FOUR

Time Response

SOLUTIONS TO CASE STUDIES CHALLENGES

Antenna Control: Open-Loop Response

The forward transfer function for angular velocity is,

®(s) 24
G(S) = Vp(s) = (5+150)(s+1.32)

a. op(t) = A + Be150t + Ce-1.32t
_ 24
s2+151.325+198
24 B
s(s2+151.325+198)

b. G(s) = . Therefore, 2Cwon =151.32, op = 14.07, and ¢ = 5.38.

C. w(S) =

24 =0,12121 Ly oomiotel —1__ —pazoes 1
£(s+ 150) (=+ 1.38) = =+ 150 s+ 1,32

Therefore, mg(t) = 0.12121 + .0010761 e 150t - 0,12229¢-1:32t,

d. Using G(s),
0y+151.32 0, + 198, = 24V, (1)
Defining,
X; = @
X, = a;o

Thus, the state equations are,
X, = X,
X, = —198x, —151.32x, + 24V (t)
y=X

In vector-matrix form,

. To 17 1ol
X=|_108 15132 |24 @Y =[t 0K
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€.

Program:

"Case Study 1 Challenge (e)*
num=24;

den=poly([-150 -1.32]);
G=tf(num,den)

step(G)

Computer response:
ans =

Case Study 1 Challenge (e)

Transfer function:
24

sh"2 + 151.3 s + 198

Step Response
014 T T

Amplitude

0 | 1 | 1 |
0 0s 1 15 2 25 ) 35 4 4.5

Titne (3ec)

Ship at Sea: Open-Loop Response
a. Assuming a second-order approximation: mp?2 = 2.25, 2Cwp = 0.5. Therefore ¢ = 0.167, o = 1.5.

TU
=16, Tp=—F7— =2.12;

4
Tg=——
S omn[1-C2

Con
2
%05 = ec™ / \[1-¢° x 100 = 58.8%; wn Ty = 1.169 therefore, Ty = 0.77.
b.6(s)= 2.25 -1 _ s+05
s (s2+4055+225) S s2405s +2.25

(s +0.25)+—0.25 > 1875

2.1875
(s +0.25)2+2.1875

D |
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(s +0.25)+0.16903 -1.479
(s +0.25)2+2.1875

=1_
S

Taking the inverse Laplace transform,
0(t) =1 - e0-25t (c0s1.479t +0.16903 sin1.479t)

c

Program:

"Case Study 2 Challenge (C)*
l(a)l

numg=2.25;

deng=[1 0.5 2.25];
G=tf(numg,deng)
omegan=sqrt(deng(3))
zeta=deng(2)/(2*omegan)
Ts=4/(zeta*omegan)
Tp=pi/(omegan*sqrt(l-zetan™2))
pos=exp(-zeta*pi/sqrt(l-zetan2))*100
t=0:.1:2;

Ly.t]l=step(G,t);
Tlow=interpl(y,t,.1);
Thi=interpl(y,t,.9);
Tr=Thi-Tlow

I(b).

numc=2.25*[1 2];
denc=conv(poly([0 -3.571),[1 2 2.25]);
[K,p,k]=residue(numc,denc)
I(C)I

[y.tl=step(G);

plot(t,y)

title("Roll Angle Response®)
xlabel ("Time(seconds) ™)
ylabel ("Roll Angle(radians)”)

Computer response:
ans =

Case Study 2 Challenge (C)

ans =
@

Transfer function:
2.25

s"2 + 0.5s + 2.25

omegan =

1.5000

zeta =

0.1667

Ts =

16



2.1241

pos =

58.8001

Tr

0.7801

ans =

()

0.1260
-0.3431
-0.3431

0.5602

-3.5700
-1.0000
-1.0000

1

ans =

©

0.1058i
0.1058i

1.1180i
1.1180i

Roll Angle(radians)

Solutions to Case Studies Challenges 77

Roll Angle Response

10 15 20 25
Time(seconds)
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ANSWERS TO REVIEW QUESTIONS

1.Time constant

2. The time for the step response to reach 67% of its final value

3. The input pole

4. The system poles

5. The radian frequency of a sinusoidal response

6. The time constant of an exponential response

7. Natural frequency is the frequency of the system with all damping removed; the damped frequency of
oscillation is the frequency of oscillation with damping in the system.

8. Their damped frequency of oscillation will be the same.

9. They will all exist under the same exponential decay envelop.

10. They will all have the same percent overshoot and the same shape although differently scaled in time.
11. ¢, op, Tp, %0S, Tg

12. Only two since a second-order system is completely defined by two component parameters
13. (1) Complex, (2) Real, (3) Multiple real

14. Pole's real part is large compared to the dominant poles, (2) Pole is near a zero

15. If the residue at that pole is much smaller than the residues at other poles

16. No; one must then use the output equation

17. The Laplace transform of the state transition matrix is (sl -A)'1

18. Computer simulation

19. Pole-zero concepts give one an intuitive feel for the problem.

20. State equations, output equations, and initial value for the state-vector
21. Det(sl-A) =0

SOLUTIONS TO PROBLEMS

1.
a. Overdamped Case:
9
Ce) = s(s2 + 9s + 9)

Expanding into partial fractions,

9 01 1171
Cls) = =¥ -

|
S(5+7854)5+ 11d6) & 15+7854) (541 148)

Taking the inverse Laplace transform,

c(t)=1+0.171 e 7-854t _ 1 171 ¢-1.146t
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b. Underdamped Case:

g KI K25+K
Cig)= > :S—+ 273
s(s” + 35+ 0) (87 + 35+ Q)
Q
(8" + 35+ 0)
55— 0

K5 and K3 can be found by clearing fractions with K1 replaced by its value. Thus,

9= (s2+3s+9) + (Kos + K3)s
or

9=52 +35+9 + Kos2 + Kgs
Hence Ko = -1 and K3 = -3. Thus,

o) 1 S +3
sy -— - -
s (52+38+9}
1 e 3! 7
Etsjzs—_ -
7.2 27 3.2 27
g+ 4 R Rt
{ 2')+4 { ! 3
3
':5"'1\.' \/:'_ E
Cis) 1 27N
g1= — - -
: ':"'3\.'22 (5+3’32£
27y 2%
%t 23y
cith=1-8 © cos %t S e 2 g [21,
N ;

ct)y=1- % g31/2 cos(\/% t-¢)

=1-1.155e 15t cos (2.598t - ¢)

where

3
= = )= 0
¢ =arctan ( ,—27) 30
c. Oscillatory Case:
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Cisi=
s(s +0)
) g |<I KQS +I<3
Clsi= 7 e R
sg™eg) B (5°+ )

The evaluation of the constants in the numerator are found the same way as they were for the

underdamped case. The results are Ko = -1 and K3 = 0. Hence,

g

I:SE+ =)

1
Cis= -
Therefore,

c(t)=1-cos 3t
d. Critically Damped

Cls) = 29
s(g + B+ Q)
K K K
Cis) = Eg— = —1 + Z 3 + 3
5
5(g + G5+ 9 (5+3] (3+3)
The constants are then evaluated as
_ d _ o d
K1_2—_]-K2 = — =—3. . =_[:i)=_1
(s + s+ 9) : g ;% dsts
50 5 -3 s—+ -3
Now, the transform of the response is
1 z 1
Cls) - 2'5' _ _ — -
5
s(g + 65+ Q) (5+3] (5 +3)
c(t)=1-3te3t- g3t
2.
a. C(s)=ﬁ =% % . Therefore, c(t) = 1 - e,
AIso,T=% ,TF% =% =0.44, TS=§ =§ =0.8.
b C(S):s(si%O) =% 's+120 . Therefore, c(t) = 1 - e20t, AIso,T=2—10 ,
1,22 22 Jopy 4 L4 o,



Program:

O%

num=5;

den=[1 5];
Ga=tf(num,den)
subplot(1,2,1)
step(Ga)
title(C"(@) ")

- (b) -

num=20;

den=[1 20];
Gb=tf(num,den)
subplot(1,2,2)
step(Gb)
title(C"(B)")

Computer response:
ans =

@
Transfer function:

(b

Transfer function:
20

(&) (k)

05 1

06 1

Amplitude
Amplitude

04} :

|:| 1 |:| 1 1
0 0.3 1 0 0.1 nz 0.3

Time (=zec) Time (=zec)

Solutions to Problems 81
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4,
1
. . Vc(9) Cs 2 _ 5 10 5 5
Using voltage division, Vi(s) = T = (5+2) . Since Vj(s) =3 , Ve(s) :5(s+2) =5 "2 -
(R+Cs)
1 22 2.2 4 4
Therefore ve(t) =5-5e2L Also, T=5 , Ty=— =5 =11, Ts=7 =5 =2.
2 a a 2
5.
Program:
clf
num=2;
den=[1 2];
G=tf(num,den)
step(5*G)
Computer response:
Transfer function:
2
s + 2
Step Response
5 . . ///__,
4k
z 7
=
z
2_
ey
1 -
0 A . . .
1] 0.5 1 1.5 2 25 3
|.-q—|7-'.. Time(secs)
T1,=1.1 sE05
*I—I-T
T=05sex
rauk -
T, = 2secs
6.

Writing the equation of motion,

(Ms® +8s)X(s) = F(s)
Thus, the transfer function is,



X(s) 1
F(s) Ms”+8s

Differentiating to yield the transfer function in terms of velocity,

sX(s) 1 1/M

Fs) Ms+8 , 8
M

Thus, the settling time, T, and the rise time, T,, are given by

T2 _lw 122 _go7sm
8/M 2 8/M

Program:

CIf

M=1

num=1/M;
den=[1 8/M];
G=tf(num,den)
step(G)

pause

M=2

num=1/M;
den=[1 8/M];
G=tf(num,den)
step(G)

Computer response:
Transfer function:
M =

Transfer function:

Solutions to Problems

83
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Amplitude

Amplitude

014 —— System G T T

012 S s e e e T S

R Lt

0.08 fr=-=-tgfmmammm-

0.0 thmmofboadeees

.04

002 ff----r----- 1mee--

|
] 04 0z 03 0.4 0s 0E 07
Titme (zec)

From plot, time constant = 0.125 s.

hi=2
014 —— System: G
| _ _ Settling Time (sec): 0.973 L_ e — -

02 e o= = [ NPl e =N

| System: G

(S e EE L=t -
| Rize Time (sec): 05449

.03 e REEEEEEE [im=----mmmmm e

QI ISS ARERRS— oo Lo
I ‘

0.04 s e e
o ‘

I:I.I:Iz' ------------ ':-'l ----------- r' ---------------
ol L :

0 05 1 15

Time (zec)

From plot, time constant = 0.25 s.

a. Pole: -2; c(t) = A + Be 2t first-order response.

b. Poles: -3, -6; c(t) = A + Be 3t + Ce 6t overdamped response.

c. Poles: -10, -20; Zero: -7; c(t) = A + Be 10t + Ce-20t: gverdamped response.



10.

11.

Solutions to Problems 85

d. Poles: (-3+j3/15), (-3-j3\/15 ) ; c(t) = A + Be3t cos (3\/15 t + ¢); underdamped.
e. Poles: j3, -j3; Zero: -2; ¢(t) = A + B cos (3t + ¢); undamped.

f. Poles: -10, -10; Zero: -5; c(t) = A + Be 10t + Cte-10t: critically damped.

Program:
p=roots([1 6 4 7 2])

Computer response:
p =
-5.4917
-0.0955 + 1.0671i

-0.0955 - 1.0671i
-0.3173

G(s)=C (sI-A)1lB

[8 -4 1] [1]
A=l-3 2 o0lB=I3

5 7 -9 [7]

[(s* +7s-18) —(4s+29) s-2) |
~(3s+27) (5° +s-77) -3
5s—31 7s—-76  (s°—10s +4)J

;. C=[2 8 -3]

1
s®—s?-91s +67

sl-A)" =

5s% +136s—1777
s°—s?-091s+67

Therefore, G(s) =

Factoring the denominator, or using det(sl-A), we find the poles to be 9.683, 0.7347, -9.4179.

Program:

A=[8 -4 1;-3 2 0;5 7 -9]
B=[1;3;7]

C=[2 8 -3]

D=0
[numg,deng]=ss2tf(A,B,C,D,1);
G=tf(numg,deng)
poles=roots(deng)

Computer response:
A -

8 -4 1
-3 2 0]
5 7 -9

1
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N NW

0

Transfer function:
5 s”2 + 136 s - 1777

sN3 - s™N2 - 91 s + 67

poles =
-9.4179
9.6832
0.7347
12.
Writing the nod ion at th itor, Ve(s) (e +L + cg) + LV
riting the node equation at the capacitor, V¢(s) (R2 s S) R1 =
1
Vc(s) R1 10s _ 10
Hence, V(s) _i+i+i+Cs = 242054500 . The step response is 242054500 .The poles
R;1 "Ry " Ls
are at
-10 + j20. Therefore, vc(t) = Ae"10t cos (20t + ¢).
13.
Program:
num=[10 0];

den=[1 20 500];
G=tf(num,den)
step(G)

Computer response:

Transfer function:
10 s

s”h"2 + 20 s + 500
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Ztep Responze
03

023+

n2r

NN

01y

Amplitude

005

-00a b

_|:|1 1 1 1
a 0.1 nz 0.3 0.4 0.3 0.6

Time (zec)

14,
. - X(s 1 1
The equation of motion is: (Ms2+fys+Kg)X(s) = F(s). Hence, F((s)) = M2 fotKe — 24915
Vv S
1,1
The step response is now evaluated: X(S) = — = —— _15 & =
P resp ' T s(s2+s+5) S (s +l)2 A2
2/ "4
1 1 1 3[19
5*2) Y5 1e 2
1 19
(s+5)? +74

V19 . 1 419

. . 1 1 .
Taking the inverse Laplace transform, x(t)=§ 5 e0:5t (cos 2 t+\/1_9 sin =5 t)

1 5 19
= g[l - 2\/1:9 e0-5t cos (3ZEt - 12.920)} :

15.
on? 1 s+2Gen 1 s + 2Con
Ce) =2, o) T a2t 0?2 T s 2. 2 2 2
s(s+2Cwnstonp®) se+2LmnSton (s+Cmn)* + on® - Cfonp
Con
(s+Con) + — == o1~ 2
1 (s + Con) + Con 1 o\1-C
~s ~s

(s+Con)? + (om\1 - 2)2 (s+Con)? + (o1 - )2

Hence, c(t) = 1 - e{“’"‘[cos oyl -t + ﬁsin oY1 - gzt]
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16.

17.

=1- edopta [1+ 2 cos (on\1-¢2 t-¢)=1- efé‘ﬂt\/—C cos (on\1-¢2 t-¢),
] é

where ¢ = tan-1
o M2 2

2
9%0s = e¢™ / \[1-¢° x 100. Dividing by 100 and taking the natural log of both sides,
%0S

2 (4500
In (/f(?os )= ,—2 . Squaring both sides and solving for (2, (2 = m . Taking the
ne +1In% (oo
%0S
. - In (Fog)
negative square root, = TR
72 + In2 (100)
a.
Cis] = =t
) slx+ E)
clf)=41-_1_
(=) 5 F+ 8
-r.'l:t:l—l—.s*_H
b.
Cls] = ]
(=) s[5+ 3] [+ E)
o =21_3_1 435 1
(] 18 s 9432 18485
_5_5,.-3t 5 .-6&¢
=55 vyt
c.
Cis) = 100+ 7)
5[5+ 10) (= + 20)
Crs)=+L 143 1 _13_ 1
(=] 2':'5 10 s+ 10 20 5420
_ 1 —10¢_ 13- 208
2 (%) +1IZIE aE
d.
Cls) = 20
5{52+Es+ 144}
=+ B

Clfl=2l_3 __ %%
B=5%s ¥ slyess 144
[=+ 2]+ 4135

-5 4135

31
¥ 3 [ra3Ps138
3 -

a[f] = = 35_ t[cns[,' 155 ] £+

zinl125] t]

4135



18.

19.

20.

Solutions to Problems 89

e.
F+ 2
Cls
I::I 5{55'-'+EI:I
-2+ 19
Cisl=2141
A e
-85+ 3.3
Cg:gl+l
B =525 2.3

2t = %—(% cos. 31— % sin.Stj

f.
s+ 50
l:[:5:]=—2
£+ 10)
Crs)=Ll1_ 1 _1 ,1_ 1
[‘:] 20+ 2 s410 2[5_'_ 1|:|:|2

-1 _ 1 —10¢ 1, -10¢
-.f.'l:t:l_E EIIIE +2te
a. N/A

b. s2+9s+18, w2 = 18, 2Len, = 9, Therefore ¢ = 1.06, wp = 4.24, overdamped.

¢. s2+305+200, wn? = 200, 25wp = 30, Therefore { = 1.06, wp = 14.14, overdamped.
d. s2+65+144, op2 = 144, 2Cwn = 6, Therefore £ = 0.25, op = 12, underdamped.

e. 5249, o2 = 9, 2Cwp = 0, Therefore £ = 0, wp = 3, undamped.

f. s2+20s+100, wp? = 100, 25on, = 20, Therefore ¢ = 1, wp = 10, critically damped.

50
s+50) + A\[7500
X(s) = 1002 _1 _ s+100 1 _(st50)+50 1 _( ) A[7500
" 5(s2 +100s+1002) TS (s+50)2+7500 S (s+50)2+7500 ~ S (s+50)2+7500
Therefore, x(t) = 1 - e™50t (cos /7500 t + 0 _ i A\[7500 t)

7500
2 1
-1 .= o-b0t _tan-l—
1 \/§ e COosS (50’\/§ t-tan \/§ )

T
=2.6675; Tp=——— =

4
a. on? = 16 1/s, 2w = 3. Therefore £ = 0.375, on = 4. Ts=7— 1.2
On -

Con
[ 2
0.8472 5; %05 = e 6T / \[1-C” x 100 = 28.06 % , Ty = (17663 - 0.417¢%+ 1,039 + 1) = 1.4238;

therefore, Ty =0.356 s.
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T
=400s; Tp=—— =

b. on2 = 0.04 r/s, 25en = 0.02. Therefore ¢ = 0.05, wp = 0.2. Ts = e
On -

4

Con
2

15.73'5; %05 = eCT / \'1-6” x 100 = 85.45 %; @, Ty = (1.76° - 0.417¢2 + 1.039¢ + 1); therefore,

Tr =5.26s.
4

¢. on? = 1.05 x 107 r/s, 2Lon, = 1.6 x 10°. Therefore ¢ = 0.247, wp = 3240. Tg = _C(D =0.005s; Tp=
n

T 2
——— =0.00Ls; %05 = e / \[1-C" x 100 = 44.92 %; on T, = (1.76C%- 0.417¢2 + 1.039C +
on\[1-¢2

1); therefore, Ty = 3.88x10% s.

21.

Program:

- (a) -

clf

numa=16;

dena=[1 3 16];

Ta=tf(numa,dena)

omegana=sqgrt(dena(3d))
zetaa=dena(2)/(2*omegana)
Tsa=4/(zetaa*omegana)
Tpa=pi/(omegana*sqrt(l-zetaan2))
Tra=(1.76*zetaa”3 - 0.417*zetaa”™2 + 1.039*zetaa + 1)/omegana
percenta=exp(-zetaa*pi/sqrt(l-zetaan2))*100
subplot(221)

step(Ta)

title(C"(@) ")

“(b)"

numb=0.04;

denb=[1 0.02 0.04];

Th=tFf(numb,denb)

omeganb=sqrt(denb(3))
zetab=denb(2)/(2*omeganb)
Tsh=4/(zetab*omeganb)
Tpb=pi/(omeganb*sqrt(1-zetab”2))
Trb=(1.76*zetab”3 - 0.417*zetab”2 + 1.039*zetab + 1)/omeganb
percentb=exp(-zetab*pi/sqrt(1l-zetab”2))*100
subplot(222)

step(Th)

title(C"(b)")

“(©)"

numc=1.05E7;

denc=[1 1.6E3 1.05E7];

Tc=tf(numc,denc)

omeganc=sqgrt(denc(3))
zetac=denc(2)/(2*omeganc)
Tsc=4/(zetac*omeganc)
Tpc=pi/(omeganc*sqrt(1l-zetac”2))
Trc=(1.76*zetac”3 - 0.417*zetac”2 + 1.039*zetac + 1)/omeganc
percentc=exp(-zetac*pi/sqrt(l-zetac”2))*100
subplot(223)

step(Tc)

title(C"(©)")

Computer response:
ans =

@



Transfer function:

16

s"2 + 3 s + 16

omegana =

4

zetaa =

0.3750

Tsa

2.6667

Tpa =

0.8472

Tra

0.3559

percenta =

28.0597

ans =

()

Transfer function:

0.04

s”"2 + 0.02 s + 0.04

omeganb =

0.2000

zetab =

0.0500

Tsb =

400

Tpb =

Solutions to Problems 91
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15.7276

Trb =

5.2556

percentb =

85.4468

ans =
©

Transfer function:
1.05e007

s”2 + 1600 s + 1.05e007

omeganc =

3.2404e+003

zetac =

0.2469

Tsc

0.0050

Tpc =

0.0010

Trc =

3.8810e-004

percentc =

449154



Amplitude

Amplitude

22.

(k)

Amplitude

Time (zec) Time (zec)

Time (zech., 4™

Program:

T1=tf(16,[1 3 16])
T2=tf(0.04,[1 0.02 0.04])
T3=tF(1.05e7,[1 1.6e3 1.05e7])
Itiview

Computer response:
Transfer function:

sN"2 + 3 s + 16

Transfer function:
0.04

sN"2 + 0.02 s + 0.04

Transfer function:
1.05e007

s™2 + 1600 s + 1.05e007

a00

Solutions to Problems 93
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Step Response

1 4 T T T T T T
12+ | System: T1 7
| Peak amplitude: 1.28
=g Cwershoot (%) 28 _— - .
: : T _-! At time (=ec): 0.54 " System: T1
- | System T1 [ Settling Time (sec: 2.55_
E | | Rize Time (zec) 0.357 |
.I_l 1 1 I 1
950 0 | I
o4kl I I I J
| I I I
I:IE L 1 1 1 1 a
I I I
|:| I II I 1 1 1 I 1 1
1 ns 1 15 2 25 3 35 4
Time (=sec)
Step Response
2 T T T T T
. System: T2
| Peak amplitude: 1.85
1.5 k| Overshoot (%) 853 i
| A&t time (sec) 16
o | System: T2
= ! Seftling Time (zec): 380
+= 1 | ol 3y g P R - = t=3 - o = B R S
Q ] 1
5 System: T2 |
Rize Time (sec) 5.34 I
osh |l W - |
I
I I
|:| I I 1 1 1 I 1 1
1] 100 200 300 400 00 GO0

Time (zec)
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Step Responze

, System: T3

Peak amplitude: 1 .45

v Owershoot (%) 44 9
|

At tine (sec) 0000995

L - , o System: T3
o | | System: T3 | Settling Time (sec) 0.00436
% i i RiselTime (secy 0.00039 i
S F T ;
e O A T [ 7
L |
0o |
I |
okl | | 1 1 I | I I
0 1 2 5] 4 B 5] 7
Time (zec) * 10--‘
23.
%0S
-In (700 4
a.c= ~o5 = 0.6, on =7 =11.92. Therefore, poles = -Con + jcon\/ 1-c2
T2 +1In2 (50)
= -6.67 + j9.88.
| %0S
b, (= —— " 100 0.591 E— -0779
. = 0 = . , (Dn = —2 = . .
72 + In2 (—/f(()jos) TPVI-C
Therefore, poles = -Con * jon\/1-¢2 = -0.4605 + j0.6283.
c. Con :Tis =0.571, op\1-¢2 = Tﬂp =1.047. Therefore, poles = -0.571 £ j1.047.
24,
4 -In(12.3/100
Re=—=4; (= = ( = ) =0.5549
T, V7% +1n?(12.3/100)
Re =w, =0.55490, =4; . w,=7.21
Im=w,y1-¢°=6
2
w 51.96
~G(S)== a > ==
S"+2{w, s+ w, s +8s+51.96
25.

a. Writing the equation of motion yields, (3s” +15s +33)X(s) = F(s)
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Solving for the transfer function,

X(s) 13
F(s) s*+5s+11
418
b. op2 = 11 /s, 2Len = 5. Therefore ¢ = 0.754, o = 3.32. Tg = - 16, Tp=—""F7— =144
Con o\ 1-¢2

[ 2
5: %05 = eCT I \1-C% x 100 = 2.7 %; @, Ty = (L.76¢°- 0.417¢%+ 1.039¢ + 1); therefore, T = 0.69
S.

26.
Writing the loop equations,
(s%+s)01(s)-5 0,(s)=T (s)
-5 0,(s)+(s+1)0,(s) =0
Solving for 65(s),
[52 +s T (s )]
-s 0 T
0,(5) = =16
s2+s s S +s +1
[ -S s+1 ]
Forming the transfer function,
0,(s) - 1
T(s) s%+s+1
Thus op = 1, 2Lop = 1. Thus, £ = 0.5. From Eq. (4.38), %0S = 16.3%. From Eq. (4.42), Ts=8
seconds. From Eq. (4.34), Tp = 3.63 seconds.
27.
(s+2) + 4.532
_ L 4,532

24.542 1 s+4 1
S s

T (s +4s+24582) s (s+2) +20542 (s +2) +20.542

Thus c(t) = 1 - et (cos4.532t+0.441 sin 4.532t) = 1-1.09e"2t cos(4.532t -23.80).

b.
245 .42 _1_pganzg_ 1 070971s+ 57418

slz+ 10)(s% + 45+ 24.648) 5 s+10 22445424542
245,458 =1l_pgeagzg_1 _ 070971 s+ 5.7418

siz+ 10052+ 45+ 24.648) 5 410 o4 2)2 4+ 20,542

0.70a71 (r+ 2]+ L3223 fonGqz
245,42 1_ 0.29029 1 _ J 20,542
=

Fls+ 101 (52 + 45+ 24.542) s+ 10 [£+ 2% + 20,542




28.

29.
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245,42 _1_pngangg_ L _ D70971(s+ 5+ 095357 /20548
slz+ 10)(s2 + 454 24 542) 5 s+ 10 [s+ 2)2 + 20,542

Therefore, c(t) = 1 - 0.29e"10t - ¢-24(0.71 cos 4.532t + 0.954 sin 4.532t)
=1-0.29e"10t - 1,189 cos(4.532t - 53.349).

C.
1 0.13926 - 2.860°7
+

F+3 sy dar+ 24548
012926 (s + 2] - 21333 fan 542

T3 E2E =1_1.1383
s(r+ 3 {2+ dr+ 245a2) F

T3 EEE =1l_11z92_1 . 20,542
sis+ {2+ do+ 24543) T s+3 [£+ )2+ 20,542

73,626 _1_qq393 1 , 0.13926(s+5)- 06926420542
slr+ 32+ 454+ 24 542) 5 F+3 [r+ 2)¢ + 20,542

Therefore, c(t) = 1 - 1.14e-3t + e2t (0.14 cos 4.532t - 0.69 sin 4.532t)

=1-1.14e"3t + 0.704 cos(4.532t +78.539).

Since the third pole is more than five times the real part of the dominant pole, s2+1.204s+2.829

determines the transient response. Since 2lwp = 1.204, and o = \/2.829 = op = 1.682, £ = 0.358,
—aidi=s? 4 T
%O0S=e "1 x100 = 30%, Ts=+— =6.645ec, Tp=——7== = 2seC; onTy = L4,
Con mn«“_CZ

therefore, T, = 0.832.

a. Measuring the time constant from the graph, T = 0.0244 seconds.

3k i
@ 2r ——
]
&
1k i
OI
0 0.05 0.1 0.15 0.2 0.25
L Time(seconds)
>

T = 0.0244 seconds
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L . K K
Estimating a first-order system, G(s) = S+a-But.a = 1/T =40.984, and e 2. Hence, K = 81.967.

Thus,
81.967
G(s) = 5+40.984

b. Measuring the percent overshoot and settling time from the graph: %0S = (13.82-11.03)/11.03 =

25.3%,
251 l
201 l
[<5]
% 15 Cmax = 13.82 _
2 Cfinal = #1.03
© oF // ———] ]
5k i
0
0 1 2 3 4 5
Time(seconds)
g |

Tg =262 seconds

and Tg = 2.62 seconds. Estimating a second-order system, we use Eq. (4.39) to find { = 0.4, and Eq.

K 5 . Since Cfinal = 11.03, wan = 11.03. Hence,

(4.42) tofind on =3.82. Thus, G(s) = 7550 | 07

K = 160.95. Substituting all values,

160.95
G(8) = $2:3.0565+14.59

¢. From the graph, %0S = 40%. Using Eq. (4.39), £ = 0.28. Also from the graph,
T
T =———= = 4. Substituting { = 0.28, we find ®, = 0.818.
p a)n ’1_;2

Thus,
K 0.669

s242Cons *on?  §% + 0.4585 + 0.669

G(s) =
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a.
F+ 3 3

s+ 2:|Iisz+ I+ ID:I 20

1_1 1 1 Tr+ 31
&

1€ sr2 B0 3]2 31
(=+37 %
s+ 21+ 73638, 2L
1.1 1 _1 (s+3)+ i
AN G BT

s+ 3 3
slr+ &) {52_,_ 25+ ID:I 20

Since the amplitude of the sinusoids are of the same order of magnitude as the residue of the pole at -

2, pole-zero cancellation cannot be assumed.

> s+ 25 _11_1 1 _ 1 2+ 14
s(r+ E)(s2 + 45+ 20) s Bsrz M Zigcezn

s+ 25 _ 1 1_1 1 _1 3|:E+2:|+2.1|'E
s(r+ E)(s2+ 44+ 20) e Bdzrz # (s+ 2%+ 16

Since the amplitude of the sinusoids are of the same order of magnitude as the residue of the pole at -

2, pole-zero cancellation cannot be assumed.

C.
s+ 2.1 ozl ooo7iasg 1 DE0EES5s+ 0.21714
5[5+2:|I:52+5+5:I 3 F+E 24 15+5
020226 s+ 14 00520932, /12
Fral =021 lonooriass 1 - E ?j E
5[5+2:|I:52+5+5:I 3 F+E [5.,.%)24.%4_9

Since the amplitude of the sinusoids are of two orders of magnitude larger than the residue of the pole
at -2, pole-zero cancellation can be assumed. Since 2Cmp = 1, and op, :\/?3 =2.236, £ =0.224,

oA 4
%0S = e ¢ 3100 = 48.64%, To=g =8secTp :wnL\/l-_Cz = 1.44 sec; o Ty = 1.23,

therefore, T, = 0.55.

d.
s+ 201 _ ooE0ss L ooooagnie L D0488935+ 0.25018
s(z+ ) (s + G4 20) 5 £+ I:;.,.%j:.,.f:‘_ﬁ
0049393 s+ 3+ 0.03353, 32
s+201 = 005026 L - ooo0sE71a 1 I: 2) 4
5[5+2]I:52+55+2D:I £ £+ 2 |:5+%)2+5:1_5

Since the amplitude of the sinusoids are of two orders of magnitude larger than the residue of the pole

at -2, pole-zero cancellation can be assumed. Since 2{mp = 5, and op = \/ﬁ) =4.472, £ =0.559,
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%0S=e " x100=12.08%, Ty= 7 =16 560, T =—7—

=0.847 sec; onTr =
on o 1'C2 ntr

1.852, therefore, Ty = 0.414.

31.
Program:
%Form sC(s) to get transfer function
clf
num=[1 3];
den=conv([1 3 10],[1 2]):
T=tf(num,den)
step(T)
Computer response:
Transfer function:
s + 3
sN"3 + 5 s + 16 s + 20
Step Response
0.i8 T T T
0.AdF T
0135
o1z 7
[ak]
3 ol 1
=
E om[ T
T
o [ T
o T
002 —+— 7
0 s
1 I N A
i 0.8 i 15 2 25 3 is Il
. The e
T =061 secs
e I
TP=1.31 SBCg
—al -~
T5= 18 secs
(0.163 - 0.15)
%0S = 0.15 =8.67%
32.

Only part ¢ can be approximated as a second-order system. From the exponentially decaying cosine
the poles are located at S, , = =2+ j9.796. Thus,
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- ——=2¢ T = -
IRe| ~ 2 P im] ~ 9.796

Also, @, = ¥2?+9.796* =10 and fw, = |Re| = 2. Hence, ¢ =0.2, yielding 52.66 percent
overshoot.

a.
1 ./3375
M) Cayls) 1 _ 375 _ 01721343375 _ 0.17213-5.8095
168)=———= = =

s2+35 +36 (s +15)2+33.75 (s +1.5)2+33.75 (s +1.5)2+33.75
Taking the inverse Laplace transform

Ca1(t) = 0.17213 e-1-5t sin 5.8095t

1 g5+1
() Cajy(s)s = 2 =11 _18 6 -
s (32+35 +36) 18s $2+35+36

i [S N §]+ 0.083333 f33 75

11 18 2 33.75
18's [s +§]2+33.75
2
0.055556 [s +§]+o.014344J33.75
=0.055556 L — 2

s s +§]2+33.75
Taking the inverse Laplace transform

Ca2(t) = 0.055556 - e"1-5t (0.055556 cos 5.809t + 0.014344 sin 5.809t)
The total response is found as follows:

Cat(t) = Ca1(t) + Can(t) = 0.055556 - e~1-5t (0.055556 cos 5.809t - 0.157786 sin 5.809t)

Plotting the total response:

013 1+

b.
(1) Same as (1) from part (a), or Cp1(t) = Ca1(t)

(2) Same as the negative of (2) of part (a), or Cp2 (1) = - Ca2(t)
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The total response is

Cht(t) = Cp1(t) + Cpo(t) = Ca1(t)- Can(t) = -0.055556 + e-1-5t (0.055556 cos 5.809t + 0.186474 sin

5.800t)

Notice the nonminimum phase behavior for Cp(t).
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34.
1
‘ 10 = P
s2+3s+10
Unit Step Gain Transfer Fcn Scope
1 I
—>{ 10 p 4
> s2+3s+10
- Gainl Saturation 1
Unit Stepl 0.25 volts Transfer Fcnl Scopel
1
—% 10 P # P
> > s2 +3s+10
- Gain2 Saturation 2 Backlash
Unit Step2 0.25 volts Transfer Fcn2 Deadzone 0.02 Scope2

S=/e3

SB LLL ARE

103
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SE 000 AEE B

0.025

0.015 -

0.m

0.005

005

.01

0005 -

Time affset; 0

35.

[1 0] [-2 1] [(s+2) 1 1]

_SLO 178 5|7 3 +5)
Isl —Al=s"+7s+7

Factoring yields poles at -5.7913 and —-1.2087.
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[t o0l o 23] [s -2 -3]
sl-A=s0 1 ol-lo 6 5l=l0 (s-6) -5 |
00 1] [1 4 2] -1 -4 (s-2)]

sl —Al=s®-8s*-11s +8
b. Factoring yields poles at 9.111, 0.5338, and —1.6448.

x=(sl-A) L(xg +Bu)
-1
QR A R RS
234452421 5445
[s2+ 9] [#2 +5]

X =
BT+ 12575
[52+ 9] [#2 +5]
i = [1.2)x
_ 453 1052+ 45— 105
[#2+ 9] [+ 5]

x=(sl-A) 1(xg +Bu)

- ) T

i
[F+E][F+ 1] [F+0.58579] [+ + 3.4143]

5

[s+6] [s+ 1] [+ 0.58579] [5 + 3.4142]
2rds+2

[F+&] [F+ 1] [s+ 0.58579] [ + 3.4142]

3 = (1,0,00x

¥ = [[5+ B [=+ 1] [#+ I:I.].EEE'?EI] [=+ 3.4142]]

x=(sl-A) 1(xg +Bu) 1

N HEERA N AR
i+l

I:[ sle+2] ]
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40.

41.

Program:

i (s) = (0. 1)

E
=fl1 1 1_1
5] =[s2- +&: 2
¥(s) [25 5+ 1 25+2]
y[t]:%—e'h%e'“

x = (sl - A)}(x, + Bu)
(T1 0 0] [=3 1 OoTN'0] row\

e B

[ 1

| S5 +3)(s+5) +3)(s+5) |

« | |

| s(S+5) |

| w5
JEE P Y
| 15 6" 10 |
X(t)ZI é—ée_ I
[ 575

2 2
yt)=[0 1 1] =" gef’t

A=[-3 1 0;0 -6 1;0 O -5];

B=[0;1;1];
c=[0 1 1];

D=0;

S=ss(A,B,C,D)

step(S)

Computer response:

X1l x2 X3
x1 -3 0
X2 0 1
X3 0 -5



42.

b =
ul
x1 0
X2 1
X3 1
C =
X1l x2 x3
yl 0 1 1
d =
ul
vyl 0

Continuous-time model.
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Step Responze

0.4 -
n=s
03
nzs
=
£ 02
£
n1a
0.4
n.os
|:| L
1] 0z
Program:
syms s
"
A=[-3 1 0;0 -6 1;0 0 -5]
B=[0;1;1];
c=[0 1 1];
X0=[1;1;0]
U=1/s;

I=[1 0 0;0 1 0;0 O 1];
X=((s*1-A)"-1)*(X0+B*U);
x1=ilaplace(X(1))
x2=ilaplace(X(2))
x3=ilaplace(X(3))
y=C*[x1;x2;x3]
y=simplify(y)

y(O-©

pretty(y)

Computer response:
ans =

a

0.4 0.5 0.5 1 1.2
Time (zec)

%Construct symbolic object for
%frequency variable "s”.

%Display label

%Create matrix A.

%Create vector B.

%Create C vector

%Create initial condition vector,X(0).
%Create U(Ss).

%Create identity matrix.

%Find Laplace transform of state vector.
%Solve for X1(t).

%Solve for X2(t).

%Solve for X3(t).

%Solve for output, y(t).

WSimplify y(t).

%Display label.

%Pretty print y(t).
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A =
-3 1 0
0 -6 1
0 0 -5
X0 =
1
1
0
x1 =

7/6*%exp(-3*t)-1/3*exp(-6*t)+1/15+1/10*exp(-5*t)
X2 =

exp(-6*t)+1/5-1/5*exp(-5*t)

X3 =

1/5-1/5*exp(-5*t)

y =

2/5+exp(-6*t)-2/5*exp(-5*t)

y =

2/5+exp(-6*t)-2/5*exp(-5*t)

ans =

y(t)
2/5 + exp(-6 t) - 2/5 exp(-5 1)

43.
A -A|=22+5)+1

M- A= (L +0.20871) (1 + 4.7913)

F=-020871

@ = - 47313
. [ﬂlE-u.zuantmﬁ-mmt ﬂEE-u.zuanamﬁe-q.mzt]

T age - D208TLE, g, o - 4TIRE g o - 020871 oo, - 479138

(5 EE)

3o [ -na0eriaye T DAETLE g 91300~ THEE g onary g e I A0ETLE 4 7913, 0 -4 TRIEE
d# —0,208714z e~ DR08TLE_ g q093 0y~ TMIE _ponarg gy o ~D2UETLE_ 4 7017 4,0 — 4 7R1EE

d o _f - 4TMIA-0.208T1A; - 47913 Ag - 0.20871 A5
0T _47913 49 - 0.20871 47 - 4.7913 Ag - 020871 A7

Therefore,

Aa + A1 Ag + A5 =|:1u:|
Aq + Az Az + A7 01
[—4.?913#[2—0.20:3?1#[1 —4.?913-45—D.203?1ﬂ,5]=[ 1] 1 ]

-4 791344 - 020871 Az —-4.7913 Az - 0.205871 A7 -1 -4
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Solving for Aj's two at a time, and substituting into the state-transition matrix

e | toasse = D208LE g passas e 973 E g gqa0p .~ 20BTLE_ g g1ggp o -9 TILEE
—0.21822e ~020ETLE L g aygon o~ T3 E g ageag o - D20ET1E L g pagg o - TP13E

To find x(t),

r=%Fa
oo | toasse=02087LE_goasses o 9 TIE g ogggy e 0NETIE g gygpp -4 IRISE ][lj
—n21eaa e~ A0ETLE g agg00 o = TIE g pas5as o - D208T1E g pas5 o — 4713 E LD
oo | toasse=020ETLE_ g passas e - 7RIS ]
—n21ea e~ B20ETLE g agp00 o — TR E

To find the output,
i o= [L.2)a

020871 -4, 7913
1.0455 ¢ —-0.045545 ¢
y o= [1,2][ ]

— 021822 ¢~ D208TLE | g 29507 o — 977130

y = [ 060911~ 0208718, 0 2angg . —4.79138)

I
.?Lf—d—[l 1]

44,

A-Al=22+1
_ [#ll cos[¥] + Az sin[¥] As cos[E] + g sin[#] ]
T LAz cos[E] + Aq sin[E] A7 cos[E] + Az sin[E]
d I’ [F‘lg cos[E] - A1 sin[#] Ag cos[E] - As sin[#] ]

ar L Aqcos[#] - Az =in[#] Ag cos[#] - A7 =in[#]
=" As
q:” ) [ﬂz ﬂ?]
—[H2 Hg
%0 = (1 &

Solving for the Aj's and substituting into the state-transition matrix,

_ cos[¥] sin[i]
* _[—Ein[t] cos[E] ]

To find the state vector,

i
r:f (E[-r]Bu[r])dr
]
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[cni(t—t) zinig—1) ][Ul]:lch:

—zinE-1) cosE-1)

“J'
Dt

e [ (2 Y)a
]

r:f
t

o A

-1 =|§'|'
(2
T [l_sicnntil[ﬂ]
=[2,E]x

i
_ 1-co=s[#]
oy =3 2][ Sin[2] J

gy = [— Jcos[#]+ 2=inff] + 3)
45,

- A= (L +2) (A +0.5-2.3979i) (A + 0.5 + 2.3979i)

Let the state-transition matrix be

=5t

e o0s[2.397090 4 ot

a2 eos(2.39790w e sinl2 297A0 A e T A e T

10

_ -5 -Er_. - -5 T
h= .&4& cﬂs[2.3'§l?'§lt]+&5e sm{E.SQ?QtHﬁEE .&13& cos[2.3'§l?'§lt]+ﬁ14e sm[E.EEI'.'-"EII:]+.A15 -

A?e_'Etc-:-s[E.3'3'?';!]+ﬁ3e_'5tsi:n{2.3'3'.'-"S|t]+ﬁge_2t ﬁme_'&cns[z.3'3'?'3t]+£1?e_'5tsi.n[2.3';'.'-"S|t]+ﬂ13 -

Since ¢(0) = 1, ci)(O) = A, and ;1;(0) = A2, we can evaluate the coefficients, Aj's. Thus,

Ag+Aq A15+A13 Apq+Aaa

Az +A] Aj2+Aq0 A2 +A19 [HE]
Aa+A7 Arz+A1g A7 +Axs LU

—2Az+23979 A - 0GA1 -2+ 23979411 - 05 A1 - 2421+ 23979 Aap - 0.5 Aga -2 1
—2Ag+ 23979 A5 - 0.3 Ay - 2A15+ 23979 A14- 05413 -2A2q+ 2397903 -0 (=) 0 0
=249+ 2397945 - 034y - 241+ 23979417 - 0541 - 2427+ 23979 Apg - 0.3 dag n -

dAz-23979 4 - 5.4999 4 4d3a- 23979 d11 - 54999 dgp 4Apg - 23979 Ao - 54999 dga 4 -2

ddg-23979da- 5499987  dAge - 23979 A17 - 5.4999 dg 4 Ao - 2.3979 Azg - 5.4999 dag 0§

Solving for the Aj's taking three equations at a time,

A5 - 239795 - 54999y dAy5 - 2397914~ 5.4999 A3 ddog - 23979 A0z - 54999400 [=| 0 -8 -1
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_2t 0,125 e~ U Egerazara )+ 033084 0 ~ 1 Enin 2 3979 ] — 0,105 0 — 2
2= 038 oo 39794+ 0,20851 e ~ U Ecin 23979
~a2502e =09 Ezinpa39794)

—0,125e = M bz ,3979 4+ 0078194 0 ~ 1 Ein 2 3979 ] 4 0,105 0~ 2
041703 e ~ " Ecinp.a979 4

e~ 03t cpera 39794 - 0.20852 0 ~ U Esin2.3979 8
t

Using x(t) = ¢ (t)x(0) + [¢ (t-t)Bu(r)dr, andy =[1 0 0 ]x(t),

0
-3
) =f =2 l-tgp

1]

:%.__ o2t
Program:
syms s t tau %Construct symbolic object for

%frequency variable "s", "t", and "tau.
"a” %Display label.
A=[-2 1 0;0 0 1;0 -6 -1] %Create matrix A.
B=[1;0;0] %Create vector B.
C=[1 0 0] %Create vector C.
X0=[1;1;0] %Create initial condition vector,X(0).
I=[1 0 0;0 1 0;0 0 1]; %Create identity matrix.
"E=(s*I1-A)"-1" %Display label.
E=((s*1-A)"-1) %Find Laplace transform of state
Y%transition matrix, (sl-A)"-1.

Fill=ilaplace(E(1,1)); %Take inverse Laplace transform
Fil2=ilaplace(E(1,2)); %of each element
Fil3=ilaplace(E(1,3));
Fi2l=ilaplace(E(2,1));
Fi22=ilaplace(E(2,2));
Fi23=ilaplace(E(2,3));
Fi3l=ilaplace(E(3,1));
Fi32=ilaplace(E(3,2)); %to find state transition matrix.
Fi33=ilaplace(E(3,3)); %of (sl-A)™-1.
"Fi(t)" %Display label.
Fi=[Fill Fil2 Fil3 %Form Fi(t).
Fi2l Fi22 Fi23
Fi31 Fi32 Fi33];
pretty(Fi) %Pretty print state transition matrix, Fi.
Fitmtau=subs(Fi,t,t-tau); %Form Fi(t-tau).
"Fi(t-tau)* %Display label.
pretty(Fitmtau) %Pretty print Fi(t-tau).

x=Fi*X0+int(Fitmtau*B*1,tau,0,t);
%Solve for x(t).

x=simple(X); %Collect terms.
x=simplify(x); %Simplify x(t).
x=vpa(x,3);

"x(t)- %Display label.
pretty(x) %Pretty print x(t).
y=C*X; %Find y(t)

y=simplify(y);
y=vpa(simple(y),3);

y=collect(y);

y()-" i
pretty(y) %Pretty print y(t).
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Computer response:

ans =
a
A =
-2 1 0]
0] 0] 1
0 -6 -1
B =
1
0]
0]
C =
1 0] 0]
X0 =
1
1
0
ans =
E=(s*I1-A)N-1
E =
[ 1/(s+2) (s+1)/(s+2)/(s"2+s+6), 1/(s+2)/(s"2+s+6)]
L 0, (s+1)/(s"2+s+6), 1/(s"2+s+6)]
[ 0, -6/(s"N2+s+6), s/(s"2+s+6)]
ans =
Fi(t)
L 13
[exp(-2 t) , - 1/8 exp(-2 t) + 1/8 %1 + ——- %2 ,
L 184
1
1/8 exp(-2 t) - 1/8 %1 + 3/184 %2]
1
L
[0, 1/23 %2 + %1 , - 1/23
172 172 172
(-23) (exp((-1/72 + 1/2 (-23) ) t) - exp((-1/2 - 1/2 (-23) ) tv))
1
1
L
[0 , 6/23
172 172 172

(-23)  (exp((-1/72 + 172 (-23) ) t) - exp((-1/2 - 1/2 (-23) ) t))
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1
. - 1723 %2 + %1]

172
%l = exp(- 1/2 t) cos(1/2 23 t)
172 172
%2 = exp(- 1/2 t) 23 sin(1/2 23 t)
ans =
Fi(t-tau)

Eexp(—z t + 2 tau) ,
L

13 172
- 1/8 exp(-2 t + 2 tau) + 1/8 %2 cos(%l) + --- %2 23 sin(%l) ,
184

1/2 1
1/8 exp(-2 t + 2 tau) - 1/8 %2 cos(%l) + 3/184 %2 23 sin(%l1l)]
]

L 1/2 1/2
[0 , 1723 %2 23 sin(%1l) + %2 cos(%l) , - 1/23 (-23) (

1/2
exp((-1/2 + 1/2 (-23) ) (t - tau))

1/2 1
- exp((-1/2 - 172 (-23) ) (t - taw)))]

[ 1/2 1/2
[0, 6/23 (-23)  (exp((-1/2 + 1/2 (-23) ) (t - tau))

172
- exp((-1/72 - 172 (-23) ) (t - taw))) ,

1/2 1
- 1/23 %2 23 sin(%l) + %2 cos(%1)]

172
%l = 1/2 23 (t - tau)

%2 = exp(- 1/2 t + 1/2 tau)

ans =
x(t)
[-375 exp(-2. t) + .125 exp(-.500 t) cos(2.40 t)
+ .339 exp(--500 t) sin(2.40 t) + .500]
[-209 exp(--500 t) sin(2.40 t) + exp(--500 t) cos(2.40 t)]
[1-25 1 (exp((--500 + 2.40 i) t) - 1. exp((--500 - 2.40 i) t))]
ans =
y(©

375 exp(-2. t) + .125 exp(-.500 t) cos(2.40 t)
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+ .339 exp(-.500 t) sin(2.40 t) + .500
47.
The state-space representation used to obtain the plot is,

0o 1 0
PPN R B R yi)=[1 0]x

Using the Step Response software,

. Step Response - Data Entry
About

X = AX + Bult)
y=0Cx

1
2

Iteration Interval  Print Interval Total Time
o J_Jo e

1.196755
23 1.214388

) 1.228608
a 1.239539
32 1.247329

i) 1.252145

34 1.254168
5, 1.253535
36 1.26063
av 1.245484
38 1.238375
i) 1.229622

4 1.219145
1 2074R1

Calculating % overshoot, settling time, and peak time,

2Cen=0.8, on = 1, € = 0.4. Therefore, %0S = e~ /¥-< 100 = 25.38%, T, = c% - 10 sec,
n
= T = 3.43 sec.
o\ 1-52
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48.

. Step Hesponsze - Data Entry
About

Order

:-c=ﬁx+Bu(t:]
y=0Cx

Iteration Interval — Print Interyal Tatal Time
[+ _eeuae

. Step Response - Dutput

01
0z
03
0.4
05
06
0z
0s
09

1.1
1.2

49.

. P() =5+2)(s¥5) ~ s

A

-0.2472835

01601324
0342418
0.4187333
0.4318333
04123706
0.3773426
0.3381472
0.29957
0.2617522
0.2288295
0.2001063
1754437

s+0.5

1 1 3
Therefore, p(t) =55 +7 e?t-75 et

b. To represent the system in state space, draw the following block diagram.
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V(s) 1
_>

s2+75+10

Y(s)

For the first block,

y + 7y +10y = v(t)

Letx1 =y, and xo = y . Therefore,

X 2 =-10x1 - 7X2 + V(1)

Also,

p(t) = 0.5y + y = 0.5x1 + Xy

Thus,

X1 =X2

s+0.5

P(s)

X = [-fo _17] X +[2] 1;p)=[05 1]x

C.
Program:

A=[0 1;-10 -7];
B=[0;1];

C=[.5 11;

D=0;
S=ss(A,B,C,D)
step(S)

Computer response:
a =

X1 X2
x1 0 1
x2 -10 -7
b =
ul
x1 0
X2 1
C =
X1 X2
yl 0.5 1
d =
ul
yl 0

Continuous-time model.
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Step Response
I:I 1 4 T T T T T

01z

0.1

0.0s

0.06

Amplitude

0.04

ooz

I:I 1 1 1 1 1
0 0.5 1 1.5 2 25 3

Time (zec)

2
a. on =10 = 3.16; 2Cen = 4 Therefore £ = 0.632. %0S =e~ % *100 = 7.69%.

4 V4
T. = =2seconds. T = ——F—== =1.28 seconds. From Figure 4.16, T;o, = 1.93.
P lo, P o 1- &

n

Thus, Ty = 0.611 second. To justify second-order assumption, we see that the dominant poles are at —

2 £ j2.449. The third pole is at -10, or 5 times further. The second-order approximation is valid.

_ K _ K . . . _
b. Ge(s) = (5+10)(52+45+10)  $3+1452+505+100 Representing the system in phase-variable form:
o 1 o] [o]
A=l 0 o 1lB=lokc= o 0]
|-100 50 -14]  |k]
c.
Program:
numg=100;

deng=conv([1 10],[1 4 10]);
G=tf(numg,deng)
step(G)

Computer response:
Transfer function:
100

s”"3 + 14 s”2 + 50 s + 100
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51.

Step Responze

(3 T T T T T

% 0.3 i
=
=
E [ T
o[ 7
0.2 1
o 1 1 1 L
1] a3 1 1.3 a 25 3
Ty Gec)
il e
Tr=0.1H sec
e | =
TP = 138 cecs
=il o
T.= 2/M acs

1.08-1
%OS=£%)' *100 = 8%

a. op = \/0.28 = 0.529; 2Cwp = 1.15. Therefore £ = 1.087.

76310
b. P(s) = U(S) 241 156+0.28 '

here U(s) :% . Expanding by partial fractions, P(s) = —0'5545 +

natural response terms. Thus percent paralysis = 54.5%.

7631072 02725 048444 021194
s(s2+1.15s+0.28) = S s+0.35 s+0.8

c.P(s) =

Hence, p(t) = 0.2725 - 0.48444e70-35t + 0.21194e°0-8t Pjotting,
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) 0.25
2o
S 0.2
S 3
m o
o>
— %5 0.13
g3
.% SO

—
©
L & 0.05

Tirne (secs)
-2 2
K 7.63x10 1 7.63x10“ K .
d. P(s) = s - 2+1 1554028 S + natural response terms. Therefore, 0.28 = 1. Solving

for K, K=3.67%.

a. Writing the differential equation,

dc(t)

i(t
G = Kaoe() +

Taking the Laplace transform and rearranging,
I(s
(s+k10)CE) =y

from which the transfer function is found to be

1
Cis) Vd
I(s) ~s+kio
lo
For a step input, I(s) =3 - Thus the response is
lo
Vg o 1 1

Cs) = s(s+kp) = k1o0Vyg (g “s+k1p )

Taking the inverse Laplace transform,

| Kt
c(t)=—2—(1-e ")
klOVd

where the steady-state value, Cp, is

lo
D =kqoVg
Solving for IR = I,
Ir = Cpk1oVd
2.2 4
b. T = ki Tg= K10

¢. IR = CpkigVg = 1255 % 0.07 hrl x 0.6 liters = 0.504 "2

d. Using the equations of part b, where k1o =0.07, T, =31.43 hrs, and Tg = 57.14 hrs.
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SOLUTIONS TO DESIGN PROBLEMS

53.
Writing the equation of motion, (f,S +2) X(s) = F(S). Thus, the transfer function is
X(s 1/f 4 4 T
£=—é. Hence, T, =— = =2f, orf ==.
F(S) s4+24 a < 2
f, f,
54,
1/M 4 4
The transfer function is, F(S) = ———=————= . Now, T, =2 = —— =—— = 8M. Thus,
s Ly KN T2 Ry T T
§ +—S+— —_—
. M M 2M
M = — . Substituting the value of M in the denominator of the transfer function yields,
s +4s + 4K . 1dentify the roots S ,=—2% j2+/ K —1. Using the imaginary part and
T Vs
substituting into the peak time equation yields T =1=—— = —=—==, from which
: P L R TT™ AP W e
K = 3.467.
55.
Writing the equation of motion, (Ms” + f,s +1)X(s) = F(S) . Thus, the transfer function is
X(s 1/ M 4 f
) = - T - Since T, =10 = , o, =0.4.But, = = 2{w, = 0.8.Also,
F(s) 24 Vg4 — cw, M
M M
from Eq. (4.39) 30% overshoot implies = 0.358. Hence, @, = 1.117. Now, 1/M = @,” = 1.248.
Therefore, M = 0.801. Since MV = 20w, = 0.8, f, =0.641.
56.
Writing the equation of motion: (Js2+s+K)0(s) = T(s). Therefore the transfer function is
1
o)
=
%0S
-In (7o0)
¢ = =0.358.
2+ 12 (08
n (700)
4 4
Ts:@ =7 =8l=4
2]
Therefore J =5 . Also, Ts = 4= o = oo H = 2.793. Now, = = wn2 = 7.803
erefore J=5 . Also, Ts=4 =7 = ={g7egy ~ - Hence, on = 2.793. Now, 73 = wn” =7.803.
Finally, K = 3.901.
57.

Writing the equation of motion
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[s2+D(5)2s+7 (10) 2J6(s) = T(s)
The transfer function is
0(s) _ 1
T(S) ~ s2+25Ds+25

Also,
-In (O/fgos)
= > %05 =0.358
e+ 1In (100)
and

2Con = 2(0.358)(5) = 25D

Therefore D = 0.14.

The equivalent circuit is:

.
EHHHHH]

N1 N1 N1
where Jeq = 1+(5, )2; Deq = N, )2; Keg = , )2. Thus,

01(s) 1
T(S) ™ Jegs?+Degs+Keq

N
. Letting Ny =" and substituting the above values into the transfer

function,
1
01(5) 1+n2 n2 _ 4 8(1+nd)
T = 2 7 Therefore, Con = 20+2) Finally, Tg= Con = n2 =16. Thus

+—FS+—5
T2 T 12

Let the rotation of the shaft with gear N, be 4 (s). Assuming that all rotating load has been reflected
to the N, shaft, (Jequz + D5+ K)9|_ (s)+ F(s)r =T, (s) , where F(s) is the force from the

translational system, r = 2 is the radius of the rotational member, Jq_ is the equivalent inertia at the
N, shaft, and Deq_ is the equivalent damping at the N, shaft. Since Jeq = 1(2)2 +1=5and Dgq =
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60.

61.

62.

1(2)? = 4, the equation of motion becomes, (582 + 4s + K)9L(S) +2F(s) =T, (). For the
translational system (Ms” + S)X(s)= F(s) . Substituting F(s) into the rotational equation of
motion, (5s” + 4s + K ), (s) + (Ms’ + s R X(s) = T, (s).

X X
But, &, (S) = 9 = % and T, (s) = 2T (s). Substituting these quantities in the equation

above yields ((5 +4M)s® +8s + K)@ = T(S). Thus, the transfer function is

X(s) _ gw+4M>}< .prnzmzii:——{?——:6+4M)
T() ¢4 s+ Re _°
G+4M) (5+4M) 2(5+4M)

Hence, M = 5/4. For 10% overshoot, £ = 0.5912 from Eq. (4.39). Hence,

2600 = 51 am)

w, = _K___ ‘,ﬁ =0.6766. Thus, K = 4.578.
5+4M) V10
1

. . V(s Cs 106
The transfer function for the capacitor voltage is V() = = Z+Rs+106

=0.8. Solving for a, yields e, = 0.6766. But,

R+Ls+é
%0S
-In (7o0)

%
2 +1n2 ( fgos)

For 20% overshoot, ¢ = = 0.456. Therefore, 2Cmp = R = 2(0.456)(103) =

912Q.
. . . o 1/(CS)
Solving for the capacitor voltage using voltage division, V.. (S) =V, (S)—l . Thus, the
R+LS+—
(LG CS
V. (s 1/(L 4 R
transfer function is c(5) = Rg ) 1 .Since T, = — =10"°, |Re| =— = 4000. Thus
Vis) ,0g 1 Re| 2L
L
R =8 K. Also, since 20% overshoot implies a damping ratio of 0.46 and
1
2¢w, = 8000, w, =8695.65 = ﬁ Hence, C = 0.013 uF.
Using voltage division the transfer function is,
1 1
Ve® __ ¢cs LC

Vil Rilst= s+Rsi i
Cs L LC
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_ 4 4 8L R
Also, T, =2x10 o —= R =5 - Thus, — = 4000 . Using Eq. (4.39) with 15% overshoot,
Re R~ R L
2L
1
¢'=0.5169. But, 2w, = R/L. Thus, @, = 3869 = [— = —~ . Therefore, L = 6.7 mH and
LC L(10™)
R=26.72 Q.
For the circuit shown below
L=1H 155}

m%

R4 =
vt <> I ﬂg C v ol
- il@n/ IZW

write the loop equations as

(Ri+L s)l1(s)-Rql2(s)=Vj (s)
—R1|1®)+[R1+R2+—l—]|2@)=0
Cs

Solving for I12(s)

Ri+Ls Vi 6)
-R1 0

12(s) =

R1+L s -R1

R R1+R g+-1
1 1+R 2+ ==

But,V o (s)=—L-15(s). Thus,
Cs

VO(S): R 1
Vi(s) 2
i (Ro+R1)C L s“+(CR2R1+L)s+R 1

Substituting component values,

1
V.(s) (R, + 1000000)C
Y8) _ 1600000
Vi(s) g2 4 (1000000CR, +1) - 1300000 1
(R, +1000000)C (R, +1000000)C

4
For 15% overshoot, = 0.517. For T = 0.001, {onp = 0001 " 4000. Hence, op = 7736.9. Thus,

1000000 = 7736.92

1
(R »+1000000) C
or,
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64.

65.

C =0.016706 —— L 1)
R 2+1000000
Also,
1000000 C R o+1 _

= 8000 (2)
(R »+1000000) C

Solving (1) and (2) simultaneously, R » =8003.7 Q, and C = 1.6573 x 102 uF-

[s 07 [(3.45-14000K,) —0.255x10™°]

SI=A=10 s]7|  o0.490x0m 368 |
_[s—(3.45-14000K,) 0.255x107° ]
| —0.499x10" $+368 |

Isl — Al = s? +(0.23+ 0.14x10°K_)s + (51520K_ +0.0285)

(2¢w,)* =[2*0.9]* *(51520K . + 0.0285) = (0.23+ 0.14x10° K )’
or
K.’ -8.187x10*K_ —2.0122x10™° =0

Solving for K.,
K, =8.189x10""

a. The transfer function from Chapter 2 is,

Yo(s) = Y (S) 0.7883(s +53.85)
Fo(s)  (s°+15.47s+9283)(s’ +8.119s +376.3)
The dominant poles come from S° + 8.119s + 376.3. Using this polynomial,

2w, =8.119, and w? = 376.3. Thus, @, =19.4 and ¢ = 0.209. Using Eg. (4.38), %0S =

51.05%. Also, T, = =0.985s, and T, =

4 Vs
—F——==0.166 S. To find rise time, use
é/a)n a)n v 1_ é,z
Figure 4.16. Thus, @, T, =1.2136 or T, =0.0626 s.

b. The other poles have a real part of 15.47/2 = 7.735. Dominant poles have a real part of 8.119/2 =
4.06. Thus, 7.735/4.06 = 1.91. This is not at least 5 times.

C.

Program:

syms s
numg=0.7883*(s+53.85);
deng=(s"2+15.47*s+9283)*(s"2+8.119*s+376.3) ;
"G(s) transfer function-
G=vpa(numg/deng,3);
pretty(G)
numg=sym2poly(numg) ;
deng=sym2poly(deng);
G=tf(numg,deng)
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step(G)

Computer response:
ans =
G(s) transfer function

788 s + 42.4

(s +15.5s +9280.) (s + 8.12 s + 376.)

Transfer function:
0.7883 s + 42.45

sM + 23.59 s”3 + 9785 s™2 + 8.119e004 s + 3.493e006

w0 Step Response
2 T T
151 -
R e e e " iy S
=
£ 1 .
g
05 .
|:| 1 1
] 0. 1 1.4
Titme [=zec)

The time response shows 58 percent overshoot, T;=0.86s, T, =0.13s, T, = 0.05 s.
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