THREE

Modeling
In the Time Domain

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: State-Space Representation

Ea(s 1
For the power amplifier, Va((s)) S +i9>0 Taking the inverse Laplace transform, ea +150e; =

150vp.  Thus, the state equation is

e, =—150e, +150V,
For the motor and load, define the state variables as x; = 6y, and xo = 0 m- Therefore,
X1=X%) )
Using the transfer function of the motor, cross multiplying, taking the inverse Laplace transform,

and using the definitions for the state variables,

KiKa Kt
X =- J Om+ R )XZ"’RJ €a (2
Using the gear ratio, the output equation is
y=0.2x1 3)

1 1 Kt 1
Also, Im = Ja+5(5 )? = 0.05+0.2 = 0.25, Dy = D+3(5 )2 = 0.01+0.12 = 0.13, Radm = 3)0.25)

KK
=0.8, and ﬁ (Dm+ éaa) =1.32. Using Egs. (1), (2), and (3) along with the previous values, the

state and output equations are,

0 1 0
X = X + e,;y=0L02 0]x
[0 -1.32] [0.8] aiv=l ]
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Aquifer: State-Space Representation

dhq
Cigt = Yi1-Go1%0d2-01+021 = 0i1-0+G2(h2-h1)-G1h1+G21(H1-hy) =

-(G2+G1+G21)h1+Goho+0i1+Go1H
dhy
Cogt = Yi2-002%03-02+032 = Qi2-0o2tG3(h3-h2)-G2(h2-h1)+0 = Gohy-[G2+G3lho+G3ha+aiz-0o2

dh3
C3gr = di3-003*04-03+043 = 0i3-003+0-G3(h3-h2)+0 = G3h-G3h3+0i3-0o3

Dividing each equation by Cj and defining the state vector as x = [h1 hy h3]T

[-(G, +G, +G,) G, 0 1 Tq,+G,H, |
C, C, e
)'( :| & _(Gz +Gs) % |X +| G, — 0y |U(t)
| C, C, G| ¢ |
| 0 & _Gs | | Qiz — 03 |
L Cs ] L G |
[1 0 0]
y=l0 1 ol

o 0 1]

where u(t) = unit step function.

ANSWERS TO REVIEW QUESTIONS

. (1) Can model systems other than linear, constant coefficients; (2) Used for digital simulation
. Yields qualitative insight

. That smallest set of variables that completely describe the system

. The value of the state variables

1

2

3

4

5. The vector whose components are the state variables

6. The n-dimensional space whose bases are the state variables

7. State equations, an output equation, and an initial state vector (initial conditions)

8. Eight

9. Forms linear combinations of the state variables and the input to form the desired output

10. No variable in the set can be written as a linear sum of the other variables in the set.

11. (1) They must be linearly independent; (2) The number of state variables must agree with the order of
the differential equation describing the system; (3) The degree of difficulty in obtaining the state equations
for a given set of state variables.

12. The variables that are being differentiated in each of the linearly independent energy storage elements
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13. Yes, depending upon the choice of circuit variables and technique used to write the system equations.
For example, a three -loop problem with three energy storage elements could yield three simultaneous
second-order differential equations which would then be described by six, first-order differential equations.
This exact situation arose when we wrote the differential equations for mechanical systems and then
proceeded to find the state equations.

14. The state variables are successive derivatives.

SOLUTIONS TO PROBLEMS

1.
Add the branch currents and node voltages to the network.

L2 N L T
Ay Ay A —
i
1

Q

. —.-
1

| ==
.
H%* 121H %\t 1F2 v lt)

vyt )

Write the differential equation for each energy storage element.

i2
Therefore, the state vector is X =| i,
\"

0

Now obtain v1, vo, and is in terms of the state variables. First find iy in terms of the state variables.

-V, +i,+i;+i; +v, =0

But i, =i, —i, and iy =i, —i,. Thus,

-V, +i,+ (0, —,)+({;—1,)+v, =0
Making the substitution for i, yields

=V +i+ (=) + (L —1,)—1,) +v, =0

Solving for i,
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i :gi + =i —lv +=V
1 32 4 3 (o] 3|
Thus,
V, =V, —i, = i li +1v +=V
1 i 1 2 34 3 0 3|
Also,
i = i, — i, = —i, 4=, — Ty 42y
37 3 3

and
. =1I,—1 :—li —i,—=V. +=V
5 3 4 32 4 3 o] 3 i
Finally,

. 1. 2. 2 1
V, =l +V, =—=i,— =i, +=V, +=V,

° 3° 3 3 3

Using vy, vy, and is, the state equation is

22 1 1) 2
3 3 3 3
. 1 2 2 1
X=|-= —-= = [X+|=,
3 3 3 3
1.2 101
L 3 3 3] L3l
y=[0 0 1]

Add branch currents and node voltages to the schematic and obtain,

”_”1 1H .
Ay
— T
1
GIAY, ) 1r::* Q 4 1Q§iig
]2

Write the differential equation for each energy storage element.
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dv, .
a "
dt ‘-

Vv
Therefore the state vector is X = LlJ
3

Now obtain V| and I,, in terms of the state variables,
V=V =V =V — g =V — (i +4v,) = =3, —
=h =iy =(V; —V) -l =-Vv, —i; +V,

Also, the output is

y=lig=4v, +i

G kel
y=[4 1k

Let C; be the grounded capacitor and C , be the other. Now, writing the equations for the energy
storage components yields,

Hence,

di,
— =V. -V

ag ' ©

dv

L ®
dv

— % i i

at L—L

I
Thus the state vector is X = | V¢, |. Now, find the three loop currents in terms of the state variables

Ve,

and the input.
Writing KVL around Loop 2 yields V., = V., +1, .Or,

iz =V, = V¢

1 2

Writing KVL around the outer loop yields i, +1, =V, Or,

b =Vi= L =Vi =V +V,



52 Chapter 3: Modeling in the Time Domain

Also, I, —1; = 1_. Hence,

L= +i3=iL+vi—vCl +V,

Substituting the loop currents in equations (1) yields the results in vector-matrix form,

di,

dt -1 i 1
dve 0 0| i,

e 1 -2 2|v, [+] 1}
dve 0 2 -2, -1
L dt

Since V, =1, =V —V, , the output equation is
I,
y=fo 1 1v,

Ve,

Equations of motion in Laplace:

(5% +3s+1)%,(S) — (s + D)X, (s) —sX,(s) = 0
—(s+1)x,(8) + (5% + 25 +1)X,(S) — SX, (5) = F(S)
—sX,(8) = SX,(S) + (s +38)X,(s) =0

Equations of motion in the time domain;

d’x, ., dx dx dx
—L+3—=2+x——2-%x,——2=0
dt2  “dt " dt ¢ dt
d?x dx dx dx
e e e T T O
2

d>§3+3dx3+xl_dx2_%:

dt dt dt dt

Define state variables:

27 dt dt 2
=X, OF X =12
dx, dx,
=—= or — =
Yot dt ™

1)
)
@)
(4)
()
(6)
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Substituting Eq. (1) in (2), (3) in (4), and (5) in (6), we obtain, respectively:

dz,
4 7
i’ (7)
dz
o ®
dz,
=5 _ 9
ks 9)

Substituting Egs. (1) through (6) into the equations of motion in the time domain and solving for the
derivatives of the state variables and using Egs. (7) through (9) yields the state equations:

dz, _
a2
%:—21—322+23+z4+26
dz,
—_— =7
da
%=21+22—23—224+26+f(t)
dz; _
dt  °
%:zerz4 3z
The output is Xz = zs.
In vector-matrix form:
[0 1 O 0 o] [o]
-1 -3 1 o 1! lol
1o 0 o o ol lol
z=| z+] (1)
|1 1 -1 -2 0 1| |1|
0O 0 0O 0 0 1 0
LO 1 0 1 O—BJ LOJ

y=[0 0 0 0 1 0

Writing the equations of motion,
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(5% +2s +1)X,(S) — sX,(S) — (s + 1) X;(s) =0
—sX,(8) + (5 + 25+ 1) X, (S) — (s + 1) X, (s) = O
—(s+1)X,(8) — (s +1)X,(s) + (s* + 25 + 2) X,(s) = F(s)

Taking the inverse Laplace transform,

>.<.1+ 2 >.<1+ X, — x.z— >23—x3 =0

—>€1+>52+2x'2+ X, — >23— X; =0

—)El—xl - )EZ— X, + >23+2x'3+ 2%, = f(t)
Simplifying,

>'<.1 =2 >E1— X, + >22+x.3+ X3

x2 = )21—2>22—x2 + >23+ Xg

x3 = >21+ X, + >€2+ X, —2)53— 2%, + f(t)
Defining the state variables,

4 =X, 2 :)21; L3=%5, 2= X.z; Z5 = X3 Zg :)23

Writing the state equations using the simplified equations above yields,

Z,=%=1
L, =X =-22,-7,+7,+7,+1,
L=X%=1

26.=>.<'3:22+zl+ 2,+2,—-27,-22, + f(t)

Converting to vector-matrix form,
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[T
(I
100 M=-r frad 100 M- secrad

Writing the equations of motion,

(100s? +100) 6, — 1006, = 10T
1000, + (100s? + 100 +100)6, = 0

Taking the inverse Laplace transform and simplifying,

o0 1
0,+6,-6,=—T
2 2 3 10
-0, +:9.3+ é3+ 0,=0
Defining the state variables as

X =0, X, =0, X3 =6, X, =0,

Writing the state equations using the equations of motion and the definitions of the state variables
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X e
i
Il
x
N

X e

(1] 1 1
=0,=-0,+6,+—=T=-X+X,+—=T
2 2 2 3 10 1 3 10

X, =X,

Xy =03=0,—0; =0, =X —X; =X,

y =106, =10x,
In vector-matrix form,
0 1 0 O g
«+ /-1 0 1 O —
X = x +| 10
0 0 0 1 0
1 0 -1 -1 0
y=[10 0 0 OJx
7.
Drawing the equivalent circuit,
[/\ 207(t) /\ 6,0 ,/\‘93(” ‘/\ 6,0
— T —{——
\ \ 2N-m/rad 3 N-m-s/rad \

HEEE

Writing the equations of motion,
420,(s)—20,(s) =20T(s)
—20,(3) +(3s +2)6,(s) — 3s6,(s) =0
—-3s6,(s) +5s6,(s) =0

Taking the inverse Laplace transform,

426,(t) - 26,(t) = 20T (t) (1)
~20,(t) +30,(t) + 20, —36,(t) =0 @
~36,)+50,(t) =0 ©)

From (3),
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. 5 5
0,(1) =3 6,(1) and O4(t) = 2 6, (1) (4)
assuming zero initial conditions.
From (1)
1 10 5 10
)=—6,1)+=—=Tt)=—6,(t) +—T 5
0,0)=5; 0,0+ TO= 6.0 + T ®)

Substituting (4) and (5) into (2) yields the state equation (notice there is only one equation),

. 100 10
t) = —=—=6,(t)+ =T(t
6,0 =" 0.0+ 5, T()

The output equation is given by,
0.()==c6,()
L - 10 4

X %06

Solving Eqgs. (3.44) and (3.45) in the text for the transfer functions n :
F(s) F(s)
[ 0 -K ] [M152+D s+K 0 ]|
F My s2+K -K

X,(s)= 2577 and X ,(s)=

Mqs2+D s+K -K Mis2+D s+K -K

-K My sZ+K -K My sZ+K

Thus,

X1(s) - K

FG) M,M;s“+DM,s’+K M,s°+K M ;s°+D K s
and

X,(s) _ M,s’+D s +K
F()_ 2 3 2 2
S MoM;s +D M,s +K M,s " +K M ;s +D K s

Multiplying each of the above transfer functions by s to find velocity yields pole/zero cancellation at

the origin and a resulting transfer function that is third order.

a. . Using the standard form derived in the textbook,

ro 1 0 07 [0

|l o o 1 o/ |o]
X = X+ r(t)
o o o 1 [""lol

|-100 7 -10 -20] 1]
¢=[100 0 0 O

b. Using the standard form derived in the textbook,
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o

07 [0]
ol lol
0 |x+|0|r(t)
1! ol

10.
Program:
"ar
num=100;
den=[1 20 10 7 100];
G=tf(num,den)
[Acc,Bcc,Ccc,Dec]=tf2ss(num,den);
Af=Flipud(Acc);
A=Fliplr(AT)
B=Flipud(Bcc)
C=Fliplr(Ccc)
.
num=30;
den=[1 8 9 6 1 30];
G=tf(num,den)
[Acc,Bcc,Ccc,Dec]=tf2ss(num,den);
Af=Flipud(Acc);
A=Fliplr(Af)
B=Flipud(Bcc)
C=Fliplr(Ccc)

Computer response:
ans =

a

Transfer function:
100

s + 20 s”"3 + 10 s™2 + 7 s + 100

A =
0 1 0 0
0 0 1 0
0 0 0 1
-100 -7 -10 -20
B =
0
0
0
1
C =
100 0 0 0
ans =
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Transfer function:
30

A =
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
-30 -1 -6 -9 -8
B =
0
0
0
0
1
C =
30 0 0 0 0
11.
a. Using the standard form derived in the textbook,
fo 1 0 0] [0
- lo o 1 ol lol
X=| |X+| |r(t)
0 0 0 1 0
|-10 5 -1 2] 1]
C:[10 500 O]X
b. Using the standard form derived in the textbook,
01 0 0 07 [0
o o1 0o ol Iol
x=l0 0o 0o 1 o0 lk+lol@
oo 0o o 1! lol
Lo 0 -8 -10 —9J M
c=[3 7 12 2 1k
12.
Program:
“ar
num=[5 10];

den=[1 2 1 5 10]

G=tf(num,den)
[Acc,Bcc,Ccc,Dec]=tf2ss(hum,den);
Af=Flipud(Acc);

A=Fliplr(AF)

B=Flipud(Bcc)
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C=Fliplr(Ccc)

lbl

num=[1 2 12 7 3];

den=[1 9 10 8 0 0]

G=tf(num,den)
[Acc,Bcc,Ccc,Dec]=tf2ss(nhum,den);
Af=Flipud(Acc);

A=Fliplr(AF)

B=Flipud(Bcc)

C=Fliplr(Ccc)

Computer response:
ans =

a
den =
1 2 1 5 10

Transfer function:
5s + 10

sM + 2 sM"3 +s™2 +5s + 10

A =
0 1 0 0
0 0 1 0
0 0 0 1
-10 -5 -1 -2
B =
0
0
0
1
C =
10 5 0 0
ans =
b
den =
1 9 10 8 0

Transfer function:
sM + 2 s™"3 +12s™"2 +7 s + 3

sN"5 + 9 s™M + 10 s”"3 + 8 sN2

A =

[ejeoleoleoe]
OO0OO0OO0Or
WOORrOo
OORrOoOo
(e} Neoleole]
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RPOOOO

13.

The transfer function can be represented as a block diagram as follows:

R(s) 1 X(s) Y(s)

s’ +3s+7 -

s*+65+9s+4

Writing the differential equation for the first box:

x+6.>2+9>.(+4x= r(t)

Defining the state variables:

X =X
X, = X
= o
Thus,
)21 =X;
'2 =X

Xy = _AX-9X-6 X+ r(t) =—4x —9x, —6x,+r(t)

From the second box,

y :;+3>.<+7x =X +3X, + X,
In vector-matrix form:
0O 1 O 0

x=[0 0 1 |x+|0]r(t)
-4 -9 -6 1
y=[7 3 1]x

14,
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a. G(s)=C(sl-A)1B

-1
CRISEE AR
s”+55 +25+3 2
35 253 S
10
Therefore, G(s) = 3455242543

b. G(s)=C(sl-A)1B

2 3 -8 1
A=|o0 5 3 ;B:[4]; C=(1,3,6)
-3 -5 -4 6

s2_s-5 35+52

(s1-A)"1= — 1 —9 s2425-32
§°—38°—=27s+157 | _34415 _5s+1

495°-3495+452

352 27s+157

Therefore, G (s) =

c. G(s)=C(sl-A)1B

[3 5 2] [5]
A=l1 8 7lB=l-3c=p -4 3]

3 -6 2] [2]

[(s*+65+26) —(55+2)

1

sI—A)? = | (s—23 s? —55+12

( ) s® +3s% +195-133 ( ) ( )
| —3s+30)  —(6s-33)

2352 — 48s— 7
s®+3s” +195-133"

Therefore, G(s) =

15.
Program:

a

A=[0 1 30;0010;000 1;-7 -9 -2 -3];
B=[0;5:8;2];

C=[1 3 4 6];

D=0;

statespace=ss(A,B,C,D)

-8s+49
3s5-6
s2_7s+10

(2s-19) |

(7s—19)

(s> + 55 —19)



X1
X2
X3
X4

X1
X2
X3
x4

yl

Continuous-time model.

Transfer function:
59 s"3 - 164 s™2 - 1621 s - 260

X1
X2
X3

X5

X1

[num,den]=ss2tf(A,B,C,D);
G=tf(num,den)

"b
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A-[3104 -2;-35-52-1;01 -128;-76 -3-40;-604-31];

B=

[2;7;6;5;4];

C=[1 -2 -9 7 6];
D=0;

statespace=ss(A,B,C,D)
[num,den]=ss2tf(A,B,C,D);
G=tf(num,den)

Computer response:

~NOOOo

NOWOIORr

X2 x3 x4

3

OOoORrRLOGELDN

4

X3

-5
-1

6

x5
-2
-1
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X2 7
X3 6
x4 5
X5 4
CcC =
X1l X2 x3 x4 x5
yl 1 -2 -9 7 6
d =
ul
yl 0

Continuous-time model.

Transfer function:
-7 s™M - 408 s™3 + 1708 s™2 + 1.458e004 s + 2.766e004

SN - 4 sM - 32 s”N3 + 148 s™2 - 1153 s - 4480

16.

I~

OCOO=0UOOWI O

T=C*((s*I1-A)"-1)*B+D;
T=simple(T);
pretty(T)

lbl

A=[3 10 4 -2
-35-52 -1

T=C*((s*I1-A)"-1)*B+D;
T=simple(T);
pretty(T)

Computer response:
ans =

a
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ans =
T(s)
2 3
-164 s - 1621 s - 260 + 59 s
4 3 2
s +3s +2s +30s+7
ans =
b
ans =
T(s)
2 3 4
14582 s + 1708 s - 408 s - 7 s + 27665
5 4 3 2
s -4s -32s + 148 s - 1153 s - 4480
17.
. do, -
Let the input beT =z, X1=0x, X2=0 x . Therefore,
).(1:X2
: Kx Dx
XZ:-K Xl'? X2 + Jowy
The output is 6.
In vector-matrix form, 6y = X1 . Therefore, y = X1.
0 1
. 0
X = KX DX X + (DZ
T T, Jo
X X
y=[1 o0]x
18.
The equivalent cascade transfer function is as shown below.
Xa
d(s) K, X(s) K, F ()
—_— . +—D0 L
K K K S
3 2 2 1 0 a
STRCOSTRSYR,
3 3 3
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K Kl KO Ka
For the first box, X a X+ a X+ K X :K—S(t).
3 3 3 3

Selecting the phase variables as the state variables: X, = x2:>'<, x3:'>'<.

Writing the state and output equations:
X1 X2

X2=X3
: Ko K1 Ko Ka
X375 XKy X2 K3 X8T K, 3(t)

- Kp Kp
y=000) =X+ X=q X1+X2
In vector-matrix form,

19.
. dom .
Since Tm = \]eq T + Deqﬂ)m’ and Tm = Kt |a7
dO)m i
Jeq dt + Deq(!)m = Kt la

Or,
dom % Kt |
=m __ —
dt Jog “M T Jgq 2

N2
But, om =N_1 oL,

Substituting in (1) and simplifying yields the first state equation,

dop De Kt N1
T = -ﬁ (DL+E N_2 P
The second state equation is:
dop
dt TOL

Since

N2

. dig . dig
€a = Ralatla g tKbom = Ralatla ¢ +KbN—1 oL,

di
the third state equation is found by solving for d_'? . Hence,

dig Kp N2 Ra 1

TN OLTT YL C

)
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Thus the state variables are: X1 = o, Xp =0, and X3 =g,
. . 2
Finally, the outputisy = 6y = N1 oL

In vector-matrix form,

Dea KN
J.o N 0
eq eq "2 0 N,
o KlN A (! DN bt IR R
- —b_2 0 _ & La
La N1 (.
where,
L
X = OL
ia
20.
Writing the differential equations,
d?x;  dxq dxo
i S 2 2t _
g2 Tat ¥t -Tq =0
d?xy  dxp dxp
w2 Ta @ -0
Defining the state variables to be x1, v1, X2, v, where V's are velocity,
>.( 1=V1
).( 2=V2
v 1= -V1-2X12+vy
V2 = vi-vo+()
Around X1 = 1, X1 = 1+38x1, and X 1=98 X 1. Also,
) ) dx1
X1 =X] | S | ox, =1+2x | 8x =1+28x,
x=1 x=1 x=1

Therefore, the state and output equations are,
8x 1 =V1
).( 2 = V2

v 1 = -V1-2(1+28x1)+V2

67
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V 2 = Vi-voH(t)

y=X2
In vector-matrix form,

OX [ 5x_ ] [ ox_ ]

1 0 01 O 1 0 0
X X X

0 0 0 off 1

2= 2 |+ ;y=[0 1 0 o] ?
v, 40 4 1l 2 ol f v,
, 0 0 1 -1 0 1
v2 i v, | i v, |

where f(t) = 2 + 5f(t), since force in nonlinear spring is 2 N and must be balanced by 2 N force on

damper.
21.

Controller:

The transfer function can be represented as a block diagram as follows:

X Yc(s)
B O e
S+

Writing the differential equation for the first box,

s+b
and solving for X,
X, = —bx, + K (t)
From the second box,
Y, = X, +ax, =-bx, + K,r.(t) + ax,

= (a - b)xc + Klrc (t)
Wheels:

The transfer function can be represented as a block diagram as follows:

Rw(9) c Xw(s)

» s+cC -
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Writing the differential equation for the block of the form,
C

S+C

and solving for X, ,

X, =—CX,, +Cr,(t)
The output equation is,

Yw = Xw
Vehicle:

The transfer function can be represented as a block diagram as follows:

Ry(s) 1 Xy(s)
— s ——
Writing the differential equation for the block,
1
S
and solving for X, ,
X, =1,(t)
The output equation is
Yv =Xy
22.
-1702 50.72 263.38 -272.06
A =| 022 -1418 -3199 |:B = 0
0 0 -14 14
For G1(s), C 1 =(1,0,0), and
G1(s) = Cy(sl-A)1B
Thus,
s 2+15.418 s +19.852 50.72 s +710.08 26338 s —1249.1
G1(s)=C1 1 0.22 s +3.08 s2+15702 s +23.828  —31.99 s +3.4966
S 3+1712 S 2+34935 s —122.43 0 0 s 2+3.12 s —8.745
Or
G1(s)=_—2720652-507.35 ~20888 _ —272.06 s *+18647 s +84.128)

$3+17.1252+34.9355 —122.43 (s +14) (s ~1.7834) (s +4.9034)

For G»(s), C2 =(0,1,0), and
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Go(s) = Co(sl-A)1B

Thus, 7
s2+15418 s +19.852  50.72 s +710.08 263.38 s —1249.1
Go(s)=C, 1 0.22 s +3.08 s2+15702 s +23.828  —31.99 s +3.4966
S 3+1712 S 2+34935 s —122.43 0 0 s 2+3.12 s —8.745
Or
—507.71s —788.99 _ —-507.71 (s +1.554
G2(s)= (s +1.554)

s34+4171252+349355 —122.43 (s +14) (s —1.7834) (s +4.9034)

23.
Adding displacements to the figure,

Contact
point
1 N/m 1 N/m ¢ 1 N/m 1 N/m

— 0000 — 70000
u()— 1kg l1kg Zl 1 kg
S L U gl

1 N-s/m 1 N-s/m IN/m | N-s/m 1 N-s/m
N AN N AN AN J
Y ~ v "
Manipulator Sensor Internal force model Environment

Writing the differential equations for noncontact,

d?x dx dx

— L 9 Loy oy ——= — Yyt
o
LT .

- — X +—5+%+ =0
at v Tae Ta T

Define the state variables as,

X, = X,5 Xy = X Xg = X5 Xy = X

Writing the state equations, using the differential equations and the definition of the state variables,

we get,

X, =X, =X,

X, =X, = —2X; —2X, + X5 + X, + u(t)

=X4

S

« X
%1
Il
pad

X, = Xg =X+ X, — X5 — X,

S
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Assuming the output to be X, the output equation is,
y=2X
In vector-matrix form,
|_ 0O 1 0 O —| |_O_|
-2 2 1 1] |1

>.< = X4+ qu(t
o o o 1KFoMY
L 1 1 -1 —1J LOJ
y=[0 0 1 OJx
Writing the differential equations for contact,
d*x dx dx
L4+2—L 42X, — X, ——= =u(t
dt? dt N ®
dx, d’x, = dx,
——L X t+t—+—=+X%X-2-X%X=0
dt dt
dz dx,
X +—+Z- =0
dt dt
dz d?x dx,

Defining the state variables,

X, = X053 Xy = X3 Xg =X Xg = X Xg =25 Xg =25 X, =X, Xg =X,

Using the differential equations and the definitions of the state variables, we write the state equations.

X, =X,
)22 ==X —2X, + X, + X, +u(t)
X, =X,
x.4:x1+x2—x3—x4+x5+x7
Xs = Xq

Differentiating the third differential equation and solving for d’z/dt* we obtain,

d’z dx, dz d’x
Xe =2 = 0 T2
dt dt dt dt
But, from the fourth differential equation,
d’x, . dz _dx,

= =X, + 2
dt dt dt

—2X, = X3 + Xg — 2Xg — 2X,
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Substituting this expression back into X; along with the other definitions and then simplifying yields,

Xs = X, + X3 — 2Xg — 2%,
Continuing,

X; = Xg

Xg = X3 + Xg — 2%, — 2Xg
Assuming the output is X,

y=X
Hence, the solution in vector-matrix form is
[0 1L 0 0 OO0 O O] |[O]
-1 2 1 1 00 0 O] |1
lo o0 0o 1 00 0 ol lol
o111 a4 2101 ol ol
X=| X+| _Ju(t)
| O 0 O O 01 o | | |
| 0O 0 1 1 0 0 -2 —2| | O|
| O 0 O O OO0 0 1 | |O|
/0 0 1 0 01 -2 -2] |0O]
y:[O 01 0 00O O]X

24.
Writing the equations of motion,

d? d d
dtygf ( + fvh)i + Khyf - fvh% - Khyh = fup(t)

dy d’y
Tt WM

_Ksyh + (Ks + Kave)ycat =0

dy
_fvh + fvh th +(Kh + Ks)yh - Ksycat =0

The last equation says that
KS

(K, +K

ave )

ycat = yh

Defining state variables for the first two equatlons of motion,

X =Y X =Y X3 =Y1, X4 —Yf

Solving for the highest derivative terms in the first two equations of motion yields,
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d’ f f.)d

{f :_( Vf+ Vh) yf _ﬁ f+h%+ﬁyh+ifu (t)
dt M, dt M, TTM dt MM,
dzyh :Ldldyf +£h'y _Lﬂ%_Lh_SlK +K y +£S.y

di? M, dt M, " M, dt M, "M

Writing the state equations,

X, = X,
X, =MX4+ﬁX3—hXZ—MXl+£LX1
M, M, M, M, M, (K +K,.)
X, = X,
f.o+f K f K 1
X, Z—MX4——hX3+—VhXZ +—Lx +—f, (1)
M; M; M M, M,

The output is Yy - Year- Therefore,

KS Kave

— — =y — = X
P T R ) T (K K

Simplifying, rearranging, and putting the state equations in vector-matrix form yields,

r 0

2 Pron
2
I ) e K L
| Ivlh (Ks+Kave) Ivlh Mh Mh |
X=| 5 0 0 1 |x+| 0 If,@)
Ky o Ky (Fu+ f) LAJ
L Mf Mf Mf Mf J Mf
K 00 wa
YK+ Ko ]

Substituting numerical values,

[0 1 0 o1 [ 0 ]
|—9353 -14.29 7692 1429 | | o |

X = X+ f,(t)
o 0 0 1 Tl o |
L406 7.558 —406 —9.302J Lo.o581 J

y=[0.9491 0 0 O
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