form was first introduced
in Reference 7 and has been studied as a benchmark example in the literature.
It is the most important canonical form that is commonly used in the study
of nonholonomic control systems. The necessary and sufficient conditions for
transforming system (6.5) into the chained form are given in Reference 39.
Theoretical challenges and practical interests have provided substantial motiv-
ation for the extensive study of nonholonomic systems in chained form. The
following assumption is made.

Assumption 6.1 The kinematic model of the nonholonomic system given by
(6.5) can be converted into the chained form (6.11) by some diffeomorphic
coordinate transformation X = T1(q) and state feedback v = T(q)u where
u is a new control input.

The existence and construction of these systems have been established in
References 38 and 40. For the notations on the differential geometry used below,
readers are referred to Reference 41.

Proposition 6.1 Consider the drift-free nonholonomic system

q=r1(9)il +"'+rm(q)im

where ri(q) are smooth, linearly independent input vector fields. There exist
state transformation X = T1(q) and feedback z = T>(q)u on some open set
U C R"ro transform the system into an (im—1)-chain, single-generator chained
form, if and only if there exists a basis f1, . ..,fm for Ay := span{ry, ..., 1y}
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which has the form

fi = @/3q) + Y _f(@)d/dq;

i=2

=Y f@dfdq, 2<j<m

i=1
such that the distributions
G = span{ad}lfz,...,ad}lfm :0<i<j}, 0<j<n-—-1

have constant dimension on U and are all involutive, and G,_1 has dimension
n—10onU/[38,40].

For a two-input controllable system, a constructive method was reproduced
in Reference 10 and it is given here for completeness. Consider

g=ri@z1+n@n (6.12)

where r1(g), r2(q) are linearly independent and smooth, ¢ € R”, and z =
[z1,22]".

Define
) -2
Ao :=span{ry, ra,ady 12, . .., ad;’1 r}
) -2
Ay :=span{r,ad, ra,..., ad:’1 r}
Ay =span{ry, ad, ra,.. ., ad:‘r3r2}

If Ag(q) = R", Vg € U (where U is some open set of R"), A; and A,
are involutive on U, and r{(q) satisfies [r1, A;] C Ay, then there exist two
independent functions 1 : U — Rand & : U — R which satisfy the following
relationships:

dhy -A; =0, dhy-rp=1

dhy - Ay =0, dhy-ad} *ry #0
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LetTi(q) : g — X as

x1=h1

Xy = Lfl_zhz

Xn—1 = Lr1 ha
Xp=hy
It may be verified that 7' (g) is a valid change of coordinates by evaluating the

Jacobian of T1(g) at the origin.
Since erLfl_zhz £0,let Th(q) : 2 — uas

21 =Uuj
= ————lua — (] ho)un]
L,Ly “hy
Then, the local coordinate transformation X = Tj(q) and state feedback

z = T2(q)u render system (6.12) into the chained form

)'Cl = Uul
X2 = up
X3 = xouy

Xp = Xp—1U]

Remark 6.1 Under -certain conditions which has been stated in
Proposition 6.1, the kinematic model (6.5) can be converted into a chained
form driven by integrators.

6.3 MuLti-LAYER NF SYSTEMS

Despite the differences between the NNs and fuzzy logic systems, they actually
can be unified at the level of the universal function approximator, which are
multilayer feedforward networks that integrate the TSK-type fuzzy system and
RBF NN into a connectionist structure.

Typically, fuzzy logic systems are rule-based systems, which consists of the
fuzzifier, the fuzzy rule base, the fuzzy inference engine, and the defuzzifier.
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The purpose of the fuzzifier is to provide scale mapping of the crisp input to
corresponding linguistic forms noted as labels of fuzzy set. The fuzzy rule base
stores knowledge base for linguistic data and is expressed as a collection of
fuzzy IF-THEN rules. The typical fuzzy rule used in the Takagi—Sugeno—Kang
(TSK) model [42] is in the following form:

R:IFzyis F{ AND zpis F} --- AND z,, is F!,
THEN ) = k) + klz) + - + klz,

where Fll (i =1,2,...,n) are fuzzy sets, k; (j =0,1,...,n) are real-valued

parameters, z = [z1,22,. - ,za]T is the system input, yl is the system output
due torule R!, and [ = 1,2, ..., N. For the zero-order TSK-fuzzy system, we
have y! = ké. The fuzzy inference engine is the kernel of the fuzzy system and
uses the fuzzy IF-THEN rules to determine a mapping from the input universe
to the output universe based on fuzzy logic policies. The role of the defuzzifier
is the scale mapping of the linguistic value to a corresponding crisp output
value. For simple systems, the rules are fairly easy to derive with physical
insight. However, they become unreasonably difficult for systems with strong
nonlinear couplings yet without a good physical understanding.

On the other hand, the NNs can build up a very nice mapping between
system’s inputs and outputs. Due to its great learning capability, it can be
used to approximate any continuous function to any desired accuracy. Despite
the differences between the NNs and fuzzy logic systems, they can, in fact,
be unified at the level of the universal function approximator which integrates
the TSK-type fuzzy system and RBF NN into a connectionist structure. Nodes
in the first layer are called input linguistic nodes and corresponds to input
variables. These nodes only transmit input values to the next layer directly.
Nodes in the second layer play the role of membership functions specifying the
degree to which an input value belongs to a fuzzy set. The nodes in the third
layer are called rule nodes which represent fuzzy rules. The fourth layer is the
output layer. The links in the third layer act as the precondition of fuzzy rules
and the links in the fourth layer act as the consequence of fuzzy rules.

The output of the whole NF system is then given by

ny l—lr_li (i)
i=1MA
YO =) Wi | s 6.13)
; |: o T Hak (xi):|
where x = [x1,x2, ... ,xn,-]T, M 4k (x;) is the membership function of linguistic
variable x; with
2
X; — Cj
Mgk (X;) = exp [—%} 6.14)
l Oik
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For clarity, let us define the weight vector and fuzzy basis function vector
respectively as

T
W =[wi,wa,...,wp,]

T
S(X,C,U) = [SI’SZ,' . '7snr]

n; n n; T T TqT
where s; = [TiL; a1 () /132 TTiLy mar Gl ¢ = leyseps.0h6,, 17, and

o =[o],0],...,0,1T. Then, Equation (6.13) can be represented as

y= WIS, c,0) (6.15)

Remark 6.2 For Equation (6.15), W and S(x, c,o) are the weights and the
(normalized) basis functions in NN terminology, while they are the outputs of
the rules and the weighted firing strength in fuzzy logic terminology. Because
of the difficulty in deriving the rules in fuzzy systems for systems with little
physical insights, we would hereby like to present the adaptive laws to design
the outputs of the “rules” numerically using adaptive (NN) control techniques.

It has been proven that, if the number of the fuzzy rules n, is sufficiently
large, a fuzzy logic system (6.15) is capable of uniformly approximating any
given real continuous function, A(x), over a compact set 2, C R™ to any
arbitrary degree of accuracy in the form

h(x) = W*TS(x, c*,0") +ex), VxeQ,CR" (6.16)

* and o* are the ideal constant vectors, and e(x) is the

where W*, ¢
approximation error. The following assumption is made for W*, c¢*, o*,

and €(x).

Assumption 6.2 The ideal NF vectors W*, c*, o*, and the NF approximation
error are bounded over the compact set, that is,

Wl < Wims NIE¥ < cmy 107 S 0y |e()] < €7
Vx € Qy with wy, Cp, O, and €* being unknown positive constants.

Remark 6.3 The optimal weight vector W*, ¢*, and o* in (6.16) is an
“artificial” quantity required only for analytical purposes. Typically, W*, c*,
and o* are chosen as the value of W that minimizes € (x) for all x € Q, C R™,

that is,

(W*,c*,0%) := arg gin { sup |h(x) — WTS(x, c,a)|}

60 L xeQy

© 2006 by Taylor & Francis Group, LLC



240 Autonomous Mobile Robots

Remark 6.4 The approximation error €(x), is a critical quantity and can be
reduced by increasing the number of the fuzzy rules n,. According to the univer-
sal approximation theorem, it can be made as small as possible if the number
of fuzzy rules n, is sufficiently large.

From the analysis given above, we see that the system uncertainties are
converted to the estimation of unknown parameters W*, ¢*, o*, and unknown
bounds €*.

As the ideal vectors/constants W*, ¢*, o*, and €* are usually unknown,
we use their estimates W, ¢, &, and ¢ instead. The following lemma gives the
properties of the approximation errors W()T S(x,c,0) — w*'s (x,c*,0%). The
definition of induced norm of matrices is given here first.

Definition 6.1 For an m x n matrix A = {a;}, the induced p-norm, p = 1,2
of A is defined as

lA]l1 = max Z |ajj column sum
i=1

lAllz = max {V4i(ATA)}

Usually, ||A||> is abbreviated to ||A]|.
The Frobenius norm is defined as the root of the sum of the squares of all
elements

IAIE =) aj = r(ATA)
with tr(-) the matrix trace, that is, sum of diagonal elements.
Lemma 6.1 [34, 43] The approximation error can be expressed as

WIS, 8,6) — W S(x, ¢*,0%)

= W'S—-8e-86)+W'Se+85,6)+d, (6.17)
where S = S(x,6,6), W = W W* ¢ =¢—c* and 6 = 6 — o* are defined
as approximation error, andS = [le,SZC, e, S mc]T € RIrx(ixne) iy

A aSi . 1 .
iC=_ GR(}’!,XVL,«)X ) lzl""3nr

ac le=¢,0=6
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Y A A A T . ) .
and S, =[8,,,5,,,- - Smol € R X i) yyith
R as; . 1 .
S = — e ROwmIX1 i g,

90 le=to=6
and the residual term d,, is bounded by

il < e 18] W+ o - 185 W+ 1w - 182
HIUW* - 18,61+ W (6.18)

Proof The Taylor series expansion of S(x,c*,o*) with respect to (x,¢,&)
can be expressed as
Al

S(x,c*,0%) = S(x,&,6) —8.¢ — 8,6 + O(x,&,6) (6.19)

where O(x, ¢, ) denotes the sum of the high order terms in the Taylor series
expansion.
Using (6.19), we obtain

WIS, &,6) — W S(x, ¢*, 0™)
= (W + WHTS(x,8,6) — W* [S(x,6,6) — 8.6 — 8.6 + O(x,&,5)]
= WIS+ W — W) 8.+ (W —W)TS. 6 — Ww* 0(x,2,6)
= WIS+ WTS.e — WIS e — ¢+ WS, 6 — WIS (6 — o)
— W O(,8,5)
=W'S-8e-86)+W'S.e+5,6)+d, (6.20)
where the residual term d,, is given by
dy = WTSLc* +8.0%) — W* 0(x,2,5)

Noting that W = W—-Wé¢=¢—c*andé = 6 —o*, Equation (6.20)
implies that

dy=WTS — W' s* — (W —wHTS-5.6 -8 6)
— WHS.@ =) + 8,6 — M)

= WTS.c* + WIS, o* — W' §.e —w*' 8 6 + W (§ — 5%

with $* = S(x,c*,0%).

© 2006 by Taylor & Francis Group, LLC



242 Autonomous Mobile Robots

Since every element of the vector (3‘ —8*)isbounded in [—1, +1], we have

ny
T A A
W* (S =85 < D W= IW*)

i=1

Sy ATe AT ATa T
Considering WTS.c* = tr(WTS.c*} < WISl - ek = IS. Wl - lIc*],
we have

AT A AT A A A
\dul < ¥ - 182 WI =+ o[- 18], Wi+ IW* - [18Lell
WL 18061+ Wl

Thus, we have shown that (6.18) holds.

6.4 ApaprTIVE NF CoNTROL DESIGN

In this section, the adaptive NF control is presented for nonholonomic mobile
robots with uncertainties and external disturbances.
The following lemmas are useful in the controller design.

Lemma 6.2 Let e = H(s)r with H(s) representing an (n X m)-dimensional
strictly proper exponentially stable transfer function, r and e denoting its input
and output, respectively. Then r € L3 (LY, implies that e,é € L} (L}, e is
continuous, and e — 0 as t — oo. If, in addition, r — 0 as t — oo, then

e— 0/[32].

Lemma 6.3  Given a differentiable function ¢ (1): R — R, ifp(t) € L, and
¢(t) € Loo, then ¢(t) — 0 ast — 00, where Lo and Ly denote bounded and
square integrable function sets, respectively.

Consider the constrained dynamic equation (6.1) together with (n—m) inde-
pendent nonholonomic constraints (6.2). For simplicity of design, the following
assumptions are made throughout this section.

Assumption 6.3 Matrix R (q)B(q) is of full rank, which guarantees all m
degrees of freedom can be (independently) actuated.

It has been proven that the nonholonomic system (6.1) and (6.2) cannot be
stabilized to a single point using smooth state feedback [18]. It can only be
stabilized to a manifold of dimension (n — m) due to the existence of (n — m)
nonholonomic constraints. Though the nonsmooth feedback laws [44] or time-
varying feedback laws [4] can be used to stabilize these systems to a point,
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it is worth mentioning that different control objectives may also be pursued,
such as stabilization to manifolds of equilibrium points (as opposed to a single
equilibrium position) or to trajectories.

By appropriate selection, a set of vector z(#) € R™, the control objective can
be specified as: given a desired z4(¢), z4(¢), and desired constraint A4, determine
a control law such that for any (¢(0),g(0)) € 2, z(¢) and g asymptotically
converge to a manifold Qg specified as

Qnha = {(¢, P1z(®) = 24, § = R(@)2a (D)} (6.21)

while the constraint force error (A — Xy4) is bounded in a certain region. The
variable z(¢) can be thought as m “output equations” of the nonholonomic
system.

Assumption 6.4 The desired reference trajectory z4(t) is assumed to be
bounded and uniformly continuous, and has bounded and uniformly continuous
derivatives up to the second order. The desired ).4(t) is bounded and uniformly
COntinuous.

Let us define the following notations as

e.=2—124 (6.22)
e =i—Ag (6.23)
Zr =124 — p1e; (6.24)

s=é,+ pre; (6.25)

where z, is the reference trajectory described in internal state space.
Apparently, we have

=2 +s (6.26)
For force control, define y as
. —1,4T
m=—ppu—p3 J A (6.27)

where 1 € R”. For the convenience of controller design, combining s and u to
form the following new hybrid variables

oc=Rs+pu (6.28)
V=Rz — 1 (6.29)
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From (6.26), (6.28), and (6.29), we have
o+v=RZ (6.30)
The time derivatives of v and o are given by
D =Rz +R% — [ (6.31)
6 =R:+R:— (6.32)
From the dynamic equation (6.8) together with (6.30) and (6.32), we have

M(q)6 + C(q,g)o +M(q)v + C(g,§)v + G(g) = B()T + I (@1 + 14
(6.33)

Consider the control law as

Bt = M(q)V + C(q,q)v + G(q) — Koo —JThg + ksJ e — Kisgn(o)

n n n n n
—bn YD bmyloitil —be Y D beylowil —bg Y fgloil
i=1

i=1 j=1 i=1 j=1
(6.34)

where matrix K, > 0, constant k) > 0, matrix Ky = diag{k;} with kg; > |E;|
and E; is the element of vector E (defined later), M (@, C (¢,9), and G(q) are
the estimates of M(q), C(g, q), and G(q), respectively, the elements of which,
that is, m;j(q), ¢;j (g, q), and g;(q) can be expressed by NF networks as

T
mij(q) = Wy, S(q: Cpii» Ony) + €my () (6.35)
. T . .

Cij(q’ Q) = sz S(C], q, C:(U, O—ctj) + €c;j (6], Q) (636)

*T * *
8i(q) = Wy, 8(q,cq,,04,) + €4,(q) (6.37)
where W,Tw, WC*U, W;’, are ideal constant weight vectors, C:Fn,;,v’ Cf,;,v’ c;. are the
G*,- are the ideal constant width vectors,

ideal constant center vectors, o, , 0.,
ij ij 8

and €y, (), €c;;(q. q), €,(q) are the approximation errors.
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In addition, I;m, I;c, and Bg are the estimates of constants b, b%, and bz,
respectively, which are defined by

br 2 max(b},) > 0, b}, £ max{Winy, Cogs Oy (6.38)
N * x A
b= max{bcij} > 0, bc,-,— =max{we;, Cc;» 0c;} (6.39)
i
bg = mlax{bgi} > 0, bgi =max{wy,, Cg;, Og;} (6.40)

and qu,] q}cl.j, and ng,. are known positive functions defined by

n P PN & A & A
By = 0800, Wony 1+ 1800, Wy 4 130, Gy 14+ 185, G+ mmy— (6.41)

- AT A ~ T A ~ ~ S A

Gey = IS0 Wyl + 18, Wyl + 18], &yl + IS}, 6e,ll 4y (642)
ij ij ij ij

- AT A AT A ~ ~ 3 A

Gos = 130, Werll + 1135, Well + 18, Ell + 113, S, + g (6.43)

Using the “GL” matrix (denoted by upright and bold symbol with curly
bracket) and operator (denoted by “e”) introduced in Reference 32, the function
emulators (6.35)—(6.37) can be collectively expressed as

M(q) = [{Wi}" o (Su}l + En (6.44)
C(g.q) = {WEYT o {Sc)l + Ec (6.45)
G(q) = W5 o (S} + Eg (6.46)

where [{W3,}, {Sar}], [{WE ), {Sc}], and [{WE}, {SG}] are the desired weights
and basis function GL matrices pairs of the NF emulation of M(q), C(q, g),
and G(q), respectively; and Eys, Ec, Eg are the collective NF reconstruction
errors, respectively.

The estimates M (@, C (q,9), f}(q), can, accordingly, be expressed as

M(q) = [{Wn}" o {Su}] (6.47)
C(g:q) =[{Wc)T o (Sch (6.48)
G(g) = [{We)T o {Sq)] (6.49)

Note that in real implementation, the actual control torque t must be
provided rather than Bt given in (6.34). There are various approaches available

© 2006 by Taylor & Francis Group, LLC



246 Autonomous Mobile Robots

in the literature to solve t from (6.34), either analytically or numerically. In this
chapter, the following scheme is applied to compute the control torque t with
rigor and rationality.

Define

u= Bt (6.50)
Premultiplying both sides of (6.50) by RT, we obtain
R'u=R"Br
From Assumption 6.3, it is known that RTBis nonsingular. Thus, 7 is obtained as
= R"'B)"'RTu (6.51)

Substituting (6.51) and (6.47)—(6.49) into the dynamic equation (6.33) yields
the closed-loop system error equation as

M6 + Co = ({Wu)T o (S )] — [IW5,) T e (Sar) D
+ (Wl T o (Sc)l — [IWEIT o (SciDv

+ (W) o (SG1T — [IWEIT  (SG1)

— Koo +JTh — E — Kgsgn(o)

n n n n n
—bw Y Y Puyloiiil = be YY" elowil — bg Y dgilol
i=1

i=1 j=1 i=1 j=1
(6.52)

where E = Eyv + Ecv + Eg — 14.
The stability of the closed-loop system will be illustrated in the following
theorem.

Theorem 6.1 Consider the nonholonomic mobile robot system described by
dynamic equation (6.1) and the (n — m) independent nonholonomic constraints
(6.2). If the control law is chosen by (6.34), and the parameter adaptation laws
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are chosen by

Wi = —Tusi  ((Smi} — {Swei) — (Smoi)) o (6.53)
Wei = —Tci o ((Sci} — {Scei} — {Scoih)vos (6.54)
Wi = —T6i(S6i — Seei — Scoi)oi (6.55)
Cui = —Opi o (SWisi}io; (6.56)
Cei = —O¢; o (SWeeilvo; (6.57)
Ci = —OGiSWioi (6.58)
Sy = —Eumi o SWaroi}ooi (6.59)
Sci=—Ecie {S/V\ch}vm (6.60)
Y6i = —EG6iSWeoioi (6.61)
. n n ~
b =Vom Y_ Y Gmyloiiy| (6.62)
i=1 j=1
. n n
be=Yoe Y Peyloij] (6.63)
i=1 j=1
. n _
by = Vg Y _ bgloil (6.64)

i=1

where matrices Ty, Uci, Ui, Oumi, Oci, Oci, Emis E i, EGi are symmetric
positive definite, and constants Ypm, Ve, Ybg > 0, the signals e; and é; asymp-
totically converge to zero, and all the other closed loop signals are semiglobally
uniformly ultimately bounded.
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Proof  The time derivative of %O’TM o along (6.52) is

™M = —6"K,0 — 6 "E — 0" Ksgn(o) + 0 JTA —oTCo
+ o ([({(Wu}" o (Su}] — [{W3)T o (Su Db
+ o ([{Wc}T o {ScH — [{WET o {Scihv
+ 0 ([({We)" o (S} — (W51 o (SaiD)

n
_l;mZZ(Z’mUWiVJ b ZZ¢C,,|01V] gz¢g,|01

i=1 j=1 i=1 j=1
(6.65)

Using the properties (6.17) and (6.18) given in Lemma 6.1, we have the
following property for the NF approximation error:
o ([(Wu)T o (Su}] = [{(W3)" o {Su)D¥
= o T([{War)T o (1Sur) — (Sme) — (Swo D]
+[{Cu}" @ (SWaichl + [{Zu)T o SWaro 1 + Dys)d (6.66)

where GL matrices {SMC}, {SM(,}, {S/\\VMC}, {S/V\VMG}, and matrix Dy, are
defined respectively as:

{Sme1} {Swot1}
{SMC} = s {SMO'} = :
{SMcn} {SMan}
{S/\\’VMcl} {S/‘TVMUI}
{SWy} = . {SWuye) =
{SWysen} {SWason}
with
{Smeit = Smeir -+ Swteindr Smeij = g/cmij Cmy

{Smoit ={Smoit -+ Smoin}, Smoij = Scr,,,./.&m:j

{S/‘X,Mci} = {S/WIMC” T S/‘W,Mcin}v SWMC!] Cmg ' M

SWioi} = (SWaoit -+ SWatgin), SWMmj = S - Wm,,
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and Dy, = [dmuij] with

AT A A ~
|dmuij| < Nl |l - ||SC,,, Wy || + llom; Il - ||S¢/7my. Wong | + Wy, I - ||S,f~ml,jcm,-,~||
* o7 ~ *
W1 185, gl + 15, 1 (6.67)

Noting Assumption 6.2, the following can be obtained:

AT A A
i I 18, Wony I+ o, 1 - 135, Wony I+ W3 1 - 1S, G |
+ Wi - 13, Gyl + 1 m,,n

VA T3
< g 180, Wy |+ 0y 135, Wy |+ i,

X (13L,, &my |l + 135, Gy |+ 1m,)

A AT A ~
< B, 80, Wy |+ 185, Wan I+ 130, &y 1+ 135, 6my |+ 1)
= b}y, bm, (6.68)

Thus, (6.66) becomes

o T (({War)T o (Sur}1 — (W31 @ {Sar} D)
TUWar)" o (S} — {Sate} — (Sara D1+ HCar)T @ {SWire)]
+[{Zu)" o SWao )b + Z iaidmm
i=1 j=1
< o T((War)" o ((Sur} — (Sare} — (Suro D1+ [{Car) T @ (SWise}]
+[{Eu)" o SWuo )b + Z Z by my |01
i=1 j=1
< o T(((War}T o (1Sur} — (Sute} — (Suto D1+ [{Car} T @ {SWisc}]
+[{Za)T o (SWaso ) D)0 + B}, Z Z b0 Vj] (6.69)

i=1 j=1
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Similarly, we have the following inequalities for other approximation
errors as

o "Wl o (Scil — [{WET o (Sciv
<o T ([({We)T o (8¢} — Scet — (Sco D1+ [{Ce)T o (SWee )]

+UE)T o (SWeolDv + 55 D> e, o] (6.70)

i=1 j=1
o T({We)T o (Se)1 — W5 T o {S6) D)

<o ({W6)" o ({6} — (See) — (Sco D1+ HCo) T o (SWae)]

+[{Zc)" o (SWeo D) + b5 D gl (6.71)
i=1

where definition for GL matrices {Scc} {SCJ} {SWCC} {SWCG} {SGL}
{SGC,} {SWGC} and {SWGU} which is omitted here for conciseness, can be
similarly made.

Consider the Lyapunov function candidate

1 N (L Js
V= EaTM<7+§ > WLZ‘FM}WM:"FE > WEiFCiIWCi"'EZWEi
i=1 i=1 =1

G I oy s [N
x TG Wai + D) Z C1i®3 Curi + 5 Z CL0/ Cai
i=1 i=1

+5 ZCGIGGI CGI + = Z 2:Ml"‘Ml ZMZ +5 Z 2:Cl ZCi
i=1 i=1 i=1

1 1 1
+ = ZEGI“G:ZGI+ ybmbz—i— ybclbz—l— ybg1b2+ —p3ut

6.72)

with () = () — ()*.
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By virtue of (6.52), (6.69) to (6.71), the time derivative of V is given by

. . 1 . "L 1A "L A
V=0"Ms + EGTMG + Y Wyl i Wi+ Y WET W
i=1 i=1

n . n . n .
+ > WaTG Wai+ ) €@y Cui + ) €0 Ca
= i=1 i=1

n n n
~ 1A ~T __1& T 18
+) CLOGICai+ Y EuEyEui+ Y E6Eq Sa
i i=1 i=1
n T . . . .
+ Z ZGiEZ}i] XGi+ yb:n] binbm + Vbzlbcbc + Vbjglbgbg + /03MTI)«
i=1

™o —oTCo — O'TKUO' —oTE - GTKSsgn(o) +o Ty

| =

=

+ 0T ([{Wu)" o (1S} — (Swe} — (Smo D]

+[{Cu) T @ (SWaie)] + [{Em)T o (SWaro } D)0

+ 0T ([({(We}T o (S} — {Sce} — (Sca D]

+HCe)T o (SWeell + [Ec)T o (SWeo J D

+ 0" ([{We)" o (1S} — (See) — 860 )]

+H{C6)T o (SWaell + [{Z6)T o (SWo D)

+ Xn: WIT W+ Xn: WLI W+ Xn: WEILI o W,
i i=l1 i=1

n . n . n .
ST -1 ST o1 & AT -1
+ Z Ci®y; Cui + Z Cei®c; Cai + Z C:i9g; Cai
i1 i—1 i—1

n n
T o1& ~ 1<
+ Z i E i Tmi + Z ch—-a Sci+ Z sz Gi Zi
i i i1

n n
_Emzz‘lgmiﬂaivj b ZZ¢CU|UIUJ Z¢g,|01

i=1 j=I i=1 j=I

+ Vi Bimbim + Vg bebe + vy bebg + p3u" 1 (6.73)
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As matrix M — 2C is skew-symmetric, aT(M —2C)0 =0,Vx #0.

Noting that

c WY e Sidlv =[o1 02 -+ 0n]

= Z{WMi}T o (Sui}io;
i=1

and similarly
o THWu )T o (1S} — (Sare) — (S DIV

= (Wi} o (Sui} — {Swmei} — Smoid)vo;

i=1

oTHCw)T @ (SWachD = Y {Cari}T @ (SWisei}bo;

i=1

o T{Em)T o (SWiso D = Z{iMz‘}T o (SWysoi}io;

i=1

o THWeIT o (1Sc) — (Sce) — (Sco DIy

= (Wei)" o (1Sci} — (Scei} — Scoihvo
i=1
oTHC} o (SWeehlv = Y {Ci}" o (SWeeihvo;
i=1
o THZc)T o (SWeohlv =Y {Zci)T o (SWeoibvo;

i=1

(W17 e {Spr1}o

(Wi} @ {Spa}v

(6.74)

oT[{We)" e (1S6} — (S6e) — (Sao D1 =Y WE:S6i — Scei — Scoi)oi

i=1

n
oT[{Cq)" @ SWiell = Y CLSWoeioi

i=1

~ — " T —
oT{Z6)T @ (SWeoll = ) Z;:8Waoioi

i=1

© 2006 by Taylor & Francis Group, LLC



Adaptive Neural-Fuzzy Control of Mobile Robots 253

Equation (6.73) becomes
. 1 .
V< EO'TMO' —o'Co — GTKUG —oE— GTKSsgn(o) +o T
n ~
+ Z{WMi}T o ({Spi} — {Smcit — {Smsib)vo;
i=1

+ > {Cui}" @ (SWireikvoi + Y {Zi)" o (SWasoi}ios

i=1 i=1

+ ) {Weit" o ((Sci} — {Sceit — {Scoid)voi

i=1

+ 3 {Cci)T o (SWeaihvoi + Y (Zci o (SWegibvor

i=1 i=1

n n n
~ ~ ~ ~ e ~T ——
+ Y WEiSei — Scei — Scon)oi + Y CLSWaeioi + Y 6 8Waoioi

i=1 i=1 i=1

n . n . n ]
+ Z Wil Wi + Z WET o Wei + Z WG, TG Wai
i=1 i=1 i=1

+ Z Chi®5i Cui + Z C&0: Cai+ Z CGi0; Cai
i=1

i=1 i=1
n T . n T . n T .
- -1 - =—l¥ - ——1 %
+ Z):Mi-'-‘-zm Tmi+ Z LoBg Xat Z 26iEGi XGi
i=1 i=1 i=1

n n n n n
b DD Gmyloitil = be DD Geyloivjl — by Y by loil
i=1

i=1 j=I i=1 j=1
+ Voms Bbin + Ve bebe + vyg bgbg + p3u" it (6.75)
Substituting the weight vectors updating laws (6.53)-(6.55), the center vectors
updating laws (6.56)—(6.58), the width vectors updating laws (6.59)—(6.61), and
the constant parameters updating laws (6.62)—(6.64) into (6.75) yields
V<—0"Keo —0"E — 0 Ksgn(o) + oI h + pauT 2 (6.76)

Noting that kg; > |E;| > 0, it is obvious that [—oTE — UTKssgn(U)] <0.In
addition, from (6.27), we know that 1 = —ppuu — ,03_1]Tk and from (6.28),
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ol =sTRT + ,uT. Thus, we have

o I+ p3 (L + k) = —paosp i+ sTRITA - (6.77)

Noting RTJT = 0 from (6.4), we then have
V<—0"Keo = prp3u’ e <0 (6.78)
AsV >0 zAlnd VA < 0; 1% € LOO.A FroEn thei deﬁpitior} of V, it follows that o,
w € L%, Wi, Wei Wi, Cuis Ceis Cai, Zmi, Zein i € Los, i = 1,...,n

with n; denoting the compatible size of the vectors, and 5,,1 Z;C, l;g € Loo.
Integrating both sides of (6.78), we have

t
f o TKyo < V(0) — V() < V(0) (6.79)
0

Hence o € L.
From (6.28), we have s = (RTR)"'RT(c — 1), hence s € L7 since R is
bounded. From Lemma 6.2, it can be concluded that e;, ¢, € LZ.
From (6.27), (6.29), and (6.31), we have
Mv+Cv+G=M®R:; +R:, — ) + C(RZ, — ) + G
= MRz + R%,) + CRz + G — Cpu + p3 'MJ ™A (6.80)
From (6.26), it is known that
g =Rz +Rs (6.81)
G =Ri + R%, + Rs + RS (6.82)

Replacing T by (6.51) in dynamic equation (6.1) by noting f = JT(g)A,
Equations (6.80)—(6.82), the closed-loop system becomes

MRs + MRs + CRs — (M — M)(Rz, + R%,) — (C — O)Rz, — (G — G)

n n
+ Cut+ Koo + Kisgn(0) +bw ) Y~ buyloivj|

i=1 j=1
n n n
+be Y Y esloivil +bg Y bgiloil — 14
i=1 j=1 i=1
= (o3 'M + 1,)J"x (6.83)
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Invoking (6.44)—(6.46) and (6.47)—(6.49), Equation (6.83) then becomes
MRs + MR; + CRs — ([{Wy}T o {Syr}] — [{W3}T o {Sar} ) (R, + RZ))
— ({Wc}" o (Sch — [{WE)T o (ScIDR:,
— ({W6}" o (S} — [{W5)T o (SaiD) + Cu

n o n n n
+ Ky0 + Kgsgn(o) + by Zz(im,ﬂalvjl + l;c Z Z‘iciﬂaivﬂ

i=1 j=1 i=1 j=1

n
by " ¢ loil + Eyt(Rzy + R%:) + EcR% + Eg — 4
8 8

i=1

= (o3 "M +1,)J"a (6.84)

Since M (g) is nonsingular, multiplying J(q)M -1 (g¢) on both sides of (6.84)
yields

JRs +JM™! [CRs — (HWar)T o {Sar}] — LW )T @ (S} (R, + RZ))

— (W) o (Sc)l — WET o (ScIDRz,

— (W) T @ {Se)1 — HWEIT @ {SGID) + Ce
+ Koo + Kisgn(0) + b Y Y Guyloibjl +be Y Y deyloi|

i=1 j=1 i=1 j=1

n
by > Buloil + Eu (R, + REy) + EcRE, + Eg — rd]
i=1

=IM (o' M + 1,)J A (6.85)

Since we have established that e;,é; € L7, from Assumption 6.4 and
(6.24), it can be concluded that z,(¢),Z,(t) € LZ. As r is shown to be
bounded, so is z from (6.26). Hence, ¢(t) = Rz(t) € L.,. It follows that
M(q),M(q),C(q,9),C(q,q) € LX", and G(q),G(g) € L”,. Thus, the left
hand side of (6.85) is bounded. In fact, p3 can be properly chosen to keep
(03 i+ I,,) on the right hand side of (6.85) from being singular. Hence, we
have A € L™. As A4 is bounded, so are e and Bt.

From (6.1), we can conclude that g € L.
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As X e L™ and p e L, from Equation (6.27), it is obvious that
i€ L%, Thus, from (6.31), we have v € L7 . Since z,Z € LZ, have been
established before, we can conclude from (6.32) that ¢ € L7 . Now, with
o,u €Ll 6,p el according to Lemma 6.3, we can conclude that o and p
asymptotically converge to zero. Hence, from (6.28), it can be concluded that
s — 0 ast — oo. According to Lemma 6.3, we can also obtain e;,e, — 0
ast — 00.

Since ¢,§ € LZ,, q and ¢ are uniformly continuous. Therefore, from
Property 6.1, we can conclude that matrices M(q), C(q, §), G(q), S(q), J(q),
b(q), C (g,9), and G(q) are uniformly continuous.

Remark 6.5 If Bt is directly replaced by (6.34) in the dynamic equation (6.1)
without considering the real implementation issue, a wrong conclusion may be
drawn.

Substituting (6.34) and (6.47) to (6.49) into the dynamic equation (6.33)
yields the closed-loop system error equation as

M6 + Co = ({Wu)T o (Su}] — W) T o (Sar) D
+ ({WelT o (Sc)l — [IWEIT o (SciDy
+ (W1 T o (SG)1 — [IWEIT o (SG1D)

— Koo + (1 4+k)J e, — E — Kysgn(o)

n n n n n
—bw Y Y Puyloilil —be Y Y besloijl = bg Y bgiloil

i=1 j=1 i=1 j=1 i=1
(6.86)

which is misleading as it seems there is control effort applied to force error
e). and the wrong conclusion of asymptotic convergence of e, may be drawn.
This is due to the ignorance of the inherent property R'JT = 0. Thus, for the
proposed scheme in this chapter, one can only guarantee the boundedness of
ey, which will be confirmed in the simulation study.

6.5 SIMULATION STUDIES

Consider amobile robot moving on a horizontal plane, driven by two rear wheels
mounted on the same axis, and having one front passive wheel. The dynamic
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model can be expressed in the matrix form (6.1) with

m 0 mL sin 6
M(qg) = 0 m —mlL cos 0
mLsinf —mLcosf 1
0 0 mLOcosh cosf cosb
Clg,g) =0 0 mLBsinb |, G(g)=0, B(q) =Ri1 sinf  sinf
0 0 0 Ry —R

(6.87)

where ¢ = [x¢ y¢ 01T € R? is the generalized coordinate with (x.,y.) being
the coordinates of the center of mass of the vehicle, and 6 being the orientation
angle of the vehicle with respect to the X-axis, T = [z, 71T € R? is the input
vector with 7, and t; being the torques provided by the motors mounted on the
right and left respectively, m is the mass of the vehicle, / is its inertial moment
around the vertical axis at the center of mass, L denotes the distance between
the mid-distance of the rear wheels to the center of mass, 2R denotes the radius
of the rear wheels, and 2R, is the distance between the two rear wheels. The
constraint forces are f = JT(g)A.

The nonholonomic constraints confine the vehicle to move only in the direc-
tion normal to the axis of the driving wheels, that is, the mobile bases satisfying
the conditions of pure rolling and nonslipping

Xesin@ — yecos® + L =0 (6.88)

From (6.88), it is known that J(g) and R(g) are in the form

sinf cosf® —Lsinf
JT(q)=|—cosO |, R(g)=|sinf Lcosb (6.89)
L 0 1

Thus, the constraint forces can be written as f = J1(g)A with

A = mi.sin @ — m¥. cos 6 + mLb (6.90)
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In addition, the kinematic model (6.5) of the nonholonomic systems in terms
of linear velocity v and angular velocity w can be written as

. X cosf —Lsin6
) v 21 ) ) v
z= |: :| = |: ] Ye| = |sinf Lcosé |: i| (6.91)
w 2 . w
0 0 1

The desired manifold Q2,14 is chosen as

Qnnd = {(¢, 4, M1z = z24(D), ¢ = S(@)za(D), A = rg}

withzy =24 =0, Ay = 10.

The existence of sgn-function in the controller (6.34) may inevitably lead
to chattering in control torques. To avoid such a phenomenon, a sat-function is
used to replace the sgn-function. The sat-function is given by

1 ifo > ¢

sat(o) = | 1 ifo < —e

—o otherwise
€

where € = 0.01 and K; = 5 are chosen in the simulation.

The simulation is carried out using NF networks which are essentially the
TSK-type fuzzy system with its membership function being chosen as the
Gaussian function. Each element of the unknown system matrices M (q) and
C(q,q) is modeled by the NF networks, which makes it different from con-
ventional adaptive control design, where a relatively large amount of a prior
knowledge about the system dynamics and the linear parametrization condition
are required. The proposed adaptive NF controller, on the other hand, can be
treated as an indirect adaptive scheme or partitioned NF systems [29,45], and
does notrequire any precise knowledge on the system dynamics. The parameters
in each NF subsystem can be separately tuned, which yield a faster updating
speed, as can be seen from the simulation results.

In the simulation, the parameters of the system are taken as: m = 10 kg,
I = 5kgm? R = 005m, R, = 05m, L = 04 m, 750) =
[0.5sin7, O.1sinz, 0.2cost]T, ¢(0) = [2.0, 0.5, 0.785]T, §4(0) =
[0.2, 0.2, 017, and p1 = diag(5,5), p2 = 1, p3 = 10. The control gain K,
and force control gain K, are selected as K, = diag(l, 1), K, = 1. The
neural weights adaptation gains are chosen as I'yy = 0.11y,, I'c = 0.11y,, with
Ni = 100 and N = 200 being the number of rules of the NF system to estimate
matrices M and C, respectively.
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FIGURE 6.1 Responses of the states of the system.
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FIGURE 6.2 Control torques of the mobile robot.
The simulation results are shown in Figure 6.1 to Figure 6.5, among which,
Figure 6.1 shows that the system’s states response, including x., y¢, 0, X,

Ve, and é, are all bounded, and the control torques are bounded as can be
seen in Figure 6.2. The estimates of the NN weights are shown to be bounded
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FIGURE 6.3 Responses of the norm of the NN weights.
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FIGURE 6.4 Responses of the internal states z.
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FIGURE 6.5 Responses of the linear velocity v and angular velocity .

in Figure 6.3 using some norms of the estimates for illustration. Figure 6.4
confirms that the stabilization of internal state z is achieved, while the linear
velocity v and angular velocity w are shown to converge asymptotically to zero
in Figure 6.5.

In the simulations, the parameters have been selected at will to demonstrate
the effectiveness of the proposed method. Different control performance can be
achieved by adjusting parameter adaptation gains and other factors, such as
the size of the networks, and the exploration of the knowledge of the systems.
In fact, the control method has been developed as a turn-key solution without the
need for much detailed analysis of the physical systems. For the best perform-
ance, the physical properties should be explored and implemented in control
system design. By examining the exact expressions for D(g) and C(g, ¢), we
know that many of their elements are constants, such as m, I, and 0. In actual
control system design, there is no need to estimate the Os, while adaptive laws
can be used to update the unknown m and I more elegantly.

6.6 CONCLUSION

In this chapter, adaptive NF control has been investigated for uncertain
nonholonomic mobile robots in the presence of unknown disturbances. Despite
the differences between the NNs and fuzzy logic systems, a unified adaptive NF
control has been presented for function approximation. Because of the difficulty
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in deriving the rules in fuzzy systems for systems with little physical insights,
the outputs of the “rules” are updated numerically using adaptive control tech-
niques. It is shown that the controller can drive the system motion to converge to
the desired manifold and at the same time guarantee the asymptotic convergence
of the force tracking error without the requirement of the PE condition. By using
NF approximation, the proposed controller is indeed a turned key solution for
control system design as it requires little information on the system dynam-
ics. Numerical simulation has been carried out to show the effectiveness of the
proposed method for uncertain mobile robots.
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7.1 INTRODUCTION

A number of typical mobile robots can be described by the chained form or
more general nonholonomic systems. Due to Brockett’s theorem [1], it is
well known that nonholonomic systems with restricted mobility cannot be
stabilized to a desired configuration (or posture) via differentiable, or even
continuous, pure-state feedback [2]. The design of stabilizing control laws for
these systems is a challenging problem which has attracted much attention in
the control community. A number of approaches have been proposed for the
problem, which can be classified as (i) discontinuous time-invariant stabiliza-
tion [3], (ii) time-varying stabilization [4], and (iii) hybrid stabilization [5, 6].
In References 7 and 8, an elegant approach to constructing piecewise continu-
ous controllers has been developed. A nonsmooth state transformation is used

267
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to overcome the obstruction to stabilizability due to Brockett’s theorem, and
a smooth time-invariant feedback is used to stabilize the transformed system.
In the original coordinates, the resulting feedback control is discontinuous.
Various time varying controllers have been proposed in the literature [4,9]. The
kinematic nonholonomic control systems can be asymptotically stabilized to
an equilibrium point by smooth time-periodic static state feedback. However,
the convergence rate for this method is comparatively slow. Hybrid controllers
combine continuous time features with either discrete event features or discrete
time features [6,10].

Among the many control strategies that have been proposed for various non-
holonomic systems, research results can generally be classified into two classes.
The first class is kinematic control, which provides the solutions only at the pure
kinematic level, where the systems are represented by their kinematic models
and velocity acts as the control input. Based on exact system kinematics, dif-
ferent control strategies have been proposed [4,5,8]. Recently, a few research
works have been carried out to design controllers against possible existence
of modeling uncertainties and external disturbances [11-13]. Robust exponen-
tial regulation is proposed in Reference 11 by assuming known bounds of the
nonlinear drifts. It is also required that the xp-subsystem is Lipschitz. To relax
this condition, adaptive state feedback control is proposed in Reference 12 for
systems with strong nonlinear drifts.

It is noted that one commonly used approach for control system design
of nonholonomic systems is to convert, with appropriate state and input trans-
formations, the original systems into some canonical forms for which controller
design can be carried out more easily [14—17]. The chained form [14] and the
power form [15] are two of the most important canonical forms of nonholo-
nomic control systems. The class of nonholonomic systems in chained form was
first introduced by Murray and Sastry [14] and has been studied as a benchmark
example in the literatures. It is well known that many mechanical systems with
nonholonomic constraints can be locally, or globally, converted to the chained
form under coordinate change and state feedback [5,14]. The typical examples
include tricycle-type mobile robots and cars towing several trailers. A new
canonical form, called extended nonholonomic integrators (ENI) was presen-
ted in Reference 17, and it was shown that nonholonomic systems in ENI form,
chained and power forms are equivalent, and can thus be dealt with in a unified
framework. Using the special algebraic structures of the canonical forms, vari-
ous feedback strategies have been proposed to stabilize nonholonomic systems
in the literature [16-21].

The second class is dynamic control, taking inertia and forces into account,
where the torque and force are taken as the control inputs. Different researchers
have investigated this problem. Sliding mode control is applied to guarantee
the uniform ultimate boundedness of tracking error in Reference 24. In Ref-
erence 23, stable adaptive control is investigated for dynamic nonholonomic
chained systems with uncertain constant parameters. In Reference 24, adaptive
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robust stabilization is considered for dynamic nonholonomic chained systems
with external disturbances. Using geometric phase as a basis, control of
Caplygin dynamical systems was studied in Reference 2, and the closed-loop
system was proved to achieve the desired local asymptotic stabilization of
a single equilibrium solution. The principal limitation associated with these
schemes is that controllers are designed at the velocity input level or torque
input level and the actuator dynamics are excluded.

As demonstrated in Reference 25, actuator dynamics constitute an important
component of the complete robot dynamics, especially in the case of high-
velocity movement and highly varying loads. Many control methods have
therefore been developed to take into account the effects of actuator dynamics
(see, for instance, References 26-29). However, the literature is sparse on the
control of the nonholonomic systems including the actuator dynamics.

In this chapter, the stabilization problem is considered for general nonholo-
nomic mobile robots at the actuator level, taking into account the uncertainties
in dynamics and the actuators. The controller design consists of two stages. In
the first stage, to facilitate control system design, the nonholonomic kinematic
subsystem is transformed into a skew-symmetric form and the properties of the
overall systems are discussed. Then, a virtual adaptive controller is presented
to compensate for the parametric uncertainties of the kinematic and dynamic
subsystems. In the second stage, an adaptive controller is designed at the actu-
ator level and the controller guarantees that the configuration state of the system
converges to the origin.

This chapter is organized as follows: the model and model transformation
of the system including actuator dynamics are presented in Section 7.2. The
adaptive control law and stability analysis are presented in Section 7.3. Simu-
lation studies are presented in Section 7.4 to show that the proposed method is
effective. The conclusions are given in Section 7.5.

7.2 DYNAMIC MODELING AND PROPERTIES

In general, a nonholonomic system including actuator dynamics, having
an n-dimensional configuration space with generalized coordinates g =

g1, ., q,,]T and subject to n — m constraints can be described by [30]
J(@g=0 (7.1
M (@) + C(q,9)q + G(q) = B@KNI + " (9 (7.2)
d/
LE +RI+K,w=v (7.3)

where M(g) € R™" is the inertia matrix which is symmetric positive def-
inite, C(q,q) € R™" is the centripetal and coriolis matrix, G(g) € R"
is the gravitation force vector, B(g) € R™" is the input transformation
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matrix, Ky € R™” is a positive definite diagonal matrix which character-
izes the electromechanical conversion between current and torque, I denotes
an r-element vector of armature current, J(g) € R ™" is the matrix
associated with the constraint, and A € R"™ is the vector of constraint
forces. The terms L = diag[L1, L, L3, ...,L;], R = diag[R,R2,R3,...,R/],
K, = diag[K.1, K2, K3, . .. Karl, © = [w1,@2,...,0.]T, and v € R" rep-
resent the equivalent armature inductances, resistances, back emf constants,
angular velocities of the driving motors, and the control input voltage vector,
respectively. Constraint 7.1 is assumed to be completely nonholonomic for all
g € W' and t € N. To completely actuate the nonholonomic system, B(g) is
assumed to be a full-rank matrix and r > m.
Dynamic subsystem (7.2) has the following properties [31,32]:

Property 7.1 There exists a so-called inertial parameter p and vector 6 with
components depending on the mechanical parameters (mass, moment of inertia,
etc.,) such that

M(g)v + C(q,y)v + G(q) = ®(q,4,v, V)6 (7.4)

where ® is a matrix of known functions of q, q,v, and v; and 6 is a vector of
inertia parameters and assumed completely unknown in this chapter.

Property 7.2 M — 2C is skew-symmetric.

If matrix N € R™*" is skew-symmetric, then N = —NT and YINY = 0 for
allY € R™.

Since J(g) € R"™*" it is always realizable to find an m rank matrix
S(g) € RV formed by a set of smooth and linearly independent vector fields
spanning the null space of J(g), that is,

ST @I @) =0 (7.5)
Since S(q) = [s1(q),...,sm(g)] is formed by a set of smooth and linearly

independent vector fields spanning the null space of J(gq), define an auxiliary
time function v = [v1,...,vm]! € R™ such that

g =S@v@®) =si(@vi + -+ sm(@vm (7.6)
Equation (7.6) is the so-called kinematic model of nonholonomic systems in
the literature.

Differentiating Equation (7.6) yields

§=S@v+S@gv (7.7)
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(@]
FIGURE 7.1 Differential drive wheeled mobile robot.

Substituting (7.6) and (7.7) into Equation (7.2), we have the transformed
kinematic and dynamic subsystems of the whole nonholonomic system

g =S@v=s1(@vi+-+5m(@vm (7.8)

M(@)S(q)v + Ci(q,§)v + G(q) = B(@)KnI +J A (7.9)

where
Ci(g,9) =M(@S + C(q,9)S

In the actuator dynamics (7.3), the relationship between w and v is dependent
on the type of mechanical system and can be generally expressed as

w = uv (7.10)

The structure of u depends on the mechanical systems to be controlled.
For instance, in the simulation example, a type (2,0) differential drive
mobile robot is used to illustrate the controller design, where p can be

derived as
11 L
’u_]_i’[l _Li| (7.11)

where P and L are shown in Figure 7.1.
Eliminating @ from the actuator dynamics (7.3) by substituting (7.10), one
obtains

dr
La + RI+ K uv =v (7.12)
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Until now we have brought the kinematics (7.1), dynamics (7.2), and actuator
dynamics (7.3) of the considered nonholonomic system from the generalized
coordinate system g € R" to feasible independent generalized velocities v € R™
without violating the nonholonomic constraint (7.1).

For ease of controller design in this chapter, the existing results for the con-
trol of nonholonomic canonical forms in the literature are exploited. In the fol-
lowing, the kinematic nonholonomic subsystem (7.8) is first converted into the
chained canonical form, and then to the skew-symmetric chained form for which
a very nice controller structure [18] exists in the literature and can be utilized.
This will be detailed later. The nonholonomic chained subsystem considered
in this chapter is m-input, (m — 1)-chain, single-generator chained form given
by [9,24]

X1 = uy
Yi=wmxir1 Q<i<n-DA<j<m-1) (7.13)
Xjnj = Ujt1

Note that, in Equation (7.13), X = [x1,X>, ... XnlTe R withX; =[x;_12,...,
xj,l,njfl] (2 <j < m) are the states and u = [uy,us, ..., upm]T are the inputs of
the kinematic subsystem.

The chained form is one of the most important canonical forms of nonholo-
nomic control systems. It has been shown in References 5 and 14 and references
therein that many nonlinear mechanical systems with nonholonomic constraints
on velocities can be transformed, either locally or globally, to the chained form
system via coordinates and state feedback transformation. The necessary and
sufficient conditions for transforming system (7.8) into the chained form are
given in Reference 33. The following assumption is made in this chapter.

Assumption 7.1 The kinematic model of a nonholonomic system given by
Equation (7.8) can be converted into chained form (7.13) by some diffeomorphic
coordinate transformation X = T1(q) and state feedback v = T>(q)u where u
is a new control input.

The existence and construction of the transformation for these systems have
been established in the literature [9,34]. It is given here for completeness of the
presentation. For detailed explanations of the notations on differential geometry
used below, readers are referred to Reference 35.

Proposition 7.1 Consider the drift-free nonholonomic system

g =s1(@vi+ -+ su(@vm
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where s;(q) are smooth, linearly independent input vector fields. There exist
state transformation X = Ti(q) and feedback v = T>(q)u on some open set
U C R"to transformthe system into an (m—1)-chain, single-generator chained
form, if and only if there exists a basis f1, . . .,fm for Ao := span{si, ..., Sy}
which has the form

fi=0/3q) + ) _fi(@)d/dg;
i=2

5= f@dfdg, 2<j<m

i=2
such that the distributions

G = span{ad;-lfz, .. .,ad}lfm :0<i<j},

0<j=<n-1

have constant dimension on U, are all involutive, and G,,_1 has dimensionn—1
onU [9,34].

Using the constructive method given in Reference 14, a two input
controllable system, that is,

g = s1(@v1 + s2(@)v2 (7.14)

where s1(q), s2(g) are linearly independent and smooth, g € R", v = [v, wlT,
can be transformed into chained form (7.13) as

X1 = uy

X2 = up

X3 = xou (7.15)
Xn = Xp—1U]

Under Assumption 7.1, that is, the existence of transformations X =
T1(g),v = T2(q)u, dynamic subsystem (7.9) is correspondingly converted into

My(0S2(X)it + Co(X, X)u + Go(X) = By(OKNI +JT (X% (1.16)
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where

My(X) = M(Q)lqﬂ;l(x)
S$H(X) = S(C])T2(Q)|q:Tl_'(X)
Co(X,X) = C1(q,§)T» + M(q)S(q)Tz(q)lq=T;‘<X)
G2(X) = Gl yorx)
By(X) = B@)l_g-1x
LX) = 1(61)|q:Tl—1(X)

The actuator dynamics is transformed to
di
La +RI + K, Q(u, 0, X) = v (7.17)

where
0= MTZ(Q)Mq:T]*l X)

Next, let us further transform the chained form into skew-symmetric chained
form for the convenience of controller design. This transformation is the simple
extension of the transformation of the one-generation, two-inputs, single-
chained system given by Samson [18]. As shown in References 18, 23, and
24 by introducing the skew-symmetric chained form, via Lyapunov-like ana-

lysis, it is easier to design Uy = [up, ..., um]T and a time-varying control u;
to globally stabilize [x1,X>, ... , X, 1T of the kinematic subsystem, as will be
detailed later.

The kinematic model of chained form (7.13) can be equivalently written as

m
X =hi(X)ur+ Y hyjuy = hi(X)uy + Uy (7.18)
j=2
where
By (X) = [1,%13, -+ s X101, 05 -+ o s X135+« - s Xm—1.m,_1» 01"

hy =[hap,... ,hz,m]T

and hyj,j = 2,...,mis an n-dimensional vector with the 1 + Zjl:zl(ni — D)th
element being 1 and other elements being zero.
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Consider the following coordinates transformation

71 = X1
Zj2 = Xj2
pe (7.19)
%3 = X3
Zji+3 = PjiZi+l T Lnziipz (1<i<n—=3)A=<j<m-1)
where p;; are real positive numbers, and Ly1z;; = (9zj,;/0X)h1(X) are the

Lie derivatives of z;; along h1 (X). This transformation can convert the original
chained system into the skew-symmetric chained form.

Define Z = [21,212, - - - Z0nys - - - 2 Zm—=125 - « - s Zn—1mp_ 1 ]T € R". Coordin-
ate transformation (7.19) can also be written in a matrix form as below:

Z=v¥X

where ¥ = diag[1, ¥y, ..., ¥,,_1]T with ¥ = [;,;] € R%* "%~ being

i =1 G=1,2...,m—1)

Yii =0 G<izi,j=1,2,....,n — 1)

Yii=0 (i +j)mod2 #0)

Vii = pji-3¥ji—2 +¥ji—i-1 (G=34,....m—Li=12,....np — 1)

(7.20)

It is explicit that matrix W is of full rank. Moreover, Ly,z;,;U =0 (1 < i <
n; — 1), and Lp,zjn Uz = ujy1. Taking the time derivative of z; ;3 and using
(7.18), we have

0zj,i+3 .
5; X = (Lnyzjira)ur + (Lnyzjirs) U (7.21)

Zjit3 =
From (7.19), we know that for 0 < i < n; — 4, there is
Ly zjiv3 = —0j,it1Zj,i+2 + Zjita (7.22)
Hence, for 0 < i < n; — 4, Equation (7.21) becomes
Zjir3 = —Pjirt1Zip2 +wiziipa (1 <j<m-—1) (7.23)
while for i = n; — 3

Zi+3 = L g +ujp1 (1 <j<m-—1) (7.24)
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Thus the original system has been converted into the following skew-
symmetric chained form with actuator dynamics:

21 = ug
Zjo = U133
ZGi+3 = =P zZir2 T urzjira (1 <j<m—-10<i<n —4)
iy = Ln1zjnjur + uj41 (7.25)
M3(Z)S5(Z)it + C3(Z, Z)u + G3(Z) = B3(Z)KnI + J1 (Z)A (7.26)
d/
L+ Rl + KaQ3(u, 11, 2) = v (7.27)
where

M3(Z) = Ma(X)|x—w-1(z)
C3(Z,7) = CZ(X’X)|x=\II—1(Z)
G3(Z) = G2(X)x—w-1(2)
B3(Z) = B2(X)|x—w-1(z)
J3(Z) = (X)|x=w-1(z)
O3(u, 1, Z) = Q3(u, 11, X) [ x w1 (z)

Multiplying S; to both sides of (7.26), we have
SYM3S3it + S3 C3u + S1G3 = S1B3Kyl (7.28)

which is more appropriate for controller design as the constraint A has been
eliminated from the dynamic equation.

To facilitate controller design, the properties of dynamic model (7.26) are
listed below.

Property 7.3 M4 = S§M3S3 is symmetric positive definite and bounded.

Property 7.4 My — 2S3T C3 is a skew-symmetric matrix. This property will be
fully exploited for control system design.

Property 7.5 The dynamics can be expressed in the linear-in-parameters
form

M3(2)S3(2)E + C3(Z,2)E + G3(2) = ®1(Z,Z,&,£)0 (7.29)
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where ®1(Z,2,&, é) € R"™*P is the known regressor matrix and 0 € RP is the
unknown parameters vector of system. For any physical system, we know that
|160]] is always bounded.

Assumption 7.2 B3(Z) is assumed known because it is a function of fixed
geometry of the system. Accordingly, B3(Z) is assumed to be known exactly for
subsequent discussion.

7.3 CoNTROL SYSTEM DESIGN

Consider the nonholonomic systems described by Equations (7.25-7.27). An
adaptive controller is designed to stabilize the system states Z to the origin.
Since Z = WX is of global diffeomorphism, the stabilization problem of X is
the same as the stabilization problem of Z.

The controller design will consist of two stages (i) a virtual adaptive control
input I, is designed so that the subsystems (7.25) and (7.26) converge to the
origin, and (ii) the actual control input v is designed in such a way that I — 1.
In turn, this allows Z to be stabilized to the origin.

The following theorems are useful for the controller design. They are given
here for completeness.

Corollary 7.1 (Corollary of Barbalat’s theory [31]): Iff (1), f (t) € Lso, and
f(@) € Ly, for some p € [1,00), thenf(t) — Oast — oc.

Theorem 7.1 (The extended version of Barbalat’s theorem [18]): If a differ-
entiable function f(t) : Rt — R converges to a limit value as t tends to infinity,
and if its derivative d/dt(f(t)) is the sum of two terms, one being uniformly
continuous and another tending to zero as t tends to infinity, then d/dt(f (¢))
tends to zero when t tends to infinity.

7.3.1 Kinematic and Dynamic Subsystems

Define an auxiliary vector u; € R™ as

—ky1z1 + h(Zy, 1)

—(P11-221,01-1 + Lp1zin)ua1 — kuazin
Ug = .

_(pm—l,nm_l—2Zm—l,n,,,_1—1 + thzm—l,n,,,_l)udl - kumZm—l,nm_l
(7.30)

T1T
Where Z = [ZI’ZZ] N Zz == [ZLZ, e 3Z1,n17Z2,2’ e 922,}127 e 9Zm—1,2’ ceey
Zm—l,nm,l]T, ky (1 <j < m), and Pjnj—2 (1 <j < m) are positive constants,
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and h(Z,,t) satisfies the following assumption as given in References 18
and 23.

Assumption 7.3 h(Z,1) is a function of class CPY\(p > 1), uniformly
bounded with respect to t, with all successive partial derivatives also uniformly
bounded with respect to t, and such that:

(i) h(Zy,t)isafunctionofclass C/*',j > 1, and allits successive partial
derivatives are uniformly bounded with respect to t, and h(0,t) =
0, vt

(ii) zj; being bounded and Zj,i,zj,iil(Zz,t),2 <js<m-11<i=<mn
tending to zero imply that 7j;,2 < j < m — 1,1 < i < n; tending
fo zero

Remark 7.1 Note that it is not difficult to find h(Z,, t) satisfying the required
conditions just as shown in the simulation. In fact, function h(Z, t) is referred to
as the heat function, and its primary role is to force the system in motion as long
as the system has not reached the desired equilibrium point, thus preventing
the system’s state from converging to other equilibrium points. The conditions
imposed upon the heat function in Assumption 7.3 are not severe and can easily
be met. For example, the following three functions all satisfy the conditions

[18,24]:
W(Za, 1) = || Z2]1% sin()

exp(bjza+j) + 1

n—2
W(Zp, 1) = Z a; sin(B)z24)
Jj=0
exp(bjz2+j
h(Zy, 1) = Z aj sin(B;1)

witha; #0,b; #0,8; #0, and B; # B wheni # j.

Considering the parameter vector 8 to be uncertain, a virtual control input
1; has to be designed in such a way that the outputs of the dynamic subsystem
(the inputs of the kinematic system) u tend to the auxiliary signals uy, and
the controller design at the dynamic level is achieved. As has been shown in
Reference 18, when u tends to ugy, 11 Zp and Zz converge to zero, the definition
of h(Z,,t) will guarantee Z goes to zero as well.

Defining # = u—u, the control objective at the dynamic level is to synthesis
I, to make u — O so that u — uy.

From Property 7.5, we have

M3(Z)S3(2)ing + C3(Z, Z)ug + G3(Z) = ©1(Z, Z, ug, i13)0 (7.31)
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where 6 is the unknown parametric vector and ®; is the regressor matrix of
known kinematic functions.

Define

Fm—1 m—1 Lz ]
Z Cim—1%im; Z omi 1 Gjinj
iy Pil--- Pini=3 i1 Pj.1 - Pjnj—2

21,y
A= P11 .- Plu—2 (7.32)
Zm—1,n_1
L Pm—1,1 - -« Pm—1,n,_1-2 _

The virtual control input I, is designed as
Iy = KNinyTma (7.33)
where
Tnd = [STB317'ST[®1(Z, Z, ug, ita)0 — Ko S5 (u—ug) —S3(S183) 1 A] (7.34)

where 6 is the estimate of the unknown inertia parameter 0, and the adaptive
law for 6 is given by

b = -Trolssi (7.35)

where I" is a symmetric positive definite constant matrix.
In the design of the control law, K is considered as an unknown parameter
and Ky1ny € R™" is an estimation of the parameter Ky, Uand is given as below:

Knmy = diag[Kytayil = diag[—fitmail (7.36)

where FT = [f1,f5,....f,] = "SI Bs.

7.3.2 Control Design at the Actuator Level

Until now, we have designed a virtual controller /; and embedded controller
ug for kinematic and dynamic subsystems, respectively. u tends to uy can be
guaranteed, if the actual input control signal of the dynamic system I be of
the form I; which can be realized from the actuator dynamics by the design
of the actual control input v. On the basis of the above statements, we can
conclude that if v is designed in such a way that / tends to /; then Z — 0 and
uw— 0.
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Define I = ej + I; and substituting in (7.27) one gets
Léj+RI+K,Q = —LI;+v
Adding Kje; on both sides in the equation given above, one gets
Lér +RI + K,0 + Kre; = Krep — LI + v (7.37)

When the actuator parameters L,R, and K, are available for controller
design, the control input v can be easily given as

v=LIl;+ Rl — Kre; + K,Q+H (7.38)
where
H = —KyF (7.39)

with Ky € R™" is an estimate of the unknown parameter Ky, and the adaptation
law for K is given by

Ky = diag[Kyi] = diag[ynerf;] (7.40)

where yy > 0 is a design constant, and determines the rate of adaptation.
When the actuator parameters L, R, and K, are considered unknown for
controller design, they are estimated online adaptively. Consider the adaptive
control L )
v=Ll;+RI — Kret + K, O+ H (7.41)
where I € R™7", Re R™" and ka € R"™" are the estimates of the unknown
parameters L, R, and K, respectively, which are adaptively tuned as follows:

L = diag[L;] = diag[—yLlgen] (7.42)
R = diag[R;] = diag[—yrlies] (7.43)
K, = diag[K,;] = diag[—y.Qjer] (7.44)

where yr, Yr, Yo > 0O are design constants, which determine rates of the
adaptation for Li, R;, and K, respectively, and H is given by Equation (7.39).

Substituting (7.33) into (7.26) and using I = e; + I, the error dynamics
for the dynamic subsystem can be obtained

STM;S3ii = ST @16 — ST C3it — STK.S3it — A
+ S;FB3KN1~(NIHV‘L'md + S;FB3KN€[ (7.45)

where Kyiny = Knmy — Koy
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Denotei:L—I:,f?zR—IA?,f(a =Ka—IA(a,andl~(N =KN—kN.

Substituting (7.38) into (7.27), we have the error dynamics for the actuator
dynamic subsystem

Léy = —Krep + LIy + RI + K,Q + H (7.46)
The closed-loop stability is summarized in Theorem 7.2.

Theorem 7.2  For a nonholonomic system described by (7.25)—(7.27), using
the control law (7.41) with the virtual control (7.33) and the parameter adapta-
tion laws (7.35), (7.40), (7.42)—(7.44), Z is globally asymptotically stabilizable
at the origin Z = 0.

Proof  For the convenience of proof, define the following three functions:

1. R L [ T
Vi =i Ma@yi+ 50T+ 23y KniK (7.47)
i=1
m—1 1 1 1
Vo = Z 2 [Zj2,2 gyt ,1]._—22]‘2,4,:| (7.48)
j=1 Pit [TL, i

1 p I e
V3=5€1L61+5;n L; +§;VR R;

I _ - I -
+ EZya K2 + EZleKfW (7.49)
i=1 i=1

where § = 6 — 6. Since 6 is a constant vector, we have § = @
The derivative of Vi along Equation (7.45) is given as

. . 1 . - i3
Vi = i"My(Z)it + EﬁTM4(Z)a +6'r1o
— i (ST®16 — STK.Ssii — A + STBsKn Kt Tma) + 677716

r
+ Z Vu  KniKniniKninvi + 7S] B3Kyey (7.50)

i=1

where the property that M, — 253T C3 is skew-symmetric has been used.
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The time derivative of V> is given by

: g N 1 .
Va(Zo) = Z GG+ 4343+t Gy (7.51)
J=1 Pil H,‘:] Pj,i

Substituting (7.25) into (7.51), we have

m—1 1 1
Va=) [Zj,zulzj,s T o yapnzga + ——gsigia e
p Pj.1 Pj.1

1 1
i paY NS V/RUEE LA NI B e pt MRS LA RA)
[TL, pi [Tz i
1
+ n,»——zzfﬂi (LhIZj,njul + ujt1)
[1Z pii

Z [ % (O —2Zjm—1 + L zjm)ur + ujm} (7.52)
i= l IO]’

The time derivative of V3 is given by
V3= —elKrer + e, Lig + e[ RI + ] K,Q

+e1H+ZyL1LL +Z TIRiR;

+ Z Vo ' KaiKai + Z vy Knikni (7.53)
i=1 i=1

For stability analysis, let us consider the following Lyapunov function
candidate:

V=Vi+V,+V; (7.54)

Combining Equation (7.50), Equation (7.52), and Equation (7.53), and
using the adaptation laws (7.35), (7.40), (7.42) to (7.44), the derivative of V
can be obtained as

m—1

. 1 B .

V== kg, — 1S5 KeS3il — e[ Kieg (7.55)
Jj=1 Hz 1 Pji
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We have V < 0. Accordingly, u, 67, 7, eq, I:, I~?, f(a, f(N are all bounded in the
sense of Lyapunov.

From Equation (7.55), using the Corollary of Baralart’s theory [31], & — O
ast — 00, Zjy —-0(0<j<m-—1)ast— oo,and e; —> 0 ast — oo.

Next, let us prove the asymptotic stability of Z.

The first equation of the controlled system is

21 = —kyizi + h(Za, 1) + iy (7.56)

From Assumption 7.3, we know that 4(Z3, t) is uniformly bounded. In addition,
with %] converging to zero, (7.56) is a stable linear system subjected to the
bounded additive perturbation h(Z>, t) + e,1. Therefore, z1 (¢) is also bounded
uniformly.

Because z; and h(Z;,t) are bounded, it is clear that u4; is bounded from
(7.30). Together with & converging to zero, u; is bounded. Since u; and Z;
are bounded, u goes to zero, ug; and u; (2 < j < m) are bounded. Under
the condition that Z, u;, and u; (2 < j < m) are bounded, 2]-,”], and z;;
(I1<j=<m-—1,2=<i=<n;—1),from (7.25), are bounded.

In the following, let us show that u41Z; tends to zero. For 1 <j <m — 1,
since ug is bounded and Zjn; tends to zero, ufl 1%nj tends to zero. Taking the

time derivative of uy,z; ;, we have

2 2
a(udlzj’”j) = ud[(_kuj—&-lzj,nj = Pj.nj—2Ud1%jnj—1
- - d 2
+ w1 Lp1zZjp + u2) + Zjn a(udl)

3 . 2
= —Pjnj—2Ug1Zjni—1 + Qla1Ud1Zjn; — Kuj41U7 % n;

+ Uit Ly Zjny + 3y it2) (7.57)
Since

d 3 _ .3 : 2 .
g tarGmi=1 = a1 %n—1 + gy ita1zjn-1

is bounded, the first term in (7.57) is uniformly continuous. Together
with the fact that all other terms in (7.57) tend to zero (since ugq1z;,; and

u tend to zero), from the extended version of Barbalat’s Lemma, (d/dr) (”311 Zjn i)

tends to zero. Therefore, lezj,nj—l also tends to zero. So Ud1Zjnj—1 also tends
to zero.
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Differentiating uf“zj,nj_l yields

2 . 2
E(udlzj,nj—l) = 2ug Ud1Zjni—1 + Ugy (= Pjnj—3Ud12j,—2 + Ud1Zj,n;
— Pjnj—3%jnj—2l1 + W12 n;)
3 . 2 ~
= —Pjnj—3Ug1Zm—2 + Qla1ud1Zjn—1 + gy (—Pjn;—32jn—2U1

+i1Zjm) + U %) (7.58)

where the first term is uniformly continuous since its time derivative is bounded,
the other terms tend to zero. From the extended version of Barbalat’s Lemma,
(d/dr) (uzlzj,nj_l) tends to zero. Therefore, M31Zj,nj—2 and Ud1Zj,n;—2 tend
to zero.

Taking the time derivative of ufllzj,i, 2 <i < nj — 2 and repeating the above
procedure iteratively, one obtains that u417;;,2 < i < n; tends to zero. From
(7.25) and considering Ljzj,,; being a linear combination of z;;,2 < i < nj,
we know udz,Zz tends to zero.

Differentiating ug1z;,;,2 < i < n; — 1 yields

d . )
a(udlzj,i) = ug1zj,i + Ud1zj,i
= zjih + (—ky uq12j;i — ku, 12, + ua1j,;)

where the first term is uniformly continuous, the other terms tend to zero. From
the extended version of Barbalat’s Lemma, zj,ih tends to zero. By condition (ii)
in Assumption 7.3 on h, it can be concluded that z;; tends to zero, which
leads to & tending to zero. By examining (7.30), noting #; tending to zero and
condition (i) in Assumption 7.3, z; tends to zero. From (7.25) and condition (i),
ugy tends to zero, therefore u = uy; + u tends to zero. The theorem is
proved.

Remark 7.2 In Theorem 7.2, it has been proven that Z is globally asymp-
totically stabilizable, and all the signals in the closed-loop are bounded.
Accordingly, we can only claim the boundedness of the estimated parameters
and no conclusion can be made on its convergence. In general, to guarantee the
convergence of the parameter estimation errors, persistently exciting traject-
ories are needed [31,36], which is hard to meet in practice. Therefore, for the
globally asymptotical stability of Z, it is an advantage to remove the stringent
requirement of persistent excitation conditions for parameter convergence in
actual implementation.
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7.4 SIMULATION

Consider a wheeled mobile robot moving on a horizontal plane, as shown in
Figure 7.1, which has three wheels (two are differential drive wheels, one
is a caster wheel), and is characterized by the configuration ¢ = [x,y,O]T.
We assume that the robot does not contain flexible parts, all steering axes are
perpendicular to the ground, the contact between wheels and the ground satisfies
the condition of pure rolling and nonslipping.

The complete nonholonomic dynamic model of the wheeled mobile robot
is given by

J(@)qg=0 (7.59)
M(9)§ + C(q.9)q + G(q) = B(@)KnI + T (9)1 (7.60)
LI +RI + Ko =v (7.61)

The constraint of the nonslipping condition can be written as
Xcos@ +ysinf =0
From the constraint, we have
J(g) = [cosH,sin6,0]

which leads to

—sinf 0
S(g) =1 cos6 O
0 1

Lagrange formulation can be used to derive the dynamic equations of the
wheeled mobile robot. Because the mobile base is constrained to the horizontal
plane, its potential energy remain constant, and accordingly G(g) = 0. The
kinematic energy K is given by [37]

K =14"M@q

where
mg 0 O
M(@=|0 my O
0 0 Iy

with mg being the mass of the wheeled mobile robot, and Iy being its inertia
moment around the vertical axis at point . As a consequence, we obtain

. ¥K
C(q,9)q =M(q)q — 37 = 0
q
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From Figure 7.1, we have

—sinf —sinf
B(g) =1/P | cos6 cos 6
L —-L

where P is the radius of the wheels and 2L is the length of the axis of the
two fixed differential drive wheels as shown in Figure 7.1. The matrices Ky =
diag[Ky1, Kn2], L = diag[L1, L»], R = diag[R1, Ry], K, = diag[K,1, K421, and
w is given by (7.10) and (7.11).

Following the description in Section 7.2, the dynamics of the wheeled
mobile robot can be written as

X = vjcosf

y=v;sinf
é =V
M(q)S(q)v + C1(q)v + G = BKnI + J A (7.62)
dr
La +RI+ K v =v (7.63)
where
—my cos 66 0
C = —mosineé o, v= [vl,vz]T
0 0

with vy, v, the linear and angular velocities of the robot.
Considering the coordinates transformation X = T (g) and state feedback
u =T, '(g)v given by [38]

X1 0 0 1 X

xp| =] cos@ sinf O

X3 —sinf cos6® 0] |0
uy =2

Uy = vy — nxo
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together with the transform matrix W = I in this special case, system (7.63) is
converted to

721 = uq (7.64)
2 = 3Ug (7.65)
3 =1up (7.66)
M3(Z)S3(Z)it + C3 (Z,Z)u + G3(Z) = B3(Z)KnI + J3T(Z)k (7.67)
d/
LE +RI+ K, Q3(u, 0, Z) = v (7.68)
where
mp O O
M3Z)=| 0 myg O
0 0 Iy
—zp8inz; —singz
S3(Z) = | zpcoszy CoS 71
1 0

—mgZp Sinz] — Moz COSZ1Z1  —Mip COS 2121

C3(Z,2) = | —mozp coszy —mozasinzizy  —mygsinzi
0 0
—sinz; —singz;
B3(Z) =1/P| cosz cos 71
L —L
G3 =0

J3(Z) = [cosz; sinz; 0]

O3(u, u,72) = //LT2M|q:T1—1 )

and we have the following property for the system dynamics:
S;FM3S3itd + S§C3ud + S;FG3 = @(Z,Z, Ug,itg)0

with the inertia parameters vector 6 = [my, Ip]T and

2 . . .
. -\ _ | QU + 22ug2 + 2222Uq1 U4l
D(Z,Z,ug,uq) = [ 2t - g + ot 0 } (7.69)
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The auxiliary signal u; is chosen as

"y = I:“a’lj| _ [_kuIZI —i—h(Zz,t)}

Ugn —p122ud1 — ki2z3
where h(Z;, ) is chosen as
22
h(Zp,1) = (z5 + z3) sint

It is easy to see that the selected h(Z,, t) satisfies Assumption 7.3.

In the simulation, the parameters of the system are assumed to be mg =
In=10,P=01,L=10,and Ly =L, = 1,Ri =Ry, = 1,Ky1 = Kyy =
1,K,1 = Kz = 1. The initial estimate é(O) = [0.5,0.5]T which is different
from the true value. The design parameters are chosen as k,;; = 0.2, ko = 1.0,
p1 = 1.0, T = diag[10, 10], yr = yL = Y2 = ¥y = 1, and K, = diag[5, 5].

0 5 10 15 20 25 30
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5 T T T T T
E
2 0 1
_5 1 1 1 1 1
0 5 10 15 20 25 30
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5 T T T T T
E o} ]
N8
_5 1 1 1 1 1
0 5 10 15 20 25 30
Time (sec)

FIGURE 7.2 Responses of states x1, xo, and x3.
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FIGURE 7.3 Responses of u1 and uj.

Simulation results are shown in Figure 7.2 to Figure 7.4. From Figure 7.2
and Figure 7.3, we can see that the responses of states xi, x, x3, u1, and u of
the considered system asymptotically tend to zero. From Figure 7.4, the control
sequence v and v, remain bounded and tend to zero as well. The results of the
simulation verify the validity of proposed algorithm.

7.5 CONCLUSION

In this chapter, stabilization of uncertain nonholonomic mobile robotic systems
has been investigated with unknown constant inertia parameters and actuator
dynamics. The controller design consists of two stages. In the first stage, for the
convenience of controller design, the nonholonomic chained subsystems were
first converted to the skew-symmetric chained form. Then a virtual adaptive
controller was proposed where parametric uncertainties were compensated for
by adaptive control techniques. In the second stage, an adaptive controller
was designed at the actuator level to incorporate the actuator dynamics. The
controller guarantees that the configuration state of the system converges to the
origin. Throughout this chapter, feedback control design and stability analysis
are performed via explicit Lyapunov techniques. Simulation studies on the
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FIGURE 7.4 Control signals v| and v,.

stabilization of unicycle wheeled mobile robot have been used to show the
effectiveness of the proposed scheme.
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8.1 INTRODUCTION

Vehicle tracking has been one keen research topic on autonomous vehicles and
mobile robotics in recent years. A vehicle tracking system consists of at least
two vehicles. One vehicle leads a platoon while others autonomously track

295
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and follow the leader vehicle. An autonomous tracking controller is required
for each of the follower vehicles. Based on the relative distance, orientation,
velocity, and even acceleration of the leader vehicle, the controller gener-
ates corresponding control input for the follower vehicle. Many controllers
for vehicle tracking have been proposed. In a planar configuration of vehicle
tracking, the relative position between two vehicles is basically composed of
two parts: longitudinal relative distance and lateral deviation.

Longitudinal control systems [1-5] concentrate on the longitudinal relative
distance, also called intervehicular spacing, with the assumption that the vehicle
following runs on a practically straight path or a fixed path without concerns
with steering. Thus, the tracking error is the difference between the relative
position and a predetermined spacing /. To further improve the tracking per-
formance and stability, the relative velocity of the two vehicles is also taken into
account. Using this additional tracking error, different control laws have been
proposed, for example, a simple proportional integral differential (PID) control-
ler [5] or with an additional quadratic term (PIQ controller) as in Reference 3,
and an acceleration controller with a variable feedback gain as in Reference 2;
or using adaptive control as in References 3 and 4. Lateral control, on the other
hand, is used in two applications. The first one is lane following where all
vehicles follow the center of the road or a sequence of landmarks [6-8]. The
second application, which is of our interest, concerns the path traveled by the
preceding vehicle or the leader vehicle. The only information that can be dir-
ectly measured is the relative position and orientation between two consecutive
vehicles. PID controllers are used for lateral control in References 9 and 10. A
steering controller with nonlinear feedback is presented in Reference 11. This
controller is based on a sliding mode observer and a linearized model of the
truck to issue the steering command. To achieve better performance in the lane
following method, part of the recently traveled path of the preceding vehicle
is estimated and steering control can be obtained based on linearized [12] or
nonlinear [13] dynamic/kinematic vehicle models.

Most of the above-mentioned controllers guarantee good tracking perform-
ances only when the leader vehicle moves forward in front of the follower
vehicle. Backward tracking is still a challenge due to difficulties in backward
driving as pointed out in Reference 14. Reference 14 presents a controller
that imitates the human driving of a boat with the rudder. Some preliminary
results on backward tracking for trailer systems have also been presented in
References 15-17.

Lately, a tracking control method based on output feedback theory has
been introduced in Reference 18, referred as the full-state tracking control for
wheeled mobile robots. This nonlinear tracking method ensures exponential
stability and convergence, and integrates both longitudinal control and lateral
control into one controller. In this chapter, we present a unified control design
for tracking maneuvers of two car-like mobile robots. The vehicle tracking
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maneuvers are formulated into an integrated framework with forward tracking,
backward tracking, driving, and steering at kinematics and dynamics levels,
respectively. A nonlinear controller with a few design parameters is designed
for maneuvers with simultaneous driving as well as steering for vehicle tracking:
in both forward tracking and backward tracking maneuvers. Tracking stability
is ensured by the proper design of a stable performance target dynamics with a
set of sufficient conditions for selecting design parameters. Simulation results
show the effectiveness of the control scheme in both tracking cases. Tracking
performance is evaluated with respect to the selection of parameters: the desired
intervehicular spacing / and the desired steering angle multiplier p. The effects
of the parameter value selections on the tracking performance are also examined
via extensive simulations.

8.2 DyNAMICS OF TRACKING MANEUVERS

8.2.1 Vehicle Kinematics and Dynamics

Consider a car-like mobile robot with front wheels for steering and rear wheels
for driving. Its kinematic model can be described by the following equation
[18,19]:

g=G@O,y)n (8.1

where g =[x y 6 y]T is the state configuration of the vehicle with (x,y)
being the generalized coordinates of the reference point located at the center of
the rear axle, 6 the heading angle of the vehicle with respect to the x-axis, and
y the steering angle of the front wheels; © = [v ]T contains the velocity v
and the steering rate w; and

cosf O
sinf 0
G@,y) = étany 0 (8.2)
0 1
with a being the length of the vehicle.
A dynamic model of the vehicle is as in (8.3)
7= G(0,
q @, y)u 8.3)
[L=u

where u = [u,, us]T consists of the driving acceleration u,, and the steering
acceleration 1 homogenous to the driving and steering torques.
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FIGURE 8.1 Forward tracking configuration.

8.2.2 Dynamics of Tracking Maneuvers

In the vehicle tracking system considered in this chapter, two car-like vehicles
are moving in a horizontal plane. This vehicle tracking system can be executed
in one of the two modes: forward tracking and backward tracking.

Forward Tracking. The leader vehicle moves forward in front of the follower
vehicle as in Figure 8.1 and both vehicles move with positive velocities. In this
case, the tracked point is the center point P, at the rear axle of the leader vehicle.
The relative distance between two vehicles is measured by the length d > 0
of PPy and the relative orientation angle ¢ is formed by the longitudinal axis
PpPpand PrPy (=7 /2 < ¢ < 7/2).

Backward Tracking. The leader vehicle moves backward behind the fol-
lower vehicle as in Figure 8.2 and both vehicles move with negative velocities.
In this case, the tracked point is the center point P, at the front axle of the leader
vehicle. The relative distance between two vehicles is measured by the length
d > 0 of PP, and the relative orientation angle ¢ formed by the longitudinal
axis PyPp and PpPy (—m/2 < ¢ < 7/2).

For both cases, the point P, of the leader vehicle is related to the point P}, of
the follower vehicle by the unified function, referred as the virtual intervehicular
connection as follows

X+ l“Lfacos@ + fd cos(0 + ¢)
Pj=z4= 8.4)
y+ l+fa sin 6 + fd sin(6 + ¢)
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FIGURE 8.2 Backward tracking configuration.

where

f:

1 for forward tracking
—1 for backward tracking
Vehicle tracking motion is defined as the collective motions of both vehicles
as well as the relative distance and orientation angle between two vehicles.
A good performance of tracking maneuvers is ensured only if the follower
vehicle can follow the leader vehicle at a specified spacing and with a tracking
error bounded or going to zero.

8.3 A UNIFIED TRACKING CONTROLLER

The objective of tracking control is to drive the follower vehicle automatically to
follow the leader vehicle and maintain a predetermined intervehicular spacing.
In this section, a nonlinear output feedback controller is developed. The idea is
motivated by what a human driver does in car following maneuvers. The driver
keeps his eye focused on the leader vehicle at a comfortable distance. He drives
the vehicle so that his eye focus point is able to follow the leader vehicle with
the same distance. With this motivation, we develop a look-ahead controller for
forward tracking maneuver and a look-behind controller for backward tracking.
In the following, these two controllers are developed as a unified nonlinear
controller.

The focus point P, is defined / meters away from the vehicle with / being
the desired spacing between two vehicles (PfP, = [ in forward tracking and
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PypP, = [ in backward tracking). The focus point P, has a directional angle
defined by the longitudinal axis of the vehicle (P,Pr) and the focus line PyP,
(in the forward tracking as shown in Figure 8.1) or P,P; (in the backward
tracking as shown in Figure 8.2). It is p times as much as the steering angle y.
This focus point P,, in both cases, can be expressed with respect to Py, as follows

x4+ 1+facos@ + lcos(6 + py)
P,=z= (8.5)
v+ 1Jrfa sinf + [sin(0 + py)

where [ and p are two system parameters that will affect the performance of the
vehicle tracking system. The focus point as defined in (8.5) can be viewed as a
nonlinear output function of the posture of the follower vehicle.

An output tracking error can be defined as the difference between the output
of the follower vehicle (8.5) and the virtual intervehicular connection (8.4) as
follows

. __|{cos(@ + py) — fd cos(6 + ¢)
I=2—2d= [sin(@ + py) — fd sin( + ¢)

T lcospy — fd cos ¢
=R © |:lsinpy —fd sin¢i| 8.6)

where R(0) is a standard rotation matrix of 6 as follows

8.7)

RO) = [ cos 6 sin@]

—sinf cosf

Lemma 8.1 Consider a car-like vehicle with restricted steering angle, |y | <
Ymax < T/2, and a vehicle tracking problem formulated as forward tracking
or backward tracking. If the parameter p is chosen such that |p| < 7/(2¥max)
and 1 is chosen as a finite constant, then the following two statements are
equivalent:

1. The vehicle tracking error converges to zero, that is,
lim ||z(&)|| =0
—00
2. The relative orientation angle ¢ converges to py, that is,

lim (¢ —py) =0
— 00
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and the intervehicular spacing d converges to fl, that is,
lim(d—-fl)=0
t—0o0
Proof From the definition of the tracking error (8.6), we have

IZI* = % + d* — 2ifd cos(py — $)
= [d —flcos(py — $)I* + [fsin(py — ¢)I* (8.8)

Note that / is a finite constant, Statement 1 has an equivalent statement as
follows

limy— o0 sin(@ — py) = 0 )

. .. (8.9)
lim; o [d —flcos(¢p — py)] =0 (i)

lim [|z()]| =0 &
t—0o0

(a) If Statement 2 is true, it is easy to check that Statement 2 ensures
both (8.9-1) and (8.9-ii) satisfied. Hence, lim;_,  ||Z(2)]| = O, thatis,
Statement 1 is true.

(b) If Statement 1 is true, we now prove that Statement 2 is true. Since
[V < Vmax and |p| < 7/(2¥max), we have |py| < /2. Further-
more, the relative orientation angle ¢ is also bounded, |¢| < /2.
Thus, we have

lpy —¢l < IpyI+1¢l <n
As aresult, (8.9-1) leads to
lim (9 —py) =0 (8.10)
Combining (8.10) with (8.9-ii) produces

lim (@ —f) =0 8.11)

Lemma 8.1 implies that a control law that ensures the convergence of the
tracking error z(#) can guarantee that the intervehicular spacing ultimately
converges to the desired distance |/|. In practice, sensing range is limited,
0 < d < dmax and parameter / must be chosen such that fI lies in the valid
range of the sensor

0 < fl < dmax (8.12)
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Condition (8.12) shows that [ must be positive in the look-ahead tracking,
that is, f = 1, and negative in the look-behind tracking, that is, f = —1.
To ensure robust and reliable performance, fI should be chosen well away
from the boundaries, 0 < || < dmax, S0 that d can be effectively kept within
the valid range of the sensor. Equation (8.10) gives an interpretation of the
parameter p. At steady state, ¢ = py, and p is a multiplier relating the steering
angle, y, of the following vehicle and the relative orientation angle, ¢.

To obtain the dynamic relationship between the output function z(¢) and the
control input u, take time derivative of (8.5)

. 0z, 0z
i=o-4=-Gu=E@O.y)u (8.13)
q dq
where
E@®,y) =R O)E(y) (8.14)
with
[ . .
1 — —tan y sinpy —Ipsinpy
_ a
E(y) = 8.15
@) L+f 1 (®19
> + p cospy |tany  Ipcospy

To ensure the existence of a feedback control, the matrix E(@,y) has to
be nonsingular and the following lemma presents such a set of sufficient
conditions.

Lemma 8.2 Consider a car-like vehicle with restricted steering angle, |y| <
Ymax < T/2, and a vehicle tracking problem formulated as the forward
tracking or the backward tracking. A control input w exists for (8.13) if the
design parameters | and p are chosen so that the following two conditions are
satisfied:

1 Ip#0

1 +f‘ T
<
2Ymax

Proof  The existence of the input w is guaranteed iff the matrix E(6,y)
or, equivalently, the matrix E(y) is nonsingular. This is equivalent to the
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determinant of matrix E (y) being nonzero, that is,
- I+f .
det(E) = Ipcospy + Tlp tan y sinpy # 0 (8.16)

Since f only takes two values —1 or 1, we have the following equality:

1+

! tan y = tan (1 ;fy) (8.17)

and (8.16) becomes

_ 1
det(E) = Ipcospy + Iptan ( fy) sin py

_ cos[(p — (1 +1)/2)y]
cos((1+£/2)y)

(8.18)

Condition (8.18) is satisfied if the following two conditions are satisfied:

1. Ip#0
) I1+f - I1+f g
E 2 T lyl < |p T Ymax < E (8.19)
14+f b4
= p-—2L| <
‘P 2 2Ymax

For practical car-like wheeled mobile robots, the steering y is restricted
by |¥| < ¥Ymax < 7/2. Condition 1 in Lemma 8.2 requires (1) (I # 0),
that is, the focus point P, cannot be fixed at the front center point Py of the
follower vehicle in forward tracking or at the back point P}, in backward track-
ing; and (2) (p # 0), that is, P, cannot be fixed on the longitudinal center
axis. Condition 2 in Lemma 8.2 indicates that the selectable range of parameter
p is bounded.

Lemmas 8.1 and 8.2 provide some sufficient conditions in choosing the
design parameters / and p. It can be expected that vehicle tracking stability
require more conditions on / and p. By examining the basic maneuvers, we can
gain some insights and necessary conditions on / and p for tracking stability.
Vehicle tracking along a straight path is a basic maneuver and its requirement
on stability will offer some insight and a set of necessary conditions. In the
following Lemma 8.3, a set of such conditions are derived for this purpose.

Lemma 8.3 Consider a basic maneuver of vehicle following along a straight

path (yq = 0) at a speed (vqg # 0). Suppose there exists a feedback vehicle-
following controller that guarantees the convergence of the tracking error 7(t)
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and its derivative Z(t) as well as the steering rate w to zero, that is,
lim ||z(®)|| = lim ||z(®)]| = lim @ =0
11— 00 —00 11— 00

In addition to the conditions in Lemmas 8.1 and 8.2, the parameters 1, p, and f
are necessary to satisfy Ip > 0 and fvy > 0.

Proof When the leader vehicle moves on a straight path (y; = 0) at a speed
vq # 0, its heading angle 6, will stay as constant (6; = 0), we have

s = |:Vd cos 9d:| — R7(0,) [\’61] (8.20)

Vg sin 6y

We also define the following tracking errors:

R I R
n=1=1a [y] [y_yd} (8.21)

We now prove Lemma 8.3 in two steps. First, we prove that the convergence
of the tracking error z(¢) to zero implies that 7 converges to zero, that is,

lim |7 = lim 6 = lim 7 =0
— 00 —00 —00

Second, we derive the necessary conditions of parameter /, p, and f for the
tracking stability of 7 defined in (8.21).

1. The convergence of 7 implies the convergence of 7).

Suppose y = y converges to y; = 0, that is, the follower vehicle eventually
moves on a straight path. This implies 6 converges to a constant and

lim 2= lim R O)E()p = lim R7(©) [(1) ZJ] [V} =RT0) m

t—00 w

where we have used the assumption lim;_, .o @ = 0. Furthermore
lim 2= lim G —2) =R'@) | | — R0 | ¢
1—00 0 0

11— 00
T v —vgcosf
=R () . =0
Vg Sin @
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implies lim;—_, o 0 = limy_o0(0 —6y) = 0, given the constraint 6] < /2, and
lim;_, 5o (v — v¢) = 0. This shows lim;_, » ||77]| = O.

On the other hand, suppose that y diverges from y; = 0. The assumption
lim;_, oo @ = 0 implies lim,_,», y = ¢, with ¢ being a nonzero angle. The
instantaneous turning radius of the follower vehicle

a
r

N tan y

converges to a finite constant. The follower vehicle eventually moves on a
circular path while the leader vehicle moves on a straight path. This contra-

dicts the assumption of lim,_, «, ||zZ]| = 0, or, equivalently, lim,_, o, d = fl, by
Lemma 8.1.
These show that lim;_,  ||Z]] = O implies lim;—, o [|77]| = 0. The reverse

may not be true because two vehicles may be moving on two separate and
parallel straight paths (77 = 0), whereas the tracking error Z is not zero.

2. Necessary conditions on I, p, and f for 1 to converge to zero.

Since §; = 0 and y = y4 + 7 = 7, the error 7 is computed as follows:

v 1
L . —tany —tany 0
n=n—-na=n=\|4a =|a
w 0 1

1 -
—tany O
a

0 1

=0 (8.22)

When the convergence of z(¢) and E(t) to zero are achieved, we have
O=%i=:—-24=E@.y)n—1
Since the matrix E is nonsingular (Lemma 8.2), we obtain
p=E"0,9)u=E" (RO (8.23)

Noting z4 in (8.20) and y = y, (8.23) becomes

n=E"' HROR" ) [Vg} = E'(7)RE) [Vg} (8.24)
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Then the system (8.22) becomes
=07 =QWE (7RO [V(ﬂ =T, va) (8.25)

It is easy to check that the system ﬁ = I'(5, vg) in (8.25) has an equilibrium
at 7 = 0 and a linear approximation as follows [18]

) [BF(ﬁ,Vd)}
f= | Tkt

o7 n=AWa)7 (8.26)
1

=0

If (8.26) is exponentially stable in the neighborhood of 77 = 0, then (8.25)
is uniformly asymptotically stable. Furthermore, for a linear system like that
in (8.26), the condition to be exponentially stable is that all eigenvalues have
negative real part. With some calculations, it is straightforward to yield

1
0 z
a
A(vg) = | 1/ 14f N N (8.27)
Ip p 21 a
with eigenvalues
1
a2 (I L) e va (8.28)
2alp 2

1 2
A:< ;fa+l) —4alp

With these eigenvalues, we have

2

1%
Ay =L
alp

A+ A2 va (1+f foa (1+f
=— )= 24 ()
2 2alp( 2 a+) 2ap \ 2 ¢t
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If both eigenvalues A; and X, are real numbers, the conditions for them to
be negative real numbers are

AL+ A
A>0 and Ajry>0 and %<0

Since Lemma 8.1 implies f > 0, which lead to (((1 +f)/2)a+fl) > 0, the
above conditions are equivalent to

_ (U +/Da+D?
- 4a

0<lp and fvg >0

Likewise, if both eigenvalues are a pair of complex conjugates, then the
conditions are

A A
A <0 and %<0

which lead to

J ([d+hH/2a+ n?

l
P 4a

>0 and frg >0

In summary, matrix A(v4) has both eigenvalues with negative real part
iif [p > 0 and fv; > 0. Under these conditions, the system (8.22) is uni-
formly asymptotically stable. In other words, the tracking error 7 converges
to zero.

The condition fv; > 0 in Lemma 8.3 implies that vehicle-following man-
euver is feasible and successful only if the leader vehicle moves forward
(vg > 0) in the look-ahead tracking mode (f = 1) and moves backward
(vg < 0) in the look-behind tracking mode (f = —1). This condition is sat-
isfied automatically based on the formulations of the forward tracking and
backward tracking defined earlier in Section 8.2.2. Condition /p > 0 implies
that the vehicle tracking must be in the formations defined in Figure 8.1
and Figure 8.2 for forward tracking and backward tracking, respectively.
In other words, look-ahead control can only be used for forward tracking
formation and look-behind control can only be used for backward tracking
control.
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8.3.1 Kinematics-Based Tracking Controller

The target performance of the vehicle tracking maneuvers can be specified by
a first-order system for the closed-loop output tracking error

I4+AZ=0 (8.29)
where the convergence rate A > 0 can be specified for a desired target

performance.
Equation (8.29) can then be rewritten equivalently as

=24 —AZ (8.30)
Time differentiation of (8.4) leads to
v —i—fc'icoszb —fd(0 + ¢)sing

a=R'O) | 147 - o (8.31)
vtany + fdsin ¢ + fd(6 + ¢) cos ¢

By substituting (8.6), (8.13), and (8.31) into (8.30), we have

E@, 7)1 = Fxin(0,v,y,d,d, ¢, ) (8.32)
where
Fiin = 24 — A2 = RV (0)Fxn(v, v, d,d, ¢, ) (8.33)
with
v — Alcospy .
- d+ i
Fiin = | 1 + /R (¢) [ NN ] (8.34)
" +fvtany — Alsinpy @ +¢)

Multiplying the orthogonal matrix R(6) to both sides of (8.32) produces

E(y)u = Fan(v, y.d,d, ¢, ) (8.35)

With the parameters / and p chosen satisfying Lemma 8.2, the resultant
nonlinear kinematics-based controller can be obtained from (8.35) by using
(8.15) and (8.34)

tinput = E~ (V) Fiin (v, v, d,d, ¢, $) (8.36)
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T
where Minput = [Vinput winput] P

with
Vinput = v + {cos(((1 +£)/2)y ) {—Al + f(d + Ad)
x cos(py — ¢) +fd(6 + ¢) sin(py — $)}}
x {cos[(p — (1 +£)/2)y 1} (8.37)
Winput
__9_ &tan |:< 3 1+f> i| 3 tan y cos(((1 +£)/2)y)
p D 2 apcos[(p — (1 +£)/2))y]

X {=Al+f(d + 1d) cos(py — ¢) +fd(6 + ) sin(py — $)}

N fd+rd)sin(g — (1 +£)/2)y)+fd(@ + ¢) cos( — (1 +£)/2)y)
Ipcos[(p — (1 +£)/2)y]

(8.38)

The above development of the kinematics-based vehicle-following control-
ler is summarized in the following theorem.

Theorem 8.1 Consider the car-like vehicle tracking maneuvers of forward
tracking, shown in Figure 8.1, and backward tracking, shown in Figure 8.2.
The kinematic motion of these tracking maneuvers is defined collectively as
the kinematics (8.1) of both vehicles and the virtual intervehicular connec-
tion (8.4). Define the tracking error 7 in (8.5) as the difference between the
output of the follower vehicle (8.5) and the virtual intervehicular connec-
tion (8.4). The tracking target performance in 7 is defined by the stable first
order system (8.29) and can be ensured if the nonlinear control laws (8.37) for
driving and (8.38) for steering are applied, and the following conditions are
satisfied:

e Forward tracking: f = 1

vg >0
A>0

0 <! < dmax

(8.39)

T
2Ymax

O0<p<
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e Backward tracking: f = —1

vg <0
A>0

—dmax <1 <0
b/g
2Ymax

(8.40)

<p<0

Proof The conditions in Lemmas 8.1 and 8.2 guarantee the existence of the
control laws (8.37) and (8.38).

Combining the target performance specification, the conditions for tracking
convergence equivalence in Lemma 8.1, the conditions for the existence of
control input in Lemma 8.2, and the necessary conditions for the tracking
stability in Lemma 8.3, we obtain

Target dynamics = {A >0
A>0

lpl <
Lemma 8.1 = 2¥Ymax Ip| < B

0<fl<d max

A < dmax 0 < fl < dmax

lp#0 1+f b4
Lemma 8.2 = 1+f T ‘ - <

p— — < 3 2 2 Ymax

l 0 Ymax Ip>0
Lemma 8.3 = p= fva>0

fvd >0

(8.41)

For f = 1, conditions (8.41) will lead to (8.39)
For f = —1, conditions (8.41) will lead to (8.40)

8.3.2 Dynamics-Based Tracking Controller

If the access to the torques/forces, or their corresponding convertible accelera-
tions, of the vehicle control is available, the controller can be developed based
on the dynamic model (8.3).

In this case, the target performance of the vehicle tracking maneuvers can
be specified by a second-order system for the closed-loop output tracking error

TH2EAE+ 222 =0 (8.42)

where the natural frequency A > 0 and the damping ratio £ > 0.
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Equation (8.42) can then be rewritten equivalently as
7 =7 —2EA7 — 272 (8.43)

Taking the differentiation of (8.13) yields

. O0(Ew) .
z= 0 Gu+En=H®,y)u+E®,y)u (8.44)
where
H®,y) =R ©)H(y) (8.45)
and
B L+f. [l v . ]
—tany { ——6 —— sin py
2 acos?y
l . .
= +—(6 + pw) cos —Ip(6 + pw) cos
Ay) = _ 0+ po) mf} p(0 + pw) cos py
N 1 l
0 — — (0 + pw) tan y sin py j—}——cospy d
a 2 a cos2 y

—lp(é + pw) sin py

(8.46)
Subsequently, differentiation of (8.31) leads to

1 .
Vv — Lfaez

. (d—d@6+¢)?)
2, =R'(0) 12+f +fRT(q>)|: L S
Vo + ai {2d(0 + @) +d(©O + ¢)}
(8.47)
where
. t
6= Y (8.48)
a
.. vtany 120}
0= 5 (8.49)
a acos” y
Likewise, taking differentiation of Z in (8.6) yields
: T —l(é—i—pa))sinpy—c'lcos¢>+d(9'+<ﬁ)sin¢
i=R© [ 1(6 + pw) cospy — d sing — d(6 + ¢) cos ¢ (8.50)
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Having substituted Z in (8.6), 7 in (8.44), Z; in (8.47), and Zin (8.50) into
(8.43), we obtain

E@,y)u = Fagn(0,v,0,y,0,d,d,d,$,p,$) (8.51)
where

Fayn = Zq — 251% — 2%z - H@O,y)u
= RY(0)Fayn(v,V, v, 0, d,d,d, ¢, $,¢) (8.52)

with

v 6 + pw)? — A2

Foyn = 1+fmany + IR (py) Vo — 26066 + pw)

acos?y

(8.53)

d+2exd +22d —d©6 + ¢)?
+fRT(¢)|: . S i ( ,‘1’),}
d@ + ¢) +2(d + Erd) (6 + ¢)

Multiplying the orthogonal matrix R(8) to both sides of (8.51) produces
E(y)u=Fan. vy, 0.d.d.d, ¢.$.$) (8.54)

Conditions that satisfy (8.39) for the look-ahead tracking mode or (8.40)
for the look-behind tracking mode guarantee that the decoupling matrices E(y)
and E (6, y) are invertible. Under those conditions, the dynamics-based vehicle-
following controller can be achieved

Uinput = E~ () Fagn 0,0, v, w,d,d,d, ¢, $, ) (8.55)
where uinput = [Um us]T, with

. cos(((1 +1)/2)y) : )

m = I[(6 — A
=V S — (A 2yl ey =4
+fId + 2E0d + 22d — d(6 + )1 cos(py — ¢)

+ Fld(@ + ¢) + 2(d + EAD) (O + )] sin(py — ¢)} (8.56)
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U = — 1((‘9‘ +2E0(0 + pw)) + l((é + pw)* — 2?) tan [( - ﬂ) y}
p p 2
cos(((1+£)/2)y) { [ s
- —((0 A
peosip — (L + 2y |al@ TP+ A0 many
sin(¢p — (1 +£)/2)y) tany
+f [ leos(L+N/Dy) a0~ "”]
x [d +2E0d + 22d — d(6 + ¢)?]
cos(p — (1 +/)/2)y) tany .
il [ leos(L+/)/2y)  a v ‘”]
x[d(@ + ¢) + 2(d + Erd) (6 + qS)]} (8.57)

The above development can be summarized as follows.

Theorem 8.2 Consider the car-like mobile robot performing forward track-
ing, shown in Figure 8.1, and backward tracking, shown in Figure 8.2. The
dynamic motion of these tracking maneuvers is defined collectively as the
dynamics (8.3) of both vehicles and the virtual intervehicular connection (8.4).
Define the tracking error 7 in (8.5) as the difference between the output of
the follower vehicle (8.5) and the virtual intervehicular connection (8.4). The
tracking target performance in 7 is defined by the stable second-order system
(8.42) and can be ensured if the nonlinear controls (8.56) for driving and (8.57)
for steering are applied and the following necessary conditions are satisfied.

e Forward tracking: f =1, A > 0, & > 0, [ and p satisfying (8.39)
e Backward tracking: f = —1, A > 0, & > 0, [ and p satisfying (8.40)

Proof  The target performance (8.42) also guarantees that the tracking error
z(¢) and its derivatives z(t) and zZ(¢) are all convergent to zero. Combining
all the conditions from Lemmas 8.1, 8.2, and 8.3, we can obtain the similar
conditions (8.39) for the look-ahead tracking and (8.40) for the look-behind
tracking.

8.3.3 Requirement of Measurements

As stated in the development of the kinematics- and dynamics-based control-
lers, besides the vehicular state feedbacks such as velocity/acceleration and
steering angle, some measurements are required including relative distance
between two vehicles d, velocity d, acceleration d , and relative angle ¢ as well
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as its derivatives ¢ and ¢. These requirements are vital and also implemented
in other vehicle-following systems. For example, the inclusion of relative dis-
tance, velocity, and even acceleration in the controller have been well known
and implemented in longitudinal controls in order to improve the stability of
the tracking system [4,5,10]. Likewise, for steering control, the controllers
developed based on kinematic models generally need the relative angle and/or
its first derivative [2,10] whereas those based on dynamics model [11,12,20]
may or may not require the second derivative.

In practice, the relative distance and angle can be measured by a ranging
sensor. Relative velocities and particularly relative accelerations are more diffi-
cult to obtain. In general, there are two ways of getting those measurements. The
first one is to utilize a wireless communication channel to transmit the vehicu-
lar measurements such as velocity, acceleration, and yaw rate of the leader
vehicle to the follower vehicle [5,10]. The relative velocities and/or accelera-
tions are computed based on the geometric and dynamic relationships of the
two vehicles. The second way relies on the high accuracy of the ranging sensor
to estimate the derivatives using numerical calculations or derivative filtering
[2,12]. This method is less accurate than the first one but more suitable for
low-speed applications and does not require a communication channel.

8.4 TRACKING PERFORMANCE EVALUATION

The nonlinear controller developed in the previous section needs verification
and the effects of parameter selections are to be evaluated. In this section, we
focus on the effects and evaluations of the design parameters / and p for the
dynamics-based controller. The closed-loop system’s parameters A and & are set
as constants of 1 and 0.5, respectively. Different sets of design parameters (/, p)
are tested for both look-ahead and look-behind tracking control.

Some limits are chosen based on the real physical limits of our test-bed
car-like vehicle. The steering angle of the vehicle is limited as |y| < Ymax =
/9 rad (=20°). Other limits are chosen as follows: dmax = 8 m as the reliable
range of the sensing; /i, = 1 m for safety stopping; and pmin, = 0.1 for some
minimum sensitivity to steering.

The evaluation is carried out by numerical simulation using the platform
integrating ADAMS®! and Simulink®.2 The ADAMS is a mechanical proto-
typing package and is used to construct two mobile robot vehicles. Simulink
is used to model the proposed nonlinear tracking controller. The integration
of these two powerful simulation platforms produces a simulation platform
for mobile robotics and associated advance control designs. It has the bene-
fits of doing away with the dynamic modeling of vehicles and the motions are

1 Registered trademark of MSC Software Corporation.
2 Registered trademark of The MathWorks, Inc.
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FIGURE 8.3 Vehicle trajectories (x, y) with different values of p.

closer to reality. This platform has served us well and details can be found in
Reference 21.

8.4.1 Forward Tracking Control

In this situation, the follower vehicle is initially / meters behind the leader
vehicle. The selections of / and p are based on condition (8.39)

I =lnin <IK dmax =8 and 0.1 =ppin <p <

< =45 (8.58)
2¥max

8.4.1.1 Influence of parameter p

The intervehicular space parameter [ is fixed at a desired space of 2.5 m, while
different values of p are tested in the range of (0.1,4.5). Simulation results,
in Figure 8.3 to Figure 8.7, show that the follower vehicle successfully tracks
the leader vehicle. The tracking errors are small especially along the straight
path as shown in Figure 8.4. During turns, the value of parameter p clearly
affects the tracking performance. Though starting at the same initial position
and orientation, with smaller values of p, for example, p < 2.5, the follower
vehicle tries to cut corners to catch up with the leader vehicle. In contrast,
larger values of p result in overshooting before turning. These maneuvers are not
desirable as the follower vehicle might move into a neighboring lane. In practice,
a suitable value of p can be obtained from fine tuning with respect to expected
performance.
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FIGURE 8.4 Tracking errors ||Z| for different values of p.
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FIGURE 8.5 Vehicle acceleration v for different values of p.

Figure 8.5 and Figure 8.6 show that the acceleration and velocity of the
follower vehicle are only slightly different from those of the leader vehicle. This
indicates that the tracking speed and acceleration are maintained successfully.
Larger values of p tend to create more oscillations because the focus point is
more sensitive to the steering angle.
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FIGURE 8.6 Vehicle velocity v for different values of p.
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FIGURE 8.7 Steering angle y for different values of p.
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FIGURE 8.9 Tracking errors ||Z|| for different values of /.

8.4.1.2 Influence of parameter [

We fix parameter p at value 2. Parameter / varies from 1 to 5.5 m. Simula-
tion results are shown in Figure 8.8 to Figure 8.12. Figure 8.8 and Figure 8.9
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FIGURE 8.12  Steering angle y for different values of /.

show that the controller is able to drive the vehicle to follow the leader vehicle
with the chosen values of /. We note that with shorter desired intervehicular
spacing (smaller values of /), the trajectories of the follower vehicle, and that
of the leader vehicle are closer. Figure 8.9 shows that although the maximum
error increases when [ increases, the relative maximum error over the desired
spacing [ actually decreases. It means that tracking performance is better with
larger values of /. The velocity and acceleration track the desired ones. The
delay in the steering angle tracking is natural due to the time difference of
the vehicles’ motions. This delay becomes bigger with a larger value of /.
This is because with a larger value of / the relative angle is smaller, assuming
that the lateral deviation is the same. As a result, the steering rate command
is smaller, and it would take a longer time to converge to that of the leader
vehicle.

8.4.2 Backward Tracking Control

In this situation, the leader vehicle is placed [ meters behind the follower vehicle
and moves backward. Similar to the look-ahead tracking situation, the trajectory
of the leader vehicle is generated beforehand and repeated in every test to ease
the comparison and analysis.
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Condition (8.40) becomes

-8 = _dmax LI K _lmin =-1
and (8.59)

—45=— <p < —pPmin = —0.1

2Ymax

8.4.2.1 Influence of parameter p

The parameter / is fixed at /| = —2.5 m and several values of the parameter
p in the range of [—4, —0.1] are tested with results shown in Figure 8.13 to
Figure 8.17. Along a straight path, the tracking error is very small, and both
acceleration and velocity are closely tracked. When the leader vehicle turns, the
follower vehicle’s steering turns to the opposite side for a while before it turns
back to the same direction (Figure 8.17). It is because the tracked point Py is the
front point of the leader vehicle, not the rear point which is considered as the
reference point of the leader vehicle. Thus, when the leader vehicle is moving
backward and about to turn left, for example, its front point will tend to move
to the right side, and vice versa. Similar to the case of forward tracking, the
valid range of p can be divided into two parts. Larger values of p make the focus
point P, more sensitive to the steering angle and result in more oscillations and
overshoots in its trajectory. The closest tracked trajectory is with p = —1.
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8.4.2.2 Influence of parameter /

The parameter p is fixed at p = —1 and several values of / in the range
[-1 m, —8 m) are tested, with results shown in Figure 8.18 to Figure 8.22.
The tracking performance in the look-behind case is also influenced by para-
meter [ the same way as that in forward tracking. When / takes larger values,
the tracking vehicle takes the “corner-cutting” way to follow the leader vehicle.
With smaller absolute values of /, the tracking performance is better in terms
of smaller tracking error. However, the steering angle might rise to high values.
It is because we are tracking the front point of the leader vehicle which is sup-
posed to be less steady than the back point. Again, the selection of the desired
spacing [ is subject to the requirement in an application.

8.5 CONCLUSIONS

Many applications such as in outdoor industrial settings and logistics envir-
onments require autonomous mobile robot vehicles to carry out frequent and
tight turnings, as well as forward and backward maneuvers. The unified non-
linear tracking controller, presented in this chapter, is able to work for both
forward and backward maneuvers as well as driving and steering. The design is
based on either kinematics or dynamics using an output function as the interve-
hicular connection. Design parameters of desired intervehicular spacing / and
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desired multiplier for steering angle p are studied analytically for stable track-
ing. The derived sufficient conditions of /, p, A, and & can ensure the tracking
stability of vehicle following, are simple to choose, and take into account the
physical limitations of practical car-like vehicle designs. Extensive numerical
simulations also demonstrate the effectiveness of the developed controller and
the effects of these design parameters on the tracking performance in various
maneuvers.
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Map Building and
Path Planning

The previous two parts of the book had focused on the sensing and control
aspects of autonomous systems. These are fundamental capabilities that any
useful mobile robot ought to be equipped with. However, a truly intelligent and
autonomous system cannot dispense with the more abstract levels of deliber-
ation, involving planning and a larger amount of information processing and
reasoning. Part of these aspects of the autonomous system is dealt with in this
portion of the book.

Sensing involves the collection of information, and also involves some pre-
liminary treatment of the collected data, while control makes use of these data
for immediate determination of control signals to bring the system’s configura-
tion to the desired one. Both these processes lack the sophisticated deliberation
that makes a system intelligent. Such intelligent systems should be able to
plan their own paths through an unknown environment, make decisions about
their goals, and react to the decisions of other robots it senses.

Before the first levels of planning can actually take place, the informa-
tion obtained from sensors has to be organized into suitable and useful forms.
Very often, the success of planning algorithms rely heavily on the accuracy
of the robots’ estimation of their locations and their internal model (pos-
sibly built dynamically) of the world. Map building is the main focus of the
first chapter of this part and is given a thorough treatment. In this chapter,

331
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the extended Kalman filter (EKF) approach to SLAM is described. For such
feature-based approaches, the chapter outlines the essential operations that are
required for the successful use of SLAM in uncertain environments. These
operations include the ability to extract features from the raw sensor data for
inclusion into existing maps, to distinguish between new features and previ-
ously detected features which should be associated with known or previously
detected features, to be able to determine the robot’s location and correct erro-
neous map information in the presence of ever-increasing uncertainty (i.e., loop
closing and relocation techniques). The chapter also describes techniques to
handle the required operations for robust performance of SLAM on robots.
For the mapping of large environments, the method of local map joining is
described. The application of the local map joining method to multi-robot
mapping, where the relative locations between robots is not known, is also
presented.

The success of online robot localization and construction of maps paves
the way for more elaborate planning as the robot maneuvers through the
unknown environment. The area of path planning has been studied intens-
ively over the years, and is mainly concerned about the generation of a suitable
path to the goal, taking into account the obstacles present within the environ-
ment. Chapter 10, the second chapter of this part, discusses the incorporation
of internal constraints — namely kinematic, dynamic constraints, and vis-
ibility constraints — into motion planning. These additional constraints are
especially important in systems of embodied mobile robots. Following an over-
view of conventional classes of approaches to motion planning, the chapter
examines the use of randomized sampling techniques for motion planning of
robots subjected to kinematic and dynamic constraints. The effect of visibil-
ity constraints on motion planning, together with several solution techniques,
is investigated through the use of three representative visibility-based plan-
ning problems — guarding art galleries, online indoor exploration, and target
tracking.

The last chapter of the section examines cooperative motion planning and
control in multi-robot systems. This is a natural extension of single robot motion
planning, since autonomous systems are seldom made up of a single robot. The
planned motions of each robot will no longer be solely to obtain a collision
free path, but will also be shaped by the positions of other robots within the
team. The control of a robot’s path such that it maintains specific relative dis-
tances from others, relates to multi-robot formation control, and is treated in
detail within the chapter. Specifically, due to the prevalence of nonholonomic
robots in real-world applications (Part II), the chapter examines the formation
control and stability of teams of nonholonomic robots using formation con-
trol graphs, where different formations are achieved through the creation or
deletion of edges between robots. Optimization-based control of formations
is also investigated, with the focus on an off-line optimization process based

© 2006 by Taylor & Francis Group, LLC



Map Building and Path Planning 333

on the solution of a mixed integer program, and the use of model predictive
control.

The ability to perform map building and path planning operations bring us
up the cognitive chain, and sets the stage where still higher levels of planning
may take place. These shall be given detailed treatment in the remaining parts
of the book.
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9.1 INTRODUCTION

The concept of autonomy of mobile robots encompasses many areas of
knowledge, methods, and ultimately algorithms designed for trajectory control,
obstacle avoidance, localization, map building, and so forth. Practically,
the success of a path planning and navigation mission of an autonomous
vehicle depends on the availability of both a sufficiently reliable estimation
of the vehicle location and an accurate representation of the navigation area.

Schematically, the problem of map building consists of the following steps
(1) Sensing the environment of the vehicle at time k using onboard sensors
(e.g., laser scanner, vision, or sonar); (2) Representation of sensor data (e.g.,
feature- or raw-data-based approaches); (3) Integration of the recently perceived
observations at time k with the previously learned structure of the environment
estimated at time k — 1.

The simplest approach to map building relies on the vehicle location estim-
ates provided by dead-reckoning. However, as reported in the literature [1], this
approach is unreliable for long-term missions due to the time-increasing drift of
those estimates (Figure 9.1a). Consequently, a coupling arises between the map
building problem and the improvement of dead-reckoning location estimates
(Figure 9.1b). Different approaches to the so-called simultaneous localization
and mapping (SLAM) problem have populated the robotics literature during
the last decade.

The most popular approach to SLAM dates back to the seminal work of
Smith et al. [2] where the idea of representing the structure of the navigation
area in a discrete-time state-space framework was originally presented. They
introduced the concept of stochastic map and developed a rigorous solution to
the SLAM problem using the extended Kalman filter (EKF) perspective. Many
successful implementations of this approach have been reported in indoor [1],
outdoor [3], underwater [4], and air-borne [5] applications.

The EKF-based approach to SLAM is characterized by the existence of a
discrete-time augmented state vector, composed of the location of the vehicle
and the location of the map elements, recursively estimated from the available
sensor observations gathered at time k, and a model of the vehicle motion,
between time steps k — 1 and k. Within this framework, uncertainty is represen-
ted by probability density functions (pdfs) associated with the state vector, the
motion model, and the sensor observations. It is assumed that recursive propaga-
tion of the mean and the covariance of those pdfs conveniently approximates
the optimal solution of this estimation problem.

The time and memory requirements of the basic EKF-SLAM approach
result from the cost of maintaining the full covariance matrix, which is o3
where n is the number of features in the map. Many recent efforts have
concentrated on reducing the computational complexity of SLAM in large
environments. Several current methods address the computational complex-
ity problem by working on a limited region of the map. Postponement [6]
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FIGURE9.1T The need for SLAM: (a) odometric readings and segmented laser walls for
40 m of the trajectory of a vehicle at the Ada Byron building of our campus; (b) map and
trajectory resulting from the SLAM algorithm using the same data (95% error ellipses
are drawn).

and the compressed filter [3] significantly reduce the computational cost
without sacrificing precision, although they require an O(n?) step on the total
number of landmarks to obtain the full map. The split covariance intersection
method [7] limits the computational burden but sacrifices precision: it obtains a
conservative estimate. The sparse extended information filter [8] is able to obtain
an approximate map in constant time per step, except during loop closing. All
cited methods work on a single absolute map representation, and confront diver-
gence due to nonlinearities as uncertainty increases when mapping large areas
[9]. In contrast, local map joining [10] and the constrained local submap filter
[11], propose to build stochastic maps relative to a local reference, guaranteed to
be statistically independent. By limiting the size of the local map, this operation
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is constant time per step. Local maps are joined periodically into a global
absolute map, in a O(n?) step. Given that most of the updates are carried out on
a local map, these techniques also reduce the harmful effects of linearization.
To avoid the O(n?) step, the constrained relative submap filter [12] proposes
to maintain the independent local map structure. Each map contains links to
other neighboring maps, forming a tree structure (where loops cannot be rep-
resented). In Atlas [13], network coupled feature maps [14], and constant time
SLAM [15] the links between local maps form an adjacency graph. These tech-
niques do not impose loop consistency in the graph, sacrificing the optimality
of the resulting global map. Hierarchical SLAM [16] proposes a linear time
technique to impose loop consistency, obtaining a close to optimal global map.
The FastSLAM technique [17] uses particle filters to estimate the vehicle tra-
jectory and each one has an associated set of independent EKF to estimate the
location of each feature in the map. This partition of SLAM into a localization
and a mapping problem, allows to obtain a computational complexity O(log(n))
with the number of features in the map. However, its complexity is linear with
the number of particles used. The scaling of the number of particles needed
with the size and complexity of the environment remains unclear. In particular,
closing loops causes dramatic particle extinctions that map result in optimistic
(i.e., inconsistent) uncertainty estimations.

Another class of SLAM techniques is based on estimating sequences of
robot poses by minimizing the discrepancy between overlapping laser scans.
The map representation is the set of robot poses and the corresponding set
of laser scans. The work in Reference 18 uses scan matching between close
robot poses and global correlation to detect loops. The poses along the loop
are estimated using consistent pose estimation [19], whose time complexity is
O(n?) on the number of robot poses, making the method unsuitable for real
time execution in large environments. More recently, a similar approach to
build consistent maps with many cycles has been proposed in Reference 20.
This method obtains correspondences between vehicle poses using the iterative
closest point algorithm. Using a quadratic penalty function, correspondences
are incorporated into an optimization algorithm that recomputes the whole tra-
jectory. This process is iterated until convergence. Neither computing time nor
computational complexity are reported. There are two fundamental limitations
in this class of techniques, compared to EKF-based SLAM. First, there is no
explicit representation of the uncertainty in the estimated robot poses and the
resulting map. As a consequence, their convergence and consistency properties
remain unknown. Second, they largely rely on the high precision and density
of data provided by laser scanners. They seem hard to extend to sensors that
give more imprecise, sparse, or partial information such as sonar or monocular
vision.

This chapter describes the basic algorithm to deal with the SLAM problem
from the above mentioned EKF-based perspective. We describe techniques that
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successful SLAM schemes must incorporate: (1) Data association techniques,
to relate sensor measurements with features already in the map, as well as
to decide those that are spurious or correspond to environment features not
previously observed, and (2) Loop closing and relocation techniques, that allow
determination of the vehicle location and correct the map when the vehicle
uncertainty increases significantly during exploration, or when there is no prior
information on the vehicle location. Finally, we point out the main open prob-
lem of the current state-of-art SLAM approaches: mapping large-scale areas.
Relevant shortcomings of this problem are, on the one hand, the computational
burden, which limits the applicability of the EKF-based SLAM in large-scale
real time applications and, on the other hand, the use of linearized solutions
which jeopardizes the consistency of the estimation process. We point out prom-
ising directions of research using nonlinear estimation techniques, and mapping
schemes for multivehicle SLAM.

9.2 SLAM USING THE EXTENDED KALMAN FILTER

In feature-based approaches to SLAM, the environment is modeled as a set
of geometric features, such as straight line segments corresponding to doors or
window frames, planes corresponding to walls, or distinguishable points in out-
door environments. The process of segmentation of raw sensor data to obtain
feature parameters depends on the sensor and the feature type. In indoor environ-
ments, laser readings can be used to obtain straight wall segments [21,22], or in
outdoor environments to obtain two-dimensional (2D) points corresponding to
trees and street lamps [3]. Sonar measurement environments can be segmented
into corners and walls [10]. Monocular images can provide information about
vertical lines [23] or interest points [24]. Even measurements from different
sensors can be fused to obtain feature information [25].

In the standard EKF-based approach, the environment information related
toasetofelements {B,R, F1,..., F,}isrepresented by amap MB = (ﬁB, P5),
where x5 is a stochastic state vector with estimated mean X and estimated error
covariance P5:

e
B =Exfl=| :
)
9.1
B B
PZ ... P
PP—E" - -HT=|
B B
Prr - Pp
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Vector %8 contains the estimated location of the vehicle R and the environment
features F...F,, all with respect to a base reference B. In the case of
the vehicle, its location vector ﬁg = (x,y, ¢)T describes the transformation
from B to R. In the case of an environment feature j, the parameters that
compose its location vector f(}{i depend on the feature type, for example,
xF = (x;,y)T for point features. The diagonal elements of the matrix P8
represent the estimated error covariance of the different features of the state
vector and that of the vehicle location; its off-diagonal elements represent the
cross-covariance matrices between the estimated locations of the corresponding
features.

Recursive estimation of the first two moments of the probability density
function of x? is performed following Algorithm 9.1. There, the map is ini-
tialized using the current vehicle location as base reference, and thus with
perfect knowledge of the vehicle location. Sensing and feature initialization
is also performed before the first vehicle motion, to maximize the precision
of the resulting map. Prediction of the vehicle motion using odometry and
update of the map using onboard sensor measurements are then iteratively
carried out.

9.2.1 Initialization

In the creation of a new stochastic map at step 0, a base reference B must
be selected. It is common practice to build a map relative to a fixed base
reference different from the initial vehicle location. This normally requires the

ALGORITHM 9.1
EKF-SLAM

Xg =0; Pg = 0 {Map initialization}
[Zo, Rp] = get_measurements
(x5, P81 = add_new_features(x5, P5, z9, Ry)
for k = 1 to steps do
ka ' Qi1 = get_odometry
[Xk\k—l’Pk\k—l] :compute_motion(xf_l,Pf l’ka ' Qu) {EKF predict.}
[Zg, Rg ] = get_measurements
Hy = data_association(xﬁ k—1> Pfl k—1> 2> Ry)
[x2,P2] = update_map(xf‘k_l, Pflk_l, zr, Ry, Hy) {EKF update)}
[x?, P?] = add_new_features(x?, P%, z;, Ry, Hy)
end for

© 2006 by Taylor & Francis Group, LLC



Map Building and SLAM Algorithms 341

assignment of an initial level of uncertainty to the estimated vehicle location.
In the theoretical linear case [26], the vehicle uncertainty should always remain
above this initial level. In practice, due to linearizations, when a nonzero initial
uncertainty is used, the estimated vehicle uncertainty rapidly drops below its
initial value, making the estimation inconsistent after very few EKF update
steps [9].

A good alternative is to use, as base reference, the current vehicle location,
that is, B = Ry, and thus we initialize the map with perfect knowledge of the
vehicle location:

Rg =%p =0; P{=P; =0 9.2)

If at any moment there is a need to compute the location of the vehicle or
the map features with respect to any other reference, the appropriate trans-
formations can be applied (see Appendix). At any time, the map can also be
transformed to use a feature as base reference, again using the appropriate
transformations [10].

9.2.2 Vehicle Motion: The EKF Prediction Step

When the vehicle moves from position k —1 to position k, its motion is estimated
by odometry:

Ry sRi—1
Xg, =Xp  +Wk (9.3)

AR . . . . .
where le’z ! is the estimated relative transformation between positions k — 1

and k, and vy (process noise [27]) is assumed to be additive, zero-mean, and
white, with covariance Q.

Thus, given a map M% | = X% |, PP ) atstep k — 1, the predicted map
Mfl «_1 At step k after the vehicle motion is obtained as follows:

ARk 1
XRk 169 Ry
"B
iﬁk—l = RS
9.4)
oB
XFmA,kfl

B ._ppB Tl T
Pok—1 = FiP_ Fi + GrQiGy
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where @ represents the composition of transformations (see Appendix), and:

i %B oRi—1
Jle;{kail,ka } o --- 0
B
F — Xy _ 0 I
£ 8Xf1 B oRk-1 B
T Xy )
i 0 I
B ~B Ri—1
B 20 {XRk*I’XRk }
G — OXyk—1 _
k aXRk—l X :
Re ap ile(_l ) A
0

where Jig and Jog are the Jacobians of transformation composition (see
Appendix).

9.2.3 Data Association

Atstep k, an onboard sensor obtains a set of measurements z; ; of m environment
features E; (i = 1,...,m). Data association consists in determining the origin
of each measurement, in terms of the map features Fj,j = 1,...,n. The result
is a hypothesis:

Hi=1[3132 - Fuml

associating each measurement z;; with its corresponding map feature
Fj;(3; = 0 indicates that z; ; does not come from any feature in the map). The
core tools of data association are a prediction of the measurement that each
feature would generate, and a measure of the discrepancy between a predicted
measurement and an actual sensor measurement.

The measurement of feature F; can be predicted using a nonlinear meas-
urement function hy ; of the vehicle and feature location, both contained in the
map state vector xfl «—1- I observation z; ; comes from feature Fj, the following
relation must hold:

B
Zi, = hk,j(Xk|k_1) + Wi,i 9.5
where the measurement noise wy ;, with covariance Ry ;, is assumed to be addit-
ive, zero-mean, white, and independent of the process noise vi. Linearization

of Equation (9.5) around the current estimate yields:

By (XEg—1) = e R y) + Hi (¢ — Rgje_p) 9.6)
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with

) -] 9.7)

The discrepancy between the observation i and the predicted observation of
map feature j is measured by the innovation term vy ;;, whose value and
covariance are:

B
Veij = ki — Wi j (K p)

o (9.8)
Skij = Hi jPeHy ; + Ry

The measurement can be considered corresponding to the feature if the
Mahalanobis distance D]% i [28] satisfies:

2 T g1, . 2
Dk’l-j = Uk,ijSk,ijvk»U < Xdl-a 9.9)

where d = dim(hy ;) and 1 — « is the desired confidence level, usually 95%.
This test, denominated individual compatibility (IC), applied to the predicted
state, can be used to determine the subset of map features that are compat-
ible with a measurement, and is the basis for some of the most popular data
association algorithms discussed later in this chapter.

An often overlooked fact, that will be discussed in more detail in Section 9.3,
is that all measurements should be jointly compatible with their corres-
ponding features. In order to establish the consistency of a hypothesis Hj,
measurements can be jointly predicted using function hyy, :

hj, (Xﬁk—l)
hyg, (P ) = : (9.10)

h;, (Xltj\k—l)

which can also be linearized around the current estimate to yield:

hyy, (Xfuc—l) > hyy, (X 1) + Hiyg, (x; — ﬁﬁk—l); Hyy, =
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The joint innovation and its covariance are:

v, =2z —hyg R )) 012
SH, = HHkPEH}{k + Ry,

Measurements z; can be considered compatible with their corresponding
features according to Hj if the Mahalanobis distance satisfies:

D}y, = Vit Sy Vi < Xii-a (9.13)

where now d = dim(hy,). This consistency test is denominated joint
compatibility (JC).

9.2.4 Map Update: The EKF Estimation Step

Once correspondences for measurements z; have been decided, they are used
to improve the estimation of the stochastic state vector by using the standard
EKF update equations as follows:

% =K1 +Kagvn, 9.14)
where the filter gain K4y, is obtained from:
Ky, = PP, Hj, S; (9.15)
Finally, the estimated error covariance of the state vector is:
P} = (I — Ky Hyg )PY,

= (1— Ky Hy )PP, (1 — Ky Hyg) ' + Ky Ry Kf,  (9.16)

9.2.5 Adding Newly Observed Features

Measurements for which correspondences in the map cannot be found by data
association can be directly added to the current stochastic state vector as new
features by using the relative transformation between the vehicle Ry and the
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observed feature E. Therefore, updating of xf takes place as follows:

B B
xB R xRy
Ry . .
XB = = XB + = ) = ) (9 17)
k k %58 x5B
B F, nk F nk
XK, nk B B Ry
XEp Xg, D Xg

Additionally, the updated covariance matrix P@ is computed using the
linearization of Equation (9.17).

9.2.6 Consistency of EKF-SLAM

A state estimator is called consistent if its state estimation error xf — fcf

satisfies [29]:

B 4By (B _ oBN\T B ©.18)
E[(x; —x;) (X —x;) 1 <Py

This means that the estimator is unbiased and that the actual mean square error
matches the filter-calculated covariances. Given that SLAM is a nonlinear prob-
lem, consistency checking is of paramount importance. When the ground truth
solution for the state variables is available, a statistical test for filter consist-
ency can be carried out on the normalized estimation error squared (NEES),
defined as:

NEES = (x — 5T (P~ 8 — %) (9.19)
Consistency is checked using a chi-squared test:
NEES < %7, _q (9.20)

where d = dim(xf) and 1 — « is the desired confidence level. Since in
most cases ground truth is not available, the consistency of the estimation
is maintained by using only measurements that satisfy the innovation test of
Equation (9.13). Because the innovation term depends on the data association
hypothesis, this process becomes critical in maintaining a consistent estimation
[9] of the environment map.
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F F F, =

FIGURE 9.2 Interpretation tree of measurements Ej, ..., Ey in terms of map features
Fi,....Fy.

9.3 DATA ASSOCIATION IN SLAM

Assume that a new set of m measurements z = {zy,...,Z,} of the environ-
ment features {E1, ..., E,} have been obtained by a sensor mounted on the
vehicle. As mentioned in Section 9.2, the goal of data association is to generate
a hypothesis H = [Jj1 j2 --- Jm] associating each measurement E; with its
corresponding map feature Fj,(j; = O indicating that z; does not correspond
to any map feature). The space of measurement-feature correspondences can
be represented as an interpretation tree of m levels [30] (see Figure 9.2); each
node at level i, called an i-interpretation, provides an interpretation for the first
i measurements. Each node has n + 1 branches, corresponding to each of the
alternative interpretations for measurement E;, including the possibility that
the measurement be spurious and allowing map feature repetitions in the same
hypothesis. Data association algorithms must select in some way one of the
(n+ 1)™ m-interpretations as the correct hypothesis, carrying out validations to
determine the compatibility between sensor measurements and map features.

9.3.1 Individual Compatibility Nearest Neighbor

The simplest criterion to decide a pairing for a given measurement is the nearest
neighbor (NN), which consists in choosing among the features that satisfy IC of
Equation (9.9), the one with the smallest Mahalanobis distance. A popular data
association algorithm, the Individual Compatibility Nearest Neighbor (ICNN,
Algorithm 9.2), is based on this idea. It is frequently used given its conceptual
simplicity and computational efficiency: it performs m - n compatibility tests,
making it linear with the size of the map.
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ALGORITHM 9.2
ICNN

ICNN (Ef..on, F1..n)
for i = 1 to m do {measurement FE; }
Diin < mahalanobis?2 (E;, F1)
nearest <— 1
for j = 2 to n do {feature F}}

Dizj < mahalanobis2 (£, F})

if Dl.2j < D?._then

min
nearest < j
2 2
Dysn < Dj
end if
end for
: 2 2
itD;. < Xid—a then
‘H; < nearest
else
Hi < O
end if
end for
return H

The IC considers individual compatibility between a measurement and
a feature. However, individually compatible pairings are not guaranteed to be
Jjointly compatible to form a consistent hypothesis. Thus, with ICNN there is a
high risk of obtaining an inconsistent hypothesis and thus updating the state vec-
tor with a set of incompatible measurements, which will cause EKF to diverge.
As vehicle error grows with respect to sensor error, the discriminant power of
IC decreases: the probability that a feature may be compatible with an unre-
lated (or spurious) sensor measurement increases. [ICNN is a greedy algorithm,
and thus the decision to pair a measurement with its most compatible feature
is never reconsidered. As a result, spurious pairings may be included in the
hypothesis and integrated in the state estimation. This will lead to a reduction
in the uncertainty computed by the EKF with no reduction in the actual error,
that is, inconsistency.

9.3.2 Joint Compatibility

In order to limit the possibility of accepting a spurious pairing, reconsidera-
tion of the established pairings is necessary. The probability that a spurious
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ALGORITHM 9.3

JCBB
Continuous_JCBB (Ej....;, F1...n)
Best=[1]
JCBB ([1, 1)

return Best

procedure JCBB (H, i): {find pairings for observationE;}
if i > m then {leaf node?}
if pairings(H) > pairings(Best) then
Best < H
end if
else
forj=1tondo
if individual_compatibility(i,j) and then joint_compatibility (7, i, ;)
then
JCBB([H jl,i+ 1) {pairing (E;, F}) accepted }
end if
end for
if pairings(H) + m — i > pairings(Best) then {can do better?}
JCBB([H 0], i 4 1) {star node, E; not paired}
end if
end if

pairing is jointly compatible with all the other pairings of a given hypothesis
decreases as the number of pairings in the hypothesis increases. The JC test can
be used to establish the consistency of a hypothesis H,,, using Equation (9.13).
The JC test is the core of the joint compatibility branch and bound data
association algorithm (JCBB, Algorithm 9.3), that traverses the interpreta-
tion tree in search for the hypothesis that includes the largest number of
Jjointly compatible pairings. The quality of a node at level i, corresponding
to a hypothesis H;, is defined as the number of non-null pairings that can
be established from the node. In this way, nodes with quality lower than
the best available hypothesis are not explored bounding the search [30]. The
NN rule using the Mahalanobis distance D is used as heuristic for branch-
ing, so that the nodes corresponding to hypotheses with a higher degree
of JC are explored first. The size of both hyy, and Sy, increase with the
size of hypothesis ;. This makes this test potentially expensive to apply
(see References 31 and 32 for techniques for the efficient computation of
the Mahalanobis distance).
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FIGURE 9.3 Predicted feature locations relative to vehicle (large ellipses), measure-
ments (small ellipses), and associations (bold arrows). According to the ICNN algorithm
observation B is incorrectly matched with the upper map point (a) and according to the
JCBB algorithm (b) all the matches are correct.

During continuous SLAM, data association problems may arise even in
very simple scenarios. Consider an environment constituted by 2D points. If
at a certain point the vehicle uncertainty is larger than the separation between
the features, the predicted feature locations relative to the robot are cluttered,
and the NN algorithm is prone to make an incorrect association as illustrated
in Figure 9.3a where two measurements are erroneously paired with the same
map feature. In these situations, the JCBB algorithm can determine the correct
associations (Figure 9.3b), because through correlations it considers the relative
location between the features, independent of vehicle error.
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The robustness of JCBB is especially important in loop-closing operations
(Figure 9.4). Due to the big odometry errors accumulated, simple data associ-
ation algorithms would incorrectly match the signaled point with a point feature
previously observed in the pillar. Accepting an incorrect matching will cause
the EKF to diverge, obtaining an inconsistent map. The JC algorithm takes into
account the relative location between the point and the segment and has no
problem in finding the right associations. The result is a consistent and more
precise global map.

Joint compatibility is a highly restrictive criterion, that limits the combin-
atorial explosion of the search. The computational complexity does not suffer
with the increase in vehicle error because the JC of a certain number of measure-
ments fundamentally depends on their relative error (which depends on sensor
and map precision), more than on their absolute error (which depends on robot
error). The JC test is based on the linearization of the relation between the
measurements and the state (Equation [9.6]). JCBB will remain robust to robot
error as long as the linear approximation is reasonable. Thus, the adequacy of
using JCBB is determined by the robot orientation error (in practice, we have
found the limit to be around 30°). Even if the vehicle motion is unknown (no
odometry is available), as long as it is bounded by within this limit, JCBB can
perform robustly. In these cases, the predicted vehicle motion can be set to
Zero (ﬁg:_] = 0, Figure 9.5a), with Qy, sufficiently large to include the largest
possible displacement. The algorithm will obtain the associations, and during
the estimation stage of the EKF the vehicle motion will be determined and the
environment structure can be recovered (Figure 9.5b).

9.3.3 Relocation

Consider now the data association problem known as vehicle relocation, first
location, global localization, or “kidnapped” robot problem, which can be stated
as follows: given a vehicle in an unknown location, and a map of the envir-
onment, use a set of measurements taken by onboard sensors to determine the
vehicle location within the map. In SLAM, solving this problem is essential to
be able to restart the robot in a previously learned environment, to recover from
localization errors, or to safely close big loops.

When there is no vehicle location estimation, simple location independent
geometric constraints can be used to limit the complexity of searching the cor-
respondence space [30]. Given a pairing p;; = (E;, Fj), the unary geometric
constraints that may be used to validate the pairing include length for seg-
ments, angle for corners, or radius for circular features. Given two pairings
pij = (E;, Fj) and py; = (Ex, F), a binary geometric constraint is a geometric
relation between measurements E; and Ej that must also be satisfied between
their corresponding map features F; and F; (e.g., distance between two points,
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FIGURE 9.4 A loop-closing situation. (a) Before loop closing, potential matches have
been found for measurements signaled with an arrow: measurement R is compatible only
with feature S, but measurement P is compatible with both features A and B. The NN
rule would incorrectly match P with A. (b) The JCBB algorithm has correctly matched
both observations with the corner (P with A) and the lower wall (R with B), and the map
has been updated.

© 2006 by Taylor & Francis Group, LLC



352 Autonomous Mobile Robots

-2+

FIGURE 9.5 Data association using JCBB without odometry: (a) laser data in the abso-
lute reference with null vehicle motion; (b) map and vehicle trajectory resulting from
the SLAM algorithm.

angle between two segments). For stochastic geometric constraint validation in
SLAM, see Reference 33.

Grimson [30] proposed a branch and bound algorithm for model-based
geometric object recognition that uses unary and binary geometric constraints.
A closely related technique also used in object recognition consists in building
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a compatibility graph whose nodes are unary compatible matchings and whose
arcs represent pairs of binary compatible matchings. Finding the largest hypo-
thesis consistent with unary and binary constraints is equivalent to finding the
maximum clique in the compatibility graph (see Reference 30 for a discussion
and references). This idea has been applied recently by Bailey et al. [34] to the
problem of robot relocation with an a priori map.

Branch and bound algorithms are forced to traverse the whole correspond-
ence space until a good bound is found. In the SLAM relocation problem, when
the vehicle is not within the mapped area, a good bound is never found. Since the
correspondence space is exponential with the number of measurements, in this
worst case the execution times of branch and bound algorithms are very long.
To overcome this limitation, the data association process can be done using
random sampling (RS) instead of by a full traversal of the interpretation tree.
The RS algorithm that we use (Algorithm 9.4) is an adaptation of the RANSAC
algorithm [35] for the relocation problem. The fundamental idea is to ran-
domly select p out of the m measurements to try to generate vehicle localization
hypotheses using geometric constraints, and verify them with all m measure-
ments using JC. If P, is the probability that a randomly selected measurement
corresponds to a mapped feature (not spurious) and Pg,j is the acceptable prob-
ability of not finding a good solution when it exists, the required number of
tries is:

log P
= | OBl 9.21)
log(1 — P,P)

Hypothesis generation—verification schemes such as this one perform better
because feature location is a tighter consistency criterion than geometric con-
straints, and thus branch pruning is more effective. The potential drawback of
this approach is that hypothesis verification is location dependent, and thus the
constraints to be used for validation cannot be precomputed. To limit the amount
of location dependent constraints to apply, verification can take place when a
hypothesis contains at least three consistent pairings. Choosing Pgy = 0.05
and considering a priori that only half of the measurements are present in the
map P, = 0.5, the maximum number of tries is t = 23. If you can con-
sider that at least 90% of the measurements correspond to a map feature, the
number of required tries is only three. The RS algorithm randomly permutes
the measurements and performs hypothesis generation considering the first
three measurements not spurious (without star branch). The number of tries is
recalculated to adapt to the current best hypothesis, so that no unnecessary tries
are carried out [36].

Notice that the maximum number of tries does not depend on the number
of measurements. Experiments show that this fact is crucial in reducing the
computational complexity of the RS algorithm.
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ALGORITHM 9.4
Relocation using RANSAC

Relocation_RS (H)

Prji =0.05,p=3,P; =05

Best =]

i=0

repeat
z = random_permutation(z)
RS((I, D
P, = max(Py, pairings(Best) / m)
t = log Pryit/ log (1 — PgP)
i=i+1

until i > ¢

return Best

procedure RS (H):
{H : current hypothesis}
{i : observation to be matched }
if i > m then
if pairings(H) > pairings(Best) then

Best=H
end if
else if pairings(H) == 3 then

x,lg = estimate_location_(H)

if joint_compatibility(H) then
JCBB(H, i) { hypothesis verification}
end if
else {branch and bound without star node}
forj=1tondo
if unary(i, j) A binary(i, j, H) then
RS([Hjl,i+ 1)
end if
end for
end if

9.3.4 Locality

As explained in Section 9.3.3, the main problem of the interpretation tree
approach is the exponential number of possible hypotheses (tree leaves):
Ny = (n+ 1)". The use of geometric constraints and branch and bound search
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dramatically reduce the number of nodes explored, by cutting down entire
branches of the tree. However, Grimson [30] has shown that in the general case
where spurious measurements can arise, the amount of search needed to find
the best interpretation is still exponential. In these conditions, the interpretation
tree approach seems impracticable except for very small maps.

To overcome this difficulty we introduce the concept of locality: given that
the set of measurements has been obtained from a unique vehicle location (or
from a set of nearby locations), it is sufficient to try to find matchings with local
sets of features in the map. Given a map feature F;, we define its locality L(F))
as the set of map features that are in the vicinity to it, such that they can be seen
from the same vehicle location. For a given mapping problem, the maximum
cardinality of the locality sets will be a constant ¢ that depends on the sensor
range and the maximum density of features in the environment.

During the interpretation tree search, once a matching has been established
with a map feature, the search can be restricted to its locality set. For the first
measurement, there are n possible feature matchings. Since there are at most ¢
features covisible with the first one, for the remaining m — 1 measurements there
are only ¢ possible matches, giving a maximum of n(c + 1)”~! hypotheses.
If the first measurement is not matched, a similar analysis can be done for the
second tree level. Thus, the total number of hypotheses N, will be:

(c+1)m—1
G A

Ny<nc+D" ' 4. .4n+1= +1 (9.22)

This implies that, using locality, the complexity of searching the interpretation
tree will be linear with the size of the map.
There are several ways of implementing locality:

1. SLAM can be implemented by building sequences of independent
local maps [10]. If the local maps are stored, the search for matchings
can be performed in time linear with the number of local maps. In
this case, the locality of a feature is the set of features belonging
to the same local map. A drawback of this technique is that global
localization may fail around the borders between two local maps.

2. Alternatively, the locality of a feature can be computed as the set of
map features within a distance less than the maximum sensor range.
There are two drawbacks in this approach: first, this will require
O(nz) distance computations, and second, in some cases features
that are close cannot be seen simultaneously (e.g., because they are
in different rooms), and thus should not be considered local.

3. The locality of a feature can be defined as the set of features that have
been seen simultaneously with it at least once. We choose this last
alternative, because it does not suffer from the limitations of the first
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FIGURE 9.6 Covisibility matrix (a) and normalized information matrix (b).

two, and additionally it can be done during map building without
extra cost.

Figure 9.6a shows the covisibility matrix obtained during map building
for the first 1000 steps of the dataset obtained by Guivant and Nebot [3],
gathered with a vehicle equipped with a SICK laser scanner in Victoria Park,
Sydney. Wheel encoders give an odometric measure of the vehicle location. The
laser scans are processed using Guivant’s algorithm to detect tree trunks and
estimate their radii (Figure 9.7). As features are added incrementally during map
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FIGURE 9.7 Segmentation of scan 120, with m = 13 tree trunks detected. Radii are
magnified x5.

building, the typical form of the covisibility matrix is band-diagonal. Elements
far from the diagonal appear when a loop is closed, because recently added
features become covisible with previously mapped features. In any case, the
number of elements per row or column only depends on the density of fea-
tures and the sensor reach. Using a sparse matrix representation, the amount of
memory needed to store the covisibility matrix (or any other locality matrix)
is O(n).

An important property of the covisibility matrix is its close relation to the
information matrix of the map (the inverse of the map covariance matrix).
Figure 9.6b shows the normalized information matrix, where each row and
column has been divided by the square root of the corresponding diagonal
element. It is clear that the information matrix allows the determination of
those features that are seen from the vehicle location during map building. The
intuitive explanation is that as the uncertainty in the absolute vehicle location
grows, the information about the features that are seen from the same location
becomes highly coupled.

This gives further insight on the structure of the SLAM problem: while the
map covariance matrix is a full matrix with O(n?) elements, the normalized
information matrix tends to be sparse, with O(n) elements. This fact can be
used to obtain more efficient SLAM Algorithms [37].

Running continuous SLAM for the first 1000 steps, we obtain a map of
n = 99 point features (see Figure 9.8). To verify the vehicle locations obtained
by our algorithm, we obtained a reference solution running continuous SLAM
until step 2500. Figure 9.8 shows the reference vehicle location for steps 1001
to 2500. The RS relocation algorithm was executed on scans 1001 to 2500. This
guarantees that we use scans statistically independent from the stochastic map.
The radii of the trunks are used as unary constraints, and the distance between
the centers as binary constraints.
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FIGURE 9.8 Stochastic map of 2D points (tree trunks) built until step 1000. There are
n = 99 features. Reference vehicle trajectory for steps 1001 to 2500. Trunk radii are
magnified x5.

In this experiment, when six or more measurements are paired, the algorithm
finds the solution with no false positives. Otherwise, the solution must be dis-
carded as being unreliable. In case that less than six points are segmented from
the scan, more sensor information is necessary to reliably determine the vehicle
location. When the vehicle is in the map, the RS algorithm finds the solution
with a mean execution time of less than 1 sec (in MATLAB®, and executed
on a Pentium IV, at 1.7 GHz). When the vehicle is not in the mapped area, for
up to 30 measurements, RS runs in less than 2 sec (see Reference 33 for full
details).

9.4 MAPPING LARGE ENVIRONMENTS

The EKF-SLAM techniques presented in previous sections have two important
limitations when trying to map large environments. First, the computational cost
of updating the map grows with O(n?), where n is the number of features in the
map. Second, as the map grows, the estimates obtained by the EKF equations
quickly become inconsistent due to linearization errors [9].

An alternative technique that reduces the computational cost and improves
consistency is local map joining [10]. Instead of building one global map, this
technique builds a set of independent local maps of limited size. Local maps
can be joined together into a global map that is equivalent to the map obtained
by the standard EKF—SLLAM approach, except for linearization errors. As most
of the mapping process consists in updating local maps, where errors remain
small, the consistency of the global map obtained is greatly improved. In the
following sections we present the basics of local map joining.
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9.4.1 Building Independent Local Maps

Each local map can be built as follows: at a given instant #;, a new map is initial-
ized using the current vehicle location as base reference B;. Then, the vehicle
performs a limited motion (say k; steps) acquiring sensor information about
the neighboring environment features F;. The standard EKF-based techniques

presented in previous sections are used to obtain a local map M% = (ﬁ% , Pi’-'j ).
This local map is independent of any prior estimation of the vehicle location
because it is built relative to the initial vehicle location B;. The local map
depends only on the odometry and sensor data obtained during the k; steps.
This implies that, under the common assumption that process and measure-
ment noise are white random sequences, two local maps built with the same
robot from disjoint sequences of steps are functions of independent stochastic
variables. Therefore, the two maps will be statistically independent and uncor-
related. As there is no need to compute the correlations between features in
different local maps and the size of local maps is bounded, the cost of local
map building is constant per step, independent from the size of the global map.

The decision to close map M; and start a new local map is made once
the number of features in the current local map reaches a maximum, or the
uncertainty of the vehicle location with respect to the base reference of the cur-
rent map reaches a limit, or no matchings were found by the data association
process for the last sensor measurements (a separate region of the environment
is observed). Note that the new local map M, | will have the current vehicle
position as base reference, which corresponds to the last vehicle position in
map M;. Thus, the relative transformation between the two consecutive maps
Xjy1 = XB?+1 is part of the state vector of map M;.

9.4.2 Local Map Joining

Given two uncorrelated local maps:
MY = &5 Ph).  F={B.F.Fi.....F,)

Mg, = (ﬁg/,Pg/), 5 = {B/sEO’E13 L sEH‘l}

where a common reference has been identified F; = Ej, the goal of map joining
is to obtain one full stochastic map:

B __ ,aB B
Mrie = Crie:Prie)

containing the estimates of the features from both maps, relative to a common
base reference B, and to compute the correlations appearing in the process.
Given that the features from the first map are expressed relative to reference B,
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to form the joint state vector xg_- & we only need to transform the features of
the second map to reference B using the fact that F; = Ej:

B
XF
AB %8 GBYA(E/
~B X]—' Fi Eo
X]:_,’_g == ~B == . (9.23)
Xe

AB ~Ej
X5 O %,

The covariance Pg_- ¢ of the joined map is obtained from the linearization of
Equation (9.23), and is given by:

E:
Prie = JrPrlr +JePe I

P2 P2JT } 0 0
= 7. FI |+ E (9.24)
[JlPB}_ JIPLIT 0 JPJJ]
where
J aXBf+g I
= E. =
8X§_- (ﬁg:sf(g]) J1
8X§-‘+£ 0
Jg: E; B AEj = J
8XSJ (XF.Xg) 2
_ _
0 ... Je{’.3p] ... 0
Ji=]: : :
IR I8 £ < R
- _
ho {385 ) - 0
= : :
0 o o (5.5 )

Obtaining vector f(l} s with Equation (9.23) is an O(m) operation. Given
that the number of nonzero elements in J; and J; is O(m), obtaining matrix
Pg_- € with Equation (9.24) is an O(nm + m?) operation. Thus when n > m,
map joining is linear with n.
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9.4.3 Matching and Fusion after Map Joining

The map resulting from map joining may contain features that, coming from
different local maps, correspond to the same environment feature. To eliminate
such duplications and obtain a more precise map we need a data association
algorithm to determine correspondences, and a feature fusion mechanism to
update the global map. For determining correspondences we use the JCBB
algorithm described in Section 9.3.2.

Feature fusion is performed by a modified version of the EKF update
equations, which consider a nonlinear measurement equation:

Zjj = hij(x) =0 (9.25)

with null noise covariance matrix, which constraints the relative location
between the duplicates F; and F; of an environment feature. Once the matching
constraints have been applied, the corresponding matching features become
fully correlated, with the same estimation and covariance. Thus, one of them
can be eliminated.

The whole process of local map joining, matching, and fusion can be seen
in the example of Figure 9.9.

9.4.4 Closing a Large Loop

To compare map joining with full EKF-SLAM we have performed a map
building experiment, using a robotized wheelchair equipped with a SICK laser
scanner. The vehicle was hand-driven along a loop of about 250 m in a pop-
ulated indoor/outdoor environment in the Ada Byron building of our campus.
The laser scans were segmented to obtain lines using the RANSAC technique.
The global map obtained using the classical EKF-SLLAM algorithm is shown
in Figure 9.10a. At this point, the vehicle was very close to the initial starting
position, closing the loop. The figure shows that the vehicle estimated location
has some 10 m error and the corresponding 95% uncertainty ellipses are ridicu-
lously small, giving an inconsistent estimation. Due to these small ellipsoids, the
JCBB data association algorithm was unable to properly detect the loop closure.
This corroborates the results obtained with simulations in Reference 9: in large
environments the map obtained by EKF-SLAM quickly becomes inconsistent,
due to linearization errors.

The same dataset was processed to obtain independent local maps at fixed
intervals of about 10 m. The local maps were joined and fused obtaining the
global map shown in Figure 9.10b. In this case the loop was correctly detec-
ted by JCBB and the map obtained seems to be consistent. Furthermore, the
computational time was about 50 times shorter that the standard EKF approach.

© 2006 by Taylor & Francis Group, LLC



362 Autonomous Mobile Robots

(a) 3 t=33.700sec
25+
2t |
151 :
1 y X
p2 S4
05| y PoR
B1 y
0t X yr R
X
-0.5
y
- P}\ ....... S8
-1.5 % y
) .
-2 -15 -1 -05 0 05 1 15 2 25 38 35
(b) 3 t=48.492sec
25+t
2r . .
15}
1} 52
051t . R2
B2 y X
0Ff
-0.5
-1 L
—-1.5¢

) .
-2 -15 -1 -05 0 05 1 15 2 25 3 35

FIGURE9.9 Example of local map joining. (a) Local map ./\/lB ! with four point features,
P1, P2, S3, and a segment S4, with respect to reference Bl; (b) local map ./\/IB2 with
two features, S1 and S2, with respect to reference B2; (c) both maps are ]omed to
obtain M5 ]1 Fi+Ty" (d) map M5B 11'2 after updating by fusing S3 with S5, and S4 with S6.
(Reprinted with permission from Tardés, J. D. et al. International Journal of Robotics
Research, 21: 311-330, 2002.).
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FIGURE 9.10 Global maps obtained using the standard EKF-SLAM algorithm (a) and
local map joining (b).
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FIGURE9.11 Maps build by two independent robots (a, b) and global map obtained by
joining them (c).

9.4.5 Multi-robot SLAM

The techniques explained above can be applied to obtain global maps of large
environments using several mobile robots. In Figure 9.11a and b, we can see
the maps built by two independent robots that have traversed a common area.
In this case, the relative location between the robots is unknown. The process
for obtaining a common global map is as follows:

e Choose atrandom one feature on the first map, pick its set of covisible
features and search for matchings in the second map using the RS
relocation algorithm. Repeat the process until a good matching is
found, for a fixed maximum number of tries.
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e When a match is found, choose a common reference in both maps. In
this case the reference is built in the intersection of two nonparallel
walls that have been matched by RS. This gives the relative location
between both maps. Change the base of the second map to be the
common reference using the technique detailed in Reference 10.

e Join both maps (Section 9.4.2), search for more matchings using
JCBB, and fuse both maps in a global map (Section 9.4.3) that con-
tains the location of all features and both robots, relative to the base
of the first map.

The global map obtained is shown in Figure 9.11c. The bold lines are the
covisibility set used to match both maps. After that point, both robots can
continue exploring the environment, building new independent local maps that
can be joined and fused with the global map.

9.5 CONCLUSIONS

The EKF approach to SLAM dates back to the seminal work reported in
Reference 2 where the idea of representing the structure of the navigation area
in a discrete-time state-space framework was originally presented. Nowadays
the basic properties and limitations of this approach are quite well understood.
Three important convergence properties were proven in Reference 26 (1) the
determinant of any submatrix of the map covariance matrix decreases mono-
tonically as observations are successively made, (2) in the limit, as the number
of observations increases, the landmark estimates become fully correlated, and
(3) in the limit, the covariance associated with any single landmark location
estimate reaches a lower bound determined only by the initial covariance in the
vehicle location estimate at the time of the first sighting of the first landmark.

It is important to note that these theoretical results only refer to the evolu-
tion of the covariance matrices computed by the EKF in the ideal linear case.
They overlook the fact that, given that SLAM is a nonlinear problem, there
is no guarantee that the computed covariances will match the actual estim-
ation errors, which is the true SLAM consistency issue first pointed out in
Reference 38. In a recent paper [9], we showed with simulations that lin-
earization errors lead to inconsistent estimates well before the computational
problems arise. In Section 9.4 we have presented experimental evidence that
methods like map joining, based on building independent local maps, effectively
reduce linearization errors, improving the estimator consistency.

The main open challenges in SLAM include efficient mapping of large
environments, modeling complex and dynamic environments, multi-vehicle
SLAM, and full 3D SLAM. Most of these challenges will require scal-
able representations, robust data association algorithms, consistent estimation
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techniques, and different sensor modalities. In particular, solving SLAM with
monocular or stereo vision is a crucial research goal for addressing many real life
applications.

APPENDIX: TRANSFORMATIONS IN 2D

Two basic operations used in stochastic mapping are transformation inversion
and composition, which were represented by Reference 2 using operators ©
and ®:

18 = ox}

o o <B

X¢ = %5 ® R
In this chapter, we generalize the @ operator to also represent the compos-
ition of transformations with feature location vectors, which results in the

change of base reference of the feature. The Jacobians of these operations are
defined as:

. d(exf)
JolX} = aTAB
B 1)
A s a(xy @ xB)
JleB{Xg’ Xl = %
X8 @58
A s I(xy @ xE)
Joa{Rf, R¢) = %
Xc (%4,%8)

In 2D, the location of a reference B relative to a reference A (or trans-
formation from A to B) can be expressed using a vector with three d.o.f.:
x‘g = [xl,yl,qb]]T. The location of A relative to B is computed using the

inversion operation:

—X1 COS Py — y1 sin @y
Xff = exg = | xpsin¢g; —yjcos @

—¢1

The Jacobian of transformation inversion is:

—cos¢| —sing; —xjsing; —yjcos@;
Jo(xa} = | sing1  —cos¢  xicosdy +ysingy
0 0 -1
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Let Xg =[x, y2,¢2]T be a second transformation. The location of

reference C relative to A is obtained by the composition of transformations
xg and xg:

X1 + X2 COS 1 — Y2 8in
A B :
Xe =Xp ®Xp = | y1 +x28in 1 + y2 cos ¢y

o1+ P2

The Jacobians of transformation composition are:

[1 0 —xpsing; — yrcos gy
Jioxg,x8) =10 1 xacos¢ —yrsingy
0 0 1

[cos¢py —sing; 0O

Joa{xg,x¢} = | sing;  cos¢r 0
0 0 1
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10.1 INTRODUCTION

A key trait of an autonomous robot is the ability to plan its own motion in
order to accomplish specified tasks. Often, the objective of motion planning
is to change the state of the world by computing a sequence of admissible
motions for the robot. For example, in the path planning problem, we compute
a collision-free path for a robot to go from an initial position to a goal position
among static obstacles. This is the simplest type of motion planning problems;
yet it is provably hard to computational problem [1]. Sometimes, instead of
changing the state of the world, our objective is to maintain a set of constraints
on the state of the world (e.g., following a target and keeping it in view), or
to achieve a certain state of knowledge about the world (e.g., exploring and
mapping an unknown environment).

Ideally, the robot achieves its objectives despite the many possible motion
constraints, internal or external to the robot. Traditionally, motion planning
emphasizes a single external constraint: physical obstacles in the environment.
This is actually the only constraint considered in path planning. However,
real robots have inherent mechanical limitations, such as the nonholonomic
constraints that prevent wheeled robots from moving sideways. Robots may
also be constrained by sensor limitations, such as obstacles blocking the views of
cameras. These internal constraints are important, but taking them into account
further complicates motion planning.

In recent years, random sampling has emerged as a powerful approach
for motion planning. It is computationally efficient and relatively simple
to implement. Its development was originally driven by the need to plan
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motions for robots with many degrees of freedom (dof), such as cooperating
manipulator arms. However, we will downplay this aspect in this chapter.
Instead, our main goal is to show how random sampling, combined with geo-
metric and physical insights, can effectively handle motion constraints resulting
from robots’ mechanical and sensor limitations.

We start with an overview of path planning and proceed to the random-
sampling approach to path planning (Section 10.2). Next, we focus on motion
planning under two types of infernal constraints: kinematic, dynamic con-
straints (Section 10.3) and visibility constraints (Section 10.4). We also briefly
touch on the effect of uncertainty on motion planning (Section 10.5).

10.2 PATH PLANNING

In path planning, we are given a complete description of the geometry of a
robot and a static environment populated with obstacles. Our goal is to find a
collision-free path for the robot to move from an initial position and orientation
to a goal position and orientation.

Although path planning algorithms differ greatly in details, most of them
follow a common framework (Figure 10.1). The first step is to map a robot,
which may have complex geometric shape, to a point in a new, abstract
space, called the configuration space [2]. This mapping transforms the ori-
ginal problem to that of path planning for a moving point. Next we discretize
the continuous configuration space and construct a graph that represents the
connectivity of the space. Finally, we search this graph to find a path for the
robot to reach the goal. If no path is found, we may sometimes repeat the process
by refining the discretization and searching for the path again.

An important consideration for path planning algorithms is completeness.
A path planning algorithm is complete, if it finds a path whenever one exists

| Geometry of a robot and obstacles |

Problem formulation *

| Conguration space |

Discretization * <

| Connectivity graph |

Graph search *

| Solution path |

FIGURE 10.1 A common framework for path planning.
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and reports none exists otherwise. However, achieving completeness is often
computationally intractable. In practice, we have to trade-off some amount of
completeness for increased computational efficiency.

In this section, we first present the concept of configuration space
(Section 10.2.1). Next, we briefly describe some early approaches to path plan-
ning (Section 10.2.2), before focusing on how the random-sampling approach
works in this relatively simple setting (Section 10.2.3).

10.2.1 Configuration Space

The configuration of a robot is a set of parameters that uniquely determine
the position of every point in the robot. For example, the configuration of a
mobile robot is usually its position (x,y) and orientation 6 for 6 € [—m, 7).
The configuration of an articulated robot manipulator is usually a list of joint
angles (61,62, ...).

Suppose that the configuration of a robot consists of d parameters. It can
then be regarded as a point in a d-dimensional space C, called the configuration
space. A configuration q is free, if the robot placed at ¢ does not collide with
the obstacles or with itself. We define the free space F to be the subset of all
free configurations in C, and define the obstacle space B to be the complement
of F : B =C\F. See Figure 10.2b for an illustration.

For a robot that only translates in the plane, we can construct C explicitly by
computing the Minkowski difference of the robot and the obstacles. Intuitively,
we can think of the computation as “growing” the obstacles by the shape of
the robot and shrinking the robot to a point (Figure 10.2). In general, a mobile
robot not only translates, but also rotates. In this case, we compute slices of
C with the robot in various fixed orientations and then stack and stitch these

FIGURE 10.2 A robot translating in the plane. (a) The triangular robot moves in an
environment with a single rectangular obstacle. (b) The configuration space of the robot.
The configuration of the robot is represented by the position (x,y) of a reference point
in the robot.
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slices together. Computing C exactly is also possible, though somewhat more
complicated [3].

For high-dimensional configuration spaces, explicitly constructing C is
difficult. Instead, we represent C implicitly by a function CLEARANCE: C — R,
which maps a configuration g € C to the distance between a robot at g and the
obstacles. If CLEARANCE(qg) returns O, then g is in collision. An efficient imple-
mentation of this function can be achieved with hierarchical collision detection
or distance computation algorithms [4].

Whether represented explicitly or implicitly, the configuration space
encodes the key information of whether a robot at a particular configuration is
in collision with obstacles or not. We can thus state the path planning problem
formally in the configuration space as follows.

Problem 10.2.1 (path planning) Given an initial configuration qinix and a
goal configuration qgoq, find a path in the free space F between ginit and qgoa.

In essence, the robot becomes a point in C, and the path planning problem
for the robot becomes that of finding a path for a moving point in F. This
transformation does not change the problem in any way, but it is often easier to
think about the motion of a point than that of a robot with complex geometric
shape. It also makes the problem formulation cleaner mathematically, especially
when other constraints, in addition to physical obstacles, are considered (see
Section 10.3).

10.2.2 Early Approaches

Path planning is fundamentally a question about the connectivity of F: is there
a path in F that connects two given configurations ginit and ggoa1? To answer
this question, a path planning algorithm usually discretizes F and computes
a graph that represents its connectivity. It then searches this graph for a suit-
able path. The first step, constructing the connectivity graph, is the key and is
where algorithms differ. The second step, graph search, is accomplished with
standard graph-search techniques, such as the Dijkstra’s algorithm or the A*
algorithm.

There are three general approaches for path planning: roadmap, cell decom-
position, and potential field. They differ in the connectivity graphs constructed
and their representations. These differences were important a decade ago, when
computers were much slower and the differences could affect the computational
cost greatly even for path planning in simple 2D configuration spaces. With
the advances in computer hardware, these differences are much less important
today. All three approaches can solve path planning problems in 2D configur-
ation spaces in a fraction of a second on a modern PC. What is relevant today
is whether an approach scales up for configuration spaces of high dimensions
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(six or more). Unfortunately none of them really does in their original forms.
In the following sections, we give selected examples of the three approaches
in 2D configuration spaces, for the purpose of comparison with the random-
sampling approach to be presented in Section 10.2.3. See Reference 5 for a
complete survey of these approaches.

10.2.2.1 Roadmap

The roadmap approach captures the connectivity of F in a network G of 1D
curves, called the roadmap. Once G is constructed, the robot is restricted to
move along the curves in G. It appears that such a restriction may affect the
robot’s ability to find a collision-free path to the goal. However, a good roadmap
has the property that there is a collision-free path in C between two configura-
tions if and only if there is a collision-free path using only the curves represented
in G. Algorithms that produce such roadmaps are clearly complete.

A classic example of the roadmap approach is the visibility graph algorithm
[6], which applies mainly to 2D configuration spaces with polygonal obstacles.
It captures the connectivity of C in a visibility graph Gyis (Figure 10.3). The
nodes of Gy;s are the vertices of polygonal obstacles in C, plus ginit and ggoal-
There is an edge between two nodes in G if the straight-line path between
the two nodes does not intersect the interior of the obstacles. The visibility
graph can be computed in O(n*Ign) time using a simple rotational sweep-
line algorithm [7], where n is the total number of vertices in the polygonal
obstacles. After constructing Gyis, we can find the shortest path between gipi
and ggoa by applying the Dijkstra’s algorithm to Gyis. Furthermore, one can
prove that the shortest path in Gyjs is also the shortest among all possible paths
in F between gipit and ggoa1. This is the main strength of the visibility graph

FIGURE 10.3 The visibility graph of a configuration space.
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algorithm. However, it produces paths that graze the obstacles and thus bring
the robot dangerously close to the obstacles, which is undesirable in practice.

An alternative is the Voronoi diagram algorithm, which captures the
connectivity of F in the Voronoi diagram of F [8]. By following the curves in
the Voronoi diagram, a robot stays as far away from the obstacles as possible,
a clear advantage over the visibility graph algorithm. The Voronoi diagram can
be computed in O(nlgn) time, which is also more efficient.

In 2D polygonal configuration spaces, both the visibility graph and the
Voronoi diagram capture the connectivity of the space exactly: there is a
collision-free path in C between two given configurations if and only if there is
such a path in the corresponding graphs. So both algorithms are complete for
2D polygonal configuration spaces.

10.2.2.2 Cell decomposition

The cell decomposition approach first divides a robot’s free space into simple,
canonical regions called cells. Cells are usually convex so that it takes constant
time to compute a path between any two configurations within a cell. We then
construct a graph G to capture the connectivity of F, just as the roadmap
algorithms do. The nodes of Gy are the cells. There is an edge between two
nodes if the corresponding cells are adjacent to each other.

The simplest cell decomposition is a grid with a fixed resolution
(Figure 10.4a). To find a path between ginir and ggoa1, We locate the two cells
containing gini¢ and ggoal, respectively, and search for a path in Geepp between
the two corresponding nodes. The result is a sequence of adjacent free cells that
form a channel of free space between ginit and ggoa1. A main advantage of this
algorithm is the ease of implementation, giving rise to its great popularity in
motion planning of mobile robots. However, its guarantee of completeness is
weaker: it finds a path when one exists, only if the resolution of the grid is fine
enough. Thus we say that the algorithm is only resolution-complete.

A more severe disadvantage of this algorithm is the grid size. If each dimen-
sion of a d-dimensional configuration space is discretized into » intervals, we
end up with O(n¢) cells in total. This becomes prohibitively expensive to store
and process, as d grows. To reduce the total number of cells, one possibility is
to start with a coarse grid and refine the grid locally when necessary. This leads
to a data structure similar to quad- or oct-tree (see Reference 5 for more details).
Another possibility is to analyze the input data carefully and use critical geomet-
ric features — such as the vertices or edges of polygonal obstacles — as a basis
for discretizing the space, in order to avoid creating unnecessarily small cells.
As an example, consider the triangulation algorithm [7], which divides the free
space into triangles using the vertices of polygonal obstacles (Figure 10.4b).
When there are a small number of simple obstacles, a triangulation contains
much fewer cells than a grid with a reasonable resolution.
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FIGURE10.4 Cell decomposition with (a) a fixed-resolution grid and (b) a triangulation.

10.2.2.3 Potential field

The potential field approach [9] appears to be of a somewhat different nature
from the previous two. It does not build a connectivity graph explicitly. Instead,
it constructs an artificial potential function over F to guide a robot toward
the goal. The potential function U(g), which depends on the current config-
uration g of the robot, consists of an attractive component and a repulsive

© 2006 by Taylor & Francis Group, LLC



Motion Planning: Recent Developments 381

component: U(q) = U,(q) + U:(q). The attractive potential U,(q) pulls the
robot toward the goal. The repulsive potential U;(q) pushes the robot away
from the obstacles. The robot moves toward the goal, which is usually the
global minimum of U(g), by following the negated gradient of U(g). One
important advantage of this approach is that it computes not just a single path,
but a feedback control strategy. The potential function U(q) specifies the motion
of the robot at any arbitrary configuration g € C. So the approach is more robust
against control and sensing errors. It is also quite efficient. However, the poten-
tial field approach, which is based on steepest-descent optimization, suffers
from the local minima problem: the robot may be trapped in a local minimum
of U(q) without reaching the global minimum, that is, the goal. The problem
cannot be eliminated in general, but can be alleviated by constructing better
potential functions with few local minima or executing random moves to help
the robot escape from the local minima [5].

In some implementations, the potential function is represented on a grid.
Such a potential field algorithm is closely related to cell decomposition with
a fixed-resolution grid. We can think of the potential function as a heuristic
function for graph search on a grid.

10.2.3 Random Sampling

Even for a mobile robot, the dimensionality of its configuration space, dim(C),
sometimes becomes quite high. The position and orientation of a mobile robot
operating in the plane can typically be specified by three parameters (x, y, 9), but
many mobile robots are wheeled differential-drive systems subject to nonholo-
nomic or dynamic constraints. To represent these constraints, we may need to
consider the velocities (x, y, é) in addition to (x, y, 8), resulting in a 6D space. If
there are multiple robots cooperating in the same environment, dim(C) becomes
even higher. As one expects, path planning becomes increasingly difficult as
dim(C) grows.

During the past decade, random sampling has emerged as a powerful
tool for path planning in high-dimensional configuration spaces. Algorithms
based on random sampling, for example, the probabilistic roadmap (PRM)
planners, are both efficient and simple to implement. They have solved path
planning problems for multiple robots with dozens of dof [10]. Although
these algorithms are originally intended for robot manipulators with many dof,
the configuration space framework allows us to use them for mobile robots
equally well.

As the name suggests, a PRM planner uses the roadmap approach. It tries
to build a network of 1D curves that captures the connectivity of F. Compared
with the classic roadmap algorithms presented in Section 10.2.2.1, the main
difference is that the nodes of a probabilistic roadmap are free configurations,
sampled randomly according to a suitable probability distribution.
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ALGORITHM 10.1
Roadmap construction for multi-query PRM planning

1: loop

2:  Pick g from C at random with probability 7 (g).

3 if CLEARANCE(g) > O then

4 Insert ¢ into the roadmap G as a milestone.

5: for every milestone ¢’ € G such that ¢’ # g do
6 if LINK(g, ¢’) returns TRUE then

7 Insert an edge into G between ¢ and ¢'.

8

9

end if
end for
10:  end if
11: end loop

There are two main classes of random-sampling algorithms. The first class
precomputes a roadmap so that multiple planning queries in the same static
environment can then be processed quickly. The second class performs no
precomputation and builds a small roadmap on the fly in order to process
a single query as fast as possible. The latter scenario occurs if environ-
ments change frequently and precomputation is not feasible. We refer to
the first class as multi-query planning, and the second class as single-query
planning.

10.2.3.1 Multi-query planning

In multi-query planning, we proceed in two stages. The first stage is precompu-
tation, whose objective is to compute aroadmap G that captures the connectivity
of F as accurately as possible in a reasonable amount of time. We sample C at
random according to a suitable probability distribution v and retain the free con-
figurations, called milestones, as nodes in G. Let LINK(g, ¢’) denote a function
that returns true if two milestones ¢ and ¢’ can be connected by a collision-free,
straight-line path. We insert an edge in G between two milestones ¢ and ¢’
if LINK(q, ¢) returns true. Algorithm 10.1 shows the main steps of this stage.
The second stage is query processing. Each query asks for a collision-free path
connecting ginir and ggoa1. We first find two milestones q{nit and qéoal in G such
that gini¢ (ggoal, respectively) and g; ., (qéoal, respectively) can be connected by
a collision-free path. We then search for a path in G between ¢/ . and q’goal.
The key issue in constructing probabilistic roadmaps is the sampling distri-
bution for generating milestones. The first PRM planner uses a straightforward
uniform distribution, followed by an enhancement step to increase sampling
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FIGURE 10.5 A probabilistic roadmap generated by the uniform sampling strategy for
multi-query planning in a 2D configuration space.

density in critical regions [11]. See Figure 10.5 for an example. The success
of the first PRM planner led to intensive research. Many different sampling
strategies for PRM planning have been proposed [12-20] (see Chapter 7 of
Reference 78, for a survey). Most of them try to increase the sampling dens-
ity inside narrow passages, which are small regions critical for capturing the
connectivity of F well.

Another important issue for PRM planners is the representation of C. The
configuration space C is generally represented implicitly in PRM planning.
In Algorithm 10.1, CLEARANCE(g) determines whether g is collision-free,
and LINK(q, ¢") determines whether there is a collision-free, straight-line path
between g and ¢’. Both can be implemented efficiently using hierarchical
bounding volume representation [4,21].

10.2.3.2 Single-query planning

In contrast to multi-query planning, there is no precomputation in the single-
query setting. Instead, we construct a small roadmap on the fly to answer a single
query. We sample only the connected components of F that contain either gipit
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FIGURE 10.6 A roadmap for single-query planning in a 2D configuration space. The
two circles mark gipi¢ and ggoql-

Or ggoal [22,23]. The reason is that although F may contain several connected
components at most two of them, which contain ginit Or ggoa1, are relevant to the
query being processed. It is clearly undesirable to construct a roadmap for the
entire space. The roadmap for the single-query setting typically consists of two
trees rooted at gipit and ggoal, respectively (Figure 10.6). We expand the two
trees by sampling new milestones at random from C and inserting them into the
trees as milestones, until the two trees “meet,” that is, a milestone in one tree is
connected to a milestone in the other.

The two trees are expanded in an identical way. To add a new milestone
to a tree T, we pick at random an existing milestone g in 7" with probability
77 (g) and sample a new free configuration ¢’ at random from the neighborhood
of ¢ with probability 7 ,(¢"). If there is a straight-line path between ¢ and ¢/,
then ¢ is inserted into T as a milestone along with an edge between ¢ and ¢'.
In contrast to Algorithm 10.1, a new configuration is inserted into 7 only if it
can be connected to some existing milestone in 7. So by construction, there
is a path between the root of 7" and every milestone in 7. The pseudocode in
Algorithm 10.2 sketches out the algorithm for building a tree rooted at a given
configuration.
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ALGORITHM 10.2
Building a tree T rooted at configuration g

1: Insert gg into 7.
2: loop
3:  Pick an existing milestone g from 7 with probability 7 (q).
4:  Sample a new configuration ¢’ at random from the neighborhood of ¢
with probability 74 (q").
if CLEARANCE(g) > 0 and LINK(g, ¢) returns TRUE then
Insert ¢ into T along with an edge between ¢ and ¢'.
end if
end loop

In Algorithm 10.2, we must avoid oversampling any region of F, espe-
cially around gjpit and ggoa1. Ideally we would like the milestones to eventually
distribute rather uniformly over the connected components containing gipi; Or
Ggoal- TWo common ways to achieve this are the expansive space tree (EST)
[22] and the rapidly exploring random tree (RRT) [23]. EST assigns every
milestone ¢ in T a weight that measures how densely the neighborhood of g
has already been sampled. We then pick an existing milestone g with a suitable
distribution 77 (g) (line 3) so that low-density neighborhoods are more likely to
be sampled. RRT uses a target distribution, for example, the uniform distribu-
tion, and pick ¢ so that the final distribution of milestones are close to the target
distribution.

Another interesting idea for single-query planning is to delay executing
LINK, an expensive operation, until it becomes necessary [4,10].

10.2.3.3 Probabilistic completeness

In general, path planning algorithms based on random sampling cannot detect
whether any path exists. We must explicitly set the maximum number of mile-
stones to be sampled. We may also try to estimate how well C has been sampled
and terminate the algorithm if C has been sampled adequately and no path has
been found. Because of this, these algorithms are not complete. Instead they
can only guarantee probabilistic completeness: a path planning algorithm is
probabilistically complete if it finds a path with high probability when one
exists. Probabilistic completeness provides a guarantee of performance only if
a solution path exists. No assurance is implied, if there is no path. It can be
shown that under reasonable geometric assumptions on the configuration space,
both the multi-query and the single-query algorithms with suitable sampling
distributions are probabilistically complete with exponentially fast convergence
rate [22,25-27].
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10.2.3.4 Advantages of random sampling

The success of random sampling in path planning results from several factors:

e It can handle high-dimensional configuration spaces efficiently.

e It is easy to implement, partly due to the availability of good pro-
gramming libraries for collision checking and pseudorandom number
generation.

o It benefits from a probabilistic framework, which provides powerful
tools for designing new sampling strategies and analysis techniques.

e It is difficult for an adversary to construct worst-case input, because
of the random decisions made by the algorithm, thus improving the
robustness of the algorithm on the average.

10.3 MOTION PLANNING UNDER KINEMATIC AND DYNAMIC
CONSTRAINTS

Path planning is a purely geometric problem. It ignores some key aspects of
real robots: inherent limits on mechanical systems restrict the range of possible
motion. For example, a car cannot move sidewise. These limits cause certain
configurations to be invalid, even if a robot does not collide with obstacles
at those configurations. In this section, we consider two important classes of
constraints, kinematic constraints and dynamic constraints, together referred to
as kinodynamic constraints. Unlike the physical obstacles, kinodynamic con-
straints cannot always be represented in the configuration space. They involve
not only the configuration, but also the velocity and possibly the acceleration
of the robot.

To address this issue, we use state space, a straightforward generalization of
configuration space. Every point in the state space contains information on both
the configuration and the velocity of a robot. Our objective is to find, in the state
space, an admissible path that is both collision-free and satisfies kinodynamic
constraints. This class of problems is called kinodynamic motion planning [28].

10.3.1 Kinematic and Dynamic Constraints

Kinematic constraints impose a relationship between the configuration g of a
robot and its velocity ¢. They can be written mathematically as

Flg,9) =0 (10.1)

Kinematic constraints can be further classified into holonomic and
nonholonomic ones.
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FIGURE 10.7 A simplified model for a car-like robot.

Holonomic constraints do not involve the velocity of a robot; they have
the special form F(q) = 0. A set of holonomic constraints can be used to
eliminate some of the configuration parameters and reduce the dimensionality
of C. By choosing a suitable parameterization of C, we may be able to convert
a problem with holonomic constraints into one with no constraints and apply
the algorithms from Section 10.2.

Nonholonomic constraints are fundamentally different. They are not integ-
rable, meaning that we cannot eliminate ¢ via integration and convert them
to the form F(g) = 0. A classic example is the constraints on the motion of
car-like mobile robots (Figure 10.7). Let (x, y) be the position of the midpoint R
between the rear wheels of the robot and 6 be the orientation of the rear wheels
with respect to the x-axis. Assuming that the wheels do not skid, the robot
cannot move sidewise. This constraint can be written as tanf = y/x, which
clearly has the form F(q,q) = 0. What is less obvious is that the constraint
is not integrable. We will not get into the details here. It suffices to say that
the mathematical conditions for integrability is known, but for a given set of
constraints, checking these conditions is a nontrivial task. (See Reference 5,
pp- 403451, for details.)

Although most of the work on nonholonomic motion planning focuses on
car-like or tractor-trailer robots, many results are applicable to other problems,
including object pushing [29] and dextrous manipulation [30].

Dynamic constraints are closely related to nonholonomic constraints, but
they involve not only the configuration and the velocity of a robot, but also
the acceleration. Consider the Lagrange’s equations of motion, which have the
form G(q, q,q) = 0, where ¢, g, and g are the robot’s configuration, velocity,
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and acceleration. Defining s = (g, ¢), we can rewrite the equation as F (s, §) = 0
which is the same as (10.1).

The motion of a robot may also be constrained by inequalities of the form
F(g,9) < 0or G(q,q,q) < 0. Such constraints restrict the set of admissible
states to a subset of the state space.

The presence of kinodynamic constraints implies that not all collision-free
path are admissible, because they may violate the constraints. For some robots,
we can represent motion constraints explicitly by constructing a class I' of
admissible path segments. Ideally I" has the property that if there is an admiss-
ible path between two states, then one can construct another admissible path as
a sequence of segments from I". This property is necessary for algorithms using
I" to be complete. Examples of such path segments include jump curves [31] or
Reeds and Shepp curves [32] for car-like robots. In general, one can prove such
a class of path segments can be constructed for any locally controllable system
using tools from nonlinear control theory [33-35]. Unfortunately, the path seg-
ments generated by the proof are often inefficient in practice, because they may
contain many unnecessary maneuvers.

An alternative representation of motion constraints is a control system

§=f(s,u) (10.2)

which constitutes the robot’s equations of motion under suitable control. In
Equation (10.2), s € S is the robot’s state, which encodes the robot’s config-
uration and optionally velocity as well; § is the derivative of s with respect to
time; u € 2 is the control input. The set S and 2 are called the state space and
control space, respectively. We assume that S and 2 are bounded manifolds
of dimensions n and m, with m < n. By defining appropriate charts on these
manifolds, we can treat S as a subset of R”, and 2 a subset of R™.

Equation (10.2) can represent both kinematic and dynamic constraints
described earlier. Suppose that we have £ kinodynamic constraints G;(s, s) = 0
fori =1,2,...,£. We can solve these £ equations for s. In general, if £ is less
than n, the solution is not unique, but we can parameterize the set of solutions
by u € R"~¢ and write them down, at least formally, as § = f(s,u) for some
suitable function f. More precisely, it can be shown that under suitable con-
ditions, the set of constraints G;(s,5) = 0 fori = 1,2,...,¢ is equivalent to
(10.2), in which u is a point in R™ = R"~* [33].

To deal with inequality constraints of the form G(s,s) < 0, we typically
restrict the state space S and control space €2 to suitable subsets of R” and R™,
respectively.

Let us now look at an example to illustrate the above notions.

Example 10.3.1 (simplified nonholonomic car navigation) Consider the
car example in Figure 10.7. The state of the car is specified by (x,y,0) € R>.
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The nonholonomic constraint tan 0 = y/x is equivalent to the system

x=vcosf
y=vsiné

6 = (v/L)tan ¢

This reformulation corresponds to defining the car’s state to be its configuration
(x,y,0) and choosing the control input to be the vector (v, ), where v and ¢
are the car’s speed and steering angle, respectively. Bounds on (x,y,0) and
(v, ) can be used to restrict S and Q2 to subsets of R® and R?, respectively. For
instance, if the maximum speed of the car is 1, we require |v| < 1.

10.3.2 General Approaches

Sometimes, the path planning approaches described in Section 10.2 can be
applied to kinodynamic motion planning after some modifications. To construct
a roadmap for car-like robots, we may discretize the boundaries of polygonal
obstacles and connect pairs of points on the boundaries with jump curves com-
posed of circular and straight-line segments [31]. To apply this idea to other
robots would require a suitable class of admissible path segments to be construc-
ted. Alternatively, we may consider the cell decomposition approach by placing
aregular grid over the state space [28,33]. We represent the motion constraints
as a control system and search for an admissible path in the discretized state
space. As we have mentioned before, the cell-decomposition approach works
only for robot with few dof, because the grid size increases exponentially with
dim(C). We may also use the potential field approach by projecting the poten-
tial forces onto the surface defined by the motion constraints and applying the
projected forces on the robot.

One approach unique to kinodynamic motion planning is path transform-
ation. It proceeds in three steps [36]. First, we generate a collision-free path
y that disregards the motion constraints. We then discretize y into a sequence
of short path segments and replace each segment with one from a class I' of
admissible path segments, thus transforming y into an admissible path y’.
Finally we smooth y’ to remove the unnecessary maneuvers and obtain a more
efficient admissible path. This algorithm can be extended in various ways,
which are all based on the idea of successive path transformation, but differ in
what transformations to use and how to perform the transformations [37-39].
A natural question to ask about these path transformation algorithms is whether
it is always possible to transform a collision-free path into an admissible path
that obeys the motion constraints. In theory, the answer is yes, if the robot is
locally controllable [36], for example, car-like robots. However, the approach
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is only practical for robots for which a class I' of efficient admissible path seg-
ments can be easily constructed. It is not applicable to robots that are not locally
controllable, for example, car-like robots that can only go forward.

10.3.3 Random Sampling

Random sampling has also been successful for kinodynamic motion planning,
including robots that are not locally controllable. In this section, we give two
representative examples.

The first one follows the multi-query approach [27], described in
Section 10.2.3. It applies to car-like robots and assumes the existence of a
class I' of admissible path segments. It proceeds in almost the same way as
Algorithm 10.1, with one major difference. When connecting two milestones
in the roadmap, the algorithm uses path segments from I instead of straight-
line paths. Thus every path in the roadmap is not only collision-free, but also
admissible.

The second example follows the single-query approach. It represents the
motion constraints as a control system. The main steps of the algorithm are sim-
ilar to Algorithm 10.2. The difference occurs in lines 3 and 5. In Algorithm 10.2,
we sample a new configuration and connect it to an existing milestone with a
straight-line path. However, straight-line paths often violate the motion con-
straints. So instead, we choose a random control function and integrate the
robot’s equations of motion forward under this control function for a small
period of time. The motion constraints are enforced automatically during the
integration. If the resulting path is admissible, we then insert the endpoint of
the path into the tree being constructed as a new milestone. Intuitively, we
map a random sample in the control space €2 to a random sample in the state
space S by integrating the equations of motion. Of course, we must still avoid
oversampling. We can use the same methods described in Section 10.2.3, but
they work less effectively here, because the motion constraints skew the density
estimate and the target distribution.

It may appear somewhat surprising that, in the random-sampling approach,
algorithms for path planning and kinodynamic motion planning are very similar.
This is in fact one major advantage of the approach: it applies to a wide class of
problems with relatively small, local changes related to the specifics of robots.
This greatly eases implementation.

10.3.4 Case Studies on Real Robotic Systems

Having seen a number of motion planning algorithms, we now look into some
important practical issues in the context of two real robotic systems.
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trailer-truck

FIGURE 10.8 A trailer-truck carrying aircraft components on a narrow road with many
obstacles nearby.

10.3.4.1 Motion planning of trailer-trucks for transporting
Airbus A380 components

Airbus A380 is the largest commercial aircraft that has ever been built. The main
components — wings, fuselage sections, and the tail plane — are produced in
different European cities and transported by trailer-trucks to a central location
for assembly (see Figure 10.8). The transport itinerary must go through small
towns and villages with sometimes very narrow roads. The enormous size of
the cargo, the length of the itinerary, and the narrow roads along the way pose
unique challenges. It is highly desirable to have an automated system to help
validate the itinerary in advance and guide the truck driver [40].

Trailer-trucks have been studied extensively in nonholonomic motion plan-
ning. In this case, a path transformation algorithm is used for motion planning
[41]. An initial admissible path is computed and then iteratively improved to
make it more efficient. Obstacle avoidance is achieved with a potential field
method.

The automated system is used to validate the itinerary for the trailer-trucks
and determine which parts of the itinerary must be adapted to fit the vehicle size.
The system also optimizes the trajectories to maximize the distance between the
truck and the surrounding obstacles, such as buildings and trees. The validated
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FIGURE 10.9  An air-cushioned robot among moving obstacles.

trajectory is then fed into a computer-aided driving system to help the driver
follow the trajectory.

10.3.4.2 A space robotics test-bed

A variant of the single-query random-sampling planner described in
Section 10.3.3 has been implemented on a real robot in an environment
with moving obstacles [42]. The robot system was developed in the Stanford
Aerospace Robotics Laboratory for testing space robotics technology. The air-
cushioned robot moves frictionlessly on a flat granite table (Figure 10.9). It has
eight air thrusters providing omni-directional motion capability, but the force
is small compared to the robot’s mass, resulting in tight acceleration limits.

We model the robot as a disc in the plane for planning purposes. To deal
with moving obstacles, the planner augments the state space with a time axis
and computes a trajectory for the robot in the state-time space instead of the
usual state space. An overhead vision system estimates the motion of moving
obstacles in the environment and sends the information to the planner, which
runs on an off-board computer. The planner is then allocated a short, predefined
amount of time to compute a trajectory, as required by the real-time nature of
the system,

The success of random sampling for motion planning in real-time sys-
tem indicates its effectiveness despite many adversarial conditions, including
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(i) severe dynamic constraints on the robot’s motion, (ii) moving obstacles,
and (iii) various time delays and uncertainties inherent to an integrated system
operating in a physical (as opposed to a simulated) environment.

10.4 MoTION PLANNING UNDER VISIBILITY CONSTRAINTS

Often, we picture robots as intelligent machines maneuvering autonomously
through a cluttered environment, transporting parts, or assembling products.
These tasks fall strictly within the domain of classic motion planning. However,
acquiring information about environments through sensing is another important
task: surveillance and mapping unknown environments are all examples of tasks
in which observing the world is the main objective. It may not be immediately
obvious, but motion planning plays a key role in these problems.

The goal of sensing is to extract an understanding of the world from sensor
data. The basic act of sensing is passive. It becomes active when an algorithm
directs the robot to move in order to make sensing more effective. The motion
may help the robot keep a target within the sensor range or gain new inform-
ation about an unknown environment. More generally, motion is executed to
maintain a set of constraints on the state of the world or achieve a certain state
of knowledge about the world. Here, the term “state” reflects not only the
robot’s physical configuration, as in the previous sections, but also the robot’s
observations and knowledge. The admissible paths for the robot are constrained
not only by the robot’s geometry and mechanics, but also by a set of visibility
constraints due to the robot’s sensors.

To understand the role of visibility constraints, consider the example of a
robot following a target. Suppose that at its initial location, the robot has the
target in view. As the target moves, it may get out of the robot’s sensor range.
The robot must move to a new location to keep the target in view. The path
that the robot takes must, of course, be collision-free. In addition, at every
point along the path, the robot must maintain target visibility. The visibility
constraints reduce the set of admissible paths available to the robot, just as the
kinodynamic constraints do. To deal with visibility constraints effectively, we
must now leave the realm of classic motion planning and enter the realm of
motion planning under visibility constraints.

This section presents three motion planning problems under visibility con-
straints: sensor placement (Section 10.4.1), indoor exploration (Section 10.4.2),
and target tracking (Section 10.4.3). In the first problem, we compute a set of
robot sensing locations to build a model of an environment effectively. This
is the simplest scenario, because we ignore the cost of robot motion. The
second problem, often called the next best view, is an extension of the first,
when the environment is not known in advance. Motion planning becomes
important, because the robot may inadvertently collide with unknown obstacles
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in the environment. The last problem is that of computing the motion of a
robot observer following a target. This is probably the most complex problem
of the three, because it involves both visibility and kinodynamic constraints.
Moreover, the robot is sometimes expected to track an unpredictable target in
real time.

10.4.1 Sensor Placement

Nowadays, robots equipped with laser range sensors are often used to build 3D
models of the environment [43—46]. Acquiring high-quality 3D information
is a costly operation, and it is desirable to minimize the number of sensing
operations. To do this, we use an initial 2D map of the environment and compute
a set of locations from which a range sensor (e.g., laser) scans the environment.
We call this problem sensor placement.

Sensor placement is related to the classic art gallery problem [47], which
asks for the minimum number of guards whose joint visibility region covers
the interior of an art gallery. In its simplest form, the problem considers the art
gallery to be a polygonal environment. It also assumes a simple line-of-sight
visibility model, where two points are visible to each other if the line segment
between them is unobstructed. The problem seems deceptively simple, but
finding the minimum number of guards is actually NP-hard. In robotics, the
visibility model is rarely as clean as that assumed in the art gallery problem.
So the art gallery results are usually not directly applicable.

To derive a practical sensor placement algorithm, the visibility model
must take into account the limitations of laser range sensors. The visibility
definition below lists three constraints, which, we believe, are most relevant
(Figure 10.10).

Definition 10.4.1 (constrained visibility) Let the bounded and open set VWV C
R? denote the robot’s free space, and dWV denote the boundary of W. A point
w € W is visible from a point g € W if the following conditions hold:

e Line-of-sight constraint: The open segment S(q,w) joining g and w
does not intersect 0V .

e Range constraint: dpin < d(q,w) < dmax, Where d(q,w) is the
Euclidean distance between g and w, and dpin > 0 and dmax > dmin
are constants.

e Incidence constraint: Z(n,v) < t, where n is the vector perpendicu-
lar to 9V at w, v is the vector oriented from w to q, and t € [0, /2]
is a constant.

We are interested in finding a minimal set of sensor locations that cover V.
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FIGURE 10.10 The incidence constraint of laser range sensors: wall sections are seen
reliably, only if |8| < t.

Problem 10.4.1 (sensor placement) Given a bounded, open set W C R?,
compute the minimal set of sensor locations G in W, such that every point
w € dW is visible from at least one point in G under the visibility model given
in Definition 10.4.1.

Like the art gallery problem, Problem 10.4.1 is NP-hard, and we have to
settle for an approximate solution, one that covers most of, but not the entire
boundary, dVV. We use random sampling to transform the sensor placement
problem into a set cover problem [48].

10.4.1.1 Sampling

Sample at random a set of m points from W. Denote the set by Gsam. For every
edge e € 0W, compute the fraction seen by each point in Ggam . The arrangement
of all covered fractions decomposes each edge into cells such that all points
within the same cell are visible to the same subset of Gy, (see Figure 10.11a
for an example). Now enumerate all the cells in the decomposition of )V and
group them under the ground set X = {1,2,...,/}, where [/ is the number of
cells. This ground set represents the decomposition of dWV.

Let R; be the subset of X that is visible to a sample point g; € Gsam. The
set family R = {R,R»,...,R;} is thus a collection of subsets of X. The
set system X = (X,R) can be regarded as an encoding of the sampled or
discretized version of Problem 10.4.1, and the original problem is reduced to
that of computing the optimal set cover of the set system X: find the smallest
subcollection R C R, such that the union of all the R;’s in R equals X.
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(a) R,={1,6,7,8,9,10}

R,={5,6,7,10,11,12,13}
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FIGURE 10.11 Sensor placement seen as a set system. (a) Each boundary edge is
decomposed into cells. All points within the same cell are visible to the same subset of
Gsam - Each cell is then labeled with an integer and grouped under X. A subset R; € X is
the set of cells visible from the sample point g;. (b) In the dual representation, candidate
sensor locations are grouped and labeled under X’. Each set R; € R’ is the set of locations
covering cell i in the boundary decomposition.

The sampled problem is clearly not the same as the original. Finding the
optimal set cover of ¥ may not lead to an optimal set of sensor locations: Ggym
may contain incorrectly distributed points, or JV admits no finite solution due
to its geometry. Sampling, however, often produces a satisfactory solution at a
small cost, because the probability that Gg,, contains the optimal set of guards
quickly approaches 1 in most practical scenarios. Even when no finite solution
exists, sampling produces reasonable solutions, as £ encodes a “portion” of
the original problem that actually admits a finite solution for realistic sensor
models.
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10.4.1.2 Near-optimal set covers

After sampling, we ask the question: has the problem become easier?
Unfortunately, the set cover problem is also NP-hard. However, finding optimal
set covers is a well-studied problem, and efficient algorithms that produce near-
optimal solutions are available. More interestingly, the set cover problem has a
dual, the hitting set problem.

Every set system has a dual. Consider ¥ = (X, R). Its dual ¥’ = (X', R)
is defined by X’ = R and R’ = {R,|x € X}, where R, consists of all the
sets R € R that contain x. Figure 10.11b illustrates the dual set system for our
sensor placement problem. Note that the set of candidate sensor locations now
becomes the ground set X'. A hitting set for ¥’ = (X', R) is asubset H' C X’
such that H' N R’ # @ for every set R’ in R’. In other words, the hitting set H’
contains members from all the sets in R’. The problem of finding the smallest
set cover for ¥ is equivalent to that of finding the smallest hitting set for X’.
For a set system with finite VC-dimensions,! an efficient algorithm exists for
finding near-optimal hitting sets [49].

Assume that VV is represented as a polygon with holes caused by obstacles.
The VC-dimension of the set system for the sampled version of Prob-
lem 10.4.1 is then bounded by O(log(n + h)), where n is the number of vertices
describing 9V and # is the number of holes [48]. Using the algorithm in
Reference 49, we can find a set of sensor locations that is within a factor
O(log(n + h) - log(clog(n + h))) of the optimal size c. In other words, we can
compute a near-optimal set of sensor locations within a logarithmic factor of
the optimal.

Sensor placement is a set cover problem in nature, and the same is true for art
gallery problems in general. A key development in recent years is to transform
such problems into set systems, which may have finite VC-dimensions and
lead to efficient approximation algorithms. For example, it has been shown
that for a polygon with % holes, the VC-dimension of the set system for the
classic art gallery problem is O (%) [50] under the simple line-of-sight visibility
model. This fact is exploited to produce a polynomial-time algorithm that finds
a solution within a factor O(log(h) - log(clog(h))) of the optimal size c [51].

10.4.1.3 Extensions

A straightforward extension of the sensor placement problem is to generate
routes instead of locations for sensing tasks involving mobile robots. If the
cost of sensing is very expensive compared to that of motion, then motion costs
canbe ignored. The problem remains the same as that defined in Problem 10.4.1.
If the converse is true, then the cost of sensing can be ignored, and motion

1'vC-dimension stands for the Vapnik—Cervonenkis dimension. It is a measure of the complexity
of a set system.
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incurs the dominant cost. The problem becomes the watchman route problem
[47]: find the shortest closed path from which the entire environment is visible.
Developing sampling techniques to compute watchman routes is an interesting
topic for future research.

A more difficult problem requires both the cost of sensing and the cost
of motion to be considered. This topic remains largely unexplored, but some
limited work exists [52,53].

10.4.2 Indoor Exploration

Automatic map building is an important problem in robotics. Research in this
area has traditionally focused on developing techniques to extract environmental
features, such as edges and corners, from sensor data and integrating these
features into a consistent map. The former is a computer vision problem, and
the latter is the simultaneous localization and mapping (SLAM) problem [54].

The SLAM algorithms seek the best way to integrate sensor data acquired by
arobot during navigation. It, however, does not answer the following question:
Given the map known so far, where should the robot move next to observe the
unexplored regions? From the point of view of motion planning, this is the most
interesting question in automatic map building. It involves the computation of
successive sensing locations by iteratively solving the next best view (NBV)
problem. At each location, the robot must not only observe large unexplored
areas of the environment, but also a portion of the known environment to allow
for image registration [55]. NBV is complementary to SLAM [54]. A SLAM
algorithm builds a map by making the best use of the available sensor data,
whereas an NBV algorithm guides the robot through locations that provide the
best possible sensor data. In addition to robotics and computer vision, NBV
arises in computer graphics [56] and many other areas.

The NBV is an on-line version of the sensor placement problem, where the
2D map of the environment is unknown initially and only revealed incrementally
as new sensor data are acquired.

10.4.2.1 Constraints on the NBV

In mobile robotics, two important constraints must be considered by NBV
algorithms. First, a mapping robot must not collide with obstacles, whether
they are known or unknown in advance. The second constraint results from
imperfect robot localization. Due to errors in inertial navigation (e.g., wheel
slippage), a mobile robot must constantly relocalize itself as the map is built.
New laser scan images must be aligned with the current map, a problem called
image registration. Image registration requires an overlap between each new
image and previously seen portions of the environment. An NBV algorithm
must take this requirement into account.
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A NBYV can thus be viewed as an optimization problem where the best
sensing position is computed subject to safe-navigation and image-registration
constraints. As is often the case in optimization, the problem can be solved more
effectively if the search domain is characterized explicitly. In motion planning
terms, the NBV is a position in the free space, where the free space is collision-
free with respect to both the known and unknown obstacles. Is it possible to
characterize this free space explicitly?

It seems odd to define a free space that depends on obstacles yet to be
discovered, for if they are not discovered, how can we use them to build the
free space? The key is to view free space from the sensor’s perspective, and
not from the environment’s perspective. That is, construct the largest region
guaranteed to be free of obstacles, mapped or not, given the history of sensor
data. Such a region is called the safe region to distinguish it from the usual
notion of free space.

10.4.2.2 Safe regions

Consider a 2D range sensor that obeys the visibility model in Definition 10.4.1,
with dpin = 0. Figure 10.12a shows a sample sensor reading. Here, the sensor
detects the obstacle contour shown in bold black. From this reading, we want
to construct a closed region that is obstacle-free. One possibility is to join the
detected contour to the range limit of the sensor using radial line segments. This
region is shown in light color in Figure 10.12b. Unfortunately, such a region
is guaranteed to be free of obstacles only in the absence of incidence con-
straints. Consider Figure 10.12c, which shows the actual environment. Notice
how the region from Figure 10.12b overlaps with walls oriented at a graz-
ing angle (roughly 70°) with respect to the sensor position. In contrast, the
region in Figure 10.12d, which takes into account the incidence constraint, is
indeed safe.

Assume that the sensor output is an ordered list IT of piecewise continuous
curves. The local safe region s;(g) is the largest closed region guaranteed to
be free of obstacles given an observation I1(g) made at location g. Such a
region is bounded by the curves in I1(g), representing the visible sections of
the free space boundary )V, plus additional curves joining the disjoint visible
sections and calculated from the information in IT(g) [57] (see Figure 10.12d
for an example). The safe region s;(q) is topologically equivalent to a classic
visibility region. In fact, when the visibility constraints in Definition 10.4.1 are
relaxed, the safe region becomes exactly the visibility region. Several properties
and algorithms that apply to visibility regions also apply to safe regions. For
example, s;(q) is a star-shaped set, a set that is entirely visible from at least one
interior point.

A global safe region is constructed iteratively from local safe regions. First,
a local safe region s;(qo) is constructed from the sensor reading I1(gp) made
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FIGURE 10.12 The effect of incidence constraints on safe regions.
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at the robot’s initial position go. The global safe region S, (go) is initially equal
to s;(go). Next, the robot moves to a position ¢g; and gets a new sensor reading
I[1(g1), yielding a new local safe region s;(q1). Now, S,(q1) = S,(go) U s1(q1).
The robot again moves, now to g2. A new reading I1(gz) is made, yielding
s1(g2), and Sg(q2) = Se¢(q1) U si(g2), and so on. The region S, (g;) represents
both a map of the environment at time ¢ and the search domain for computing
the next best view for r + 1.

10.4.2.3 Image registration

Robots cannot localize with perfect precision. An algorithm ALIGN is used
to compute the transform 7 that aligns s;(g;+1) with S,(q;) before the union
operation. Image registration has been studied widely, and many techniques
exist [45]. The details of ALIGN are inconsequential to the NBV computation,
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but it is important to note that most image registration algorithms are based on
feature matching. It is thus essential that the NBV for ¢ + 1 ensures a minimum
overlap between the current S, (¢q;) and the anticipated s;(¢;41)-

10.4.2.4 Evaluating next views

Suppose that at time ¢, the robot is positioned at ¢, and the global safe region
is S,(g;). The goal is to compute the future position of the robot, given S,(g;).
The unexplored areas of the environment can only be revealed through the free
boundary of S,(g;), that is, the portions of S,(g;) not blocked by obstacles.
Therefore, a potential candidate g is good, if it sees large unexplored areas
outside of S,(g;) through the free boundary of S¢(g,;). We say that such g has
high potential visibility gain, measured by a function V(q,1).

Several definitions of V,(g,t) are possible. One way is to first compute
the visibility region from ¢ assuming that the free boundary is transparent,
and intersect this region with the complement of S, (g,) [57]. The gain V,(q, t)
is the area of the resulting intersection. This definition works well for office
environments, even in cluttered conditions. As an alternative, the next view
can be chosen to maximize entropy reduction, and the gain V, (g, t) becomes a
measure of the expected entropy reduction at position g [58].

The computation of NBV must also factor in the cost of motion, which is
weighed against the potential visibility gain. Again, this can be done in several
ways. One way is to define the overall merit of g, factoring in both visibility
gain and motion cost, as

8(q.1) = Vg(q,1) exp(=AL(q, 1)) (10.3)

where L(g, t) is the length of the collision-free path computed by a path plan-
ner between position g and the current robot position at time ¢. The constant
A > 01is used to weigh the cost of motion against the visibility gain. A small A
gives priority to the gain of information. Conversely, a large A gives priority to
motion economy, favoring locations near g, that potentially produce marginal
information gain.

10.4.2.5 Computing the NBV

At this point, the only remaining issue is to search for the NBV. This is simple, as
the global safe region S, (g;) completely characterizes the search domain. Fol-
lowing a random-sampling approach akin to those described in Section 10.2.3,
a set A of NBV candidate positions is generated along the free boundary of
S,(qgs)- This set is processed in three steps. First, for each ¢ € N, we determine
the extent to which s;(¢) and S,(q;) overlap. The overlap ¢(q) is measured by
the length of the visible part of S,(g;)’s boundary abutting obstacles. If £ (g) is
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FIGURE 10.13 A partial map of a wing of the computer science building at Stanford
University. The total length of the circuit is approximately 40 m. The circled region
corresponds to the last local measurement.

smaller than a threshold imposed by ALIGN, then g is removed from . Second,
a path planner computes a collision-free path between ¢; and each remaining
candidate ¢ in V. Those candidates that yield no feasible paths are removed
from N. Finally, the merit of each remaining candidate in A is evaluated
according to Equation (10.3), and the best candidate is selected.

Figure 10.13 shows a sample map constructed using the NBV algorithm in
Reference 57. The figure shows the partial map of a wing of the Computer Sci-
ence Building at Stanford University after 14 iterations. Note the final mismatch
after the robot completed a circuit around the lab (about 40 m). The discrepancy
appears, because every image alignment transform was computed locally. To
reduce the discrepancy, the NBV algorithm should be combined with a SLAM
algorithm.

10.4.2.6 Extensions

We have so far ignored any error-recovery capabilities in the NBV computation.
Any serious errors in sensing or image registration lead to unacceptable maps.
An experimental system must be designed conservatively to avoid this, perhaps
forcing the robot to take more measurements or travel longer paths to produce
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the final map. A better solution is to combine the NBV computation with SLAM
algorithms and exploit their complementary strengths.

Another extension is to have multiple robots building a map cooperatively.
Centralized approaches are acceptable, if the relative positions of all the robots
are known. A single map can be generated from all the sensor readings, and
a centralized NBV algorithm then computes the aggregate NBV for the entire
team. The problem becomes far more difficult, if the relative positions of the
robots are not known. In this case, the robots actindependently, perhaps commu-
nicating their positions and findings only sporadically. A distributed approach
is then needed.

10.4.3 Target Tracking

Tracking in the sense of detecting targets in images is studied widely in com-
puter vision. In contrast, target tracking in motion planning is concerned with
computing the motion of a robotized camera in order to keep a target in view
[59]. Variations of this problem arise in different applications, for example,
visual servoing [60,61] and computer-assisted surgery [62]. Target tracking
is also called farget following to distinguish it from the tracking problem in
computer vision.

Target tracking is a motion planning problem that combines visibility con-
straints with kinodynamic constraints. It takes into account the actions of an
external agent — the target — acting as a potential opponent. Thus target
tracking can be treated as a problem in game theory [63]. The game-theoretic
view provides a clean mathematical formulation of the problem.

10.4.3.1 State transition equations

Suppose that both the robot observer and the target are rigid bodies moving
in the plane. The free configuration space for the observer is a subset of R?
and denoted by F?, while that for the target is denoted by F'. Define s°(r) as
the observer’s state at time ¢. Suppose that the state transition equation for the
observer is given by §° = f°(s°, u), where u(t) is the action selected from an
action set{ at time . The function f° models the observer’s dynamics and may
encode nonholonomic constraints or other types of kinodynamic constraints.
Similarly, the transition equation for the target is given by 5’ = f'(s’,0), with
the action 6(¢) selected from a target action set ®. The state of the observer—
target system is given by s = (s°, s"). Let X be the joint state space, which is
the Cartesian product of the individual state spaces of both the observer and the
target. A state may encode both the configuration of a robot and its velocity.
So, in general, X is not equal to F° x F', the Cartesian product of individual
configuration spaces.
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10.4.3.2 Visibility constraints

The distinction between state space and configuration space is important. The
state space, along with the associated transition equation, focuses on the
kinodynamic constraints. The configuration space, on the other hand, focuses
on where the robot observer can see the target. Now let us identify those
configurations where the target is visible.

Let V(¢g°) be the visibility region at the observer position ¢, that is, the
set of all locations from which the target is visible to an observer located at
q°. Usually, the target is said to be visible if the line-of-sight to the observer is
unobstructed, but this model can be extended. For example, the field of view can
be restricted to some fixed visibility cone or limited by lower- and upper-bounds
on the distance range. Incidence constraints such as those in Definition 10.4.1
can also be added.

Tracking algorithms usually compute the visibility region from a synthetic
model or reconstruct it from sensor data. In the former case, a sweep-line
algorithm can be used [7]. In the latter case, laser range sensors or similar sensors
are installed on the robot observer (see Figure 10.14a), but some sensors cannot
provide reliable measurements, thus complicating the reconstruction of the
visibility region. For example, stereo vision systems often produce unreliable
range measurements if the object’s surface is textureless.

An important concept in target tracking is that of the visibility sweeping
line £(t), defined as the line passing through the target position at time ¢ and
a reflex vertex of the free space (Figure 10.15). At any time ¢, the observer
must stay on the side of £(¢) which allows it to see the target. The observer’s
path is influenced by the behavior of these sweeping lines, and some tracking
algorithms exploit them explicitly [64,65].

10.4.3.3 Tracking strategies

Target tracking consists of computing a function u(t), called a strategy, so that
the target remains in view for all # € [0, T], where T is the target’s stopping
time, also known as the horizon of the problem. It may also be important to
optimize secondary criteria such as the total distance traversed by the observer
and the final distance to the target. Various tracking strategies are known, and
they can be compared from different angles.

Predictable vs. unpredictable targets. The target is predictable if the target
action 6(¢) € ® is known in advance for all + < T. Thus the location of the
target is known for all ¢, and its state transition equation simplifies to §* = f’(s").
The target is unpredictable if its actions are not known in advance, though the
action set ® may be known.
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FIGURE 10.14 Measuring the visibility region with a laser range sensor.

Off-line vs. online. Off-line tracking strategies have access to future
states, while online strategies do not. In other words, online algorithms are
causal, whereas off-line ones are noncausal. Causality is a characteristic of
the algorithm, not a logical requirement of target predictability. Obviously,
an off-line strategy that relies on the target’s future positions implies that the
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FIGURE 10.15 The visibility sweeping line £(7) going through the target position at
time ¢ and the reflex vertex C. In this example, the observer must remain above £(f) to
keep the target visible.

target is predictable, but an algorithm can be noncausal for other reasons. Also
note that on-line strategies may or may not run in closed loop.

Critical vs. average tracking. Sometimes it is impossible to track the target
for all + < T. Thus some strategies maximize the target’s escape time fegc, the
time when the observer first loses the target. An alternative is to maximize the
exposure, the total time that the target remains visible. The former choice, crit-
ical tracking, implies that losing the target effectively ends the task, whereas the
latter choice, average tracking, implies that the observer can possibly reacquire
the target after losing it.

Expected vs. worst-case analysis. A tracking strategy may maximize either
worst-case or expected performance. In the first case, a tracking strategy max-
imizes the minimum escape time given all the adversarial choices for 6(7) € ®
during the problem’s horizon. This approach is suitable for tracking antagon-
istic targets. In the second case, the expected escape time is maximized given
a probability distribution over the target’s actions. In both cases, the problem
is intractable, and we have to settle for approximate solutions. A typical one is
to solve the problem for a time horizon much smaller than the target’s stopping
time 7.

Open vs. closed loop. A strategy operates in closed loop, if the strategy u
is computed as a function of the state s(¢). Otherwise, the strategy runs in open
loop, and u depends explicitly on 7. Closed-loop strategies are preferred over
open-loop ones even when the target is predictable, unless it is guaranteed that
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the state transition models and observations are exact, for example, the case
in Reference 66. Open-loop strategies are often used in theoretical studies, but
they rarely work well in practice.

10.4.3.4 Backchaining and dynamic programming

One way to compute an observer trajectory for a predictable target is through
preimage backchaining. Suppose that both the observer and the target are
modeled as points in the plane. Let V(g") C F° be the set of observer config-
urations from which a target at ¢’ is visible. Let A(f) C F° be the set of all
configurations at time ¢ from which the observer could move into 1_}(q’ (t+ 1))
at time ¢ + 1. Since the observer must see the target at time ¢ and move to a
configuration that sees the target at ¢ + 1, its configuration at ¢ must be con-
tained in ]_/(q’ (1)) N A(t), which can often be computed easily for the 2D case.
Thus, the observer’s trajectory can be obtained by backchaining from the final
stage, guaranteeing visibility at each step, until a set of possible initial states is
obtained or the problem is shown to have no solution.

Backchaining can be generalized into higher dimensions using dynamic
programming (DP) [63]. Kinodynamic constraints and secondary optimization
criteria can also be added. However, DP is computationally intensive. A brute-
force implementation of DP leads to a grid whose size grows exponentially
with the dimensionality of the state space. Random sampling may ease the
computational burden, but to achieve real-time performance, approximate local
strategies are needed.

10.4.3.5 Escape-time approximations

The time horizon is often reduced in practice to handle unpredictable targets.
In the extreme case, only one step into the future is considered. If there are no
kinodynamic constraints, maximizing the minimum escape time is equivalent
to maximizing the shortest distance to escape. The observer’s action for the
next step can be selected to maximize this distance. This is sometimes achieved
through randomized techniques [67]. The shortest distance to escape is easy to
compute, but it could be a poor approximation of the escape time for longer
time horizons or under kinodynamic constraints.

Alternatively, the escape time can be approximated with a quantity called
the escape risk [65]. The negative gradient of the escape risk is composed of
a reactive component and a look-ahead component. The reactive component
drives the observer to swing around corners as a target is about to be occluded,
while the look-ahead component drives the observer towards a corner in order
to make future tracking easier. The algorithm relies on an escape-path tree, a
data structure encoding all the locally worst-case paths that a target may use to
escape the observer’s visibility region (Figure 10.16). This data structure can be
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FIGURE 10.16 An example of the escape-path tree. The area in gray is the observer’s
visibility region, while obstacle boundaries are shown in bold. The squares indicate the
nodes of the tree.

computed in O(n) time for 2D environments, where n is the number of polygon
vertices describing the observer’s visibility region.

10.4.3.6 Robot localization

If a tracking strategy uses a global map of the environment to determine the
observer’s actions, tracking is tied to robot localization. This connection poten-
tially leads to a conflict between the goals of tracking and localization. Suppose,
for example, that the observer relocalizes whenever a ceiling landmark is visible.
The target may force an observer trajectory without any landmarks, resulting
in the localization error becoming so large that tracking fails.

A simple solution to this problem is to increase the number of landmarks, or
to use more robust localization techniques based on (hopefully) abundant natural
features. A better solution is to explicitly add the relocalization constraint into
the tracking problem. For example, the observer actions maximize the sum of
two utility functions: one based on the probability of observing the target and
the other based on localization precision [68].

An entirely different approach is to abandon the global map and avoid
the localization problem altogether. For example, the observer’s actions could
depend only on the gradient of the escape risk, which can be computed from
purely local sensor information [65].

10.4.3.7 Other results and extensions

We often ignore the kinodynamic constraints on the observer and the target
in order to simplify the tracking problem. However, it is important to assume
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bounded target velocity; otherwise, the target’s escape time may become zero.
The effect of velocity bounds on tracking has been studied [69]. Assuming
bounded target velocity, an optimal strategy can be computed efficiently for
polygonal environments and predictable targets [64].

An interesting extension of the tracking problem is that of stealth tracking:
the observer tracks the target while remaining hidden from it. The work in
Reference 70 extends the linear-time algorithm in Reference 65 to account
for the additional stealth constraint. This involves computing the subset of the
target’s visibility region contained inside the observer’s visibility region. The
computation can be done efficiently so that the total cost of the strategy remains
linear per step.

A more difficult problem is to track multiple targets with multiple observers.
If a centralized strategy is used, the problem is not fundamentally different from
tracking a single target with a single observer. However, the dimensionality of
the state space gets higher, and visibility regions may become disconnected
[67]. Distributed strategies, on the other hand, require a coordination scheme
among observers.

10.5 OTHER IMPORTANT ISSUES

Uncertainty is an important issue in motion planning, but we will only touch on it
very briefly here (see Chapter 13 for more details). Except for Section 10.3.4
and Section 10.4.2, we have mostly assumed that a planning algorithm knows
exactly the geometry of the robot, the shapes and locations of obstacles in the
environment, and when and how the environment changes. We have also
assumed that the robot can exactly execute the path computed by a planning
algorithm. These assumptions are satisfied to various degrees in real robotic
systems.

Depending on the degree of uncertainty present and the amount of prior
knowledge available, there are different ways to deal with uncertainty. If the
uncertainties are small, we can largely ignore them during planning and use
closed-loop control during path execution to reduce its effects (e.g., the air-
cushioned robot in Section 10.3.4). If uncertainty is bounded or modeled by
a probability distribution, we can incorporate it into planning using methods
such as preimage backchaining [71] or partially observable Markov decision
processes (POMDP) [72]. In this case, path planning and execution together
form a closed-loop process. However, the computational cost of incorporating
uncertainty into planning is often high and sometimes intractable. Also, uncer-
tainty is difficult to model effectively for lack of prior knowledge, and we must
rely on a worst-case analysis of various possible scenarios (e.g., in the target
tracking problem of Section 10.4.3). In the extreme case, no prior knowledge
of the environment is available. Planning is then of little use, and the robot must
rely on sensor-based reaction.
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Another important topic is multi-robot motion planning. Conceptually, we
can take the cross product of the state spaces of all the robots involved and
plan in this composite space. This is called centralized planning, which is
computationally expensive due to the high dimensionality of the composite
space. Alternatively, we may plan the motion for each individual robot sep-
arately and then coordinate their motion afterwards. This is called distributed
planning, which is computationally more efficient, but sacrifices complete-
ness and optimality. Chapter 11 provides a more in-depth discussion of this
topic.

In recent years, bipedal humanoid robots have become more prevalent,
for example, Honda’s ASIMO and Sony’s QRIO. A bipedal robot has the
ability to navigate on uneven surfaces and step over obstacles along its path, but
efficient footstep planning algorithms that take into account the robot’s dynam-
ics are needed to realize this potential [73]. Motion planning for humanoid
robots is an important area of research, but is outside the scope of this
chapter.

10.6 CONCLUSION

Motion planning has moved far beyond its original form of computing a
collision-free path for a mobile robot to move from an initial to a final goal
position. We have seen in this chapter how kinodynamic constraints and
visibility constraints come into play. Nowadays motion planners compute foot-
steps for humanoid robots [73], paths for inserting a probe into an airplane
engine with hundred of parts [74], and motion trajectories for minimal-invasive
procedures in robot-assisted surgery [75]. Motion planning also continues
to grow into unexpected domains, for example, exploring molecular energy
landscapes [76,77]. In all these disparate problems, our objective remains
the same: find a sequence of admissible motions, to transform the world
from an initial to a final state, or to maintain a set of constraints on the
state. The notion of what constitutes a state has certainly expanded to cover
an increasing number of applications; yet, motion remains the crux of the
problem.

In recent years, we have also witnessed a trend towards the unification of
principles. In essence, motion planning is a collection of common principles for
analyzing motion combinatorially. “Motion” refers to the continuous process
of state changes, and “combinatorial” refers to the partition of the continuous
process into discrete elements. Motion planning studies those problems where
the rearrangement of these elements is the result of motion — problems that
cannot be reduced to pure instances of computational geometry or control the-
ory. As we have seen in this chapter, random sampling plays a critical role in
solving these problems and has shown great success.
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11.1 INTRODUCTION

Cooperative multi-robot systems have recently received a great deal of attention,
motivated by recent technological advances in communication, computation,
and sensing. Another major factor behind this interest is that there are many
tasks that single robots cannot efficiently accomplish. Multi-robot applications
include environmental monitoring, search and rescue, cooperative manipula-
tion, collaborative mapping and exploration, battlefield assessment, and health
monitoring of civil infrastructure. In these applications, a system composed of
multiple cooperative robots is desirable because of its size, cost, flexibility, and
fault tolerance.

The research challenges encountered in cooperative multi-robot systems
require the integration of different disciplines including control systems, arti-
ficial intelligence (AI), biology, optimization, and robotics. Therefore, it is
not surprising that the related literature enjoys the flavor of a broad spec-
trum of approaches which have been utilized in an attempt to come up with a
solution for cooperative control problems [1]. To name just a few, in behavior-
based approaches [2,3] the main idea is to compose primitive behaviors
(i.e., controllers) in order to produce a useful emergent behavior. Closely related
methods originating from the field of distributed artificial intelligence (DAI)
consider a cooperative multi-robot system as interacting software agents [4].
Yet another perspective comes from the research in biological systems. Here,
the notions of swarm intelligence [5], and flocking and schooling [6] constitute
a basis to investigate behavior of multi-robot systems composed of large num-
ber of agents. Also, game theory provides a rigorous framework to understand
complex behaviors of multiple robots engaged in competitive or cooperative
tasks [7].

A fundamental problem in cooperative multi-robot systems is designing a
mechanism of cooperation between agents so that the overall performance of
the system improves. This design can include control, communication, compu-
tation, and sensing aspects. For example, multiple robots which are supposed
to push an object within the workspace without grasping it [8,9]. These robots
may need to map the environment and find the object of interest. Once the object
has been localized, robots approach the object maintaining some formation and
sensing constraints. Additionally, they need to communicate and perform com-
mon computations utilizing their sensing readings in order to push the object
toward a desired direction with a minimum deviation from it.

The rest of the chapter is organized as follows: Cooperative multi-robot
systems and some tools for their analysis are introduced in Section 11.2.
Section 11.3 is devoted to formation control of multi-robot systems.
Section 11.4 describes a method for incorporating optimization-based tools
into systems composed of multiple robots. Here, notions of model predictive
control are explained. Two real-world cooperative multi-robot applications
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FIGURE 11.1 Robots performing a cooperative task (Courtesy: NASA/JPL-Caltech).

are discussed in Section 11.5. Finally, Section 11.6 gives concluding remarks
and a brief discussion of open problems and future research opportunities in
multi-robot cooperation.

11.2 COOPERATIVE MULTI-ROBOT SYSTEMS

Due to recent substantial developments in electronics and computing, it is now
possible to find onboard embedded computers which have more computing
power than the super computers available a few years ago. Exchanging inform-
ation between robots distributed over an area is now possible by means of
off-the-shelf ad hoc wireless network devices. Furthermore, there are various
small size, light weight sensing devices on the market ranging from laser range
sensors to color CCD cameras. As aresult, by exploiting current technology, one
can build a group of relatively small robots each having satisfactory capabilities
within a reasonable budget. In adversary and dangerous missions, it might be
desirable to have multiple cost-effective robots because even if some of the
team members are lost due to some failure, the others can continue to operate.
This leads to fault tolerance and robustness. For tasks such as obtaining sensory
measurements over a wide area, multiple robots are desirable because they can
accomplish the task more efficiently than a single robot. Figure 11.1 depicts
NASA’s vision for cooperating robots.

A good survey of cooperative robots can be found in Reference 10. This
survey reviewed about 200 papers published before 1997. This chapter is
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not intended to be a survey of the state-of-the-art in cooperative systems.
Rather, it focuses on cooperating multi-robot systems performing tasks that
require or involve (i) concurrent, coordinated operation and execution; (ii) form-
ation of spatial patterns; (iii) mobility; and (iv) distributed sensing, com-
putation, and actuation. However, task decomposition and planning [11],
multi-robot learning, communication protocols, architectures for multi-robot
cooperation [12], and human—robot interaction are outside the scope of this
chapter.

Although a team of robots has certain benefits as stated above, if the indi-
vidual members do not cooperate with their teammates for a common task,
the whole group may perform poorly. Therefore, cooperation, in general,
is the key aspect of a multi-robot team strategy. At this point, the following
definition may be helpful to get more insight into what cooperative behavior
means.

Definition 11.2.1 [10] Given some task specified by the designer, a multiple-
robot system displays cooperative behavior if, due to some underlying
mechanism (i.e., the mechanism of cooperation), there is an increase in the
total utility of the system.

As can be inferred from the definition, the main goal of a cooperative
system design should be to build a mechanism of cooperation so that the overall
performance of the system improves for a given task.

In many cooperative control problems, robots move in a coordinated fashion
to achieve some common goal and seek to maintain some geometrical rela-
tionships among themselves. Often movement is dictated by measurement
of gradients of some actual sensor measurements, or some artificial poten-
tial field. Solutions defined with inter-robot distance relationships are explored
in Reference 13, where methods to measure and project gradient information
are discussed. The applications for these methods are in, for example, data
acquisition in large areas such as oceans where the most advantageous arrange-
ment of sensors may not be to distribute them evenly, but to have them adapt
to concentrate more sensors in areas where the measured variable has steeper
gradients.

A different application is in the control strategies of robotic games such as
RoboCup Soccer [14]. RoboCup provides an ideal platform for the development
of cooperative robotic systems. Successful control strategies are often behavior-
based, with robots operating in certain modes with heuristic rules determining
how each robot reacts to best benefit its team. Yet within this class, good control
strategies may require more than simply a set of “if—then—else” rules defining
the mode switching.

We are mainly concerned with cooperative tasks that require robots to plan
their trajectories and maintain a certain formation shape. Before discussing
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FIGURE 11.2 Motion planning and control approaches.

formation control in more detail, we give an outline of motion planning and
control methodologies (based on Reference 15) and graph theory. These are
fundamental tools for the formal analysis and design of cooperative multi-robot
systems.

11.2.1 Motion Planning and Control

Motion planning approaches can be grouped into two main categories as
illustrated in Figure 11.2.

Explicit approaches provide open-loop control policies to motion planning.
On the other hand, implicit or reactive approaches provide closed-loop plans by
composing low-level feedback controllers. In this chapter, we focus on implicit
system theoretic methodologies.

11.2.1.1 Explicit approaches

An explicit motion planning approach produces a path or trajectory through
the configuration space from an initial configuration to the goal configura-
tion. Explicit methods can be further classified into continuous and discrete.
Optimal motion planning/control (see Reference 16) and receding horizon
control (RHC) methods are typically formulated in continuous-time. Recently
RHC methods have received considerable attention due to their ability to incor-
porate motion constraints and changes in mission objectives. The inherent
ability of RHC to handle nonlinear constrained systems makes it a natural tech-
nique for multi-robot cooperative tasks. Discrete explicit methods (e.g., road
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maps and cell decomposition) [17] use computational geometric tools to
determine a solution to the planning problem. Due to their computational
complexity, discrete methods are appropriate for off-line planning in static
environments.

11.2.1.2 Implicit approaches

Implicit approaches produce on-line solutions to the motion planning problem
by mapping the state of the robot and state of the environment (e.g., obstacles,
moving targets) to a set of inputs for controlling the robot. Implicit approaches
include (1) system theoretic methods, (2) reactive Al approaches, and
(3) artificial potential fields, as illustrated in Figure 11.2.

System theoretic methods. These methods use control theory to develop
closed-loop control laws for the robots. Hybrid systems (i.e., the combination
of continuous dynamics and discrete dynamics) offer a suitable framework to
represent robots performing cooperative tasks [18]. More specifically, a robot
can be modeled by a hybrid automaton whose locations or states determine
robot behaviors. Thus, complex behaviors can emerge by parallel or sequential
composition of basic behaviors [9].

Reactive Al approaches. Al techniques address the problem of combining
simple controllers (i.e., behaviors) into an aggregate system that exhibits
an emergent useful behavior. If behaviors are composed sequentially, then the
control input is due to the behavior that is currently active. In contrast, in parallel
composition the system input is computed as the weighted sum of the outputs
from all active behaviors or controllers.

Potential field approaches. The main idea behind potential field approaches
is to define a scalar field V (called potential function) over the robot’s free space.
This artificial field produces a force —VV acting on the robot. Obstacles and
goals produce repulsive and attractive potentials, respectively. The resultant
force is mapped to contoller/actuator commands. Thus, the robot, at least in
theory, would navigate toward its goal destination while avoiding collisions.
Several researchers have extended potential field methods to make them suitable
for multi-robot systems [19].

The main drawback of potential field techniques is that the robot might get
stuck in a local minimum before reaching the goal. Several variants have been
proposed to overcome this limitation.

11.2.2 Graph Theory Preliminaries

We present a brief review of some definitions and results from algebraic graph
theory. A detailed treatment can be found in Reference 20. A directed graph
X = (V, E) consists of a vertex set V(X') and a directed edge or arc set E(X),
where an arc is an ordered pair of distinct vertices. An arc (v;, v;) between two
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vertices v;, v; in a directed graph is said to be incoming with respect to v; and
outcoming with respect to v;. The in(out)-degree of a vertex in a directed graph
is defined as the number of incoming (outcoming) edges at this vertex. A path
of length r in a directed graph is a sequence vy, . . ., v, of distinct vertices such
that for every i € [1,r], (vi_1,v;) € E. The distance between two vertices
vi and v; in a graph X is the length of the shortest path from v; to v;. The
diameter of a graph is the maximum distance between two distinct vertices.
A (directed) cycle is a connected graph where every vertex has one incoming and
one outcoming edge. An acyclic graph is a graph with no cycles. A connected
acyclic graph is also called a tree. A subgraph of a graph X is a graph )
such that V(X) C V()), E(X) C E()). When V(X) = V())), ) is called
a spanning subgraph. A subgraph Y of X is an induced subgraph if vertices
vi,vj € V()) are adjacentin Y if and only if they are adjacentin X'. A spanning
subgraph with no cycles is called a spanning tree. If (v;,v;) is an edge, v;,v;
are said to be adjacent or v; is a neighbor of v; (v; ~ v;). The adjacency matrix
of a directed graph X’ with n vertices is an n X n matrix A(&X), the ij-element
of which (denoted by A;; henceforth) is the number of arcs from v; to v;. In
most cases this is a binary matrix with A; = 1 when arc (v;,v;) exists and 0
otherwise. It is easy to see that the adjacency matrix for an undirected graph
is symmetric. If there are no loops (cycles of length zero) the diagonal entries
are zero.

11.3 ForMATION CONTROL

Many systems in nature exhibit stable formation behaviors, for example,
swarms, schools, and flocks [21,22]. In these highly robust systems, individu-
als follow distant leaders without colliding with neighbors. Thus, a coordinated
grouping behavior emerges by composing individual control actions and sensor
information in a distributed control architecture. One possibility to realize
such a grouping behavior is using artificial potential functions as a coordin-
ation mechanism [23]. In some application domains, the group of vehicles
are to move as a rigid structure. In this case, centralized strategies are used
to control the team [24]. However, in many practical situations (e.g., cooper-
ative manipulation), a target formation needs to be established for a given
task or environment. In these cases, reconfiguration of robots in formation is
required [25]. Additionally, formation control has applications where rigorous
coverage of an area is required, such as in collaborative exploration [26] or
mine sweeping [27].Conceptually, fighter jets flying in a delta formation at an
air show are an example of manually controlled vehicles tracking a trajectory
in formation.

This section presents a methodology to coordinate a team of N robots in
formation. The problem of stabilizing a group of mobile robots in formation
has received considerable attention in the last few years [25,28-31]. We assume
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FIGURE 11.3 (a) Modular architecture for formation control. (b) Basic formation
control algorithms.

that formation control is required to accomplish a given cooperative task.
Furthermore, the formation shape is represented by a control graph' that
changes over time to accommodate kinematic, sensor, and communication
constraints [32]. The desired formation shape is achieved by deleting or cre-
ating links between robot neighbors. This process implies switching between
controllers and leaders in a stable fashion [33].

Specifically, a group of robots is required to follow a prescribed traject-
ory, while achieving and maintaining a desired formation shape. We address
the development of complex formations by composing simple building blocks
in a bottom-up approach. The building blocks consist of controllers (see
Figure 11.3b) and estimators, and the framework for composition allows
for tightly coupled perception-action loops. While this philosophy is similar
in spirit to a behavior-based control paradigm [2], it differs in the more
formal, control-theoretic approach in developing the basic components and
their composition.

We are particularly interested in applications like cooperative manipulation,
where a semi-rigid formation may be necessary to transport a grasped object

!'In a control graph, vertices and edges correspond to robots and control laws/communication links,
respectively.
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to a prescribed location, and cooperative exploration, where the formation
may be defined by a set of sensor constraints. In our approach, each node
(i.e., robot) has a definite identity that can be determined by visual observations
as well as by communication. All nodes can hear each other up to a finite
distance. Nodes that cannot talk or cannot listen are left out of the group.
Also, it is assumed that a planned trajectory g(¢) and a desired formation shape
vector 7 are specified either by a human operator or by the task specification
at a higher level. Figure 11.3a shows a hierarchical modular architecture for
formation control.

At the formation control layer, a network of N vehicles is built on three
different networks: a physical network that captures the physical constraints on
the dynamics, control, and sensing of each robot; a communication network
that describes the information flow between the robots; and a computational
network that describes the computational resources available to each robot.
Each network is modeled by a graph with N nodes. R is a finite set of nodes
{R1,Ra2, ..., Ry}. The physical network G, is a directed graph representing the
flow of sensory information (i.e., relative state). The communication network
G, is an undirected graph where edges represent communication channels.
The topology of these networks are determined by constraints of the hard-
ware, the physical distribution of the robots, and the characteristics of the
environment.

The design of the computational network involves the assignment of (kin-
ematic) control policies for each robot. The ability of a node R; to sense another
node R; allows R; to use a state feedback controller that regulates relative pos-
ition and/or orientation of R; with respect to R;. The ability of R; to listen to R;
allows R; to broadcast feed-forward information and for R; to use feed-forward
control.

In our previous work [25,29], we developed three basic controllers depicted
in Figure 11.3b using input—output feedback linearization. By composing these
basic controllers, complex formation shapes can be built. In Section 11.3.1,
we present a controller that uses dynamic feedback linearization [34] and
implements a basic leader—follower algorithm.

11.3.1 Full-State Linearization via Dynamic Feedback

We describe a control algorithm that allows a follower robot R; to maintain a
separation /;; and relative bearing ; with respect to a leader robot R;. Robots
are nonholonomic platforms modeled with the unicycle model:

)5,' = V; COS 9,'
Yi = vising; (11.1)

9[2(1),'
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where x;, vi, 0;, vi, and w; are the x-position, y-position, orientation angle,
linear velocity, and angular velocity of robot i, respectively. The leader—follower
kinematic model is given by

lij = vjcosy — v;cos ¥
_visinyy —vjsiny — wjlj
lij (11.2)

ij_

0ij = wi —

Yy =i+ 0i — 0

_ |l (11.3)
=1y ,

Taking the derisssvative of (11.3) with respect to time, we have

The output vector of interest is

i cosy O —V; COS ¥

| 9| — . Vi .

2= = sin + i sin Yr;; 114

[sz] I [wj:| visin gy _ w; (s
Lj lij

Since w; does not appear, the decoupling matrix is singular. In order to overcome
the singularity of decoupling matrix an integrator is added before the first input

vi =181
: (11.5)
{1 = aj

where a; is the new auxiliary input which is the linear acceleration of the follower
robot. By using (11.5), Equation (11.4) is rewritten as

7= sin y 0 v; sin 7 (11.6)

- — Wi

cosy O ¢ —V; COS Vi
1

wj
J
lij L

Differentiating (11.6) with respect to time results in
cos y g1 siny _
i=| siny g [%}+[?] (11.7)
—_ 2

—cosy | |wj
i
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where
2 .
5] = ;“_1(1 — cos2y) — aj cos Yij — ZVI—Q sin y sin
21 Lij
V2
— viw; sin; + —— (1 — cos ;)
2;
. 2
a;jsiny; Vs -
5= VLV Gy — 225 ingy + v
I 2 2
2 .
+ 4 sin2y — @coswlj -
l; lij

where a; and «; represent linear and angular acceleration of the leader robot,
respectively. The decoupling matrix is nonsingular if ¢;/l;; # 0. Using this
condition, the system can be written as

Z=Au+B (11.8)
where u = [a; @;]" is computed as
u=A"'P-B) (11.9)

where P = [p; pz]T, and B = [s] sz]T. From (11.7), we can derive

gy cosy .
| lij —l'- =1 sy
-1 _ Y i
AT = I3 siny (11.10)
» cos y
i

After some algebraic manipulations, the auxiliary inputs become
aj =p1Ccosy — s1cosy — palijsiny + s2l;siny

1 . . (11.11)
wj = a[pl siny — sy siny + paljjcosy — szl cos y ]

Thus (11.5) and (11.11) transform the original leader—follower system into two
decoupled chains of two integrators.

- _ |1
= [pz} (11.12)
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The closed-loop system becomes

p1 =L+ ki —Iy) + ko (1 — 1)

; o (11.13)

p2 =V + k() — ) + ka (W) — i)
where lg. and 1,01.”:' define the desired formation geometry, and k;, i = 1,...,4
are positive feedback gains whose values can be found using well-known linear
control techniques. Figure 11.4 shows simulation results verifying the validity
of the control algorithm. The desired initial formation variables are ll?]l. =5m

and wg = /2 rad. After 140 sec, 1//5 is changed to 477 /3 rad while ll?‘;. remains
constant.

11.3.2 Formation Reconfiguration

We would like to build formations of N robots in a modular fashion by com-
posing basic formation controllers. Formation control graphs provide the tool
to achieve this objective. In order to proceed we need to define the shape of a
formation.

Definition 11.3.1  The shape S of a formation of N robots moving in R* with
one robot identified as the lead robot is a point in a 2(N — 1)-dimensional
submanifold of R®N with coordinates [(r» —r1) (r3 —r1) -+ (ry — r)]%.

In the case where the desired shape S? can be locally parameterized as
a vector r € R?™=D then the shape error is simply given by the Euclidean
distance:

S=1r'—r| (11.14)
The robot interconnections can then be designed to implement the desired
shape. The formation will be identified by a directed graph that represents

a parametrization of the formation shape S and the control specifications that
realize it.

Definition 11.3.2 A control graph 'H = (V,E) is a directed graph with:

e A finite set V = {Ry,...,Ry} of N vertices and a map assigning to
each vertex R; a control system §; = f(qi,u;) where q; € R" and
u; € RrR™,

e An edge set E C V x V encoding leader—follower relation-
ships and controller assignments between robots. The ordered pair
(Ri,Rj) = ejj belongs to E if uj depends on the state of robot i, q;.

© 2006 by Taylor & Francis Group, LLC



Multi-Robot Cooperation

429

(a) 55F = i
— Leader
50 | [—_Follower
45
40 +

Y-coordinate
- — N N w ()
o (6] o (6] o (§)]
— . T . T
\

40 50 60 70

G

S

S AN

S &5
—

L
o O O o
: :

Controller Input 1

|
5]
o

0 50

100

150 200 250 300
Time (sec)

N W obs
o O O
T T

Control Input 2
>

A

L
o o

o

50

100

150 200 250 300
Time (sec)

FIGURE 11.4 (a) Leader—follower trajectory. (b) Controller inputs.

According to Definition (11.3.2), each vertex represents the dynamics of a
particular robot. From the adjacency matrix H for the control graph H, column j
corresponds to robot R;, and a 1 in row i (H(i,j) = 1) denotes an incom-
ing edge originating at a neighboring leader R;. In Figure 11.3a for example,
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the adjacency matrix of the first five vertices in the control graph shown
becomes

X

Il
cocooco
cococo~
coco~~
cocoo~o
o=~ —oo

Robot R; has to control its shape r; relative to all such R; (for our specific
controllers the number of leaders and hence the indegree at each vertex is
bounded by m = 2). Similarly, we can identify the neighboring followers of
robot j by destination of the outcoming edges. Vertices of indegree zero, rep-
resent formation leaders. We restrict our formation to have one lead robot.
For the formation leader no control specification is prescribed with respect to
other robots. Instead, the formation leader aims at achieving group object-
ives such as following a reference trajectory g(f) or navigating within an
obstacle populated environment. Also, the control graphs are restricted to be
acyclic.

The structure of the control graph will affect the stability of a multi-
robot formation system. Stability means that S > 0ast — oo where S
is given in (11.14). It is not difficult to show that for a team of fully actu-
ated planar robots, acyclicity of H guarantees stability. The interested reader is
referred to References 30 and 32 for a detailed treatment of formation stability
issues.

The formation shape S can be specified with respect to some common
reference frames, which can be assumed to be the local frames of the formation
leaders. Formation specifications are defined in terms of a desired shape vec-
tor . If r¢ is the desired shape component corresponding to robot j, then the
desired state for j can be expressed as qj‘-i =gq;+ rjd, where g; can be the state
of any formation leader. We assume each robot derives relative localization
information by some sensing modality (see for instance Reference 28).

A fundamental formation control problem can be posed as follows.

Problem 11.3.3 Given a distribution of N robots in the plane and a desired
planar shape 8¢ parameterized by 1, find an optimal control graph H* that
assigns a controller for each robot subject to the following two constraints
(a) kinematic constraints that must be satisfied by the relative position and
orientation between neighboring robots; and (b) sensor constraints based
on the limits on range and field of view of sensor and communication
device(s) that prevent a robot from obtaining complete information about its
neighbors.
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ALGORITHM 11.1
Control graph assignment algorithm

initialize adjacency matrix H (i, j) := 0;
for all robot k € {1,2,...,n}, k # leader do
H(i, k):=1 for SB;;C, edges(i, k) espanning tree of Gy;
dy:= depth of node k in G;
find set Py of robots visible to k with depths d, d; — 1;
if P, = ((disconnected) then
report failure at k, break;
end if
Si:=Py sorted by ascending At,i with k;
if numOfElements(Si) > 2 then
pick last two elements i,j € Py;
if €x = (lix + lix — ljj) # 0 then
H(@i,k):=1, H(j,k):=1 for $S; C;
else
repeat above check for remaining j € Sy in order;
end if
end if
end for

An algorithmic approach to addressing this problem is developed in
Reference 32. Algorithm 11.1 assigns control policies to different robots, based
on sensor and actuator constraints. Among the feasible control graphs that
satisfy the constraints, it selects those control graphs that globally minimize the
tracking error in formation shape.

The approach follows a two-step procedure (a) assign an initial acyclic
leader—follower graph Hj with single-leader-based control links (this is a tree);
and (b) refine (add/delete edges) control graph based on local optimality meas-
ures. Once the leader is identified, Hy is derived via communication by having
each robot identify its neighbors in the physical network. If each robot com-
municates the identities of its neighbors in a prescribed order, a breadth-first
search can be used to establish a spanning tree Hy. If there are robots with no
neighbors in the physical network (i.e., with no visible neighbors), we have a dis-
connected graph. Obstacles are treated as virtual robots, in this way a group can
navigate within a dynamic environment and exhibit formation reconfiguration as
shown in Figure 11.5a. An algorithm that allows formation splitting/rejoining,
Figure 11.5b, is an area of current research.

Section 11.4 describes an optimization-based approach to address coordin-
ation and formation control of cooperative multi-robot systems.
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FIGURE 11.5 Examples of formation reconfiguration.

11.4 Opr1iMIZATION-BASED COOPERATIVE CONTROL

Many researchers are addressing multi-robot cooperation problems using
optimization techniques. Contributions in this area include the work in
Reference 35, where the focus is on autonomous vehicles performing distrib-
uted sensing tasks. Optimal motion planning is considered in Reference 24. In
Reference 36, the task of repositioning a formation of robots to a new shape
while minimizing either the maximum distance that any robot travels or the
total distance traveled by the formation is considered. One of the goals of
this work is to extend the mission lives of robot formations and mobile ad
hoc networks (MANETSs). More recently, the use of model predictive con-
trol (MPC) is becoming popular in the multi-robot system literature [37,38].
In Reference 37, a distributed MPC algorithm for stabilizing multi-vehicle
formations is developed. This section describes the optimization-based solu-
tion of a formation control problem using receding-horizon model predictive
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control MPC methods. Also, we discuss some difficulties in optimization, and
point out some potential drawbacks to model predictive control that we will
need to address in the development.

Generally, MPC algorithms rely on an optimization of a predicted model
response with respect to plant input to determine the best input changes for a
given state. The MPC algorithms can in general handle nonlinear models, and it
may be reconfigurable. Either hard constraints (that cannot be violated) or soft
constraints (that can be violated but with some penalty) can be incorporated into
the optimization, giving MPC a potential advantage over passive state feedback
control laws. However, MPC has some possible disadvantages when applied to
mobile robot formation control, the foremost being the computational cost.

In this section, we describe a different approach based on terminal con-
straints to ensure stability of the MPC algorithm. From the terminal constraint
region, we use a local stabilizing controller (e.g., the leader—follower controller
derived in Section 11.3.1) in the manner described in References 39 and 40,
resulting in a dual-mode MPC algorithm. This may have the advantage of con-
ceptual simplicity, but may suffer the disadvantage of infeasible optimization
problems outside a necessarily limited region of convergence for the algorithm.

Now consider a dual-mode MPC algorithm for a single leader—follower
pair. The unicycle model will represent the kinematics of the leader robot
R; and the controlled robot R;. For the follower robot, the state vector is
x(k) = [x;(k) yj(k) 6;(k)]T, and the input vector is u(k) = [v;(k) @;(k)]T.
The allowable inputs are limited to the set {u(k) | umin < u(k) < Umax} SO
that the kinematic inputs are limited to some reasonable magnitudes.

Let the discrete-time dynamic model of the system be x(k + 1) =
f(x(k),u(k)), sothat f(-) is time-invariant and nonlinear and has an equilibrium
point at u(k) = 0. An MPC algorithm uses a model to predict the trajectory
based on the current state and some input series, and generates a control signal
that results in a trajectory that is optimum in some quantifiable way. At the
discrete time k, the state of the system x(k) is measured, and the plant model is
used to predict the system trajectory from k + 1 to k + H,,, where H), is called the
prediction horizon. The optimality of a trajectory is evaluated by calculating
some objective function having the general form

Hy,
Vk) = pleek + mlk),u(k — 1+ mlk)) (11.15)

m=1

where p(-) is an incremental cost, x.(k +m|k) = [x(k+m|k) —xqz(k+m|k)],
and x;(k + m|k) is the desired value of x(k + m|k). The notation (k + m|k)
indicates a value at time (k+m) calculated at time k. Eachx,(-) is an element of a
convex, closedset X C R3 containing the origin. The vectoru,(k—1+mlk) =
[w(k—14+mlk) —ug(k—1+mlk)], withuy(k — 1 +m|k) as the input necessary
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to achieve x;(k + m|k) from x;(k — 1 + m|k). Each u.(-) is an element of a
convex, compact set// C RR? containing the origin.

Let any control input series that stabilizes the system (to zero error) in
H,, steps or fewer while not violating any constraints be denoted #(k) =
(we(klk),ue(k+11k), ..., u.(k+ Hy, — 1|k)), and let an optimum control input
series that stabilizes the system in the best way according to the value of the
objective function while not violating any constraints be denoted #° (k), with
an associated objective function value V°(k). An optimization routine varies
the control input over some control horizon H,, where H, < H,, to minimize
the objective function, and the inputs for (k+H, +1, ...,k -+ H, — 1) are fixed
at u(H,) in the optimization. For simplicity, let H, = H,, in the remainder of
this section.

The optimization will keep the input and state vectors within any existing
constraints that may apply, and generates an open-loop prediction of system
behavior. However, the MPC algorithm is fundamentally a feedback controller,
so only the first element of #° (k) is applied in practice. At the next time interval,
the state is remeasured, providing feedback that closes the loop, and the process
is repeated.

For our discrete-time nonlinear system, we assume the following.

Assumption 11.4.1 The objective function V (k) is C%, with V. > 0 and
V (k) = 0 only when the system error x.(k) is zero.

Assumption 11.4.2  Atevery calculation interval k, the optimizing input series
u° (k) is determined in negligible time.

Stability can be achieved if we can require the constraint that #° (k) stabilizes
the system to zero error in H,, steps or fewer via some feasible path. However,
the optimization problem may be difficult or impossible to solve in real systems.
Instead, relax the definition of #(k) so that it drives the system to some terminal
constraint set Xy. Here we allow x.(k + Hplk) € Xy C X. The terminal
constraint must be closed and compact, and must contain x, = 0. The controller
thatuses Ay instead of the origin as a terminal constraint may certainly impose a
much smaller computational burden at each time interval, but it is not stabilizing
because it only drives the system to a region around the origin. Whenever
x.(k) € X, control switches to a local stabilizing controller X(x) to drive the
system to zero error. Thus, this is a dual-mode model predictive controller.

Assumption 11.4.3 No collisions will occur for any x, € Xy. The leader
velocity vi > 0 is required for the local controller to be asymptotically stable.

In addition to providing a region in which the local controller is asymptotic-
ally stable, the terminal constraint must be small enough to effectively prevent
collisions for any x, € A}.
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The objective function at discrete time k is
Vk) = Vpos(k) + Vinput(k) + Veor (k) (11.16)

where Vs (k) is a position (or state) error cost term, Vippye (k) is an input power
cost term, and V) (k) is a collision cost term. The position error cost term is
defined by

HP
Voos(k) = ) x¢ (k + mlk)Qx, (k + mlk) (11.17)

m=1

and here we will use Q0 = diag[q; ¢» g3] with scalar weights g; > 0. Some
cost is associated with the input effort according to the term Vippye (k), where

HP
Vinput () = Y u} (k — 1+ m|k)Rue(k — 1 + mlk) (11.18)

m=1

where R = diag[r; rp] with scalar weights r; > 0.

A collision cost term will penalize trajectories which result in inter-
robot collisions. Given some minimum inter-robot separation 7y, separation
distance is defined as

cijlk + mlk) = ||xi(k + ml|k) —xj(k + m|k)|l2 — min (11.19)

where ¢;j(k + m|k) > 0 must be maintained to prevent a collision between
robots i and j. Ideally, the objective function should penalize any trajectory
having some c¢; j(k +m|k) < O quite heavily, while having virtually no cost for
¢ij(k +mlk) > 0. Thus, the nonlinear cost term

HP
Vear(k) = Y e~cisktmib/z (11.20)
m=1

is used, with 0 < 7 « 1. This cost term can correspond to an undefined
(infinite in magnitude) artificial potential for ¢; j(k +ml|k) < 0 (cf. [23]). It can
result in an objective function that is not strictly increasing with ||x,. (k)| and
lu. (k) |2 if trajectories pass through areas where c¢; j(k + m|k) < 0. However,
for trajectories that start in the feasible region and controllers that have sufficient
power available for stabilization, it effectively prevents collisions.

A constant prediction horizon is chosen to be long enough to ensure that the
trajectory can enter Xy, and a local stabilizing control law is applied in a manner
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similar to that of Reference 40. Let X}, C X be the closed, compact set of
states of x, that can be driven to some terminal constraint set Xy in H), steps or
fewer. Thus, X), is a kind of region of convergence of x, to Xy, and it is defined
sothat X, N Ay = &. The determination of the required H,, depends on
input limits; in the kinematic sense, the motion of the robot is limited by the
available maximum absolute values of v; and w;. More available input power
means that a shorter H, can be used for a given A),.

Assumption 11.4.4  For any x.(k) € X, the prediction horizon will be long
enough so that there exists a feasible trajectory that does not cause a collision.
This is equivalent to having at least one set i’ (k) such that Vo (k) — 0.

When the collision cost term is thus defined, the cost term Vo (k) is not
finite for every x, € &), and trajectories that pass through the region for which
Veol (k) — oo have no feasible solution of the optimization problem which is
intended to determine #°(k). If the only trajectories which meet the terminal
constraint Xy pass through such a region, then no feasible #° (k) exists and the
optimization is not tractable.

Assumption 11.4.5 For each increment there is some function A(-) such that
p(xe(k + mlk),ue(k +m—1)) > A(|[x] (k + mlk) ul (k — 1+ m)]T[2) > 0
Vx. € X),. Furthermore, it is required that p (x.(k),u.(k—1)) = 0Vx.(k) € A}.

The MPC problem is constrained by the kinematics of the robot and any
bounds on x or u that may exist, particularly an upper bound on the magnitude
of u. With these constraints the dual-mode MPC problem is then

minimize V (k)
with respect to  u(k)
such that
x(k + 1+ mlk) =f(x(k + m|k), u(k + m|k)) (11.21)
Umin < u(k +mlk) < Umax
form e {0,1,...,(H, — 1)}
X.(k+ Hplk) € &f
Given the above definitions and assumptions, one can show that any state
within &), can be driven to Ay in finite time, from which the system is
stable.

For a control task with a positive-velocity leader, the proper choice of H),
allows the controlled robot to find the proper orientation under dual-mode MPC
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FIGURE 11.6 The dual-mode MPC algorithm with V., = O results in a collision in
(a), whereas with Vg as in Equation (11.20), collision is avoided in (b).

while avoiding collisions, as shown in Figure 11.6. In Figure 11.6a, the collision
cost term has been disabled, whereas in Figure 11.6b it effectively prevents a
collision of the two robots (while delaying recovery). Steady-state operation is
under the local leader—follower controller. Note that from the initial condition
shown, the recovery of the system under local control would not result in a
collision with the leader robot. However, under local control collisions with
obstacles and robots other than the leader can only be prevented by redefining
pseudo-leaders as shown in Reference 33. The MPC algorithm offers a less
cumbersome method to ensure that collisions are avoided.

11.4.1 Control of a Chain of Robots

Here the general characteristics of a formation of N robots are considered, where
robot R moves independently and robots R;, i € 2,...,N each follow R;_.
This uses N — 1 dual-mode MPC algorithms as described earlier, assuming
the robots sense one another within some radius but do not share information
(i.e., internal calculations) explicitly. This form of architecture represents one
possible method for control of teams of robots, where global information is
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not available to a centralized controller, but onboard sensors with a reasonable
degree of precision and accuracy are presumed. This is similar to the distributed
MPC problem described by Reference 41, where the overall formation control
is formulated as a series of subproblems; in this case the subproblem for R;
is much smaller than the overall formation control problem and coupled only
to subproblems for R;_; and R;4+1, for 1 < i < N. Information, in the form
of sensor readings giving the current state and kinematic input for R;_p, is
exchanged only once per time interval, and each dual-mode MPC controller
assumes behavior (specifically, constant kinematic input for the duration of the
prediction horizon) for R;_1. Eventually, each controller may be programmed
to react to obstacles as well as other robots within its sensing radius.

For a chain of five robots {Rj, ..., Rs}, with {Ry, ..., Rs} under dual-mode
MPC, the performance of this system depends in part upon how much inform-
ation is available to the controller. For example, if an infinite sensing radius for
every robot is assumed, then they could all follow R; directly, but this scenario
is unlikely in practice. Instead, the assumption is that each robot R; can “see”
only far enough to sense robot R;_1; this distance is assumed to be large enough
so that any other potentially dangerous robots or obstacles that may collide with
R; will also be sensed, allowing future implementation of some obstacle avoid-
ance. From a practical standpoint, it could be difficult for R; to properly sense
the kinematic velocities of R;_1. The response of R; to information about R;_
does not occur until the next time segment, so there is a one time unit delay
for every follower robot in the chain. Figure 11.7 depicts a five-robot system
moving in formation. In this case the entire chain is asymptotically stable, in
the sense that ||x;(k) || — 0 asymptotically as k — oo, where x(k) is the total
error vector. Here x5 (k) = [le (k) xzz k) - - -xZN 17T, Xoj = xj(k) — xgj(k) for
Jj=1,...,N, and xg;(k) is the desired position of robot j if there were no error
anywhere in the formation.

Although a basic MPC formulation may seem quite intuitive, using a
seemingly commonsense formulation without analyzing stability can lead to
divergent responses. It may not be difficult to prove stability for some infinite-
horizon control laws, or for MPC algorithms that require a zero-state constraint
at the end of the horizon at each step, but these approaches often do not lead to
tractable problems. With shorter horizons that can be handled computationally,
a stabilizing solution may not exist. Much of the recent research in MPC has
centered in analyzing stability using Lyapunov analysis centered on appropriate
terminal costs or constraints (see, for example, Reference 42 for a good survey
of recent MPC research).

Stability of an MPC algorithm may be ensured by setting requirements on
the prediction horizon, the terminal constraint set, the terminal cost, or some
combination of these factors. The first and easiest way to ensure stability is to
require some minimum prediction horizon length; in fact it is easy to prove that
if H, — oo and V has the properties of a Lyapunov function then the algorithm
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FIGURE 11.7 Stability is achieved when R{ has v{ > 0, and the local stabilizing
controller can be implemented for each controller in the chain.

is stable for an unconstrained plant. However, this approach is as unsuitable as
it is trivial for real applications. Stability of the system can be assured in some
sense if we use a prediction horizon that is long enough to drive the system to a
region small enough that from it the system can be driven to equilibrium using
some local feedback controller [39].

Some key limitations of the input—output feedback linearization controller
include limited regions of stability, lack of robustness to unmodeled kinematics
and dynamics, and the inability to incorporate higher level formation-control
heuristics. These are all problems that can be solved, or at least moderated,
by using some form of model predictive control, provided some computational
difficulties do not preclude feasible solutions. Using chains of dual-mode model
predictive controllers may show promise for larger formations of mobile robots,
provided certain assumptions can be satisfied.

The previous sections present a framework for formation control. Form-
ation control can be seen as a tool that a higher-level mission planner (see
Figure 11.3b) might use in order to perform a complex task. In Section 11.5,
two real-world cooperative multi-robot systems that require formation control,
inter-robot communication, decision-logic, and optimization are described.
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11.5 APPLICATIONS

In this section, we present two cooperative multi-robot applications. First,
a team of robots is supposed to transport an object and cooperate through a
dynamic role assignment mechanism. Second, a network of cooperative mobile
sensors is employed to detect and track the perimeter defined by a certain
substance (e.g., chemical spill). We show that both cooperative tasks can be
modeled as hierarchical hybrid systems where robots need to switch between
different behaviors/modes/controllers in order to accomplish the task.

11.5.1 Cooperative Manipulation

In a cooperative manipulation task as depicted in Figure 11.1, robots cooper-
ate to carry a large object in an environment containing static and dynamic
obstacles. Cooperative manipulation is a classical example of a tightly coupled
task because it cannot be performed by a single robot working alone and requires
a tight coordination to grasp and transport objects without dropping them.

Here, we describe a paradigm for coordinating multiple robots in the
execution of cooperative manipulation tasks. The basic idea is to assign to
each robot in the team a role that determines its actions during the cooper-
ation. By dynamically assuming and exchanging roles in a synchronized
manner, the robots are able to perform cooperative tasks, adapting to unex-
pected events in the environment and improving their individual performance
in benefit of the team. Basically, each role can be viewed as a behavior or
a reactive controller. However, more generally, roles may define more elab-
orate functions of the robot state and on information about the environment
and other robots including the history of these variables, and may encapsu-
late several behaviors or controllers. It not only dictates what controllers are
used and how the state of a robot changes, but also how information flows
between robots. The reader is referred to Reference 43 for a more detailed
discussion.

A hybrid system framework is used to model dynamic role assignment
between multiple robots in this application. Hybrid systems explicitly capture
the discrete and continuous dynamics in a unified framework, allowing us to
model the interaction of these two types of dynamics.

11.5.1.1 Dynamic role assignment

In general, to execute cooperative tasks a team of robots must be coordin-
ated: they have to synchronize their actions and exchange information. In this
approach, each robot performs a role that determines its actions during the
cooperative task. According to its internal state and information about the other
robots and the task received through communication, a robot can dynamically
change its role, adapting itself to changes and unexpected events in the
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environment. The mechanism for coordination is completely decentralized.
Each robot has its own controllers and takes its own decisions based on local
and global information. In general, each team member has to explicitly com-
municate with other robots to gather information but they normally need not
construct a complete global state of the system for the cooperative execution.
We consider that each team member has a specification of the possible actions
that should be performed during each phase of the cooperation in order to com-
plete the task. These actions must be specified and synchronized considering
several aspects, such as robot properties, task requirements, and characterist-
ics of the environment. The dynamic role assignment will be responsible for
allocating the correct actions to each robot and synchronizing the cooperative
execution.

Before describing in detail the role assignment mechanism, it is necessary
to define what a role in a cooperative task is. Webster’s Dictionary defines it as
follows:

Definition 11.5.1 (a) Role is a function or part performed especially in a
particular operation or process and (b) role is a socially expected behavior
pattern usually determined by an individual’s status in a particular society.

Here, a role is defined as a function that one or more robots perform during
the execution of a cooperative task. Each robot will be performing a role while
certain internal and external conditions are satisfied, and will assume another
role otherwise. The role will define the behavior of the robot in that moment,
including the set of controllers used by the robot, the information it sends and
receives, and how it will react in the presence of dynamical and unexpected
events.

The role assignment mechanism allows the robots to change their roles
dynamically during the execution of the task, adapting their actions according
to the information they have about the system and the task. Basically, there
are three ways of changing roles during the execution of a cooperative task:
the simplest way is the Allocation, in which a robot assumes a new role after
finishing the execution of another role. In the Reallocation process, a robot
interrupts the performance of one role and starts or continues the performance
of another role. Finally, robots can Exchange their roles. In this case, two
or more robots synchronize themselves and exchange their roles, each one
assuming the role of one of the others.

The role assignment mechanism depends directly on the information the
robots have about the task, the environment, and about their teammates. Part
of this information, mainly the information concerning the task, is obtained
a priori, before the start of the execution. The control software for each robot
includes programs for each role it can assume. However, the definition of the
task includes an a priori specification of the roles it can assume during the
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execution of the task and the conditions under which the role is reassigned or
exchanged. The rest of the information used by the robots is obtained dynam-
ically during the task execution and is composed by local and global parts. The
local information consists of the robot’s internal state and its perception about
the environment. Global information contains data about the other robots and
their view of the system and is normally received through explicit communic-
ation (message passing). A key issue is to determine the amount of global and
local information necessary for the role assignment. This depends on the type of
task being performed. Tightly coupled tasks require a higher level of coordina-
tion and consequently a greater amount of information exchange. On the other
hand, robots executing loosely coupled tasks normally do not need much global
information because they can act more independently from each other.

This approach allows for two types of explicit communication. In synchron-
ous communication, the messages are sent and received at a constant rate, while
in asynchronous communication an interruption is generated when a message is
received. Asynchronous communication is used to broadcast unexpected events
such as the presence of obstacles.

It is important to define when a robot should change its role. In the role
allocation process, the robot detects that it has finished its role and assumes
another available role. The possible role transitions are defined a priori and are
modeled using a hybrid automaton as will be explained later. In the reallocation
process, the robots should know when to relinquish the current role and assume
another. A possible way to do that is to use a function that measures the utility
of performing a given role. A robot performing arole r has a utility given by ;.
When a new role r’ is available, the robot computes the utility of executing the
new role w,s. If the difference between the utilities is greater than a threshold
T (i — pr > T) the robot changes its role. The function p can be computed
based on local and global information and may be different for distinct robots,
tasks, and roles. Also, the value T must be chosen such that the possible overhead
of changing roles will be compensated by a substantial gain on the utility and
consequently a better overall performance. It is also possible for two robots
to exchange their roles. In this case, one robot assumes the role of the other.
For this, the robots must agree to exchange roles and should synchronize the
process, which is done using communication.

11.5.1.2 Modeling

The dynamic role assignment can be described and modeled in a more formal
framework. In general, a cooperative multi-robot system can be described by
its state (X), which is a concatenation of the states of the individual robots:

X =[x1.x2,...,xx]" (11.22)
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Considering a simple control system, the state of each robot varies as a function
of'its continuous state (x;) and the input vector (&;). Also, each robot may receive
information about the rest of the system (Z;) that can be used in the controller.
This information consists of estimates of the state of the other robots that are
received mainly through communication. We use the hat (*) notation to emphas-
ize that this information is an estimate because the communication can suffer
delays, failures, etc. Using the role assignment mechanism, in each moment
each robot will be controlled by a different continuous equation according to
its current role in the task. Therefore, we use the subscript ¢, ¢ = 1,...,S,
to indicate the current role of the robot. Following this description, the state
equation of each robot i, i = 1,..., N, during the execution of the task can be
defined as:

Xi = fiq (i, u,2i) (11.23)
Since each robot is associated with a control policy,
u = giq(xi,2;) (11.24)
and since Z; is a function of the state X, we can rewrite the state equation:

%i = figX) (11.25)

or, for the whole team,

X =Fs(X), where Fx = [fig,.--fygyls gi€{l,....S} (11.26)

The equations shown above model the continuous behavior of each robot
and consequently the continuous behavior of the team during the execution of
a cooperative task. These equations, together with the roles, role assignments,
variables, communication, and synchronization can be better understood and
formally modeled using a hybrid automaton.

A hybrid automaton is a finite automaton augmented with a finite number
of real-valued variables that change continuously, as specified by differential
equations and inequalities, or discretely, according to specific assignments.
It is used to describe hybrid systems, that is, systems that are composed by
discrete and continuous states. A hybrid automaton H can be defined as: H =
{Q,V,E,f,Inv,G,Init,R}. O = {1,2,...,5} is the set of discrete states, also
called control modes. The set V represents the variables of the system and
can be composed by discrete (V;) and continuous (V,) variables: V = V; U V..
Each variable v € V has a value that is given by a function v(v). This is
called valuation of the variables. Thus, the state of the system is given by a
pair (g,v), composed by the discrete state ¢ € Q and the valuation of the
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variables. The dynamics of the continuous variables are determined by the
flows f, generally described as differential equations inside each control mode
(fy)- Discrete transitions between pairs of control modes (p, ¢) are specified by
the control switches E (also called edges). Invariants (Inv) and guards (G) are
predicates related to the control modes and control switches respectively. The
system can stay in a certain control mode while its invariant is satisfied, and can
take a control switch when its guard (jump condition) is satisfied. The initial
states of the system are given by Init, and each control switch can also have
a reset statement R associated, to change the value of some variable during a
discrete transition.

In this model, each role is a control mode of the hybrid automaton. Internal
states and sensory information within each mode can be specified by continuous
and discrete variables of the automaton. The variables are updated according
to the equations inside each control mode (flows) and reset statements of each
discrete transition. The role assignment is represented by discrete transitions and
the invariants and guards define when each robot will assume a new role. Finally,
we can model the cooperative task execution using a parallel composition of
several automata as described in Reference 44.

Communication (e.g., message passing) among robots can also be modeled
in this framework. To model this message passing in a hybrid automaton,
we consider that there are communication channels between agents and use the
basic operations send and receive to manipulate messages. In the hybrid auto-
maton, messages are sent and received in discrete transitions. These actions
are modeled in the same way as assignments of values to variables (reset state-
ments). It is very common to use a self-transition, that is, a transition that
does not change the discrete state, to receive and send messages.

The execution of the cooperative manipulation uses a leader—follower archi-
tecture [45]. One robot is identified as a leader, while the others are designated
as followers. The assigned leader has a planner and broadcasts its estimated
position and velocity to all the followers using asynchronous messages. Each
follower has its own trajectory controller that acts in order to cooperate with the
leader. The planner and the trajectory controllers send set points to the low level
controllers that are responsible for the actuators. All robots have a coordination
module that controls the cooperative execution of the task. This module receives
information from the sensors and exchanges synchronous messages with the
other robots. It is responsible for the role assignment and for other decisions
that directly affect the planners and trajectory controllers.

In this cooperative manipulation task, the robots can be executing one of
the following roles: Dock, where they must coordinate themselves to approach
and pick up the box; and Transport, where they march in a coordinated fashion.
The Transport role is obtained by composing the roles Lead and Follow using
sequential composition. Thus, a robot transporting a box will be performing
either a leader or a follower role. The control modes of the robots’ automata
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Main

/ Read discrete bool start; \

End transport==True /

Dock EndDock==True

Transport

/ Read discrete bool role;
Pass/Resign==True O
Lead Request/Get==True Follow

/

FIGURE 11.8 Robot’s roles in the execution of a cooperative manipulation task.

i

are shown in Figure 11.8. The role assignment is used here mainly to exchange
the leadership responsibilities among the robots: at any moment during trans-
portation, the robot performing the leading role can become a follower, and
any follower can take over the leadership of the team. One reason for pos-
sibly exchanging leadership is when one of the followers is better suited to be
the leader during the execution of the task. For example, when the leader’s
sensors are occluded or the follower is better positioned to avoid an obstacle.
The role assignment is also used for synchronizing actions, in such a way that
the robots are able to go from the dock role to the transport role in a coordinated
manner.

Different controllers and planners are used by each robot depending on its
role in the task. In the Dock mode, robots use a proportional feedback controller
based on the distance to the object to move in order to grasp the object. In the
Transport mode, the robots have different behaviors when leading or following.
In the Lead mode, they are controlled by planners that send set-points to the
actuators. In the following mode, the controllers are designed to enable the
robots to follow a trajectory that is compatible with the leader’s in order to
follow and cooperate with the leader [45,46].
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As mentioned, the main purpose of the leadership exchange mechanism
used here is to allow the robots to react and adapt easily to unexpected events
such as obstacle detection and sensor failures. It is also important to assign
the leadership to the appropriate robot in such a way that, in each phase of
the cooperation, the robot that is best suited in terms of sensory power and
manipulation capabilities will be leading the group. A method for executing
the leadership exchange under the role assignment paradigm is as follows. One
of the follower robots sends a message requesting the leadership. This normally
happens when one of the robots is not able to follow the leader’s plan or knows
a better way to lead the group in that moment or both. For example, if one of the
followers detects an obstacle, it can request the leadership, avoid the obstacle,
and then return the leadership to the previous leader.

The above approach is illustrated in simulation using four holonomic robots
that cooperate in order to carry an object from an initial position to the goal.
In this experiment, one of the robots requests the leadership when it senses
that it will not be able to follow the path determined by the leader. Figure 11.9
shows snapshots of the simulator during the task execution.

Snapshot (a) in Figure 11.9 shows the robots performing the Dock role. The
robots are represented by circles and the object to be carried is the square in
the middle of them. Each robot has a sensing area represented by a dashed circle
around it. The other rectangles on the environment are obstacles and the goal
is marked with a small x on the right of the figure. When they finish docking,
they are allocated to the Transport role and there is a leadership exchange to
avoid the obstacle in the top (snapshot [b]). As it can be seen the robots are
able to transport the object to the goal position (snapshot [c]) while avoiding
collisions.

11.5.2 Multi-Robot Perimeter Detection and Tracking

Many applications of multi-robot cooperation have been studied including area
coverage, search and rescue, manipulation, exploration and mapping, and
perimeter detection [47-49]. A perimeter is an area enclosing some type of
substance. We consider two types of perimeters (1) static and (2) dynamic.
A static perimeter (e.g., a minefield) does not change over time. On the
other hand, dynamic perimeters (e.g., a radiation leak) are time-varying and
expand/contract over time. Perimeter detection has a wide range of uses in
several areas, including (1) Military (e.g., locating minefields or surrounding
a target), (2) Nuclear/Chemical industries (e.g., tracking radiation/chemical
spills), (3) Oceans (e.g., tracking oil spills), and (4) Space (e.g., planetary
exploration). In many cases, humans are used to perform these dull and/or
dangerous tasks, but if robotic swarms could replace humans, it could be
beneficial.
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FIGURE 11.9 Cooperative manipulation with four holonomic robots.
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FIGURE 11.10 (a) Example perimeter: oil spill, (b) simulation environment, and
(c) experimental testbed.

In perimeter detection tasks, a robotic swarm locates and surrounds a
substance, while dynamically reconfiguring as additional robots locate the
perimeter. Obviously, the robots must be equipped with sensors capable of
detecting whatever substance they are trying to track. Substances could be air-
borne, ground-based, or underwater. If the perimeter moves with a velocity
greater than that of the robots, then the perimeter cannot be tracked. Abrupt
perimeter changes requiring sharp turns may be difficult to track because of the
robots’ limited turning radius. See Figure 11.10a for an example of a perimeter,
an oil spill.?

In this section, a decentralized, cooperative hybrid system is presented util-
izing biologically inspired emergent behavior [50]. Each controller is composed
of finite state machines and it is assumed that the robots have a suite of sensors
and can communicate only within a certain range. A relay communication
scheme is used. Once a robot locates the perimeter, it broadcasts the location to
any robots within range. As each robot receives the perimeter location, it also
begins broadcasting, in effect, forming a relay. Other groups have used the terms
perimeter and boundary interchangeably, but in this chapter, there is a distinct
difference. The perimeter is the chemical substance being tracked, while the
boundary is the limit of the exploration area.

2 Courtesy of the NOAA Office of Response and Restoration.
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11.5.2.1 Cooperative hybrid controller

In one of our previous work reported in Reference 9, we developed an object-
oriented software architecture that supports hierarchical composition of robot
agents and behaviors or modes. Key features of the software architecture are
summarized below:

e Architectural hierarchy. The building block for describing the
system architecture is an agent that communicates with its environ-
ment via shared variables and also communication channels. In this
application, the team of mobile sensors defines the group agent. The
group agent receives information about the area, that is, boundary
where the perimeter is located.

e Behavioral hierarchy. The building block for describing a flow of
control inside an agent is a mode. A mode is basically a hierarchical
state machine, that is, a mode can have submodes and transitions
connecting them. Modes can be connected to each other through
entry and exit points. We allow the instantiation of modes so that the
same mode definition can be reused in multiple contexts.

e Discrete and continuous variable updates. Discrete updates are spe-
cified by guards labeling transitions connecting the modes. Such
updates correspond to mode-switching, and are allowed to modify
variables through assignment statements.

The cooperative hybrid systems is modeled by (11.25) and (11.26) as in
the manipulation task. Furthermore, the overall finite automaton consists of
three states (1) Random Coverage Controller (RCC), (2) Potential Field Con-
troller (PFC), and (3) Tracking Controller (TC). These three controllers are
composed such that the sensor/robot network is able to locate and track a peri-
meter. See Figure 11.11 for hierarchical automata of the cooperative hybrid
system described herein.

In Section 11.5.2.2, details of the controller agents are presented.

11.5.2.2 Random coverage controller

The goal of the RCC is to efficiently cover as large an area as possible while
searching for the perimeter and avoiding collisions. The robots move fast in this
state to quickly locate the perimeter. The RCC consists of three states (1) spiral
search, (2) boundary avoidance, and (3) collision avoidance. The spiral search
is arandom search for effectively covering the area. The boundary and collisions
are avoided by adjusting the angular velocity.

The logarithmic spiral, seen in many instances in nature, is used for the
search pattern. In Reference 51, a spiral search pattern such as that used by
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FIGURE 11.11 Hierarchical finite automata for perimeter detection and tracking.
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FIGURE 11.11 Continued.

avoidance

moths is utilized for searching an area. It has been shown that the spiral search
is not optimal, but effective [52]. Some examples are hawks approaching prey,
insects moving toward a light source, sea shells, spider webs, and so forth.

vi=vs(l —e™) (11.27)
wi = ae?’ (11.28)
where vy is a positive constant, a is a constant, and b > 0. If a > 0 (<0), then
the robots move counterclockwise (clockwise). Collision and boundary (limit

of the exploration area here) avoidance are handled in simulation by sharply
turning, while in experiments, the robots back up and turn, then go forward.
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11.5.2.3 Potential field controller

Potential fields have been used by a number of groups for controlling a
swarm [47,49,53]. In Reference 53, a method using artificial potentials and
virtual bodies is shown in which the robot network forms regular polygons
upon uniformly surrounding a target. In Reference 49, virtual potential fields
and graph theory are used for area coverage.

The PFC uses an attractive potential which allows the robots to quickly
move to the perimeter once it has been detected. The first robot to detect the
perimeter broadcasts its location to the other robots. If a robot is within range,
then the PFC is used to quickly move to the perimeter. Otherwise, the robot will
continue to use the RCC unless it comes within range, at which point it will
switch to the PFC. As a robot moves towards the goal, if it detects the perimeter
before it reaches the goal, it will switch to the TC.

The PFC has two states (1) attractive potential and (2) collision avoidance.
The attractive potential, P, (x;, y;), is:

Pa (i, yi) = 3l (i — x)” + (i — yg)°] (11.29)
where (x;,y;) is the position of robot i, € is a positive constant, and (xg, y¢)

is the position of the attractive point (goal). The attractive force, Fa (x;,y;), is
derived below:

P,
3)6,‘
Fa(xi,yi) = —VPa(xi, i) = — 9P
a
dyi
Xo — X
Fa(xi,yi) = € |: ¢ l:| = |:1€“’x1:| (11.30)
Yg — Vi @i

Equation (11.30) is used to get the desired orientation angle, 6; 4, of robot i:
ei,d = arctan Z(Fa,y,-’ Fa,x,-) (1 1.31)

Depending on 6; and 6; 4, the robot will turn the optimal direction to quickly line
up with the goal using the following proportional angular velocity controller:

wi = £k 6ig — 6;) (11.32)
where k = wmax /27 and wmax = 0.3 rad/sec and 6; is the orientation angle of

robot i. Collisions are avoided in the same manner as in the RCC.
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11.5.2.4 Tracking controller

The TC changes w and v in order to track the perimeter and avoid collisions,
respectively. Cyclic behavior emerges as multiple robots track the perimeter.
The robots’ goal in this state is to accurately track the perimeter counterclock-
wise. The TC consists of two states (1) tracking, and (2) collision avoidance.
Tracking is accomplished by adjusting the robots’ angular velocity. On the
other hand, collisions are avoided by changing the linear velocity.

A vision sensor (blobfinder algorithm) is being used to detect the peri-
meter. Smooth tracking is accomplished with the following proportional angular
velocity controller:

wi = kp (Yo — ¥i) (11.33)

where kp > 0, and y, and y; are the areas outside and inside the perimeter seen
by the blobfinder, respectively. Counterclockwise tracking is assumed, which
implies that the robot will turn left (right) if the robot is too far outside (inside)
the perimeter.

An experiment is shown in Figure 11.10c in which three robots search for,
locate, and track a perimeter while avoiding collisions. Refer to Figure 11.12a
and b for trajectory and state transitions plots, respectively. Collision avoid-
ance is accomplished through the use of IR sensors while position/orientation
information comes from the encoders. Notice in Figure 11.12a that the peri-
meter is not exactly like the perimeter in Figure 11.10c, but it is fairly accurate
and allows the user to estimate the location of the substance.

11.6 CONCLUSIONS

Recent advances in communication, computation, and embedded technolo-
gies are enabling a growing interest in developing cooperative multi-robot
systems. In the near future, small, affordable mobile robots equipped with
embedded sensors and processors will be able to cooperatively execute tasks
within unknown, dynamic environments with limited human intervention.

In this chapter, we have presented a set of tools and methodologies that
are suitable for the analysis and design of multi-robot systems engaged in
cooperative tasks that require coordinated operation and execution, formation
of spatial patterns, mobility, and distributed sensing, computation, and actu-
ation. Specifically, these tools include graph theory, distributed optimization,
formation control, and hierarchical hybrid systems.

Additionally, two real-world cooperative examples are given (i) A role
assignment paradigm for coordinating multiple robots in the execution of
manipulation tasks, and (ii) a cooperative mobile sensor network for perimeter
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FIGURE11.12 (a) Three robots defining a perimeter and (b) discrete statetransition plot.

detection and tracking. We show that both systems can be modeled as
hierarchical hybrid systems.

We anticipate that, given the increasing interest in applications of
multi-robot systems, we will witness significant developments in this field.
Advances in distributed and hierarchical optimization-based algorithms, highly
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reconfigurable hardware for example, FPGA’s, communication protocols,
multi-robot learning, and mobile sensor networks will positively impact the
development of cooperative robotic systems.

An important topic to be addressed is the definition of suitable perform-
ance metrics to evaluate the efficiency and performance of mechanisms of
cooperation. Optimization-based approaches hold the promise to provide effi-
cient solutions to some cooperative robotic system problems. Although, some
progress has been made in constrained robust optimal control, the design
of computationally efficient online optimization algorithms for multi-robot
systems remains a challenging task.
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IV

Decision Making and
Autonomy

At one of the highest rungs of the cognitive ladder of autonomous robots is the
ability to manipulate, organize, and reason about available information, and
from there, make relevant operational plans that conform to the abstract object-
ives of complex missions demanded of the robots. This sets the present portion
of the book apart from the subject matter of the previous portion (Part III),
where the type of planning involved is usually more explicit and of a more
immediate nature (for instance, motion planning involves deliberation over the
immediate actions of the robots and is less involved with strategizing about
long-term mission goals and objectives).

Central to the cognitive capabilities of robots, is their ability to manipulate
information (known a priori or gained during runtime) into forms amenable
to analysis and reasoning (by the robots themselves). Knowledge representa-
tion and decision making is discussed in detail in Chapter 12, the first chapter
of this section. The chapter aims to provide readers with a broad overview
of the various techniques and paradigms in knowledge representation and
decision making, as well as the inter-relationships between the representa-
tion and decision-making systems. It begins with an introduction to the more
commonly used knowledge representation approaches, with increasing levels of
abstraction, in mobile robotics — namely, the spatial, topological and symbolic,
andontological approaches. These different forms of representation techniques
facilitate understanding, reasoning, and knowledge creation by the robots, on
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different levels. With the many forms of knowledge representation, each with
its own advantages, researchers have also investigated the use of multiple rep-
resentations within systems, in order to facilitate planning within each level.
Given the knowledge it possesses, an intelligent robotic system must utilize
the knowledge efficiently for deciding its actions. Decision-making mechan-
isms are tightly coupled to knowledge representations, and the second part
of the chapter describes the commonly used techniques of computation-based
closed loop control, cost-based search strategies, finite state machines (FSM),
and rule-based systems. The chapter concludes with a detailed case study of
the knowledge representation and decision-making aspects within the 4D/RCS
architecture.

Despite the efficiency within knowledge representation systems, there is
still the presence of uncertainties within the real world that cannot be modeled
adequately and accounted in its entirety within representations. As such, any
abstract planning algorithm has to be able to cope robustly with any inaccuracies
of available knowledge to ensure good performance of the autonomous robots
within a real environment. The second chapter of this part therefore deals with
the planning capabilities of robots in the presence of uncertainties, in particular
prediction and sensing uncertainties. Prediction uncertainties occur when the
robot is unable to have an accurate prediction of the future effects of actions,
while sensing uncertainty deals with inaccuracies in the current knowledge
base (due perhaps to sensing imperfections). This chapter deals with planning
under uncertainties by explicitly accounting for and modeling uncertainties as
a “game against nature.” The chapter first discusses planning under only pre-
diction uncertainty with a discussion of both optimal (through value iteration
and policy iteration) and approximate solution methods. Techniques for plan-
ning (with methods designed in discrete spaces) in continuous spaces are also
examined. When sensing imperfections exist, the information space is intro-
duced for use in planning, in place of the usual state space. In order to reduce
the complexity of information space representations, the chapter introduces the
mapping (collapse) of the information into a smaller, collapsed, information
space for easier manipulation.

The presence of multiple interacting robots greatly complicates decision
making, and this leads to the need for effective coordination amongst robots.
Efficient coordination mechanisms can potentially bring about greater team
autonomy. Several coordination mechanisms exist, and one of the most pop-
ular framework, is that of behavior-based control, which is presented in
Chapter 14 of this book. Interaction between robots is indispensable if any
form of coordination is to be possible. Thus, the chapter examines the use of
different interaction mechanisms (through the environment, through sensing,
and through communications) for coordination and illustrates the effectiveness
through an analysis of various case studies. The chapter also describes the
microscopic and macroscopic models of multi-robot systems, and investigates

© 2006 by Taylor & Francis Group, LLC



Decision Making and Autonomy 463

the ways in which multi-robot systems may be systematically synthesized. Such
studies will greatly benefit the design of effective multi-robot systems that are
both efficient and autonomous.

This part of the book covers the abstract mechanisms behind knowledge
representation, decision making and planning, and coordination between intel-
ligent mobile robots. These mechanisms form the last general module, which,
through a cohesive integration with the other modules discussed in the earlier
parts of the book, make up an intelligent and autonomous robotic system.
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12.1 INTRODUCTION

Knowledge is central to a mobile robot’s ability to carry out its missions and
adapt to changes in the environment. The knowledge subsystem must support
acquisition of information from external sources, maintain prior knowledge,
infer new knowledge from the knowledge that has been captured, and provide
appropriate input to the planning subsystem. In order to carry out these respons-
ibilities, there are different categories of knowledge required, such as task (also
known as functional or procedural), and declarative, which includes spatial
(or metrical). Representation schemes for the various types of knowledge must
be chosen so as to provide the best performance and reliability. Many design
decisions must be made, taking into account the real-time requirements of the
robot control system, the resolution of the sensors, as well as the onboard
processing and memory.

Decision making must be tightly coupled with knowledge representation
because the decisions must be based on the knowledge available to the robot.
Roboticists have drawn from fields as varied as symbolic artificial intelligence,
operations research, and control theory as well as creating many ad hoc methods
such as behavior-fusion.

In this chapter, we introduce several commonly used approaches to both
knowledge representation and decision making in mobile robot systems. We
discuss the inter-relationship between the representation format and content and
the decision-making systems. The chapter delves more deeply into systems that
accommodate multiple representation types and decision algorithms. Design
considerations are presented to provide the reader a brief introduction to the
many complexities of selecting knowledge representation types and decision-
making approaches. The chapter concludes with a high-level implementation
example.

12.2 INTRODUCTION AND A BRIEF SURVEY OF REPRESENTATION
APPROACHES

12.2.1 Grounding Representation

Mobile robots have especially challenging knowledge requirements in order to
negotiate within and interact with uncertain and dynamic environments. The
internal representation of the world has many implications for the effectiveness,
reliability, efficiency, validity, and robustness of the mobile robot. The symbol
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grounding problem is one perspective of this challenge and it is defined in Ref-
erence 1 as “the problem of how to causally connect an artificial agent with its
environment such that the agent’s behaviour, as well as the mechanisms, rep-
resentations, etc. underlying it, can be intrinsic and meaningful to itself, rather
than dependent on an external designer or observer.” There are two principal
approaches as described by Ziemke, each with a focus on a different aspect of
the robot’s interaction with the world. Cognitivism takes a computational view
and divides the world into input systems (i.e., sensing) and central systems
(where the problem-solving takes place). A predefined fixed representation
resides in the central system and is populated by the input systems. Therefore
cognitivism emphasizes the sensing interaction. Contrast this with the enac-
tion paradigm, which emphasizes the actuation by the robot. In the enaction
view, cognition is considered the outcome of the interaction between the robot
and its environment. “Consequently, cognition is no longer seen as problem
solving on the basis of representations; instead, cognition in its most encom-
passing sense consists in the enactment or bringing forth of a world by a viable
history of structural coupling” [2]. A common interpretation of the enactive
paradigm is that no explicit world model is required — rather that the combin-
ation of the robot and the world itself are adequate, for they capture the “real
thing” [3].

But knowledge representation need not hew to one extreme or the other. Put-
ting aside the more philosophical considerations of knowledge representation
and focusing on requirements for enabling a mobile robot to perform its mis-
sion, we now look at the classes of knowledge and the different representation
paradigms.

12.2.2 Representation Approaches

This section describes the most common single-representation approaches used
for mobile robots, but is not meant to be exhaustive. Note that this chapter does
not address the issues of simultaneous localization and map building, which
are covered elsewhere in the book.

12.2.2.1 Spatial representations

A large number of the mobile robot systems implemented have relied on spatial
representations. Decomposing the space that the robot has to travel within into
uniform or nonuniform regions (a geometric space) is one approach. Two com-
monly used geometric spaces are world space and configuration space (Cspace).
World space is defined as the physical space that the robot, obstacles, and goals
exist in Reference 4. A particular location in world space can typically be
represented by two to four parameters, where planar worlds with static envir-
onments require two parameters (x and y location) and 3D worlds with dynamic
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environments require four (x, y, z, and time). An example of a robot arm with
world space obstacles may be seen in Figure 12.1a. A configuration of an object
may be defined as the independent set of parameters that completely specify
the location of every point (or the pose) of the object [4]. The set of all possible
configurations is known as the configuration space, and represents all of the
possible poses of an object. The number of parameters necessary to specify
the Cspace (or the dimensionality of the space) is also known as the degrees
of freedom of the object. For a point object, the Cspace and world space are
identical. The Cspace representation of the robot arm from Figure 12.1a may
be seen in Figure 12.1b. World space has the advantage of having objects in
the world directly integrated into the space as opposed to having to compute
potential object configuration interactions in Cspace. However, for nonholo-
nomic robots, any path found in the Cspace is guaranteed to be collision free
and realizable whereas a path found in world space may cause collisions with
parts of the robot [5]. Identical spatial structures may be used to represent both
spaces. For simplicity, the examples in this section will concentrate on world
space representations.

Grid-based structures [6,7] are a convenient means of capturing input from
the robot’s sensors, especially if multiple readings from one or more sensors are
to be fused. They have the advantage of being easy to implement and maintain,
due to their uniform, array-like structure. A probability or certainty measure
can be assigned to each grid cell indicating the degree of confidence that the cell
is really occupied as opposed to purely open space, resulting in each location
being marked as probably occupied, probably empty, and unknown. This type
of representation is also referred to as an evidence grid [8]. Figure 12.2a shows
an example of a grid representation.

Furthermore, it is fairly straightforward to implement path planning and
obstacle avoidance algorithms that use a regular structure, which can be readily
translated into a graph that is searched (for instance using a Dijkstra [9] or
A* [10]) to find the lowest-cost path — typically based on shortest distance.
A node is placed at the center of each grid location and it can be connected
to adjacent cells via arcs that are assigned costs. The costs may be based on
distance traveled between cells and usually reflect a penalty if the motion would
take the robot into an occupied area. In the most simplistic approach, each cell
can be connected to its nearest four or eight neighbors (see Figure 12.2b). More
efficient approaches build the graph connecting only empty cells or by using
other techniques such as visibility graphs [11] or Voronoi borders [12]. The
grid itself can be represented more compactly by using adaptive tesselation
approaches. These include quadtrees which are efficient if the environment is
not uniformly cluttered or when additional spatial information such as depth
must be captured. References 13 and 14 describes the use of quadtrees as a
two-and-a-half-dimensional (2.5D) approach to capturing the geometry of a
lake bed for underwater autonomous vehicles. Multi-resolutional approaches,
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FIGURE 12.1 Representation of a robot arm and obstacles in both world and configur-
ation space. (a) The 2D world space contains a two-jointed robot arm (represented by
the “+4” signs) and obstacles (represented by filled boxes). (b) The world space is also
2D with the axis representing the joint angles of the robot arm. The clear regions in this
figure represent joint angle combinations that are collision free.

such as in Reference 15 also improve efficiency by giving the cells closer to the
robot higher resolution than those further away.

Approaches that tessellate space may need to represent more than two
(or two and a half) dimensions. For instance, in cases where a 2D spatial
representation is inadequate, the evidence grid approach has been extended
to 3D [16]. In many applications, it is insufficient to have the robot plan
a path that only avoids obstacles. Additional constraints, such as nonplanar
terrain and the robot’s own kinematics and dynamics often need to be taken
into consideration. Considering velocity and acceleration while generating the
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FIGURE 12.2 Robot in a room with a table. The ground truth, indicating where the
walls, robot, and table are located, is shown by solid lines. (a) Evidence grid showing
grid cells where sensor has detected an obstacle. The robot’s location is indicated by R’s.
The higher the number in a cell, the higher the “confidence” that there is an object in
that space. Note the spurious detections in some cells, which often happens due to noisy
sensors and inaccurate localization. (b) Nodes, indicated by shaded circles are placed at
traversable locations in the grid space and are connected potentially to up to 8 neighbors
(8-connected). Nodes are placed everywhere except where there is an obstacle detected
or directly (4-connected) adjacent to a cell marked as an obstacle. The darker nodes
are the first level of accessible nodes from the robot’s current location. Only the arcs
connecting these nodes to the next layer of potential locations are shown.
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robot’s path significantly increases the state space for planning, so it tends
to be done in two stages. Generally, the path planning process produces a
coarse set of waypoints, which are then smoothed by another process that takes
into account the robot’s dynamic constraints. However, for systems with com-
plex dynamics (e.g., legged robots, two-wheeled vehicles [17], soccer playing
robots, or hovercraft [18]), it may be inadequate to ignore dynamics dur-
ing the obstacle-avoidance planning process, therefore explicitly modeling the
systems’ dynamics may be necessary to guarantee collision-free trajectories.

Some researchers have successfully demonstrated mobile robot systems
that use only the sensor image (“windshield view”), also known as the iconic
representation, to plan within. From Reference 19: “According to the model
being proposed here, our ability to discriminate inputs depends on our forming
‘iconic representations’ of them ... These are internal analog transforms of
the projections of distal objects on our sensory surfaces.” This may be 2D
spatially, as is the case for Charged Coupled Device (CCD) cameras, or 3D,
in the case of range sensors, such as Laser Radars (LADARs). Some mobile
robots successfully accomplish their goals by planning based on purely the
sensor image view. This is particularly true for road-following systems, such as
those by Dickmanns [20] and Jochem [21], where road edges are extracted by
sensor processing algorithms and used to plan the vehicle’s steering command
in the image frame.

Grid-based and other spatial representations vary in choice of coordinate
systems and in the relationship to the robot itself. Some implementations use
polar coordinates because the sensor data is returned in the form of distance (to
object) and angle, reducing the number of calculations in constructing the map
and in planning motion. The robot is always at the origin of the coordinate
system in this case. However, it is more difficult to maintain a global map
as the robot traverses the environment. The majority of implementations use
a Cartesian coordinate system. In some approaches, the map is centered on
the robot’s current location and oriented with respect to the robot. Sensor
information is easily placed within the map, but the entire map must be trans-
formed when the robot changes location or orientation (assuming that previous
information is kept). Some systems maintain the maps in an absolute global
reference frame (for e.g., based on magnetic north). This facilitates localiza-
tion with respect to global positioning systems, registration with a priori maps,
and landmark-based navigation, but requires the transformation from the local
sensor frames to the global one.

Other spatial representations are based on the geometric boundaries within
the environment [22], such as planar surfaces [23]. These representations
may augment the iconic or grid-based ones and often provide efficiencies by
providing more compact descriptions of an environment, especially for indoor
applications or highly structured environments. Describing a wall as a plane or
a line is more efficient storagewise vs. a set of grid cells. However, additional
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Corner

FIGURE 12.3 Topological map capturing significant features in environment. The map
is a simple representation of the same room shown in the example in Figure 12.

computations by grouping algorithms that process adjacent occupied cells or
convert individual pixels into higher-level geometric entities are required to
achieve this reduction in memory or disk requirements.

12.2.2.2 Topological representations

Some systems represent the world via topological information (e.g., [24-27]).
This enables them to reduce the amount of data stored and relate individual local
maps together into a more global one. Topological maps provide qualitative
information, noting significant entities in the environment, such as landmarks,
and the connectivities and adjacencies amongst them but do not provide exact
coordinates or relative distances. Typically, topological information is imple-
mented via graph structures, where the features are the nodes. The resulting
maps are much more sparse and provide computational advantages in planning.
They can also provide more natural interfaces for humans by referring to places
by name, rather than coordinates. Figure 12.3 conceptually shows a topological
map of the same room used in Figure 12.2a and b. For a full discussion and
comparison of the grid-based and topological paradigms, see Reference 28.

12.2.2.3 Symbolic representations

Symbolic representations provide ways of expressing knowledge and relation-
ships, and of manipulating knowledge, including the ability to address objects
by property. Much early work in robotics was carried out in the context of arti-
ficial intelligence (AI) research using symbolic representations [29-31]. This
had the result of uncoupling robotics from the geometry and dynamics of the
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real world, and focusing on purely symbolic approaches to perception, plan-
ning, and reasoning [32]. Probably the best-known symbolic representation
developed in classical Al is frame-based [33]. A frame defines a stereotypical
situation, which is instantiated when appropriate. There are slots to be filled out
for the particular instantiation, and actions to be carried out when conditions
defined by the frame are met. For example, there would be a series of frames
related to a building, essentially defining what the robot may be expected to
encounter as it travels inside the building. A frame for a room may have con-
cepts for “floor,” “ceiling,” “right wall,” “left wall,” “far wall,” and so on. The
robot would try to find entities using its vision system to fill in the slots for these
concepts. One of the difficulties is that the robot has to be able to realize when
a particular scene does not match any of the existing stereotypical situations
defined within its frame system.

After struggling for the better part of two decades, the Al community turned
away from robotics and focused on expert systems, knowledge representations,
and problem solving in the symbolic domain. Little of this early work ever
found practical application in mobile robots, although work which couples
higher-level planners or agents to real systems has found new advocates, for
example, in space applications [34,35].

Tying symbolic knowledge back into the spatial representation provides
symbol grounding, thereby solving the previously noted problem inherent to
purely symbolic knowledge representations, It also provides the valuable ability
to identify objects from partial observations and then extrapolate facts or future
behaviors from the symbolic knowledge.

A common type of symbolic representation for representing rules is onto-
logical. Ontologies are definitions and organizations of classes of facts and
formal rules for accessing and manipulating (and possibly extending) those
facts. There are two main approaches to creating ontologies, one emphasiz-
ing the organizational framework, with data entered into that framework, and
the other emphasizing large-scale data creation with relationships defined as
needed to relate and use that data. Cyc [36] is an example of the latter, an effort
to create a system capable of common sense, natural language understanding,
and machine learning.

Ontologies provide mechanisms for reasoning over information. This
includes being able to infer information that may not be explicitly represen-
ted, as well as the ability to pose questions to the knowledge base and receive
answers in return. One way of enabling this functionality is to represent the sym-
bolic information in the world model in a logic-based, computer-interpretable
format, such as in the Knowledge Interface Format (KIF) representation [37]
or description logics such as OWL (Web Ontology Language) [38]. Tools are
starting to be developed to make this information entry process easier, primarily
by hiding the intricacies of the syntax of the underlying language. Protégé is
an example of such a tool [39,40].
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12.2.2.4 No representation

Some have argued that representations such as those described earlier are too
expensive to maintain and not valid due to the uncertainty inherent in trying to
model the world [41]. This mindset paved the way for the robot architecture
known as subsumption or behavior-based [42]. Brooks argues that “When we
examine very simple level intelligence we find that explicit representations and
models of the world simply get in the way. In turns out to be better to use the
world as its own model” [43].

12.2.3 Multi-Representational Systems

Perhaps because of the overall complexity and difficulty of implementing a
mobile robot, most implementations have relied entirely on a single represent-
ation approach as discussed in the preceding sections. There are researchers
who have chosen to expand the types of knowledge representations within their
robotic systems to incorporate more than one type. For instance, the Spatial
Semantic Hierarchy (SSH) is comprised of several distinct but interacting rep-
resentations, each with its own ontology [44]. The SSH is based on properties
of the human cognitive map and incorporates both quantitative and qualitat-
ive representations organized within a hierarchy. Large-scale space, which is
defined as space whose structure is at a much larger scale than the sensory
horizon of the agent, poses additional challenges for constructing maps and
facilitating exploration by robots. As the robot traverses space, it collects sets
of information (maps) in a local frame, which must then be “stitched” together
into a global frame. Qualitative knowledge includes names of objects, control
laws, views, causal schemas, and topological information, such as places, paths,
connectivity, and order. Quantitative knowledge includes sensor values, local
and global 2D geometry, distances and angles/headings. Sensor and control
level information is based on various types of control laws leading to locally
distinctive states. Local geometric maps with their individual frames of refer-
ence are constructed at the control level. Above this is a causal level, which
derives discrete models of action from the control level. A topological level
contains an ontology of places, paths, and regions, which connects the various
local metrical maps into a patchwork, which can be merged into a single global
frame of reference.

The Polybot architecture [45] is designed to enable various modes of reason-
ing based on multiple types of data representations. Polybot is built upon a series
of specialist modules that use any algorithm or data structure in order to perform
inferences or actions. Since specialists may need to share knowledge, which
they internally represent in different manners, acommon propositional language
for communicating information is part of the Polybot system. Examples of spe-
cialists implemented in Polybot include perception, a reactive motion planner,
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spatial location (using a cognitive map), causation (which uses production
rules), and object identifier (using neural networks).

A third example of a multi-representational architecture for mobile robots
is 4D/RCS (4D Real-Time Control System) [46]. This architecture, with its
hierarchical and heterogeneous world model, has been used in numerous
types of implementations, ranging from underwater robots to autonomous
scout vehicles. Several U.S. Department of Defense programs have selected
4D/RCS. These include the Army Research Laboratory’s Demo III eXperi-
mental Unmanned Vehicle (XUV) [47] and the Army Future Combat Systems
Autonomous Navigation Systems. The Army XUV has successfully navigated
many kilometers of off-road terrain, including fields, woods, streams, and hilly
terrain, given only a few waypoints on a low-resolution map by an Army scout.
The XUV used its onboard sensors to create high-definition multi-resolution
maps of its environment and then navigated successfully through very difficult
terrain [48]. The following sections describe the many dimensions of knowledge
in 4D/RCS.

12.2.4 Decision Making

Any intelligent system has a limited vocabulary of actions that it may take in
order to accomplish its goals. The agent must decide which of these actions to
perform, and when to perform them. The responsibility for making this decision
is shared by the process that creates the knowledge representation and the
process that constructs a plan of action based on this knowledge representation.
The choice of which representation is used and what knowledge is stored helps
to decide the division of this responsibility. As an example of one extreme,
the knowledge representation may be formulated as a grid-based structure that
contains the cost/benefit of the agent being in a particular state. Very complex
reasoning may be required to condense all of the available information into this
single measure. The planning process then becomes the optimization problem
of finding the lowest-cost path through a graph.

As an example at the other extreme, all knowledge may be stored in a
raw form. An example would be the storing of a priori map data directly in
the autonomous vehicle’s database without any further processing of the map
data in order to make it more readily usable by the decision-making system.
In this case, no decisions are made in creating the knowledge representation,
but complex reasoning or decision making must occur to determine a plan of
action.

There are many different forms of decision making that exist in the current
literature. Popular techniques include computation-based closed-loop control,
cost-based search strategies, finite state machines (FSM), and rule-based sys-
tems. Computation-based closed-loop controllers put most of the decision
burden on the planning task. They attempt to maintain stability in an operating
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system by taking corrective action anytime that there is a deviation in the
system from a desired value (the system “setpoint”’). What action to take may
be determined by techniques such as fuzzy logic, neural networks, Petri nets,
and proportional-integral-derivative (PID) control strategies. PID control is the
most common control methodology in process control. In PID control, the state
of the world is observed (either directly from sensors or from the stored know-
ledge representation) and matched against the system setpoint. If an error exists,
corrective action is sent to the actuators based on a computation that takes into
account the error (proportional), the sum of all previous errors (integral), and
the rate of change of the error (derivative) [49].

In cost-based search strategies, the decision burden is mostly placed on
the knowledge representation. The knowledge representation must contain a
discrete representation of a reduced system state space (e.g., a mobile robot
state space may be represented by 2D occupancy grid that ignores time) along
with a mapping that maps a single cost/benefit value to each state transition.
In most cases, this state space is completely instantiated to the planning hori-
zon of the agent, however some systems do exist that incrementally build the
representation as the search progresses [50]. While the formulation of this
cost/benefit value may be as simple as the average or maximum value of some
attribute over the region encompassed by the discrete area of state space, more
complex assignment techniques may be applied. For example, the planning
systems described in Reference 50 implement a knowledge representation that
is composed of a combination of “knowledge layers.” In this approach, some
areas of knowledge are represented in traditional grid-based structures (e.g., the
traversability of the terrain), while others are computed by the repository on-
the-fly (e.g., whether it violates any road driving laws to transition from one
state to another). All of the information from the various layers is fed into a
value judgment process that combines the knowledge with the goals and object-
ives of the system to formulate a single cost/benefit number. These cost/benefit
numbers are then used to build a graph structure that the planning process may
search using a number of different search algorithms.

While cost-based search controllers work solely of a representation of the
system state space, FSM-based controllers enhance their knowledge by building
a representation of the system event space. These controllers operate off of a
preconfigured state-graph structure where each state represents the internal
state of the agent and decisions on state transitions are made based on periodic
event input from the knowledge representation. As such, the decision making
is shared between the sensory processing that decides that a particular event
has happened, and the a priori planning process that decides what to do in
response to that event. It should be noted that in the FSM approach, all of the
planning decisions are made by a domain expert before the first operation of the
system. To be complete, the system designer must anticipate every combination
of events that may occur during the system operation. An example of a simple
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FSM may be a system for controlling a vehicle’s right turn signal. This system
would have the two states of “turn signal on” and “turn signal off”” and the
transition events would be to transition from “turn signal off” to “turn signal
on” when a “prepare for right turn” event is detected and transition from “turn
signal on” to “turn signal off”” when a “right turn complete” event is detected.
In this case, it may be the responsibility of the knowledge representation to
examine the system and world knowledge and decide that a turn is imminent
or has just been completed. A comprehensive look at hierarchical FSMs may
be found in Reference 51.

Rule-based systems may be used to construct decisions for both the know-
ledge representation as well as for the planning process. As noted earlier, a
rule-based system may be used to make decisions that feed into the cost/benefit
value of a cost-based planning engine. Planning systems such as deduction sys-
tems combine the application of rules with a graph search to compute a set of
actions that will achieve the goal set. Systems such as Graphplan [52] exam-
ine preconditions that are necessary for the application of rule, and then the
postconditions that will apply after the rule has fired. A plan is formulated by
searching for a combination of rule firings that accomplishes the agent’s goals.
Systems such as this have been very successful in solving planning problems
in the domain independent planning arena [53].

There is no single correct answer as to where the decision making should
occur, or what form of decision making should take place. In fact, many robotic
systems combine multiple strategies into a single system. For example, the
lower levels of the processing in the Demo III XUV program utilize a graph
search on a cost map for formulating steering and acceleration decisions. The
arcs represent the cost of moving from one node location to another using a
specific steering angle and acceleration profile. In this case, the majority of
the decision making may be said to lie in processing that determines the cost
values associated with each arc within this cost map. In addition to using several
cost maps, the higher-level planning system also examines a priori data and a
knowledge base of constraints in order to apply a rule-based planning system.
This system takes advantage of decision making in both the process that creates
the knowledge representation and the process that decides a course of action.

12.3 Case STuDY: KNOWLEDGE REPRESENTATION AND DECISION
MAKING WITHIN A 4D/RCS

A 4D/RCS is designed to accommodate multiple types of representation form-
alisms. It is a hierarchical control structure, composed of nodes, with different
range and resolution in time and space at each level. Each level of the hier-
archy is a control loop unto itself, but very different types of entities are
tracked and controlled. Each of the control nodes receives input commands
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from its supervisor node, performs sensory perception, behavior generation
(decision making), world modeling, and other supporting functions, to produce
a set of commands to provide its subordinate nodes. The functionality of each
level in the 4D/RCS hierarchy is defined by the functionality, characteristic
timing, bandwidth, and algorithms chosen by Behavior Generation processes
for decomposing tasks and goals at each level. Hierarchical layering enables
optimal use of memory and computational resources in the representation of
time and space. At each level, state variables, images, and maps are maintained
at the resolution in space and time that is appropriate to that level. At each
successively lower level in the hierarchy, as detail is geometrically increased,
the range of computation is geometrically decreased. Also, as temporal res-
olution is increased, the span of interest decreases. This produces a ratio that
remains relatively constant throughout the hierarchy, yet enables the overall
control system to attain sophisticated behaviors within complex environments.
Although the overall capabilities of the autonomous mobile robot are enhanced
through the implementation of a multi-level, multi-representational knowledge
base, there are design and engineering complexities that must be dealt with.
These are discussed in Section 12.3.2.

The lower levels of the hierarchy are concerned with controlling servo
motors and other actuation devices. The world models at the lowest levels
primarily contain state variables such as actuator positions, velocities, and
forces, pressure sensor readings, position of switches, gearshift settings,
and inertial sensors for detecting gravitational and locomotion acceleration and
rotary motion. Decisions at this level usually occur through the behavior gen-
eration process operating on raw data to close PID control loops for servo
control or operate finite state machines to determine the appropriate time to
change switches or gearshift settings. The time horizons are very short, the
representation is typically not multi-dimensional but rather is single-valued
parameters. Further up the hierarchy, a combination of map-based representa-
tions and object knowledge bases are used, which contain names and attributes
of environmental features such as road edges, holes, obstacles, ditches, and
targets. In order to form these higher-level knowledge bases, decision mak-
ing must be part of the knowledge representation construction process. These
maps represent the shape and location of terrain features and obstacle bound-
aries and are used to perform obstacle avoidance (reactive) and path or mission
planning (deliberative). The higher levels of the hierarchy may be concerned
with controlling the tactical behaviors of one or several vehicles. Knowledge is
primarily symbolic, although it may be tied to global locations on a map, and it
represents concepts such as targets, landmarks, and features such as buildings,
roads, woods, fences, intersections, etc. The symbolic nature of the knowledge
requires complex reasoning for the behavior generation in order to formulate
a course of action. However, it should also be noted that the creation of the
representation may have also involved several levels of reasoning and decision
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making. In this case, the spatial extents over which the system plans and func-
tions are large scale, but the resolution is low and the temporal horizons for
closing the control loops are longer.

A 4D/RCS defines an explicit knowledge database (KD), although it is not
a single monolithic structure, but rather is heterogeneous and distributed across
the hierarchy in order to most efficiently and effectively serve the processes
that populate, update, and access it. The KD consists of data structures that
contain the static and dynamic information that collectively form a model of the
world. The KD contains the information needed by the world model to support
the behavior generation, sensory processing, and value judgment processes
within each node. Knowledge in the KD includes the system’s best estimate of
the current state of the world plus parameters that define how the world state
can be expected to evolve in the future under a variety of circumstances. An
important feature of knowledge representation within 4D/RCS is the concept
of continually updating knowledge throughout the hierarchy, which supports
continual replanning, albeit at different update rates for each level. Figure 12.4
shows the many different types of knowledge representation formalisms that
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FIGURE 12.4 Different knowledge structures in 4D/RCS. These various types of
knowledge representations capture different aspects of the information that the decision-
making systems must use within the control system.
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are currently being implemented within the 4D/RCS architecture as applied to
autonomous driving. These formalisms range from iconic and grid-based to
symbolic and from procedural to declarative [54].

12.3.1 Procedural vs. Declarative Knowledge in 4D/RCS

There are many different ways of classifying knowledge. In addition to the
classification shown earlier (Spatial, Topological, and Symbolic), 4D/RCS
classifies knowledge as either procedural or declarative, as described in the
following sections.

12.3.1.1 Procedural knowledge

Procedural knowledge is the knowledge of how to perform tasks. Procedural
knowledge is different from other kinds of knowledge, such as declarative know-
ledge, in that it can be directly applied to a task. Within 4D/RCS, procedural
knowledge is primarily used for decision making and control purposes.

Two primary planning approaches are implemented in 4D/RCS, each rep-
resenting procedural knowledge differently: FSM and cost-based paradigms.
In both cases, the application and domain-specific tasks and commands are first
defined through a rigorous domain analysis process. The control hierarchy is
designed by detailing the responsibilities of each control node, including inputs
from the higher-level supervisor and outputs (as commands) to its subordinate
nodes.

Within 4D/RCS, procedural knowledge may be encoded directly into the
executable FSMs or graph structures, or it may be stored in an ontology rep-
resentation. An ontology is being created, for instance, to capture military
behaviors for autonomous ground vehicles [39]. Focusing initially on a route
reconnaissance to be performed by a scout platoon, this effort details in a hier-
archical fashion the activities necessary in order to perform this activity. The
troop commander is at the top level and decides the priority items on the route,
defines the march column organization, specifies the formation and movement
technique, and dispatches a scout platoon to conduct the reconnaissance. The
scout platoon leader will do finer level decision making, organizing the pla-
toon’s sections of vehicles and assigning commands to each section leader to
do reconnaissance of different areas along the route while maintaining security.
Each section leader will evaluate the environment to provide detailed tactical
goal paths for each of his vehicles, coordinating their movement by the use of
detailed motion commands to control points along with security overwatch com-
mands. The decision-making responsibilities are thus refined and narrowed at
each subsequent level, down to that of individual vehicles and subsystems. This
ontology is based upon the OWL-S specification (Web Ontology Language-
Services) [55]. In this context, behaviors are actions that an autonomous vehicle
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is expected to perform when confronted with a predefined situation. The onto-
logy is stored within the 4D/RCS knowledge database, and the behaviors are
spawned when situations in the world are determined to be true, as judged by
sensor information and the value judgment components.

In the FSM approach, each of these command decompositions at each node
will be represented in the form of a state-table of ordered production rules.
The sequence of simpler output commands required to accomplish the input
command and the named situations (branching conditions) that transition the
state-table to the next output command are the primary knowledge represented
in this approach. Each node therefore contains labeled representations of the
states and transitions, which is beneficial in terms of making the reasoning
of the system explicit [56] (see Figure 12.5 for an example). FSM’s have the
advantage of making the decision criteria and logic obvious to a human reading
the code. However, they require the programmers to consider and handle all
possible situations ahead of time, which is often not realistic for robots operating
in complex situations and environments.

The cost-based approach combines a graph-based search technique with a
set of knowledge modules that simulate the effects of alternative actions and
provide input to a unified cost model [50,57]. Different feature layers are discret-
ized. Examples of feature layers are elevation, road networks, and vegetation.
The planner at a given level sends candidate trajectories to simulators that
compute the cost of state transitions for each of the relevant feature layers.
For instance, a proposed path may take the vehicle from an on-road location
to off-road. The cost associated with this is dependent on the context of the
situation — if going off-road avoids a pedestrian on the road (which would be
noted by another feature layer, possibly the obstacle one) this is an acceptable
cost. Similarly, the cost/benefit of running a red light would be substantially
different for a casual driver than it would be for a police vehicle responding to
an emergency. Ontologies and other knowledge bases support the generation of
cost models during execution. Whereas this cost-based approach is more general
than the FSM, it is also more challenging in terms of defining the appropriate
costs for each action, especially since they will be combined. This is a good
candidate for the application of learning to develop the cost models. In general,
graph-based representations can result in an explosion of data (nodes and arcs
connecting the nodes) and hence can have very poor performance characterist-
ics when the graph is being searched. This is a concern especially for real-time
systems, such as mobile robots. When a robot plans its motions, it must be able
to react within an appropriate amo