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Preface

Inspired by the structure of the human brain, artificial neural networks
have been widely applied to fields such as pattern recognition, optimiza-
tion, coding, control, etc., because of their ability to solve cumbersome or
intractable problems by learning directly from data. An artificial neural
network usually consists of a large number of simple processing units, i.e.,
neurons, via mutual interconnection. It learns to solve problems by ade-
quately adjusting the strength of the interconnections according to input
data. Moreover, the neural network adapts easily to new environments by
learning, and can deal with information that is noisy, inconsistent, vague,
or probabilistic. These features have motivated extensive research and
developments in artificial neural networks. This volume is probably the
first rather comprehensive treatment devoted to the broad areas of algo-
rithms and architectures for the realization of neural network systems.
Techniques and diverse methods in numerous areas of this broad subject
are presented. In addition, various major neural network structures for
achieving effective systems are presented and illustrated by examples in all
cases. Numerous other techniques and subjects related to this broadly
significant area are treated.

The remarkable breadth and depth of the advances in neural network
systems with their many substantive applications, both realized and yet to
be realized, make it quite evident that adequate treatment of this broad
area requires a number of distinctly titled but well-integrated volumes.
This is the sixth of seven volumes on the subject of neural network systems
and it is entitled Fuzzy Logic and Expert Systems Applications. The entire
set of seven volumes contains

Volume 1: Algorithms and Architectures

Volume 2: Optimization Technigues

Volume 3: Implementation Techniques

Volume 4: Industrial and Manufacturing Systems
Volume 5: Image Processing and Pattern Recognition
Volume 6: Fuzzy Logic and Expert Systems Applications
Volume 7: Control and Dynamic Systems



xvi Preface

The first contribution to this volume is “Fuzzy Neural Networks Tech-
niques and Their Applications,” by Hisao Ishibuchi and Manabu Nii. Fuzzy
logic and neural networks have been combined in various ways. In general,
hybrid systems of fuzzy logic and neural networks are often referred to as
fuzzy neural networks, which in turn can be classified into several cate-
gories. The following list is one example of such a classification of fuzzy
neural networks:

1. Fuzzy rule-based systems with learning ability,

2. Fuzzy rule-based systems represented by network architectures,
3. Neural networks for fuzzy reasoning,

4. Fuzzified neural networks,

5. Other approaches.

The classification of a particular fuzzy neural network into one of these
five categories is not always easy, and there may be different viewpoints for
classifying neural networks. This contribution focuses on fuzzy classifica-
tion and fuzzy modeling. Nonfuzzy neural networks and fuzzified neural
networks are used for these tasks. In this contribution, fuzzy modeling
means modeling with nonlinear fuzzy number valued functions. Included
in this contribution is a description of how feedforward neural networks
can be extended to handle the fuzziness of training data. The many
implications of this are then treated sequentially and in detail. A rather
comprehensive set of illustrative examples is included which clearly mani-
fest the significant effectiveness of fuzzy neural network systems in a
variety of applications.

The next contribution is “Implementation of Fuzzy Systems,” by Chu
Kwong Chak, Gang Feng, and Marimuthu Palaniswami. The expanding
popularity of fuzzy systems appears to be related to its ability to deal with
complex systems using a linguistic approach. Although many applications
have appeared in systems science, especially in modeling and control, there
is no systematic procedure for fuzzy system design. The conventional
approach to design is to capture a set of linguistic fuzzy rules given by
human experts. This empirical design approach encounters a number of
problems, i.e., that the design of optimal fuzzy systems is very difficult
because no systematic approach is available, that the performance of the
fuzzy systems can be inconsistent because the fuzzy systems depend mainly
on the intuitiveness of individual human expert, and that the resultant
fuzzy systems lack adaptation capability. Training fuzzy systems by using a
set of input—output data captured from the complex systems, via some
learning algorithms, is known to generate or modify the linguistic fuzzy
rules. A neural network is a suitable tool for achieving this purpose
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because of its capability for learning from data. This contribution presents
an in-depth treatment of the neural network implementation of fuzzy
systems for modeling and control. With the new space partitioning tech-
niques and the new structure of fuzzy systems developed in this contribu-
tion, radial basis function neural networks and sigmoid function neural
networks are successfully applied to implement higher order fuzzy sys-
tems that effectively treat the problem of rule explosion. Two new fuzzy
neural networks along with learning algorithms, such as the Kalman filter
algorithm and some hybrid learning algorithms, are presented in this
contribution. These fuzzy neural networks can achieve self-organiza-
tion and adaptation and hence improve the intelligence of fuzzy systems.
Some simulation examples are shown to support the effectiveness of
the fuzzy neural network approach. An array of illustrative examples
clearly manifests the substantive effectiveness of fuzzy neural network
system techniques.

The next contribution is “Neural Networks and Rule-Based Systems,”
by Aldo Aiello, Ernesto Burattini, and Guglielmo Tamburrini. This con-
tribution presents methods of implementing a wide variety of effec-
tive rule-based reasoning processes by means of networks formed by non-
linear thresholded neural units. In particular, the following networks are
examined:

1. Networks that represent knowledge bases formed by propositional
production rules and that perform forward chaining on them.

2. A network that monitors the elaboration of the forward chaining
system and learns new production rules by an elementary chunking
process.

3. Networks that perform qualitative forms of uncertain reasoning,
such as hypothetical reasoning in two-level casual networks and
the application of preconditions in default reasoning.

4. Networks that simulate elementary forms of quantitative uncertain
reasoning.

The utilization of these techniques is exemplified by the overall structure
and implementation features of a purely neural, rule-based expert system
for a diagnostic task and, as a result, their substantive effectiveness is
clearly manifested.

The next contribution is “Construction of Rule-Based Intelligent Sys-
tems,” by Graham P. Fletcher and Chris J. Hinde. It is relatively straight-
forward to transform a propositional rule-based system into a neural
network. However, the transformation in the other direction has proved a
much harder problem to solve. This contribution explains techniques that



xviii Preface

allow neurons, and thus networks, to be expressed as a set of rules. These
rules can then be used within a rule-based system, turning the neural
network into an important tool in the construction of rule-based intelligent
systems. The rules that have been extracted, as well as forming a rule-based
implementation of the network, have further important uses. They also
represent information about the internal structures that build up the
hypothesis and, as such, can form the basis of a verification system. This
contribution also considers how the rules can be used for this purpose.
Various illustrative examples are included.

The next contribution is “Expert Systems in Soft Computing Paradigm,”
by Sankar K. Pal and Sushmita Mitra. This contribution is a rather
comprehensive treatment of the soft computing paradigm, which is the
integration of different computing paradigms such as fuzzy set theory,
neural networks, genetic algorithms, and rough set theory. The intent of
the soft computing paradigm is to generate more efficient hybrid systems.
The purpose of soft computing is to provide flexible information process-
ing capability for handling real life ambiguous situations by exploiting the
tolerance for imprecision, uncertainty, approximate reasoning, and partial
truth to achieve tractability, robustness, and low cost. The guiding prin-
ciple is to devise methods of computation which lead to an accept-
able solution at low cost by seeking an approximate solution to an
imprecisely /precisely formulated problem. Several illustrative examples
are included.

The next contribution is “Mean-Value-Based Functional Reasoning
Techniques in the Development of Fuzzy-Neural Network Control Sys-
tems,” by Keigo Watanabe and Spyros G. Tzafestas. This contribution
reviews first conventional functional reasoning, simplified reasoning, and
mean-value-based functional reasoning methods. Design techniques which
utilize these fuzzy reasoning methods based on variable structure systems
control theory are presented. Techniques for the design of three fuzzy
Gaussian neural networks that utilize, respectively, conventional functional
reasoning, simplified reasoning, and mean-value-based functional reason-
ing methods are presented and compared with each other, particularly
with regard to the number of learning parameters to be learned in the
result. The effectiveness of the mean-value-based functional reasoning
technique is made manifest by an illustrative example in the design and
simulation of a nonlearning fuzzy controller for a satellite attitude control
system. As another illustrative example, a fuzzy neural network controller
based on mean-value-based functional reasoning techniques is developed
and utilized for the tracking control problem of a mobile robot with two
independent driving wheels.
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The next contribution is “Fuzzy Neural Network Systems in Model
Reference Control Systems,” by Yie-Chien and Ching-Cheng Teng. This
contribution presents techniques for model reference control systems
which utilize fuzzy neural networks. The techniques presented for system
model reference control belong to the class of systems referred to as
indirect adaptive control. Techniques for the utilization of fuzzy neural
network identifiers (FNND) to identify a controlled plant are presented.
The FNNI approximate the system and provide the sensitivity of the
controlled plant for the fuzzy neural network controller (FNNC). The
techniques presented can be referred to as a genuine adaptation system
that can learn to control complex systems and adapt to a wide variation in
system plant parameters. Unlike most other techniques presented for
adaptive learning neural controllers, the FNNC techniques presented in
this contribution are based not only on the theory of neural network
systems, but also on the theory of fuzzy logic techniques. The substantive
effectiveness of the techniques presented in this contribution are shown by
an illustrative example.

The final contribution to this volume is “Wavelets in Identification,” by
A. Juditsky, Q. Zhang, B. Deylon, P-Y. Glorennec, and A. Benveniste. This
contribution presents a rather spendid self-contained treatment of non-
parametric nonlinear system identification techniques utilizing both neural
network system methods and fuzzy system theory modeling techniques.
Wavelet techniques are introduced and a self-contained presentation of
wavelet principles is included. The advantages and limitations of the
potentially greatly effective wavelet techniques are presented. Illustrative
examples are presented throughout this contribution.

This volume on fuzzy logic and expert systems applications clearly
reveals the effectiveness and essential significance of the techniques avail-
able and, with further development, the essential role they will play in the
future. The authors are all to be highly commended for their splendid
contributions to this volume which will provide a significant and unique
reference for students, research workers, practitioners, computer scientists,
and others on the international scene for years to come.

Cornelius T. Leondes



This Page Intentionally Left Blank



Fuzzy Neural Networks
Techniques and Their
Applications

Hisao Ishibuchi Manabu Nii

Department of Industrial Engineering Department of Industrial Engineering
Osaka Prefecture University Osaka Prefecture University

Sakai, Osaka 593, Japan Sakai, Osaka 593, Japan

I. INTRODUCTION

Fuzzy logic and neural networks have been combined in a variety of ways. In
general, hybrid systems of fuzzy logic and neural networks are often referred to
as fuzzy neural networks [1]. Fuzzy neural networks can be classified into several
categories. The following is an example of one such classification of fuzzy neural
networks [2]:

1. Fuzzy rule-based systems with learning ability.

2. Fuzzy rule-based systems represented by network architectures.
3. Neural networks for fuzzy reasoning.

4. Fuzzified neural networks.

5. Other approaches.

The classification of a particular fuzzy neural network into one of these five cat-
egories is not always easy, and there may be different viewpoints for classifying
fuzzy neural networks.

Fuzzy neural networks in the first category are basically fuzzy rule-based sys-
tems where fuzzy if-then rules are adjusted by iterative learning algorithms similar
to neural network learning (e.g., the back-propagation algorithm [3, 4]). Adaptive
fuzzy systems in [5—8] can be classified in this category. In general, fuzzy if-then

Fuzzy Logic and Expert Systems Applications
Copyright © 1998 by Academic Press. All rights of reproduction in any form reserved. 1



2 Hisao Ishibuchi and Manabu Nii

rules with # inputs and a single output can be written as follows:

If xyis Aj; and xp is Aj2 and ... and x, is A j, then y is Bj,
j=12,...,N, (1)

where X = (x, x2, ..., X,) is an n-dimensional input vector, y is an output vari-
able,and Ajy, ..., Aj, and B; are fuzzy sets. In the first category of fuzzy neural
networks, membership functions of the antecedent fuzzy sets (i.€., Aj1, ..., Ajn)
and the consequent fuzzy set (i.e., Bj) of each fuzzy if-then rule are adjusted in a
similar manner as in neural networks.

Usually linguistic labels such as small and large are associated with the fuzzy
sets in the fuzzy if-then rules. An example of a fuzzy if-then rule with two inputs
and a single output is

If x1 is small and x; is large then y is small. 2)

In a simplified version [5, 6] of fuzzy if-then rules, a real number is used in the
consequent part instead of the fuzzy number B; in (1). That is, simplified fuzzy
if-then rules can be written as follows:

Ifx;is Aj;andxyis Ajp and. .. and x, is Aj, thenyisbj,
i=41L2,...,N, (3

where b is areal number. Recently these fuzzy if-then rules have frequently been
used because of the simplicity of the fuzzy reasoning and the learning.

In the second category of fuzzy neural networks, fuzzy rule-based systems
are represented by network architectures. Thus learning algorithms for neural
networks such as the back-propagation algorithm [3, 4] can be easily applied
to the learning of fuzzy rule-based systems. Various network architectures [9—
24] have been proposed for representing fuzzy rule-based systems. In those ar-
chitectures, usually the membership function of each antecedent fuzzy set (i.e.,
Aj1,Aj, ..., Ajy) corresponds to the activation function of each unit in the neu-
ral networks. When the antecedent part (i.e., the condition) of each fuzzy if-then
rule is defined by a fuzzy set A; on the n-dimensional input space rather than
n fuzzy sets Aj1, Ajz, ..., Aj, on the n axes in (1), fuzzy if-then rules can be
written as follows:

Ifxis A; then y is Bj, j=12,...,N, 4)
for the case of the fuzzy consequent, and
IfxisAj thenyisbj, j=L1L2,...,N, &)

for the case of the real-number consequent. An example of the membership func-
tion of the antecedent fuzzy set A ; is shown in the two-dimensional input space
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in Fig. 1 where contour lines of the membership function of A ; are depicted. As
we can intuitively realize from Fig. 1, the membership function of the antecedent
fuzzy set A ; corresponds to a generalized radial basis function. Thus fuzzy rule-
based systems with fuzzy if-then rules in (4) or (5) can be viewed as a kind of
radial basis function network [25, 26].

Fuzzy neural networks in the third category are neural networks for fuzzy rea-
soning. Standard feedforward neural networks with special preprocessing proce-
dures are used for fuzzy reasoning in this category. For example, in Keller and
Tahani [27, 28], antecedent fuzzy sets and consequent fuzzy sets are represented
by membership values at some reference points, and those membership values
are used as inputs and targets for the training of feedforward neural networks. In
Fig. 2, we illustrate the learning of a three-layer feedforward neural network by
the following fuzzy if-then rule:

If x is small then y is large, 6)

where each linguistic label is denoted by membership values at 11 reference
points. For example, the linguistic label small is denoted by the 11-dimensional
real vector (1,0.6,0.2,0,0,0,0,0,0, 0, 0). Because both the inputs and the tar-
gets in Fig. 2 are real-number vectors, the neural network can be trained by
the standard back-propagation algorithm [3, 4] with no modification. Neural-
network-based fuzzy reasoning methods in [27-33] may be classified in the third
category.

The fourth category of fuzzy neural networks consists of fuzzified neural net-
works. Standard feedforward neural networks can be fuzzified by using fuzzy

0.25

0.5
0.75

> X1
0

Figure 1 Antecedent fuzzy set on a two-dimensional input space.
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Figure 2 Inputs and targets for the learning from the fuzzy if-then rule: If x is small then y is large.

numbers as inputs, targets, and connection weights. This category is clearly dis-
tinguished from the other categories because fuzzified neural networks are de-
fined by fuzzy-number arithmetic [34] based on the extension principle of Zadeh
[35]. That is, the outputs from fuzzified neural networks are defined by fuzzy
arithmetic, whereas other fuzzy neural networks use real-number arithmetic for
calculating their outputs. Some examples of fuzzy-number arithmetic are shown
in Figs. 3 and 4. The sum and the product of two triangular fuzzy numbers are
shown in Fig. 3, and the nonlinear mapping of a fuzzy number by a sigmoidal
activation function is shown in Fig. 4. Architectures of fuzzified neural networks
and their learning algorithms have been proposed in [36—43]. In Fig. 5, we illus-
trate the learning of a fuzzified neural network from the fuzzy if-then rule “If x is
small then y is large” Both the input and the target in Fig. 5 are fuzzy numbers
with linguistic labels.

The fifth category of fuzzy neural networks (i.e., other approaches) includes
various studies on the combination of fuzzy logic and neural networks. This
category includes neural fuzzy point processes by Rocha [44], fuzzy percep-
tron by Keller and Hunt [45], fuzzy ART (adaptive resonance system) and fuzzy
ARTMAP by Carpenter et al. [46, 47], max-min neural networks by Pedrycz [48],
fuzzy min-max neural networks by Simpson [49, 50], OR/AND neuron by Hirota
and Pedrycz [51], and Yamakawa’s fuzzy neuron [52].
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Figure3 Sum and product of two triangular fuzzy numbers.

In this chapter, we focus our attention on fuzzy classification and fuzzy mod-
eling. Nonfuzzy neural networks and fuzzified neural networks are used for these
tasks. In this chapter, fuzzy modeling means modeling with nonlinear fuzzy-
number-valued functions. This chapter is organized as follows. In Section II, we
explain fuzzy classification and fuzzy modeling by nonfuzzy neural networks.
In fuzzy classification, an input pattern is not always assigned to a single class.
In fuzzy modeling, two nonfuzzy neural networks are trained for realizing an
interval-valued function from which a fuzzy-number-valued function is derived.
In Section I, interval-arithmetic-based neural networks are explained as the sim-
plest version of fuzzified neural networks. We describe how interval input vectors
can be handled in neural networks. Intervals are used for denoting uncertain or
missing inputs to neural networks. We also describe the extension of connection
weights to intervals, and derive a learning algorithm of the interval connection
weights in Section III. Section IV is related to the fuzzification of neural net-

=
(=]

f(Nef)

0.0 ; :
-3.0 Net 3.0

Figure 4 Nonlinear mapping of a triangular fuzzy number by a sigmoidal activation function.
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Figure 5 Fuzzy input and fuzzy target for the learning of a fuzzified neural network.

works. Inputs, targets, and connection weights are extended to fuzzy numbers.
Fuzzified neural networks are used for the classification of fuzzy inputs, the ap-
proximate realization of fuzzy-number-valued functions, the learning of neural
networks from fuzzy if-then rules, and the extraction of fuzzy if-then rules from
neural networks. Section V concludes this chapter.

II. FUZZY CLASSIFICATION AND FUZZY
MODELING BY NONFUZZY NEURAL NETWORKS

A. Fuzzy CLASSIFICATION AND FUzzYy MODELING

Let us consider a two-class classification problem on the two-dimensional unit
cube [0, 1]? in Fig. 6a where training patterns from Class 1 and Class 2 are de-
noted by closed circles and open circles, respectively. As we can see from Fig. 6a,
the given training patterns are linearly separable. Thus the perceptron learning al-
gorithm [53] can be applied to this problem. On the other hand, training patterns
in Fig. 6b are not linearly separable. In this case, we can use a multilayer feedfor-
ward neural network. The classification boundary in Fig. 6b was obtained by the
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Figure 6 Examples of classification problems: (a) linearly separable classification problem; (b) lin-
early nonseparable classification problem.

learning of a three-layer feedforward neural network with two input units, three
hidden units, and a single output unit.

Theoretically, multilayer feedforward neural networks can generate any clas-
sification boundaries because they are universal approximators of nonlinear func-
tions [54-57]. Here let us consider a pattern classification problem in Fig. 7a.
Even for such a complicated classification problem, there are neural networks
that can correctly classify all the training patterns. In practice, it is not always an
appropriate strategy to try to find a neural network with a 100% classification rate
for the training patterns because a high classification rate for the training patterns

X2 X2
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( EEEEREE N R 4
0000 eee y
ceoe0e0eOee 3
ioooooooooo 3
050000000 ®00e 0.5 e p
00000808 ee o 0
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0000000 eee o ]
0000000 e0ee ( o ¥
0.0 0-0-0-6-O-0-6-O-444— X, 0.00 0-0-0 le-o— X,
0.0 0.5 1.0 0.0 0.5 1.0

(a) (b)

Figure 7 Example of a complicated classification problem with a overlapping region: (a) classifica-
tion problem; (b) fuzzy boundary.
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sometimes leads to poor performance for new patterns (i.e., for test patterns). This
observation is known as the overfitting to the training patterns.

In this section, we show how the concept of fuzzy classification is applied
to complicated classification problems with overlapping regions such as Fig. 7.
Fuzzy classification is also referred to as approximate classification [58, 59]. In
the fuzzy classification, we assume that classification boundaries between differ-
ent classes are not clear but fuzzy. We show an example of the fuzzy classification
in Fig. 7b where the dotted area corresponds to the fuzzy boundary between Class
1 and Class 2. The classification of new patterns in the fuzzy boundary is rejected.
We can see that the fuzzy boundary in Fig. 7b is intuitively acceptable for the pat-
tern classification problem in Fig. 7a. The fuzzy boundary can be extracted from
two neural networks trained by leaning algorithms in Ishibuchi et al. [60] based
on the concept of possibility and necessity [61]. Those learning algorithms search
for the possibility region and the necessity region of each class. Fuzzy classifica-
tion has also been addressed by Karayiannis and Purushothaman [62-65]. They
tackled classification problems similar to Fig. 7, and proposed neural-network-
based fuzzy classification methods. The basic idea of their fuzzy classification
is similar to ours, but their neural network architectures and learning algorithms
are different from those presented in this chapter. Fuzzy classification was also
discussed by Archer and Wang in a different manner [66].

The concept of fuzzy data analysis can be introduced to another major appli-
cation area of neural networks: modeling of nonlinear systems. In general, the
input—output relation of an unknown nonlinear system is approximately realized
by the learning of a neural network. Let us assume that we have the input—output
data in Fig. 8a for an unknown nonlinear system. In this case, we can model the
unknown nonlinear system by the learning of a neural network. The nonlinear
curve in Fig. 8a is depicted using the output of the neural network trained by the

10 1.0
; ; ooo?%) [«]
&0'5/\\,/ Bosle®” b, A
8 S o0
F [e]
00 L Y| A
0.0 05 1.0 0.0 0.5 1.0
Input x Input x
@ ®

Figure 8 Examples of input—output data for the training of neural networks.
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given input—output data. From Fig. 8a, we can see that the input—output relation
is well represented by the trained neural network. Now, let us consider the input—
output data in Fig. 8b. It does not seem to be an appropriate attempt to represent
the input—output data in Fig. 8b by a single nonlinear curve.

For representing such input—output data in an intuitively acceptable way, we
use an interval-valued function that approximately covers all the given input-
output data. In this section, we describe an identification method [67, 68] of the
interval-valued function by two nonfuzzy neural networks in addition to the fuzzy
classification. The two neural networks correspond to the lower limit and the
upper limit of the interval-valued function, respectively. In this section, we also
describe how a fuzzy-number-valued function can be derived from the interval-
valued function realized by the two neural networks [68]. Nonlinear modeling by
interval-valued functions using neural networks can be viewed as an extension
of fuzzy linear regression [69-71] where linear interval models and linear fuzzy
models are used for regression analysis (see also [72, 73]).

B. LEARNING FOR FuzzYy CLASSIFICATION

In this subsection, we explain the fuzzy classification method in [58-60] based
on the concept of possibility and necessity. For simplicity, we start with two-
class classification problems. Then we extend the fuzzy classification for two-
class problems to the case of multiclass problems.

Let us assume that we have m training patterns X, = (Xp1, Xp2, ..., Xpn), p =
1,2,...,m, from two classes (i.e., Class 1 and Class 2) in an n-dimensional pat-
tern space £2. In this case, the nonfuzzy pattern classification is to divide the pat-
tern space €2 into two disjoint decision areas €2 and €2;. These decision areas
satisfy the following relations:

QU2 =4, N
21N =49, (3

where @ denotes an empty set.
On the other hand, we assume that the class boundary is fuzzy in the fuzzy

classification. Thus the pattern space 2 is divided into three disjoint areas for the
two-class classification problem:

Q1 UQUQEE =2, )
Q1 NQ =49, QN =0, 2N Qg =9, (10)
where Qpp is the fuzzy boundary between the two classes. The classification of

new patterns in the fuzzy boundary is rejected. Figure 7b is an example of the
fuzzy boundary.
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We use a feedforward neural network with # input units and a single output
unit for the two-class pattern classification problem in the n-dimensional pattern
space 2. In the learning of the neural network, we define the target output ¢, for
each training pattern X, as follows:

= { 1, forx, € Class 1, (11

0, forx, € Class 2.

The learning of the neural network is to minimize the following cost function:
ep = (tp —0p)? /2, (12)

where o), is the output from the neural network.
Using the output from the trained neural network, we can define the decision
area of each class as follows:

Q = {x|o(x) > 0.5, x € Q}, (13)
Q = {x]| o(x) < 0.5, x € Q}, (14)

where o(x) is the output from the trained neural network for the input vector x.
In this manner, we can use the neural network for the two-class classification
problem.

The fuzzy classification can be done by slightly modifying the aforementioned
procedure. In our fuzzy classification, the cost function is modified for determin-
ing the possibility area and the necessity area of each class. For determining the
possibility area of Class 1, we use the following cost function:

_ { (tp — 0p)?/2, if x, € Class 1,

P7 )l w@) - (tp —0p)?/2,  ifx, € Class 2, (13)

where u is the number of the iterations of the learning algorithm (i.e., epochs), and
w(u) is a monotonically decreasing function such that 0 < w(u) < 1 and w(u) —
0 for u — oo. For example, we can use the following decreasing function:

o) = 1/{1+ 1/1000)%}. (16)

From the definition of the cost function in (15), we can see that the importance
of Class 2 patterns is monotonically decreased by the decreasing function w (u)
during the learning of the neural network. This means that the relative impor-
tance of Class 1 patterns is monotonically increased. Thus we can expect that the
following relation will hold for Class 1 patterns after the learning of the neural
network:

o(xp) =1 forx, € Class 1. 1N

Let us consider a one-dimensional classification problem in Fig. 9 where train-
ing patterns from Class 1 and Class 2 are shown by closed circles and open circles,
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Figure 9 One-dimensional pattern classification problem.

respectively. For this problem, we used the modified back-propagation algorithm
derived from the cost function e; in (15) with the decreasing function w(u) in
(16). A three-layer feedforward neural network with five hidden units was trained
by iterating the learning algorithm 10,000 times (i.e., 10,000 epochs). In Fig. 10,
we show the shape of the output from the neural network. From Fig. 10, we can
see that the output from the neural network approached the training patterns from
Class 1 (i.e., closed circles in Fig. 10) during the learning. This is because the
relative importance of Class 1 patterns was monotonically increased by the de-
creasing function w(u) attached to Class 2 patterns.

From Fig. 10b, we can see that the output from the neural network can be
viewed as the possibility grade of Class 1. For example, the output o(x) in Fig.
10b is nearly equal to 1 (full possibility) for the input value x = 0.35, whereas
the training pattern on x = 0.35 belongs to Class 2. We can define the possibility
area using the output from the trained neural network. For example,

QP = {x | oP(x) > 0.5, x € Q}, (18)
1

where Qll)"s is the possibility area of Class 1 and oP°5(x) is the output from the
neural network trained for the possibility analysis. Input patterns in this possibility
area are classified as “having the possibility to belong to Class 1.” In Fig. 10b, the
possibility area of Class 1 is the interval [0.268, 0.734].

As we can see from Figs. 9 and 10, input patterns around x = 0.5 may certainly
be classified as Class 1 because there are no Class 2 patterns around x = 0.5. For
extracting such a certain (i.e., nonfuzzy) decision area, we use a different learning
algorithm based on the concept of necessity.

For the necessity analysis of Class 1, we use the following cost function in the
learning of the neural network:

_ {w(u) (tp —o0p)?/2,  ifxp eClass,

Pty —0p)2/2, if x, € Class 2, (19)

where u and w(u) are the same as in (15). From (19), we can see that the impor-
tance of Class 1 patterns is monotonically decreased by the decreasing function
(1) during the learning of the neural network.

For the classification problem in Fig. 9, we used the modified back-propagation
algorithm derived from the cost function e, in (19) with the decreasing function
w(u) in (16). A three-layer feedforward neural network with five hidden units
was trained by iterating the learning algorithm 10,000 times (i.e., 10,000 epochs).
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Figure 10 Results by the learning for the possibility analysis.

In Fig. 11, we show the shape of the output from the neural network. From Fig.
11, we can see that the output from the neural network approached the training
patterns from Class 2 (i.e., open circles in Fig. 11). This is because the relative im-
portance of Class 2 patterns is monotonically increased by the decreasing function
o (u) attached to Class 1 patterns.

From Fig. 11b, we can see that the output from the neural network can be
viewed as the necessity grade of Class 1. For example, the output o(x) is nearly
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Figure 11 Results by the learning for the necessity analysis.

equal to 1 (full necessity) for input values around x = 0.5. This coincides with
our intuition. We can define the necessity area using the output from the trained
neural network in the same manner as the possibility area in (18):

Qe = (x | (%) > 0.5, x € Q, (20)

where erqes is the necessity area of Class 1 and o™®5(x) is the output from the
neural network trained for the necessity analysis. Input patterns in this necessity
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area are classified as “having the necessity to belong to Class 1.” In Fig. 11b, the
necessity area of Class 1 is the interval [0.386, 0.607]. All the input patterns in
this interval are certainly classified as Class 1.

The fuzzy boundary is the area that is included in the possibility area but ex-
cluded from the necessity area. In the fuzzy boundary, the outputs from the two
neural networks trained by the possibility analysis and the necessity analysis are
nearly equal to 1 and 0, respectively (see Figs. 10 and 11). Thus the fuzzy bound-
ary can be defined as follows:

Qr = {x]0.25 < u(x) < 0.75, x € Q}, 20D
where (£(x) is a kind of membership grade of x to Class 1, and defined as follows:
0P (x) + 0N (x)

2 ,
where 0% (x) and oN®(x) are the outputs from the neural networks trained for

the possibility analysis and the necessity analysis, respectively. The decision area
of each class is defined as follows:

Q= {x| ux) =075, x€ Q}, 23)
Q= {x | u(x) <025, x € Q}. 4)

w(x) = (22)

In Fig. 12, we show the shape of p(x) that was obtained from the outputs of
the two neural networks in Figs. 10b and 11b. The fuzzy boundary is also shown
in Fig. 12. From Fig. 12, we can see that the fuzzy classification coincides with
our intuition.

Output value 1 (x)

0.0 0.5 1.0°
Input value

Figure 12 Fuzzy boundary and decision areas obtained by the fuzzy classification method.
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For comparison, we show some results by the standard back-propagation al-
gorithm based on the squared error in (12). Figure 13a and b was obtained af-

ter 50,000 iterations of the back-propagation algorithm for three-layer feedfor-
ward neural networks with five hidden units and ten hidden units, respectively.

-
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Figure 13 Results by the standard back-propagation algorithm: (a) output from the trained neural
network with five hidden units; (b) output from the trained neural network with ten hidden units.
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Figure 14 Shape of the output from the neural network trained for the possibility analysis.

In Fig. 13a, the learning seems to be incomplete. On the contrary, the learning
in Fig. 13b seems to be the overfitting to the training data. We can see that the
result of the fuzzy classification in Fig. 12 coincides very well with our intu-
ition if compared with the results of the standard back-propagation algorithm in
Fig. 13.

We also applied our fuzzy classification method to the two-dimensional pattern
classification problem in Fig. 7. In Fig. 14, we show the shape of the output from
the neural network with five hidden units trained for the possibility analysis. From
Fig. 7, we can see that the output from the neural network in Fig. 14 represents
the grade of possibility of Class 1 very well. On the other hand, in Fig. 15, we
show the grade of necessity of Class 1 obtained for the necessity analysis. We can
see from Fig. 7 that Fig. 15 represents the necessity grade of Class 1 very well.
The function w(x), which is shown in Fig. 16, was obtained by the two outputs
in Figs. 14 and 15. In Fig. 17, we show the fuzzy boundary obtained from g (x)
in Fig. 16. We can see that an intuitively acceptable fuzzy boundary was obtained
by the proposed fuzzy classification method in Fig. 17.

Input value x Input value x,

00

Figure 15 Shape of the output from the neural network trained for the necessity analysis.
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Input value x; Input value x,

Figure 16 Shape of the function u(x).

The fuzzy classification method for two-class problems can be extended to the
case of multiclass classification problems. For a c-class classification problem, we
divide the pattern space €2 into the following (c + 1) areas:

QU U---UQ UQps = Q, 25)
QN =0 forVh,k, h #k. (26)

Let us assume that we have m training patterns X, = (Xp1, Xp2, ..., Xpn), P =
1,2,...,m, from c classes. For this c-class classification problem with the n-
dimensional pattern space 2, we use a feedforward neural network with n input
units and ¢ output units. The target vector t, = (tp1, 22, ..., fpc) for the input
pattern X, is defined as follows:

27

— 1, ifx, € Classk,
k=10, otherwise,

fork=1,2,...,c.

Figure 17 Fuzzy boundary and decision areas obtained by the fuzzy classification method.
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0.0 0.5 1.0 X

Figure 18 Three-class classification problem on the one-dimensional pattern space [0, 1].

For the possibility analysis, we define the cost function for the input pat-

tern x, by the target vector t, = (p1,1p2,...,2pc) and the output vector
0p = (0p1, 0p2, - . ., Opc) from the neural network as follows:
c
k=1
where e is the cost function for the kth output unit, which is defined as
| ok — 0px)?/2, ifx, € Classk,
erk = { W) - (tpk — 0pk)*/2, otherwise. (29)

From the comparison between (15) and (29), we can see that the cost function
epi for the kth output unit in (29) is for the possibility analysis of Class &. Let
us consider a three-class classification problem on the one-dimensional pattern
space [0, 1] in Fig. 18 where closed circles, open circles, and squares denote the
training patterns from Class 1, Class 2, and Class 3, respectively. We applied the
modified back-propagation algorithm derived from the cost function in (28) and
(29) to this three-class pattern classification problem. We also used the decreasing
function w(u) in (16). The outputs from the trained neural network with a single
input unit, five hidden units, and three output units are shown in Fig. 19. From this

QPos
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5 0.5 - i IR A
g [ i
@] L |

0.0l .

0 10 10 1
Input value X Input value X Input value X

1st output unit 2nd output unit  3rd output unit
Figure 19 Results of the possibility analysis.
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figure, we can see that the output from each output unit represents the possibility
grade of the corresponding class very well.

For the necessity analysis, we modify the cost function ep; for the kth output
unit as follows:

() - (tpk — 0p)?/2,  ifx, € Classk,

PR (tpk — 0pi)?/2, otherwise. (30)

As we can see from the comparison between (19) and (30), the cost function e
in (30) is for the necessity analysis of Class k. In Fig. 20, we show the results of
the learning based on this cost function. From Fig. 20, we can see that the output
from each unit represents the necessity grade of the corresponding class very well.

If some region in the pattern space has high possibility grades for at least two
classes, such a region can be viewed as a fuzzy boundary. On the contrary, if some
region has a high possibility grade for only a single class, such a region can be
viewed as the decision area of the corresponding class. To formulate this intuitive
discussion, let us define 14 (x) for each class as follows:

p(x) = 0y (x) —max{of*(x) | h =1,2,...,c; h #k}, (31)

where o}:"s (x) is the output from the kth output unit of the neural network trained
for the possibility analysis. When 14 (x) is large, we can see that the input vector
x has a high possibility grade only for Class k. Thus the input vector x is classified
as Class k. From this idea, the decision area of each class is defined by ux (x) as
follows:

Q={xlm®x>05xeQ}, k=12...,c (32)
1.0feop. : -~
. - i .
3 [ J
S 05_ ................... Y PR - Y .
E.. -
5 I I
0.0 .
0 10 10 1
Input value X Input value X Input value X

1st output unit  2nd output unit 3rd output unit
Figure 20 Results of the necessity analysis.
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The fuzzy boundary is defined from (25) as follows:
Qe =R —{QUQU---UQ}. (33)

The decision areas and the fuzzy boundary for the classification problem in Fig.
18 are shown in Fig. 21 together with the shape of u(x). From this figure, we
can see that intuitively acceptable results were obtained by our fuzzy classification
method. Our fuzzy classification method is more than the classification with the
reject option. Because our method is based on the possibility analysis, we can get
the information about the possible classes for each of the rejected input patterns.
For example, let us consider an input pattern at x = 0.3 in Fig. 21. As is shown in
Fig. 21, the classification of this pattern is rejected. Thus we examine the output
from the trained neural network for the possibility analysis (i.e., Fig. 19). Because
the output corresponding to the input x = 0.3 is (1.00, 1.00, 0.00), we can see that
the possible classes of this input pattern are Class 1 and Class 2. We can also see
that there is no possibility that the input pattern belongs to Class 3.

In order to examine the performance of our fuzzy classification method, we
applied it to the well-known iris classification data (see, e.g., Fisher [74]). First
we examined the performance for training data by applying our fuzzy classifica-
tion method to the iris data using all the 150 samples as training patterns. The
computer simulation was iterated 20 times using a three-layer feedforward neural
network with four input units, two hidden units, and three output units. The av-
erage simulation results are summarized in Table I. From this table, we can see
that no pattern was misclassified by the fuzzy classification method. The classifi-
cation of 4.3 patterns was rejected on the average over the 20 trials. From Table I,
we can also see that Class 1 patterns are clearly separable from the other patterns
(i.e., Class 2 and Class 3 patterns).

1.0

mx) [ ) b(x)

Output value
e

0.0
0.0 0.3 1.0

Input value x

Figure 21 Fuzzy boundary and decision areas obtained by the fuzzy classification method.
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Table I
Classification Results by the Fuzzy Classification for Training Data

Classification results

Correct
class Class 1 Class 2 Class 3 Boundary
1 50 0 0 0
2 0 47.7 0 23
3 0 0 48 2

Next we examined the performance of our fuzzy classification method for test
data by the leaving-one-out procedure (see, e.g., Weiss and Kulikowski [75]). In
the leaving-one-out procedure, a single pattern was used as a test pattern and the
other 149 patterns were used for training. This procedure was iterated 150 times
so that every pattern was used as a test pattern just once. In our computer simu-
lation, this leaving-one-out procedure was iterated five times. The average results
are summarized in Table II. From this table, we can see that 2.8 patterns (i.e.,
1.87%) were misclassified on the average over the five iterations of the leaving-
one-out procedure. This error rate is less than almost all the reported results in the
literature (e.g., 3.3% by the back-propagation algorithm in [75]). This low error
rate was achieved by rejecting the classification of 10.4 patterns (i.e., 6.93%) on
the average.

C. LEARNING FOR Fuzzy MODELING

Modeling of fuzzy systems has been addressed in the field of fuzzy regression
{69-71] where the following fuzzy regression model is used for a fuzzy system
with n nonfuzzy inputs and a single fuzzy output:

Y(x) = Ao+ A1x) + - - + Apxn, (34)

Table 11
Classification Results by the Fuzzy Classification for Test Data

Classification results

Correct
class Class 1 Class 2 Class 3 Boundary
1 50 0 0 0

0 42.2 1.8 6
3 0 1 44.6 4.4
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where X = (x1, x2, ..., xy) 1s an n-dimensional real-number irlput vector, l7~(x) is
a fuzzy-number output from the fuzzy regression model, and Ag, Ay, ..., A, are
fuzzy-number coefficients. Thus the fuzzy regression model maps the nonfuzzy
input vector X = (x1, X2, .. ., Xn) to the fuzzy-number output 4 (x).

The simplest version of the fuzzy regression model is the following interval
regression model:

Y(x) = Ao+ A1x1 + -+ + Apx,, (35)

where Y(x) is an interval output from the interval regression model, and
Ag, Ay, ..., A, are interval coefficients.

Let us assume that m input—output pairs (X,; yp), p = 1,2,...,m, are given
as training data where X, = (Xp1, Xp2, . . ., Xpn) is an n-dimensional real-number
input vector and y), is a real-number output. The interval coefficients of the in-
terval regression model in (35) are determined by solving the following linear
programming problem:

m

Minimize » " w(Y (x,)), (36)
p=1

subjectto y, € Y (x,), p=12,....,m, 37N

where w(-) denotes the width of the interval. The objective function (36) is to
minimize the sum of the widths of the interval outputs Y (x,)’s. The constraint
condition (37) means that the interval output ¥ (x) has to include the given out-
put y,. The given output y, can be viewed as the target in the learning of neural
networks. In Fig. 22, we show an example of the interval regression model with
a single input and a single output. From Fig. 22, we can see that all the given
input—output pairs are included in the interval regression model.

In this subsection, we extend the linear interval model in (35) to nonlinear
models using neural networks. Now let us assume that the input—output pairs in

Output y

0.0 0.5 1.0

Input x

Figure 22 Interval regression model and given input-output data.
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Fig. 8b are given. From this figure, we can see that no linear model is appropriate
for the given data. In Fig. 23a, we show the output from a three-layer feedforward
neural network with five hidden units trained by the standard back-propagation al-
gorithm. An interval function determined by our method, which will be explained
in this subsection, is shown in Fig. 23b. From the comparison between Fig. 23a
and Fig. 23b, we can see that the interval function in Fig. 23b can represent the
given data much better than the nonlinear curve in Fig. 23a.

In our method for determining a nonlinear interval function such as Fig. 23b,
we use two feedforward neural networks. One is used for representing the up-
per bound of the nonlinear interval function, and the other is used for the lower
bound.

Let 0.(x) and o* (x) be the outputs from the two neural networks corresponding
to the input vector x. Using the two neural networks, a nonlinear interval function
Y (x) can be constructed as follows:

Y(®) = [0, 0*®)], (38)

where 0, (x) and o*(x) are the lower bound and the upper bound of the interval
function Y (x), respectively. The linear programming problem in (36) and (37) is
modified for the nonlinear interval function Y (x) as follows:

m
Minimize ) _ |0*(x,) — 0+(Xp)], (39)
p=1
subject to 04(Xp) < yp < 0*(Xp), p=12,...,m, (40)
04(X) < 0*(x) for vx. (41)
1.0
i“ 000
= o
Eos ° y,
é ol
0.0 o
0.0 0.5 1.0
Input x
@ (b

Figure 23 Comparison of two approaches: (a) modeling with a real-number-valued function; (b)
modeling with an interval-valued function.
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It is not easy to derive a learning algorithm for this nonlinear optimization
problem. We show a simple approach for approximately solving this problem
[67, 68]. For determining the lower bound 0, (x) of the nonlinear interval function
Y (x), we define the following cost function for the input—output pair (xp; yp):

en = { (yp — 0*(Xp))2/2v if)’p < 04(Xp), (42)
P o@) - (vp ~0xxp))?/2,  if 04(xp) < yp,

where u and w(u) are the same as in the last subsection for the fuzzy classifica-
tion. That is, u is the number of iterations of the learning algorithm, and w(x) is
a monotonically decreasing function such that 0 < w(#) < 1 and w(#) — 0 for
u — oo. From (42), we can see that the squared error is discounted by w () when
the inequality constraint 0.(X) < y, in (40) is satisfied by the output 04(x) from
the neural network. Because w(u) becomes almost zero after enough iterations,
the cost function is negligible when the inequality constraint is satisfied. On the
contrary, if the inequality constraint 0,(X) < y, is not satisfied, the cost function
is the same as in the standard back-propagation algorithm. In this case, the output
04(x) from the neural network approaches the given target y,. In this manner,
it is expected that the inequality constraint 0,(X) < y, is approximately satis-
fied after enough iterations of the learning algorithm based on the cost function
in (42).

Using the input—output data in Fig. 23, we trained a neural network with five
hidden units by the modified back-propagation algorithm derived from the cost
function in (42). As the decreasing function w(u) in (42), we used the following
function:

w@) = 1/{1+ «/2000)°}. (43)

In Fig. 24, we show the shape of this decreasing function and the shape of the out-
put 04(x) from the neural network during the learning. From Fig. 24a, we can see
that w(u) is very small after 5000 iterations, whereas it is relatively large before
2000 iterations. From Fig. 24b, we can see that the output 0.(x) approximately
satisfies the inequality constraint 04(X) < y, for all the given input—output data
after 10,000 iterations.

The upper bound o*(x) of the nonlinear interval function Y (x) can be also
determined by the learning of a neural network. The learning is performed in
order to approximately satisfy the inequality constraint y, < 0*(x) in (40). The
cost function to be minimized in the learning is defined for the input—output pair
(Xp; yp) as follows:

_ { (rp — 0*(Xp))?/2, if 0*(X,) < Yp»

L= oW - Op— 0" @22 if yp < 0*Xp), “44)
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Figure 24 Simulation results by the learning for determining the lower limit of a nonlinear interval
function: (a) decreasing function w(u); (b) shape of the output from the neural network.

where the squared error is discounted by w(u) when the inequality constraint
yp < 0*(x) in (40) is satisfied by the output 0*(x) from the neural network. In
a similar manner as in Fig. 24b, we trained the neural network with five hidden
units by the modified back-propagation algorithm derived from the cost function
in (44). In Fig. 25, we show the shape of the output 0*(x) from the neural network
during the learning. From Fig. 25, we can see that the output 0*(x) approximately
satisfies the inequality constraint y, < o*(x) after 10,000 iterations.

0.0 0.0 bt
0.0 0.5 1.0 0.0 0.5 1.0
Input x Input x
(a) ®)

Figure 25 Simulation results by the learning for determining the upper limit of a nonlinear interval
function.



26 Hisao Ishibuchi and Manabu Nii

In the fuzzy regression analysis [69—73], the fuzzy-number coefficients of the
fuzzy regression model in (34) are determined by the following linear program-
ming problem:

m
Minimize ) w([¥(x,)],). 45)
p=1
subjectto y, € [Y(xp)]h, p=L12,...,m, (46)

where [-], is the h-level set of a fuzzy number (see Fig. 26). Because the h-level
set of a fuzzy number is a closed interval, the linear programming problem in (45)
and (46) for the fuzzy regression analysis is basically the same as the problem in
(36) and (37) for the interval regression analysis.

Therefore the fuzzy regression model can be derived from the following rela-
tion (see Fig. 26):

[fw], =Y®. 7

For the case of nonlinear models, we can also derive nonlinear fuzzy functions
f"(x)’s using the preceding relation from a nonlinear interval function Y (x). Two
nonlinear fuzzy functions are shown in Fig. 27 for the case of triangular fuzzy
outputs and trapezoidal fuzzy outputs. Figure 27a is depicted from the nonlinear
interval function in Fig. 23b by the following relation:

[T ()]0 = Y ®, (48)

b Xp)

Output

Membership

0.0

-
[}"[K,—J)]h

(@ ®)
Figure 26 Illustration of the h-level set.
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Figure 27 Two fuzzy functions derived from the interval function in Fig. 23b.

where I~’(x) is a symmetric triangular fuzzy number (see Fig. 27a). On the other
hand, Fig. 27b is depicted from the same nonlinear interval function by the rela-
tion:

[F0]my o = Y0, (49)

where ¥ (x) is a symmetric trapezoidal fuzzy number (see Fig. 27b).

III. INTERVAL-ARITHMETIC-BASED
NEURAL NETWORKS

A. INTERVAL ARITHMETIC IN NEURAL NETWORKS

In real-world applications, training data may include uncertain inputs or
missing inputs. Let us consider a two-class classification problem on the two-
dimensional pattern space [0, 1]2. We assume that we have a training pattern
(0.2, 7) from Class 1 where “?” denotes the missing input. One of the simplest ap-
proaches to the handling of this training pattern with the missing input is to ignore
this pattern. Another approach is to substitute the most likely value for the missing
input. Now let us assume that we have a new pattern (?, 0.5) to be classified by a
trained neural network. In this case, the first approach cannot be used because we
have to classify this new pattern. The substitution in the second approach is not
easy because the classification of this new pattern is unknown. In this section, we
employ an interval-arithmetic-based approach to the handling of missing inputs.
The new pattern (?, 0.5) is represented as an interval pattern ([0, 1], 0.5) in our
approach. This interval representation can be also used for handling uncertain in-
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puts. For example, let us assume that we have the following information about an
uncertain pattern on the two-dimensional pattern space [0, 1]:

(i) The first input is not more than 0.3 (i.e., x; < 0.3).
(ii) The second input is not less than 0.8 (i.e., 0.8 < x7).

From these two pieces of information, we can represent this uncertain pattern as
an interval pattern ([0, 0.3], [0.8, 1]) because the pattern space is the unit square
[0, 112

When an interval input pattern is presented to a neural network, interval arith-
metic [76, 77] is used for calculating the input—output relation of the neural net-
work. Interval arithmetic is also used when connection weights of neural networks
are given as intervals. In this subsection, we briefly describe the interval arithmetic
that will be used for the handling of interval input patterns and interval connection
weights.

Interval arithmetic is the generalization of ordinary arithmetic on real numbers
to closed intervals. In this section, we denote real numbers and closed intervals
by lowercase letters (e.g., a, b, c, . ..) and uppercase letters (e.g., A, B, C,...),
respectively. An interval is also represented by its lower limit and upper limit as

A=la",ad"], (50)

where the superscripts “L” and “U” denote the lower limit and the upper limit,
respectively.
The inclusion relation between intervals can be defined as

ACB & bl<alanda’ <b?, (51)
where A = [aX,aY] and B = [bL,bY]. As a special case of this relation, the

inclusion relation between an interval and a real number can be defined as
aeB & bl<a<bY. (52)

We have already used this inclusion relation in the previous section.
The following addition and multiplication are used in this section for calculat-
ing the total input to each unit in interval-arithmetic-based neural networks:

A+ B =[a" a"]+ b, bY] = [aF +b", 0¥ + Y], (53)

L 4. pU i
a.Bza_[bL’bU]z{[a bl,a-bY1, ifa>0, (54)

[a-bY,a-bl, ifa <0,

A-B = [aL,aU] . [bL,bU]
[ min{a’b®, akbY, aVb", aVp"},

max{a“b", atbV, aVb", aVbV}]. (55)
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In the case of 0 < al < a¥ (e, if A is nonnegative), the preceding product
operation on intervals can be simplified as

A-B=[a",a"] [b*,bY] = [min{a"b", aVb"}, max{a’b¥,a"b"}]. (56)

As an example, let us consider a very simple network with two input units
(i.e., units 1 and 2) and a single output unit (i.e., unit j) in Fig. 28 where O} and
O are interval outputs from the two input units, w;; and w j; are real-number
connection weights, 8; is a real-number bias, and O,; is an interval output from
the unit j. The total input to the unit j is calculated by interval arithmetic as
follows (see Fig. 28).

Netp; = wj1 - Op1 +wjz2- Op2 +6;
= —-2-[1,2]1+1-(2,3]1+ 1 =[-4,-2] +[2,3] +[1, 1]
= [-1,2], (57
where a real number is treated as a special interval whose lower and upper limits
are the same.

The sigmoidal function, which is used as an activation function at hidden and
output units, is extended to the case of interval inputs as follows:

f(Net) = { f(x) | x € Net}, (58)
where Net is an interval input and
f) =1/{1+exp(-x)}. (59)

Because the sigmoidal function in (59} is a strictly increasing function, the interval
output f(Net) in (58) can be calculated as

f(Net) = f([net”, net”]) = [ f(net"), f(net”)]. (60)
This is illustrated in Fig. 29.

Figure 28 Simple network with two interval inputs and an interval output.
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Figure 29 Interval activation function at hidden and output units.

The interval output O,; in Fig. 28 is calculated as follows:

0, = f(Net)) = f([-1,2]) = [f(~1), F(2)] = [0.269,0.881].  (61)

B. NEURAL NETWORKS FOR HANDLING
INTERVAL INPUTS

As we have already described, intervals can be used for representing uncertain
inputs and missing inputs [78, 79]. Interval representation is also useful for utiliz-
ing experts’ knowledge in the learning of neural networks [80]. Let us consider a
two-class classification problem in the pattern space [0, 1]2. Now we assume that
the following two pieces of information are given from domain experts:

(i) If x; <0.5and x, < 0.5 then Class 1.
@ii) If x; > 0.8 or x, > 0.8 then Class 2.

These two rules are shown in Fig. 30a. We also assume that we have training
patterns in Fig. 30b where closed circles and open circles are training patterns
from Class 1 and Class 2, respectively. Our problem is to train a neural network
from both experts’ knowledge (i.e., the if-then rules in Fig. 30a) and the numerical
data in Fig. 30b.

We can denote the first rule as an interval pattern ({0, 0.5], [0, 0.5]) from
Class 1. This interval pattern is shown as the square in Fig. 30a. The second rule
can be denoted by two interval patterns ({0.8, 1], [0, 1]) and ([0, 1], [0.8, 1]) from
Class 2. These two input patterns correspond to the two rectangles in Fig. 30a.
Because real numbers can be viewed as a special case of closed intervals whose
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Figure 30  Available information for learning: (a) experts’ knowledge; (b) numerical data.

upper and lower limits are the same (e.g., 0.5 = [0.5, 0.5]), we can represent both
the if-then rules and the numerical patterns as a set of interval patterns.

In general, let us assume that we have m interval patterns X, = (Xp1, Xp2, .. .,
Xpn), p=1,2,...,m, from c classes. For these interval patterns, we use a stan-
dard three-layer feedforward neural network with » input units, n g hidden units,
and ¢ output units. The input—output relation of each unit can be written as follows
(see Fig. 31):

Input units: Opi = Xpi, i=12,...,n, (62)

n
Hidden units: Net,; = Zwﬁ - Opi +6j, j=12,...,ng, (63)
i=1

Opj = f(Netp),  j=1,2,....,nm, (64)
nyg

Outputunits: Netpk = » wyj- Opj+ 6,  k=1,2,...,c,  (65)
j=1

Opr = f(Netpr), k=1,2,...,c. (66)

We can see that these formulations are the same as the architecture of standard
feedforward neural networks except that the input and the output of each unit
are intervals. The calculation of the input—output relation of each unit is done by
interval arithmetic described in the previous subsection. For example, the input—
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Input Hidden Output
units units units

Figure 31 Architecture of interval-arithmetic-based neural networks with interval inputs and real-
number connection weights.

output relation of the kth output unit can be rewritten from interval arithmetic
as

ny ny
L _ L U
net;, = Z Wij + 0p; + Z Wij - 0pi + 6, 67)
Jj=1 Jj=1
wy; >0 wyj <0
ny ny
U _ U oL
net,, = Z wij - 0p; + Z Wij * O + 6, (68)
j=1 j=1
wy; >0 wij <0
_TI.L U71_ L U
Opk - [opk’ Opk] — [f(netpk)’ f(netpk)]‘ (69)
For the learning of the neural network from the interval patterns, we define the
target vector t, = (251, p2, ..., tp) corresponding to the interval input pattern

X, as follows:

I RT if X, € Classk,
tpk = { 0, otherwise, (70)
fork = 1,2, ..., c. The cost function to be minimized in the learning is defined
as follows:
c 2 C 2
€p = Z (tpk — oék) /2+ Z (tpk — ng) /2. (71)
k=1 k=1

A back-propagation-type learning algorithm can be derived from this cost
function for adjusting the connection weights and the biases [78-80].

To illustrate our approach, we first trained a neural network with two input
units, five hidden units, and a single output unit by the standard back-propagation
algorithm using only the numerical data in Fig. 30b. The classification boundary
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Figure 32 Simulation results: (a) learning from only numerical data; (b) learning from both experts’
knowledge and numerical data.

obtained by the learning is shown in Fig. 32a. From this figure, we can see that
all the given patterns are correctly classified. Because the experts’ knowledge in
Fig. 30a was not used in the learning, the classification boundary violates the
second if-then rule “If x; > 0.8 or xo > 0.8 then Class 2.

We next trained the same neural network using both the experts’ knowledge
and the numerical data. That is, the three interval patterns in Fig. 30a and the
ten patterns in Fig. 30b were used for the learning of the neural network in our
approach. The classification result obtained by the learning is shown in Fig. 32b.
From this figure, we can see that the classification boundary is clearly consistent
with both the given patterns and the experts’ knowledge.

We show another simulation result by our approach in Fig. 33a, which was ob-
tained by the learning using the six interval patterns in this figure. From this figure,
we can see that all the interval patterns are correctly classified. For comparison,
we applied the standard back-propagation algorithm to this problem using the four
vertexes of each interval pattern. We show the simulation result in Fig. 33b. As
shown in this figure, all the vertexes are correctly classified but the classification
boundary violates an interval pattern.

Our interval-arithmetic-based approach can also be employed when a new pat-
tern has uncertain or missing inputs. In the same manner as in the training pat-
terns, we represent the new pattern with uncertain or missing inputs by an interval
pattern X, = (Xp1, Xp2, ..., Xpn). For example, a new pattern (0.3, 2, 0.8) in
the three-dimensional pattern space [0, 1]° is represented as an interval pattern
([0.3,0.3], [0, 1], [0.8, 0.8]) where real numbers are also represented as closed
intervals. The classification of the interval pattern X, is done by presenting this
pattern to the trained neural network. As we have already explained, an interval
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Figure 33 Simulation results: (a) learning from interval data; (b) learning from vertexes of interval
data.

output vector Op, = (Op1, Op2, ..., Op) is obtained from the interval input pat-

tern X, by interval arithmetic. Now our problem is to assign the interval input

pattern X, to one of the given ¢ classes based on the interval output vector O .
To classify the interval input pattern X ,, we use the following rule [79, 81]:

If oﬁk > ogh forh =1,2,...,¢c, h # k then classify X, as Class . (72)
The condition part of this rule means that the following inequality holds:

Opk > Oph for Yopr € Opk, Yopn € Opn,
andh=1,2,...,¢c, h #k. (73)

For example, an interval input pattern is classified as Class 2 if the correspond-
ing interval output vector O, = (Op1, Op2, Op3, Op4) is as in Fig. 34a. On the
other hand, in the case of Fig. 34b, the classification of an interval input pattern is
rejected. This is because the condition part of (72) does not hold for any class in
Fig. 34b.

For illustration, first we trained a neural network by the standard back-
propagation algorithm using the training patterns in Fig. 35a where the clas-
sification boundary obtained from the trained neural network is also shown.
We presented two interval patterns in Fig. 35b to the trained neural network,
and examined the corresponding outputs. One interval input pattern X4 is
([0.1,0.4], (0.5, 0.8]), and the other interval input pattern Xp corresponds to an
input pattern (0.8, 7) with a missing input. For the interval input pattern X4,
the interval output vector ([0.00, 0.00], {0.99, 0.99], [0.00, 0.00]) was obtained.
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Figure 34 Examples of interval outputs: (a) classifiable case; (b) unclassifiable case.

From this interval output vector, we can classify X4 as Class 2 by the classifica-
tion rule in (72). On the other hand, the classification of X is rejected because the
corresponding interval output vector is ([0.00, 0.99], [0.00, 0.02], [0.00, 0.99]).

If the condition part in (72) holds, any patterns included in X, are also classi-
fied as the same class. This is because the following inclusion relation holds:

Xgi S Xpifori=1,2,...,n = OxCOpfork=1,2,...,¢c, (74)

where X, = (Xp1, Xp2, ..., Xpn) and Xy = (X41, X42, ..., Xgn) are interval
input patterns, and Op = (Op1, Opa, ..., Opc) and Oy = (Oy1, Oy2, - .., Ogc)
are the corresponding interval output vectors from the neural network. The rela-
tion in (74), which is called “inclusion monotonicity,” is one of the basic features
of interval arithmetic. For example, from this relation, we can see that any interval

X2
1oL
X, Xs
0.5k
Y PN IR RN
0.0 0.5 10 1
@ (b)

Figure 35 Classification boundaries obtained by the trained neural network and interval input vec-

tors: (a) classification boundaries and training data; (b) classification boundaries and new interval input
vectors.
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(and real number) input patterns included in X4 in Fig. 35b are always classified
as Class 2 because X4 has already been classified as Class 2.

C. NEURAL NETWORKS WITH INTERVAL WEIGHTS

In the previous subsection, we described how feedforward neural networks can
be extended to the case of interval inputs. In this subsection, we extend connection
weights to intervals.

Let us start with a feedforward neural network with real-number input vectors
and interval connection weights. Such a neural network is used for approximately
realizing a nonlinear interval function. For a nonlinear interval function with n
inputs and a single output, we use an interval-arithmetic-based neural network
that maps an n-dimensional real-number input vector X, = (Xp1, Xp2, ..., Xpn)
to an interval output Op. The input—output relation of each unit of the interval-
arithmetic-based neural network with interval connection weights is written for
the real-number input vector X, = (xp1, Xp2, « - ., Xpn) 88 follows:

Input units: Opi = Xpi, i=1,2,...,n, (75

n
Hidden units: Nety; = Y Wji-0pi+©;,  j=12,....,ng, (76)

i=1

Op; = f(Netp)), J=L2,... nH, a7
ny

Output unit:  Net, = Z W;-0pi + 0, (78)
j=1

Op = f(Netp). (79

This interval-arithmetic-based neural network is the same as the standard feed-
forward neural network except that the connection weights W;;, W; and the biases
©;, © are given by intervals. The architecture of this neural network and its ex-
ample are shown in Fig. 36. As in Fig. 36a, we denote the interval connection
weights and the interval biases by their lower and upper limits as

L .U L U
L pU L pU
©; = [6;,67], e=[6"0"]
The input—output relation of each unit in (75)—(79) is calculated by interval arith-
metic. For example, the input—output relation of the output unit can be rewritten
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Figure 36 Interval-arithmetic-based neural networks with real-number input vectors and interval
connection weights: (a) general architecture; (b) an example.

because the interval outputs Op;’s from the hidden units are always nonnegative
[see (60) and Fig. 29]:

ny nyg
L _ L L L U L
net, = Z w0, + Z w; opj+6 , 81
j=l1 j=1
wsz w;‘<0
ny ng
U _ u. U U, L U
net, = Z wj -0, + Z w; o, +0°, (82)
j=1 j=1
wf./zo wf.’<0
_r.L Uy_ L U
0, = [op,op] = [f(netp),f(netp)]. (83)
Let us assume that we have m input—output pairs (xp; Yp), p = 1,2,...,m,
as training data where X, = (xp1, Xp2, . . ., Xpn) is an n-dimensional real-number

input vector, and ¥, = [yz, y;] is the corresponding interval output. The given
output Y, is used as a target interval. We show an example of such training data in
Fig. 37a for the case of n = 1. Our problem here is to train the interval-arithmetic-
based neural network using the given training data.

The learning is performed so that the interval output O, from the neural net-
work becomes approximately equal to the target interval Y, for all the given
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Figure 37 Simulation result: (a) given training data; (b) shape of the output from the trained neural
network.

input-output pairs (x,; ¥,), p = 1,2,..., m. Thus we define the cost function
for the given input—output pair (x,; ¥) as follows:
2 2
ep=(v5 —05)" /2+ (v —0]) /2 (84)

A back-propagation-type learning algorithm can be derived from this cost func-
tion for adjusting the interval connection weights and the interval biases [82, 83].
The adjustment of the interval connection weights and the interval biases is per-
formed by updating their lower and upper limits. For example, the interval con-
nection weight W; = [wjl-‘, w}f] is adjusted by updating its lower limit wj.“ and its
upper limit wj.] using the partial derivatives de,/ Bwf and de, /0 wg-]. It should be

noted that the inequality w} < w? always has to be satisfied.

In Fig. 37b, we show the result of the learning of the interval-arithmetic-based
neural network with a single input, five hidden units, and a single output unit. The
two curves in this figure correspond to the lower limit and the upper limit of the
interval output from the trained neural network.

In the previous section, we described how a nonlinear interval function can be
approximately realized by two standard feedforward neural networks. As shown
in Fig. 37b, a single interval-arithmetic-based neural network with interval con-
nection weights can also represent a nonlinear interval function. The main differ-
ence between these two approaches is that the two standard neural networks are
independently trained, whereas the lower and upper limits of the interval connec-
tion weights are adjusted with the inequality constraints such as wj.“ < wj.J. This
difference is clearly demonstrated in Fig. 38. In Fig. 38a, two curves are outputs
from two standard neural networks that were independently trained. In this figure,
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Figure 38 Comparison of two approaches: (a) two standard neural networks; (b) single interval-

arithmetic-based neural network.

the output from one neural network for the lower limit is larger than that for the
upper limit in some range (i.e., around x = 0.5). In Fig. 38b, however, the lower

limit of the interval output is always smaller than the upper limit.
Interval-arithmetic-based neural networks with interval connection weights

can be trained so as to include all the given training data as shown in Fig. 39a
or be included in the target intervals as shown in Fig. 39b.
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Figure 39 Simulation results: (a) learning for including interval targets; (b) learning for being in-

cluded in interval targets.
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They can also handle real-number targets. For those extensions, see Ishibuchi
et al. [82]. The most general architecture of interval-arithmetic-based neural net-
works has interval input vectors, interval connection weights, and interval target
vectors. That is, interval-arithmetic-based neural networks for approximately real-
izing nonlinear interval functions are extended to the case of interval input vectors
and multiple output units. The learning of those neural networks is also performed
by updating the lower and upper limits of the interval connection weights and
biases [83]. Those neural networks are used for approximately realizing nonlin-
ear mappings of interval vectors (i.e., mappings from interval vectors to interval
vectors).

IV. FUZZIFIED NEURAL NETWORKS

A. Fuzzy ARITHMETIC IN NEURAL NETWORKS

In the previous section, we extended inputs, connection weights, biases, and
targets to intervals. Here they are extended to fuzzy numbers for the fuzzification
of multilayer feedforward neural networks. As we have already shown in Figs.
3 and 4, fuzzy arithmetic [34] based on the extension principle [35] is used for
defining the input—output relation of fuzzified neural networks.

We denote fuzzy numbers by uppercase letters with tildes such as A, B,C,
etc. A fuzzy number Ais specified by its membership function u 5(-) on the real
line R (i.e., on the set of real numbers). In Fig. 40, we show two examples of
fuzzy numbers. They can be interpreted as “about 5” and “about 10,” respectively.
Linguistic values such as “small” and “large” are also viewed as fuzzy numbers.

—

.0

Membership

g
=)

Figure 40 Examples of fuzzy numbers.
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Five linguistic values (S: small, MS: medium small, M: medium, ML: medium
large, and L: large) defined on the unit interval [0, 1] are shown in Fig. 41. Fuzzy
numbers can be used for representing various linguistic concepts such as “hot”
water, a “warm” day, and a “tall” man. Fuzzified neural networks can handle such
a linguistic concept as well as numerical data.

‘We use the following addition, multiplication, and nonlinear mapping of fuzzy
numbers in our fuzzified neural networks (see Figs. 3 and 4):

ni 5@ = max{uz(x) Apg() | z=1x+y}, (85)
pz5@ = max{uz() Apg(») lz=x-y}, (86)
I £ @y (@) = max{ugg(x) | z = f(0)}, (87)

where A is the minimum operator and f(x) = 1/{1 + exp(—x)}.

These fuzzy-number operations are numerically performed by interval arith-
metic on level sets of fuzzy numbers. The A-level set of a fuzzy number A is
defined as follows:

[Aln = {xluz(x) > h, xR} forO<h <1, (88)

The A-level set [Z]h is illustrated in Fig. 42a. A fuzzy number can be approxi-
mately represented by a collection of its k-level sets for various values of 4. In
Fig. 42b, a fuzzy number Ais approximately represented by its ten A-level sets
forh =0.1,0.2,...,1.0.

H(x)
1 SRR
£ |
8 [sY Ms M ML Y L
g L
=
0.00.0 I l ‘ l 0.5 I I I I 1.0

Figure 41 Five linguistic values (S: small, MS: medium small, M: medium, ML: medium large, and
L: large).
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bl

g
=}

[4]1n
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Figure 4’% Level sets of a fuzzy number A: (a) h-level set; (b) approximate representation of a fuzzy
number A by a collection of its level sets.

As we can see from Fig. 42, h-level sets of fuzzy numbers are closed intervals.
Thus we use interval arithmetic for approximately calculating the fuzzy input—
output relation of each unit of our fuzzified neural networks.

B. NEURAL NETWORKS FOR HANDLING Fuzzy INPUTS

In this subsection, we describe how multilayer feedforward neural networks
can be extended to the case of fuzzy inputs. Fuzzy inputs may be obtained from
uncertain measurement or linguistic knowledge of human experts. For example,
let us assume that we have the following linguistic knowledge for a three-class
pattern classification problem on the two-dimensional pattern space [0, 1]

If xq is small and x; is small then Class 1,
If x1 is small and x, is large then Class 2,
If x1 is large then Class 3,

where “small” and “large” are fuzzy numbers defined in Fig. 41. These three
fuzzy if-then rules are shown in Fig. 43. We also assume that we have numerical
data in Fig. 43 where closed circles, open circles, and squares are training patterns
from Class 1, Class 2, and Class 3, respectively. Our problem is to train a feedfor-
ward neural network using both the linguistic knowledge and the numerical data
in Fig. 43.
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Figure 43 Linguistic information and numerical data.

The previous three fuzzy if-then rules can be viewed as the following fuzzy
training patterns because the pattern space is the unit square [0, 1]%:

(small, small) = Class 1,
(small, large) = Class 2,
(large, [0, 1]) = Class 3.

Numerical data are also handled as fuzzy training patterns in our fuzzified
neural networks because real numbers can be viewed as a special case of fuzzy
numbers. A real number a can be viewed as a fuzzy number with the following
membership function:

1, ifx =a,

Halx) = [ 0, otherwise. (89)

In this manner, both the expert knowledge and the numerical data are handled as
fuzzy training patterns. That is, they are simultaneously utilized in the learning of
neural networks.

In general, for a c-class pattern classification problem on the n-dimensional
pattern space [0, 11", let us assume that we have m fuzzy training patterns X, =
(Xp1, Xp2,..., Xpp), p=1,2,..., m. For this pattern classification problem,
we use a three-layer feedforward neural network with n input units, ny hidden
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units, and ¢ output units. The input—output relation of each unit of thls neural

network is written for the fuzzy input pattern X,, =X pls X P2 - X pn) as
follows:
Input units:  Op = )?,,,-, i=1,2,...,n, (90)

Hidden units: Net,; = Zwﬂ - Opi + 6, j=L12,....,n4, 91

Opj = f(Netpj)’ .] = 17 2’ .. Ry, (92)
ny

Output units: Netpx = Y wyj-Opj +6:,  k=1,2,....c, (93)
j=1

Opr = f(Nety), k=1,2,...,c. (94)

The input—output relation of each unit is defined by fuzzy-number arithmetic de-
scribed in the previous subsection. These formulations are the same as the ar-
chitecture of standard feedforward neural networks except that the input and the
output of each unit are fuzzy numbers. The numerical calculation of the input-
output relation is done by interval arithmetic on h-level sets of fuzzy numbers.
For example, the input—output relation of the kth output unit can be rewritten for
the h-level sets as follows:

ny ny

[Netpu)y = D wij-[Opily + Y we-[Op], +6k (95)
wi; =0 wk]=<10

~ U o W e ~ L

[Netpe], = Z wyj - [Opi], + Z wij - [Opj ]y + 6k, (96)
w]kazlo wjkj=<10

[0pk], = [10p)E. 10 ] = [F([Netw];), F([Netne]y )] 9D

where [-]x denotes the h-level set of a fuzzy number and [~],€ and [-],ll/ denote the
lower limit and the upper limit of the A-level set.

For the learning of the neural network from the fuzzy training patterns, we
define the target vector t, = (f1,¢p2, ..., tpc) corresponding to the fuzzy input
pattern X p as follows:

_ { 1, if X, € Classk, 98)

0, otherwise,
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fork = 1,2,...,c. The cost function to be minimized in the learning is defined
as follows:

Z[Z =[Ol 24 Y (e~ [Oull Y2} 69

h k=1

A back-propagation-type learning algorithm can be derived from this cost
function for adjusting the connection weights and the biases [41, 84].

To illustrate our approach, we first trained a neural network with two input
units, five hidden units, and three output units by the standard back-propagation
algorithm using only the numerical data in Fig. 43. The classification boundaries
obtained by the learning are shown in Fig. 44a. Next we trained the same neural
network using both the experts’ knowledge and the numerical data. In the learn-
ing, weused ten levels (i.e., s = 0.1,0.2, .. ., 1.0) in the cost function in (99). The
classification boundaries obtained by the learning from both the experts’ knowl-
edge and the numerical data are shown in Fig. 44b. From this figure, we can see
the classification boundaries are clearly consistent with both the experts’ knowl-
edge and the numerical data.

Linguistic information from human experts can also be utilized for modeling
problems. Let us assume that we have the following linguistic information for the
modeling of a single-input and single-output nonlinear system:

If x is small then y is small,
If x is large then y is large,

(@ ®

Figure 44 Simulation results: (a) learning from only numerical data; (b) learning from both numer-
ical data and linguistic information.



46 Hisao Ishibuchi and Manabu Nii

where “small” and “large” are defined in Fig. 41. These fuzzy if-then rules can be
viewed as the following fuzzy training data:

{()N(p; ?p)} = {(small; small), (large; large)}. (100)

In general, let us assume that we have m fuzzy input—output pairs (ip; Y )
p = 1,2,...,m, from an n-input and single-output nonlinear system, where
X, = (Xp1,Xp2,..., Xpn). As we have already described for classification
problems, nonfuzzy input-output pairs can also be represented in this form. Thus
the fuzzy training data (X,; Y,), p =1,2,..., m, may include nonfuzzy input—
output pairs as well as fuzzy input-output pairs.

For the modeling of a nonlinear system with z inputs and a single output, we
use a neural network with n input units and a single output unit. When the n-
dimensional fuzzy vector X, is presented to the neural network, the correspond-
ing fuzzy output 5p is defined in the same manner as in (90)—(94). The given
fuzzy output Y, is used as the fuzzy target. The cost function to be minimized in
the learning of the neural network is defined as follows:

ep =2 {((%o]y = [G,0,)/2+ (%] - [00],)°/2} (101)

h

A back-propagation-type learning algorithm can be derived from this cost
function for adjusting the connection weights and the biases of the neural net-
work [41, 85].

For illustration, we show simulation results in Fig. 45 where numerical data
are denoted by closed circles. Figure 45a is the simulation result by the learning
from only the numerical data where the standard back-propagation algorithm was

1.0 1.0
;
N A
E 0.5F g 05F
= s
o o}
|
0.0 P a— 0.0 '
0.0 0.5 1.0 0.0 0.5 1.0
Input x Input x
@ ®)

Figure 45 Simulation results for a function approximation problem: (a) learning from only numeri-
cal data; (b) learning from both numerical data and linguistic information.
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Figure 46 Fuzzy outputs from the trained neural network.

used. In Fig. 45b, both the numerical data and the linguistic information in (100)
were used for the learning by our approach. The fuzzy outputs from the trained
neural network are shown in Fig. 46 together with the fuzzy targets (i.e., small and
large). From Fig. 46, we can see that a good fit to the fuzzy targets was obtained
by the learning of the neural network.

As shown in Fig. 46, our fuzzified neural networks for fuzzy inputs can be
used for approximately realizing fuzzy if-then rules. High fitting ability to given
fuzzy if-then rules and high interpolation ability of sparse fuzzy if-then rules were
demonstrated in [41, 85]. Our approach can also be used for extracting fuzzy if-
then rules from trained neural networks [86, 87]. For the rule extraction, a linguis-
tic input vector corresponding to the antecedent part of each fuzzy if-then rule was
presented to the trained neural network, and the corresponding fuzzy output was
examined to determine the consequent part of the fuzzy if-then rule.

C. NEURAL NETWORKS WITH FUzZzYy WEIGHTS

Multilayer feedforward neural networks can be fuzzified by extending their
connection weights and biases to fuzzy numbers. Fuzzified neural networks with
nonfuzzy input vectors are used for the modeling of fuzzy functions [42, 88, 8§9].
Fuzzified neural networks with fuzzy input vectors are used for approximately
realizing fuzzy if-then rules [42, 43, 90}.

In this subsection, we describe a general architecture of fully fuzzified three-
layer feedforward neural networks [43]. Let us assume that we have m fuzzy
1nput—output pairs (Xp, Yp) p=12..m, Lvhere Xp = (Xpl, (p2, .-+,
Xp,,) is an n-dimensional fuzzy mgyt vectoL and Y, = (Yp1, sz, . Ype)isa
c-dimensional fuzzy target vector. X, and Y, may be viewed as the antecedent
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part and the consequent part of a fuzzy if-then rule, respectively. Our problem
is to approximately realize a nonlinear fuzzy mapping from X, to Y. For this
problem, we use a fuzzified neural network with fuzzy connection weights and
fuzzy biases. The input—output relation of each unit of the fuzzified neural net-
work with » input units, ny hidden units, and ¢ output units is written as follows
(see Fig. 47):

~

Input units: 51,,- = Xpi, i=1,2,...,n, (102)

n
Hidden units: Net,; = Y Wji-0pi+©;,  j=12,...,ng, (103)
i=1

Opi = f(Netp)),  j=1,2,...,nn, (104)

ny
Output units: Netpx = Y Wij-Opj+6Or,  k=1,2,...,c, (105
j=1
Opi = f(Netr), k=1,2,...,c. (106)

In this formulation, the connection weights Wj,-, ij and the biases j (:jk are
fuzzy numbers.

As we have already described, the input—output relation of the fuzzified neural
network is defined by fuzzy-number arithmetic, and the numerical calculation is

O, 0] . Fuzzy outputs

&

=

Bias unit

v vy F inputs
Xp1 Xp,. Xpn uzzy mp

Figure 47  Architecture of fully fuzzified neural networks.
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performed by interval arithmetic on h-level sets of fuzzy numbers (see Figs. 3
and 4).

Triangular fuzzy numbers and trapezoidal fuzzy numbers are usually used as
the fuzzy connection weights VT’ji, ij and the fuzzy biases © s Oy (see Fig.
48). The learning of the fuzzified neural network is performed by adjusting the
fuzzy connection weights and the fuzzy biases. The adjustment of the fuzzy con-
nection weights and the fuzzy biases is done by updating their parameter values.
For example, the adjustment of the nonsymmetric triangular fuzzy weight W;; in
Fig. 48ais done by updating its three parameter values, that is, its lower limit w,f].,

center wkc , and upper limit w,’cj
In the leammg, the followmg cost function is used for the fuzzy input—output
pair (X 23 Y )

M P EACAR I WA SR R

h k=1

A back-propagation-type learning algorithm can be derived from this cost
function for updating the parameter values of the fuzzy connection weights and
the fuzzy biases [42, 43, 90, 91]. For example, the learning algorithm for adjust-
ing the nonsymmetric triangular fuzzy welght Wi j in F1g 48a can be derived by
calculating the partial derivatives Bep/awkj, 8e,,/3wkj, and ae,,/awk]

To illustrate our approach, we show some simulation results. First, we show an
example of fuzzy modeling, that is, approximate realization of a nonlinear fuzzy
function. Let us assume that we have three input—output pairs for a single-input
and single-output nonlinear fuzzy system in Fig. 49a where inputs are real num-
bers and outputs are trapezoidal fuzzy numbers. Using these three input—output
pairs, we trained a fuzzified neural network with nonsymmetric trapezoidal fuzzy
numbers as connection weights and biases. Four parameters of the nonsymmetric
trapezoidal fuzzy numbers (see Fig. 48b) were adjusted by the learning algorithm
derived from the cost function in (107) with ten levels (i.e.,h = 0.1,0.2, ..., 1.0).

—
—

W, W,

Membership
Membership

(=
<

L ¢ U (1)
Wy Wi Wy Wy

(a) (b)

Figure 48 Fuzzy connection weight VNVk ;j: (a) nonsymmetric triangular fuzzy number; (b) nonsym-
metric trapezoidal fuzzy number.
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Figure 49 Simulation results: (a) training data; (b) fuzzy outputs from the trained neural network.

The fuzzy outputs from the trained neural network are shown in Fig. 49b. From

Fig. 49, we can observe a good fit to the fuzzy targets and a good generalization
for new inputs.

We also trained the same fuzzified neural network using the following fuzzy
if-then rules:

If x is small then y is small,

If x is medium then y is medium small or medium,

If x is large then y is medium or medium large or large,

where the membership functions of disjunctive combinations of linguistic values
are defined by trapezoidal fuzzy numbers as shown in Fig. 50. In the same manner
as in the previous example, we trained the fuzzified neural network by the learning
algorithm derived from the cost function in (107). The fuzzy outputs from the

Membership

Membership

[

(=]
o
=

@ )

Figure 50 Membership functions of disjunctive combinations of linguistic values: (a) medium small
or medium; (b) medium or medium large or large.



Fuzzy Neural Networks Techniques 51

Fuzzy target = Fuzzy target
Actual output Actual output

1.0L 1.0

a el

| =

g | 5|

= A\ 8 I A

0'%.0 05 1.0 0'%.0 0.5 1.0

Figure 51 Fuzzy outputs from the trained neural network.

trained neural network are shown in Fig. 51 together with the fuzzy targets. From
this figure, we can see that a good fit to the fuzzy targets was realized by the
learning of the fuzzified neural network.

V. CONCLUSION

In this chapter, we described how feedforward neural networks can be extended
for handling the fuzziness of training data. First, we explained a fuzzy classifica-
tion method where we assumed that classification boundaries between different
classes are not crisp but fuzzy. In our fuzzy classification method, possible classes
of an input pattern can be suggested by the trained neural network. Next we ex-
plained a fuzzy modeling method by two standard neural networks. One neural
network was used for representing the lower limit of a nonlinear interval func-
tion, and the other was used for the upper limit. The two neural networks were
trained in order that the nonlinear interval function should approximately cover all
the given input—output pairs. Then we explained interval-arithmetic-based neural
networks where inputs, connection weights, biases, and targets were extended to
intervals. Interval-arithmetic-based neural networks can be used for the handling
of uncertain or missing inputs. They can also be used for approximately realiz-
ing nonlinear interval functions. Finally, we extended inputs, connection weights,
biases, and targets to fuzzy numbers in order to fuzzify multilayer feedforward
neural networks. Fuzzified neural networks can be used for the handling of lin-
guistic inputs, the learning from fuzzy if-then rules, and the approximation of
nonlinear fuzzy functions.

As we have mentioned in this chapter, various architectures have been referred
to as “fuzzy neural networks.” Most of those architectures have been proposed for
control problems. That is, they map real-number input vectors to real numbers.
Our fuzzy neural networks in this chapter have the ability to handle the fuzzi-
ness in training data. Thus they can be trained from linguistic information as well
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as numerical information. They can also be used for extracting linguistic knowl-
edge from neural networks trained by numerical information. In this manner, our
fuzzy neural networks serve as a bridge between two kinds of information, that
is, numerical information and linguistic information.
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I. INTRODUCTION

In the 1960s, Zadeh [1, 2] developed a linguistic approach to deal with lin-
guistic vague information based on fuzzy sets and fuzzy logic. Since then there
have been a number of applications of the approach to a variety of fields includ-
ing meteorology, engineering, medicine, management, computer science, expert
systemns, and systems science.

In the field of systems science, many complex plants are difficult to deal with
by the conventional approach (precise mathematical equations) because of their
nonlinear, time-varying behavior and imprecise measurement information. Nev-
ertheless, human operators can handle these complex plants by their practical ex-
perience. They only need imprecise system states and a set of imprecise linguistic
if-then rules. The fuzzy system theory developed by Zadeh [3] based on fuzzy
sets and fuzzy logic can be used to deal with such complex systems.

Fuzzy systems accept numeric inputs from the outside world and convert these
into linguistic values that can be manipulated by using fuzzy logic operations
with linguistic if-then rules given by human operators. The linguistic outputs, the
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result of the fuzzy logic operations, are converted into numeric outputs which are
then delivered to the outside world. Thus, fuzzy systems provide a framework of
representing human expert rules with fuzzy logic to infer human decision. Based
on this ability, fuzzy systems can approximate human reasoning and achieve some
intelligence.

Fuzzy systems can be used for different kinds of purposes such as modeling,
prediction, classification, and control in the field of systems science. In particular,
the possible use of fuzzy systems in modeling and control has generated great
attention. Fuzzy systems for modeling and control have emerged as one of the
most active and fruitful areas for research in the application of fuzzy set theory.
The application was pioneered by Mamdani [4], who successfully carried out a
pilot study on a model steam engine using fuzzy systems. His study showed that
fuzzy systems may profitably and easily be used by control engineers. A number
of successful control applications have also been reported. These included heat
exchange process control [5], steam engine control [6, 7], traffic junction control
[8], cement kiln control [9], model car parking control [10], automobile speed
control [11], robot control [12, 13], aircraft autopilot control [14], camera autofo-
cus control, and automobile transmission control [15].

However, at present there is no systematic procedure for the design of fuzzy
systems. Usually the linguistic rules are generated by converting the human op-
erator’s experience into linguistic form directly or by summarizing the sampled
input—output pairs of the systems to be dealt with. Unfortunately, it is difficult
for systems designers to obtain optimal fuzzy rules because these are most likely
to be influenced by the intuitiveness of the operators and the systems designers.
Moreover, some information will be lost when human operators express their ex-
perience by linguistic rules. This results in a set of less than optimal linguistic
rules. Therefore, fuzzy systems capable of developing and improving the linguis-
tic rules and structures automatically are highly desired [16-18].

Neural network implementation of fuzzy systems has been proposed as a possi-
ble approach for fuzzy systems design [19-29]. The resulting systems, which are
sometimes called fuzzy neural networks or neural-network-based fuzzy systems,
will possess the advantages of both types of systems and overcome the difficulties
of each type of system. In fact, the resulting systems not only support numerical
mathematical analysis, hardware implementation, distributed parallel processing,
and self-learning but are also capable of dealing with difficulties arising from un-
certainty, imprecision, and noise.

Another aim of developing neural-network-based fuzzy systems is to enhance
fuzzy systems with higher intelligence. Fuzzy systems simulate human reasoning
to achieve intelligence by manipulating a set of heuristic rules given by a human
expert. Thus, the intelligence is totally limited by the given set of rules. There will
be neither chance for the fuzzy system to improve nor useful rules to be added. To
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make fuzzy systems more intelligent, fuzzy systems with learning and adaptation
are desired.

The fuzzy neural network discussed in this chapter is a hybrid system which
functions as a fuzzy system with the processing mechanism realized by a neural
network. Thus, the capability of learning imposed upon a fuzzy system can be
achieved by the learning algorithm of a neural network. In principle, a fuzzy neu-
ral network is a fuzzy system implemented within the framework of neural net-
works so as to achieve the capability of learning using input—output data which
will lead to improvement of the fuzzy rules and fuzzy system intelligence.

In general, there are two approaches to the integration of fuzzy systems and
neural networks. In the first approach, one may incorporate the concept of fuzzy
logic into the neural network. A fuzzy neuron is designed to function in much the
same way as a nonfuzzy neuron, except that it reflects the fuzzy nature and has
the ability to cope with fuzzy information {23-26].

The other approach [19-22, 27-29] is to realize the process of fuzzy reason-
ing by the structure of a neural network and to express the parameters of fuzzy
reasoning by the connection weights of the neural network. The resulting fuzzy
neural network can automatically identify the fuzzy rules and tune membership
functions by modifying the connection weights of the network using some learn-
ing algorithm. This second approach is closer to dealing with the problem of fuzzy
systems design. This chapter will deal mainly with the second approach to fuzzy
neural networks. This approach has been discussed by a number of researchers
[19-22].

Horikawa et al. [22] described three general structures of fuzzy neural net-
works in accordance with the structure of the consequences of fuzzy rules. The
first type is concerned with the consequence being a crisp constant, the second
one with the consequence being a function of input variables, and the third one
with the consequence being a fuzzy value. The error back-propagation algorithm
was used for training.

Lin and Lee [20, 30] proposed a neural-network-based fuzzy logic control sys-
tem. This work considered finding centers/widths of membership functions by
self-organized clustering and finding fuzzy logic rules by competitive learning.
The fuzzy logic control system implemented was of a conventional type, and er-
ror back propagation was applied to tune the consequence parameters of output
membership functions and premise parameters of input membership functions.
The system was enhanced with a reinforcement learning method when obtaining
exact training data became expensive [31].

Jang [19] implemented the Sugeno-Takagi fuzzy logic system using an adap-
tive network (which can be regarded as a neural network) that utilized hy-
brid learning rules. A gradient descent techniques was applied to tune premise
parameters, and the least-squares estimation techniques was used to estimate
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consequence parameters. The membership functions were chosen to be bell-
shaped functions (highly nonlinear functions; e.g., of the Gaussian type). It was
shown that the system was functionally equivalent to a radial basis function net-
work [32].

The fuzzy neural networks proposed in the aforementioned papers suffered
from the limitation that if the number of input fuzzy partitions is large, the re-
quired number of consequence parameters will be very large, and the least-squares
estimation algorithm cannot be implemented easily because the calculation of
very large matrices is required. Thus, the application of the networks is limited to
some low-dimensional systems. Moreover, the learning processes were typically
slow.

This chapter discusses the neural network implementation of fuzzy systems
based on Takagi—Sugeno fuzzy systems [33] because they have many advantages
for modeling and control. Takagi—Sugeno fuzzy systems differ from conventional
fuzzy systems in that linear systems instead of fuzzy sets are formed in the con-
sequences of the fuzzy rules. The output of the fuzzy systems is a “fuzzy” combi-
nation of a set of linear systems. In what follows, the basic concepts of fuzzy sets,
fuzzy logic, and structure of fuzzy systems are presented first, and fuzzy neural
network designs are then discussed in the latter part of this chapter.

II. STRUCTURE OF FUZZY SYSTEMS
FOR MODELING AND CONTROL

This section gives an insight into the structure of fuzzy systems for modeling
and control. Some of the basic vocabulary relating to fuzzy systems is presented,
which is required for the development of fuzzy systems and the design of fuzzy
neural networks in this chapter.

A. Fuzzy SETS AND Fuzzy LOGIC

In the real world, objects are often classified into different categories. For such
categories as tall man, high inflation rate, pretty woman etc., all of them convey
linguistic vague information. The concept of membership of an object in such
categories is not obvious and not precise. Thus, the application of classical two-
valued logic to the real world is limited in some cases. The idea of fuzzy sets
proposed by Zadeh [1] aims to deal with such information.

Fuzzy set theory is an extension of classical set theory. In classical set theory,
an element either belongs to a set or does not belong to a set. In fuzzy set the-
ory, an element may partially belong to a set. Fuzzy sets have gradations of set
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membership which is represented by a function referred to as a membership func-
tion, and so they resemble the kinds of categories ordinary people use in natural
thought or communication. The formal presentation of the fuzzy set theory is as
follows:

DEFINITION 1. Letx € U and let S be asubset of U. u(x):U — [0, 1]is
called the membership function which represents the degree of x belonging to the
subset S. U is called the universe of discourse. Then the fuzzy set A is defined
to be a set of ordered pairs A = {(x, u(x)) | x € §, § C U}. The membership
function is denoted by p 4 (x) for the fuzzy set A. The support of a fuzzy set A
denoted as Agyp is the crisp set of all points x in U such that a(x) > 0. A
fuzzy set A whose support Agy, contains a single point x in U with ua(x) = 1is
referred to as a fuzzy singleton. A fuzzy set A whose support Asyp is the universe
of discourse U with p(x) = 1 is referred to as a fuzzy universe. It is denoted by
Z. If the universe of discourse U is a set of real numbers, the fuzzy sets defined
on U are called fuzzy numbers.

The fuzzy set operations are defined via their membership functions.

DEFINITION 2. Let A; and A, be fuzzy sets in U and let B be a fuzzy set
inV,

(i) Union:
AlUA2 = {x, paua, () | x €U}, where paus, (x) = pa, (x) V s, (x);
(i1) Intersection:
AiNAg = {x, pana,x) | x € U}, where (24,04, (x) = pa, (x) A pa, (x);
(iii) Complement:
Zl={x,u51(x)|er}, wherepd[;l(x)=l—p.,41(x);
(iv) Cartesian product:
Al x B={v,paxpW) |v=(1,x)eW, W=U x V},
where w4, xp (V) = pa, (x1) A p(x2).

The operators A and V can be any kind of triangular norms and triangular co-
norms, respectively [34], for example, product, sum, max, or min. Refer to [35,
36] for additional fuzzy set operations.

A linguistic variable can be regarded as a variable whose values are defined
in linguistic terms (e.g., negative large, negative small, positive small, and pos-
itive large). These terms which are imprecise and ill-defined can be represented
by fuzzy sets. In fact, the use of fuzzy sets provides a basis for the systematic
manipulation of such linguistic variables or such linguistic terms.
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Based on linguistic information, human experts can describe the behavior of
a system using a set of rules such as “If A then B” in which A and B are fuzzy
sets representing linguistic information. Each rule can be expressed as a fuzzy
implication. The ideas of fuzzy implication are as follows:

In classical logic, the rule “If A then B” in the form of an implication is written
as A — B which is equivalent to the relation R := ~A v B (not A or B). For
fuzzy logic, the fuzzy implication “If A then B” where A and B are fuzzy sets with
membership functions @4 and p g, respectively, which represent linguistic vari-
ables, is expressed in a different way. Instead of using R := ~A Vv B as its relation,
the fuzzy relation R is defined to be a fuzzy set of the product A x B character-
ized by a membership function p g which is obtained by ug = s A up. Thus,
the fuzzy rule “If A then B” can be expressed as a fuzzy implication denoted by
A — B using the fuzzy relation R. In the context of fuzzy logic, there are many
ways to define a fuzzy implication. In fuzzy control literature, the commonly used
fuzzy implication is based on the composition rule of inference for approximate
reasoning suggested in [3].

B. BASIC STRUCTURE OF FUZZY SYSTEMS
FOR MODELING AND CONTROL

Fuzzy systems for either modeling or control have similar operations. Fig-
ure 1 shows the block diagram of the structure of conventional fuzzy systems for
modeling and control. The fuzzy system is composed of four function blocks:
fuzzification, rule base, inference engine, and defuzzification.

The mechanism of fuzzy systems is as follows: the measurements x of the
outside world in the form of crisp data are transformed by fuzzification into lin-
guistic values. Then the linguistic values are processed by the fuzzy rules in the
rule base in the form of “if-then” through fuzzy implication. The output expressed
in fuzzy sets after fuzzy implication is finally transformed by defuzzification into
a nonfuzzy (crisp) output as the output of the system to the outside world.

C. TYPES OF FUZZY SYSTEMS FOR MODELING
AND CONTROL

The evolution of the structure of fuzzy systems is mainly affected by the dif-
ferent reasoning methods developed, a better understanding of fuzzy logic, and
an ambition of wider application. The evolution is too extensive to be fully dis-
cussed. We will restrict our discussion within the context of system modeling and
control.
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Figure 1 Block diagram for the structure of conventional fuzzy systems for modeling and control.

The first fuzzy system for a control application was developed by Mamdani [4].
In this fuzzy system, one level forward data-driven inference is employed as the
inference mechanism. The format of his fuzzy rules is

If x;is A; and xp is Az and...and x,, is A,, then y is B,

where A1, Az, ..., A, and B are fuzzy sets. It is noted that the consequence of
implication is a fuzzy set.

His study showed that fuzzy systems may profitably and easily be used by
control engineers. A number of successful control applications have been reported
in accordance with the structure of the fuzzy system ever since. These include
heat exchange process control [5], steam engine control [6, 7], traffic junction
control [8], and cement kiln control {9]. The fuzzy system developed by Mamdani
is referred to as a conventional fuzzy system (Fig. 1).

In 1985, Takagi and Sugeno [33] modified the consequence of implication from
fuzzy sets to linear functions and developed the so-called “Takagi—Sugeno fuzzy
systems” which were applied to parking control of a model car [10]. The format
of their fuzzy rules is

Ifx;is Ajand xp is Ay and ... and x,, is A, then y = ag + ajx1 + - - - + anxy.

The structure of these systems varies significantly from that of the previous ones
(the conventional ones). As a consequence of implication, they contain a linear
function by which the output can be computed. (It is noted that the term “linear
system” may be interchanged with the term “linear function” in the latter part of
this chapter.) The aim of the linear function in Takagi—Sugeno fuzzy systems is
to describe the local linear behavior of the system. Fuzziness, which appears only
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in the premise part of the fuzzy rule, indicates the uncertainty about which the
output range of the linear function varies.

Takagi~Sugeno fuzzy systems have a number of advantages by their nature.
The systems can be easily understood and the local system equations can be di-
rectly related to the local behavior of the system. Each local system can be clearly
described and the dynamics are separately modeled. Takagi-Sugeno fuzzy sys-
tems include two kinds of knowledge: one is the qualitative knowledge repre-
sented by the if-then rules, and the other is the quantitative knowledge repre-
sented by the local functions. The systems allow us to formulate these two kinds
of knowledge into a unified mathematical framework.

In the following subsections, we will discuss the details of each part of a fuzzy
system. We will give more precise definitions of the terms which will be used in
the latter sections.

D. INPUT DOMAIN AND OUTPUT DOMAIN

Every system has its input and output domains. The input domain and the
output domain of a fuzzy system are determined in relation to the input universe
of discourse and the output universe of discourse of fuzzy sets in the fuzzy system.
When a fuzzy system is designed, the fuzzy sets of fuzzy rules in the universe of
discourse should have the input domain and output domain covered while the
fuzzy system is operating.

DEFINITION 3. Letx=[x; x2 ... xp)17 € R" bethe input vector and
Ex be the vector space spanned by x. By is called the input space. The subset
of the space Ex from which a fuzzy system accepts inputs is called the input
domain U.

DEFINITION4. Lety = [y1 y2 ... ym]T € R™ be the output vector
and Ey be the vector space spanned by y. Ey is called the output space. The
subset of the space Ey to which a fuzzy system delivers outputs is called the
output domain W.

E. RULE BASE

The behavior of a fuzzy system is characterized by a set of linguistic rules
which constitutes a rule base. A typical linguistic rule is of the following form:

If (a set of conditions is satisfied), then (a set of consequences can be inferred).
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The premise of a rule is a condition in the input domain U and the consequence is
an action to be performed in the output domain W. Because the premises and the
consequences of these if-then rules are associated with fuzzy concepts, the rules
are expressed as fuzzy rules, for example,

If x1 is A7 and x2 is Az, then y is B, 1

where x1 and x, are scalar inputs, A and Aj are input linguistic terms repre-
sented by fuzzy sets, and B is an output linguistic term represented by a fuzzy
set.

Now consider a general rule base for n-dimensional fuzzy systems whose
fuzzy rules are in the form

Rp: 1f (x is A} and x is A} and.. .and x is A] )

. l . l . l
or (x is A11+1 and x is A11+2 and...and x is Alz)

l 1
g1+ Igk-1+

thenyis B!, ke{l,2,....K)},1=1,2,...,L, Q)

or(xis A yand x is A , and...and x is Ale),

where x is the input vector of the fuzzy systems, the A’s are fuzzy terms of input
(input fuzzy terms) which are represented by fuzzy sets, and B is a fuzzy term of
output (output fuzzy terms) which is represented by a fuzzy set. Each rule has K]
n-dimensional input fuzzy terms the projection of which into each dimensional is
the input linguistic terms. The r-dimensional input fuzzy terms are represented
by n-dimensional fuzzy sets A’. A number of input fuzzy terms can be combined
by AND and then OR to form the premise of a fuzzy rule.

It is noted that the input fuzzy terms and output fuzzy terms used here are fuzzy
sets with multidimensional membership functions.

The fuzzy rules given previously are very general so that the fuzzy rules of
conventional fuzzy systems can be included. For example, the fuzzy rule in Eq. (1)
is equivalent to

If (x; is A; and x» is Z) and (x; is Z and x3 is Aj), then y is B,
where Z is a fuzzy universe (Definition 1), or
If (xis A; x Z) and (x is Z x Aj3), then y is B,
where A; x Z and Z x Aj are two-dimensional fuzzy sets, or
If (x is Aj x Aj), then yis B,

where A1 X Aj is a two-dimensional fuzzy set.
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It should be noted that the multidimensional fuzzy sets which represent the
input fuzzy terms can be projected into each dimension to obtain the one-
dimensional fuzzy sets to represent input linguistic terms.

The fuzzy rules in the rule base in Eq. (2) can be rewritten in the following
equivalent rule base:

R;: If (xis A’1 and x is A’2 and...and x is Afl), then y is B; also

R,y M (xis Aj | and x is A] ,, and...and x is A} ), then y is By also

Rl/+K1: If (x is Aizx_1+1 and x is ALK_1+2 and. ..and x is Ale), then y is B; also
kell,2,....Ki}, 1=12,...,L. (3)

From the rule base in Eq. (2) and the rule base in Eq. (3), we see that there are
two ways of implementing fuzzy systems. The rule base in Eq. (2) requires more
complicated reasoning and implications but less rules, whereas the rule base in
Eq. (3) requires more rules but less complicated reasoning and implications. The
first one is preferred here because less rule consequences are advantageous for
neural network implementation.

It is noted that the same argument as above can also be applied to Takagi—
Sugeno fuzzy systems by the replacement of the output labels in Egs. (1)-(3)
with linear functions.

F. INPUT FUZZY PARTITIONS

The input fuzzy partition of the input domain U is related to the interpretation
of the premise of fuzzy rules in a rule base. There are a number of input fuzzy
terms (fuzzy sets) in the premise of a fuzzy rule. An inferred fuzzy set of the
premise of a fuzzy rule can be obtained from the input fuzzy terms (fuzzy sets)
of the fuzzy rule. The support of the inferred fuzzy set occupies a subspace of
the input space. So there are a number of subspaces of the input space due to a
number of fuzzy rules in the rule base. The premise is thus interpreted as a fuzzy
hypervolume in the input space and hence the collection of the inferred fuzzy sets
of all fuzzy rules in the rule base constitutes the so-called input fuzzy partition.
The concept of the input fuzzy partition will be used to describe the mechanism
of fuzzy inference employed in fuzzy systems for modeling and control.

DEFINITION 5. Consider a fuzzy system with the rule base in Eq. (2) or an
equivalent rule base in Eq. (3). Let 2 C Z. be an indexed set for the input
fuzzy terms and let ug: Ex — [0, 1], k € €2, be membership functions. Then
AP = ((x, me(x)) | x € U C Ex}, k € Q, are fuzzy sets representing input fuzzy
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terms in the input domain U C Eyx characterized by the membership function
k. Let W be a collection of all subsets of {Ak ,k € §}. The subset Py of & =
{F | F=(x,x € V}is called an input fuzzy partition of the input domain U if
the union of the support of all elements of Py is equal to the union of the support
of AF, k € Q, and the support of any element of P is not a subset of the support
of any other element of P;. An element of an input fuzzy partition P; is called
an input fuzzy region. If all elements of P are the fuzzy sets A%, k € Q, Py is
called a direct input fuzzy partition, otherwise Py is called an indirect input fuzzy
partition.

EXAMPLE. Suppose there are fuzzy sets A!, A%, and A3. Then
U= (0, (A"}, {47, (A7), {4, A7), (4], 4%), (4%, A7), (4], 4%, A%,
and
® = [F[F:ﬂx,xew}
= {8,A', A%, A%, AT n A%, AT n A3, A% n A3, AT n A% n A3).
Thus a subset P; of ® is an input fuzzy partition if Py satisfies the requirements

in Definition 5. For example, see Fig. 2.

Remark 1. Tt is noted that each element of a direct input fuzzy partition is
characterized by the membership function of an input fuzzy term, whereas each
element of an indirect fuzzy partition is characterized by more than one mem-
bership function of input fuzzy terms. Nevertheless, the membership function of
an input fuzzy region in an indirect fuzzy partition can be obtained by fuzzy set
operations of input fuzzy terms and hence the indirect input fuzzy partition is

AI
Supp
A]
5 supp
A 3
supp Asupp
2
1 A As““’ Agupp
A supp AZ
supp supp
2 3
P ={A', A% A% or
P={A AL A oy P, ={AA’} P ={A'A%}ony

Figure 2 Examples of input fuzzy partition.
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equivalent to the direct input fuzzy partition functionally. They are rooted from
different partitioning methods (which will be discussed in the design examples)
but their characteristics are the same—representing the premise of fuzzy rules.

DEFINITION 6. Let  C Z, be an index set for the rule base in Eq. (2) or
Eq. (3). Let fuzzy set X* with membership function s be an input fuzzy region
of an input partition P; and Xé‘up be the support of X*. If Urken X’s‘up = U and
Xé‘up # @, Vk € Q, and uy are normalized bell-shaped functions, then the input
fuzzy partition Py is said to be normal. If an input fuzzy partition P; is normal, a
set Py = {{x | mi(x) > pi,i € @\ {I}},! € Q} can be defined and is called the
input crisp partition. An element of the input crisp partition P; is called the input
crisp region.

Remark 2. 1t is noted that the input fuzzy regions are fuzzy sets and the input
crisp regions are crisp (classical) sets, whereas both the input fuzzy partition and
the input crisp partition are classical sets of input fuzzy regions and input crisp
regions, respectively.

G. AND MATRIX FOR INPUT FuzzYy TERMS
AND INPUT FuzzYy REGIONS

The premise of a fuzzy rule is represented by input fuzzy regions which are
obtained via AND fuzzy operation of input fuzzy terms. Thus, the linkage of input
fuzzy terms to input fuzzy regions needs to be specified. The linkage of input
fuzzy terms and input fuzzy regions can be many to many, which is expressed by
the AND matrix Mynp with binary entries (“1” represents that an input fuzzy term
links to an input fuzzy region and “0” represents no linkage) as shown in Fig. 3.
The structure of the AND matrix depends on the input fuzzy partition selected.
For instance, the AND matrix is an identity matrix for the case that input fuzzy
partition is direct (Definition 5).

Input fuzzy terms
1000010
Input 0101000
fuzzy
regions 0100100
1000001

Figure 3 AND matrix.
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H. OuTPUT FUzZY PARTITIONS

The formation of an output fuzzy partition in the output domain W is related
to the setting up of the consequences of fuzzy rules. Same as the input fuzzy par-
tition, the concept of the output fuzzy partition will be used to describe the mech-
anism of fuzzy inferences employed in fuzzy systems for modeling and control.

For conventional fuzzy systems, the consequent parts of fuzzy rules are fuzzy
sets and the fuzzy partition of the output domain is clear. However, for Takagi—
Sugeno fuzzy systems, the consequent parts are linear functions y = f(x) without
any fuzzy set. We can imagine that there is a fuzzy set B with ordered pairs of
the output y and the membership function w(y). Because the output range of the
linear function y = f(x) of a fuzzy rule with finite input domain U is a subset
B of the output domain W, the membership function of the imagined fuzzy set
can be defined as u(y) = 1, Vy € B. The imagined fuzzy set is thus defined as
B = (B, u(y) = 1) which is a crisp set, a special case of fuzzy sets.

DEFINITION 7. Consider a fuzzy system with the rule base in Eq. (2) or
the equivalent rule base in Eq. (3). Let @ C Z, be an index set for the out-
put terms and let w;: Ey — [0,1], ] € R, be membership functions. Then
B = {(y,mu(y) | y € W C By}, € R, are fuzzy sets representing output
terms in the output domain W C Ey characterized by the membership function
wi(y). Let W be the collection of all subsets of (B!, 1 € Q). The subset Py of
N={G|G=x,x € ¥} is called an output fuzzy partition of the output
domain W if the union of the support of all elements of Pg is equal to the union of
the support of B!, € £, and the support of any element of Py is not a subset of
the support of any other element of Pp. An element of an output fuzzy partition
Py is called the output fuzzy region.

DEFINITION 8. Let Q C Z; be an index set for output terms. Let the fuzzy
set G! with a membership function u; be the output fuzzy region of the output
fuzzy partition Po and G, be the support of G*. If | ;g G, = W and G., #
@, V1, and u; is a normalized bell-shaped membership function, the output fuzzy
partition Pg is said to be normal. If an output fuzzy partition Pp is normal, a set
Po={y | m®) > umi,i € 2\ {l}},1 € Q) is called the output crisp partition.

An element of the output crisp partition P is called the output crisp region.

I. OR MATRIX FOR INPUT FUuZZY REGIONS
AND OuTtpruUT FuzZZY REGIONS

The premise and consequence of a fuzzy rule are represented by input fuzzy
regions and output fuzzy regions, respectively. To completely represent a fuzzy
rule, the linkage of input fuzzy regions and output fuzzy regions needs to be spec-
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Figure 4 Linkage of input fuzzy regions into output fuzzy input regions.

ified. The linkage of input fuzzy regions and output fuzzy regions of conventional
fuzzy systems is one to one, whereas in fuzzy systems with the rule base in Eq. (2)
or the equivalent rule base in Eq. (3) the linkage of input fuzzy regions and out-
put fuzzy regions is many to one (Fig. 4). This approach obviously reduces the
number of consequences because a consequence can be shared by a number of
premises of fuzzy rules.

The linkage of input fuzzy regions and output fuzzy regions can be expressed
by the OR matrix Mg with binary entries (“1” represents that an input fuzzy
region links an output fuzzy region and “0” represents no linkage) as shown in
Fig. 5. It should be noted that there is at least one input fuzzy region linked to
each output fuzzy region. The structure of the OR matrix Mg depends on the
input fuzzy partition and the output fuzzy partition selected. For instance, the OR
matrix can be an identity matrix for the case that an output fuzzy region links to
one input fuzzy region only (the conventional fuzzy system).

Output fuzzy regions

1000

Input 0100

fuzzy
regions 0010
0100

0001
0001

Figure S OR matrix.
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J. FUZZIFICATION

The task of fuzzification is to map a crisp input of the system to a fuzzy input.

DERNITION 9. Fuzzification is a mapping F of the crisp input domain U
with x into the set J(X) with fuzzified input X.

In fuzzy systems for modeling and control, singleton fuzzification is usually
employed. The fuzzified input for the crisp input x is a fuzzy set (fuzzy singleton)
of an ordered pair (x, ;{x) = 1) only.

K. INFERENCE ENGINE

The inference engine attempts to simulate human decision making based on
fuzzy concepts. It aims to infer fuzzy outputs by employing fuzzy implication
and rules of inference in fuzzy logic. For each “If A then B” rule, a fuzzy relation
is defined based on fuzzy set operations. The rule can be expressed as a fuzzy im-
plication denoted by A — B using the defined fuzzy relation. Thus, an individual
fuzzy output can be inferred by a fuzzy rule in response to the input. The fuzzy
output of the system inferred is the aggregated result derived from all individual
fuzzy rules.

1. Fuzzy Relations

A fuzzy rule represents some linguistic relationship of input and output; the
product of the input fuzzy region and the output fuzzy region (linked by Mor)
forms the fuzzy relation of the input and the output for a fuzzy rule. See Fig. 6 for
iltustration.

DEFINITION 10. Let A be an input fuzzy region with element x and mem-
bership function 1 4 and let B be an output fuzzy region with element y and mem-
bership function . The fuzzy relation on the fuzzy product A x B is a mapping
such that ug: A x B — [0, 1] where ur(x, y) = na(x) A up(y) and the fuzzy
relation set is defined to be R = {((x, y), ur(x,y)) | (x,y) € A x B}.

For a fuzzy rule in the rule base in Eq. (2), if there is more than one input fuzzy
region in relation to an output fuzzy region, then the fuzzy relation is combined
and defined as follows:

DEFINITION 11. Let Aj,i = 1,2,..., N, be input fuzzy regions with ele-
ment x and membership functions u 4 I j=12,...,N,and let B be an output
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X

:] is a fuzzy relation set

Figure 6 Graphic representation of fuzzy relation on the product of input fuzzy regions and output
fuzzy regions.

fuzzy region with element y and membership function up. The combined fuzzy
relation on the fuzzy product Uj-\’:l A;j x B is a mapping such that

N

ure: | Aj x B~ 0,11,
j=1

where

N
KRc(x,y) = (\/ Ka, (x)) A 1B (y)

j=1

and the combined fuzzy relation set is defined to be

N
Rc = {((x’y)v“Rc(x’Y)) | (x,¥) € UAj X B}.

j=1
The fuzzy relation in a fuzzy system is depicted in Fig. 7.

Remark 3. It can be seen that Rc = U?’:l R; where R; is the fuzzy relation
set for rule j.

2. Fuzzy Implications

Using the defined fuzzy relation, a fuzzy rule can be expressed by fuzzy impli-
cation which means that each point in the input fuzzy region maps a point in the
output fuzzy region.
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Input fuzzy
regions
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Fuzzy Fuzzy
universe set
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B set

universe set

§
—)
g

Output fuzzy
region

Figure 7 Fuzzy relation of fuzzy systems.

DEFINITION 12. Fuzzy implication is a mapping ¢ of an input fuzzy region
A into an output fuzzy region B such that, to each ordered pair (x, w4(x)) of A,
an ordered pair (y, up(y)) = 9((x, uqa(x))) of B is assigned according to the
defined fuzzy relationon A x B.

3. Fuzzy Inference

Fuzzy logic inference is the mechanism to deduce an output y corresponding
to an input x by operating fuzzy rules in the rule base.

In fuzzy systems for modeling and control, one level forward data-driven infer-
ence is employed for inference mechanism, that is, the fuzzy implication inference
rule, which is the generalized modus ponens (GMP). It is of the form

premise 1: x is X
premise 2: if x is A, then y is B

consequence: yis Y

where A, X, B, and Y are fuzzy predicates.

For a fuzzy rule expressed as a fuzzy implication using the defined fuzzy re-
lation R, the linguistic value Y of consequence variable y induced from premise
variable x with linguistic value represented by the fuzzy set X with membership
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function px is given by the fuzzy set ¥ = X o R which is characterized by the
membership function uy = px A g.

DEFINITION 13. Fuzzy inference is a mapping ¢ of the set J(X) with all
fuzzified inputs X into the set J(Y) with all fuzzified outputs ¥ such that, to
each fuzzified input X, a fuzzified output ¥ = ¢(X) is assigned by the operation
Y = X o R according to the fuzzy relation R of a fuzzy rule.

The inference methods of different fuzzy systems are different because of the
different structures of fuzzy systems although the fuzzy relations of the fuzzy sys-
tems can be expressed as general implication function as mentioned previously.
Takagi—Sugeno fuzzy systems differ from conventional fuzzy systems in that lo-
cal linear functions in the Takagi—Sugeno fuzzy systems are the consequences
of fuzzy rules instead of output fuzzy sets. A local function delivers quantita-
tive information to the consequence of a fuzzy rule in response to a quantitative
input. In conventional fuzzy systems, the local functions are absent so no quantita-
tive output information is available but qualitative output information (the output
fuzzy sets) are given. Figures 8 and 9 illustrate the inference of different fuzzy
systems.

We now consider the overall fuzzy inferences given by all fuzzy rules in a rule
base. Let Y* be the inferred output fuzzy set and R* be the fuzzy relation set

Input fuzzy
regions
N
x Fuzzy Fuzzy
gingleton singleton
ap B
Fuzzy
set
z At
Fuzzy Fuzzy
universe set
Output fuzzy
region

Figure 8 Inference of conventional fuzzy systems.
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Fuzzy Fuzzy
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Figure 9 Inference of Takagi—Sugeno fuzzy systems.

corresponding to a fuzzy rule k in the rule base in Eq. (3) of K fuzzy rules. The
overall inferred output fuzzy set is given by

K K K
Y=UYk=UXoRk=XoURk.
k=1 k=1 k=1

Let Yé be the combined inferred output fuzzy set and let R’é be the combined
fuzzy relation set corresponding to a fuzzy rule [ in the rule base in Eq. (2) of L
fuzzy rules. The overall inferred output fuzzy set is given by

L L L
Y= rt={JXoR.=Xo| JRe.
I=1 1 =1

L. DEFUZZIFICATION
The task of defuzzification is to map a fuzzy output to a crisp output of the
system.

DEFINITION 14. Defuzzification is a mapping D of the set J(Y) with fuzzi-
fied outputs Y into the crisp output domain W with y.
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A number of schemes have been proposed. A widely used method is the center-
of-area method [35, 36]:

Tt (fyew #5@) A ¥ )y dy)
Tt (fyew #50) A k() dy)

where u*(x) and u*(y) are the membership functions of input fuzzy regions and
output fuzzy regions, respectively, or

St (fyew #e (o) A il (0)y dy)
Yict (Syew #e ) A W) dy)

where pfc (x) and u!(y) are the membership functions of combined input fuzzy
regions and output fuzzy regions, respectively.

Remark 4. For a Takagi~Sugeno system with fuzzy singleton input, the in-
ferred output fuzzy regions are crisp sets and hence the center-of-area method can
be reduced to the weighted average of fuzzy singletons:

i1 W @) or S me )y
YR k() S sk (x)

M. CONCLUDING REMARKS

This section has considered some basic concepts and the structure of fuzzy sys-
tems for modeling and control which are used for the illustration of fuzzy neural
networks. In what follows, we will discuss two fuzzy neural network designs.

III. DESIGN 1: A FUZZY NEURAL NETWORK
WITH AN ADDITIONAL OR LAYER

A. INTRODUCTION

This section reports the first attempt to solve the problem of neural network
implementation of higher-order fuzzy systems with fewer hardware requirements
and faster learning schemes. The fuzzy system used in this work is based on
Takagi—Sugeno fuzzy systems modified with the introduction of an additional OR
layer. A local linear system may be associated with more than one input fuzzy re-
gion. With this structure, the number of input fuzzy regions can be large, whereas
the size of the matrix for local system parameters estimation remains small. Thus,
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the proposed system is suitable for higher-order complex system modeling and
control. The proposed system also has the capability of rules generation.

B. INPUT DIMENSIONAL SPACE PARTITIONING

The partitioning method is discussed first because the structure of the fuzzy
system and the architecture of the fuzzy neural network are largely affected by the
partitioning method used. The input dimensional subspace partitioning method, as
it is called in this chapter, is a conventional fuzzy partitioning method which has
been adopted by Takagi [33] and Sugeno [37]. Each dimensional subspace of the
input space is first partitioned into a number of fuzzy regions and the input fuzzy
partition is then the product of all input dimensional subspace partitions. The
partition of the input space depends on the shape of the membership functions.

The idea of this partitioning method can be illustrated by a two-dimensional
input fuzzy system with input vector x = [x; x2)7. It is assumed that the system
has three fuzzy sets A1, Az, and A3 with membership functions w4, (x1), 4, (x1),
and p4,(x1), respectively, at dimension 1 and two fuzzy sets By and B; with
B, (x2) and up, (x2), respectively, at dimension 2, and the membership functions
are of the form

C i :)2
wi(x) = eXP(—w)
ij
The premises of the fuzzy rules are

Ry: If x1is A1 and x5 is By, then... or If xis Ay x By, then...,
R;: If x; is Ay and x3 is By, then ... or If x is Ay X By, then...,
R3: If x1 is A and x7 is By, then ... or If xis Ay x By, then...,
Ry4: If x1is A and x3 is By, then ... or If x is A; x By, then...,
Rs: If x1 is A3 and x3 is By, then ... or If x is A3 x By, then...,
Rg: If x; is Az and x5 is By, then ... or If x is A3 x By, then...,

where A; x By, j = 1,2,3 and k = 1, 2, are two-dimensional fuzzy sets with
membership function p4;(x1) A g, (x2). If a numeric product is chosen for the
t-norm A, the membership function of A; x By is

(x1 —w1)? (2 —wyy)?
pa;(x1) - pug (x2) = exp(— 5 Iz 5 22NN
9ij 0ij

Each two-dimensional fuzzy set A; x By is represented by an input fuzzy region.
The input dimensional subspace fuzzy partitions and the resulting input fuzzy
partition of the two-dimensional fuzzy system are shown in Fig. 10.
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Figure 10 Input dimensional subspace partitioning.

C. STRUCTURE OF THE Fuzzy SYSTEM

The proposed fuzzy system is evolved from Takagi—Sugeno fuzzy systems.
The main idea of the structure of the Takagi—Sugeno fuzzy system is that in each
input fuzzy region of the input domain a local linear function is formed. A mem-
bership function u(x) € [0, 1] of each region is a map indicating the degree of
the output of the associated linear function belonging to the region. The output
of the system is the “fuzzy” combination of the output of linear functions in all
regions. The proposed fuzzy system, on the other hand, has added one more OR
layer, which allows a local linear system to be associated with more than one in-
put fuzzy region. The proposed fuzzy system also uses a singleton fuzzifier, prod-
uct and sum inference, bell-shaped membership functions, and weighted average
defuzzifier.

All input fuzzy terms in the premise part of the fuzzy rules of the proposed
system are associated with a bell-shaped membership function x(x) chosen to be

uix) = exp(—((x ~ w)z)b),

where w, o, and b are its center, width, and shape, respectively, which are tuned
premise parameters at learning.
The proposed fuzzy system has a rule base of L fuzzy rules of the form

Ry If (x1 is A} and x is AY and ... and x,, is AY)
or (x;is A} and x3 is A7 and ... and x,, is Ak

o D o
or (x1 is AIK’ and x5 is A2K’ and . ..and x, is A,"),
then f; = aé + allxl +aéx2 +-- +af,x,,.
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Equivalently, the fuzzy rules can be formulated as

Ry :If xyis All1 and xj is Alz1 and...and x, is Af,‘,
then f; =a(l) +a’1x1 +af2x2+---+af,xn
Ry, If xq is Alf and x; is Alz2 and ...and x, is Ai,z,
then fj =af,+a’1x1 +aéx2+---+af,x,,

. Lk . ‘IK . Lk
Rig,: I xp is Ay "andxzis A, and...and x, is A, ',
then fi =al +alxy +alxa + -+ alx,.
0 1 2 n

The defuzzification is given by

L
Output = —Zlil qlﬁ,

1=19!

where
Ki n
ql:ZHMAI"l(x’)’ l=1’21-'~9L’
ki=1i=1 !

is the combined firing strength of a set of rules Ry, k; = 1,2,..., K}, whose

input fuzzy regions are linked to local system /. The combination of the outputs
of the local linear systems is the output of the system under consideration.

It is not difficult to see that the proposed fuzzy system will have fewer con-
sequence parameters than Takagi—Sugeno fuzzy systems because the number of
local systems may usually be less than the number of input fuzzy regions for
higher-order systems.

Consider an nth-order system with each input dimension partitioned into J
input fuzzy regions. Takagi—Sugeno fuzzy systems require the number of premise
and consequence parameters of all rules to be 3nJ and (1 + n)J", respectively,
and hence the size of the matrix for least-squares estimation is (1 +n)J" x (1 +
n)J". As for the proposed fuzzy system, with the input fuzzy regions combined
and mapped to L local systems, the required number of premise parameters and
consequence parameters of all rules are 3nJ and (1+n)L, respectively, and hence
the size of the matrix for least-squares estimation is (1 + n)L x (1 + n)L. For a
higher-order system, this leads to a great reduction in matrix size, and hence the
proposed fuzzy system is more suitable for higher-order systems.
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Figure 11 Structure of the proposed neural network.

D. ARCHITECTURE OF THE PROPOSED
NEURAL NETWORK

Figure 11 shows the structure of the proposed fuzzy neural network. The net-
work is composed of six layers which are made up of a number of neurons. All
neurons in the same layer are identical in their functions, but neurons may have
different functions in different layers. A typical neuron is depicted in Fig. 12.

(r-1

%1

(r-1

K (r)

N (r

. f 70,
' / node n inlayerr
(r-1

op

Figure 12 Neuron in layer r.
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On the left of Fig. 12 are the multiple inputs oﬁ’_l), og_l), o057V 10 the
node, each arriving from another neuron in the preceding layer » — 1. The neuron

performs a function f and delivers output to other neurons in the next layer r + 1:
-1 -1 -1
ofl’)zf(ogr ),og ),...,og )),

where of,’) denotes the output of the nth neuron in layer r and og.r_l) denotes the
Jjth output of the neuron in layerr — 1, j = 1,2,..., P.
We now consider the neurons in each layer.

Layer 1

This is an input layer whose neurons represent input variables. The neurons
just transmit input values to the next layer directly because input fuzzy sets are
fuzzy singletons:

01_(1) = X;.

Layer 2

This is an input term layer whose neurons represent the membership functions
associated with each linguistic term of input variables. Links at this layer are fully
connected between input neurons and their corresponding terms. We choose the
bell-shaped membership function as

M _ 32\ i
05.2) = exp(—(“i—glzw;)) ), C))

J

where wj, o;, and b; are the center, width, and shape of the membership function
of the jth term of the input variable x;.

Layer 3

Layer 3 is an input partition layer whose neurons represent the premise of
fuzzy rules (input fuzzy regions). Links at this layer are formed in response to
the AND preconditions of the rules (AND matrix). The neurons perform the fuzzy
AND operation

01(63) = 1_[05.2) for some j. (5)
j
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Layer 4

This is an output partition layer (combined input partition) whose neurons rep-
resent the output fuzzy regions. Links at this layer are formed in response to the
OR preconditions of the rules (OR matrix). The neurons perform the fuzzy OR
operation to integrate the fired rules

01(64) = Z o,(f) for some k. (6)
k
Hence, layers 3 and 4 function as the premise of fuzzy rules.

Layer 5

This is a consequence layer whose neurons represent the weighted local linear
systems. Links at this layer are fully connected.

)
© _ _fioy
0[ - (4) ’ (7)

Zm Om

where
n
fi= aé + Z afx,-
i=1
(n is the system order, i.e., the number of input variable x;,i = 1, ..., n).
Layer 6

This is an output layer whose neurons represent the output variables. This ar-
chitecture shows a single output only. It can be extended easily to a multiple-
output system. Links at this layer are fully connected. The output of the network is

y = 0(6) = 201(5). (8)
1

E. HYBRID LEARNING ALGORITHM

The learning algorithms aim at constructing the fuzzy system by locating
the initial membership functions, generating the required fuzzy rules, tuning the
membership functions, and finding the consequence parameters so that the perfor-
mance is optimized through the whole set of training data pairs. However, before
applying the learning algorithm, we need to choose the input regions for each in-
put variable x; and the output regions for output y. Because each neuron (input
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fuzzy region) in layer 3 is connected to one of the input term neurons (input fuzzy
terms) in layer 2, the initial number of rules is equal to the product of the number
of input regions of all input variables Hi N(T (x;)), where N(T (x;)) denotes the
number of terms of input x;.

All neurons are initially fully interconnected between layers 3 and 4. After rule
generation (which will be discussed in phases 2 and 3 of the learning algorithm
in this subsection), it is expected that the final number of rules will be reduced.
Each neuron in layer 4 is only connected to one neuron in layer 3.

The learning scheme consists of four phases.

Phase 1: Finding the Initial Center and Width
of the Membership Functions

In this phase, the centers w; and widths o; of the membership functions of
input fuzzy terms are determined. The centers of two membership functions are
placed at the upper limits and lower limits of the input range at each dimension.
The other centers of the remaining membership functions are located evenly over
the input range. The width of the membership function can be simply determined
by

1 1
aj=7le+1—wj| or orj=§|wj—wj_1|.

As for the output partition layer, the number of output regions needs to be cho-
sen. It is expected that more accurate output can be obtained if the output layer
is assigned more output regions. Each output region is associated with a local
system.

Phase 2: Determining Fuzzy Rules by Competitive Learning

The purpose of this phase is to determine the relationship between input fuzzy
regions and output fuzzy regions. Initially, the links between layers 3 and 4 are
fully interconnected. The weight of the link connecting the kth neuron in layer 3
and the /th neuron in layer 4 is denoted by ai and assigned a value of 0.5. A com-
petitive learning algorithm is adopted. For the set of training data pairs (x, y), the
weights are adjusted as follows:

i

(3))’

Aai:o —ozi+ok

where 0123) is the output of neurons (the output of the input fuzzy region) in layer 3

and 01(4) is the output of neurons (the output of the combined input fuzzy region)
in layer 4.
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Hence, 01(4) serves as a win—loss index of competition. After competitive learn-

ing, the weight afc will approach either zero or some other value. The convergence
proof of this law can be found in [20].

Phase 3: Generating Rules

In the previous phase, the links at layer 4 are fully interconnected; that is, a
maximum number of rules are considered. However, not all the rules are vital to
the fuzzy system. The purpose of this phase is to delete those unimportant rules
and to retain the essential ones based on the result of competitive learning through
the whole set of training data pairs. The weight of a link that connects a neuron in
layer 3 (representing an input fuzzy region) and a neuron in layer 4 (representing
an output region) indicates the strength of the rule affecting the output region.
The weights of the links that connect the same neuron in layer 4 are compared.
If the weight of the link is found to be small compared to the maximum one, the
weight of the link is assigned a 0 (10% is chosen in our simulation example). The
remaining weights are then assigned a 1. Hence, ozfC will be either 1 or 0, which
indicates the existence of the links connecting neuron / in layer 4 and neuron % in
layer 3. If there is no link connecting a neuron in layer 3 and a neuron in layer 4,
the neuron in layer 3 is regarded as deleted (see Tables I and II). The remaining
{ai} of the reduced network forms the OR matrix and represents the linkage of
layers 3 and 4.

Phase 4: Optimizing the Parameters of Membership Functions
by Error Back Propagation and Finding the Parameters of Local
Systems by Recursive Least-Squares Estimation

After the first three phases, the structure of the whole network has been de-
termined. In this phase, error back propagation is applied to tune the parameters
of the membership functions and recursive least-squares estimation is applied to
find the parameters of the local linear systems simultaneously. The network can
be considered as a cascade of a nonlinear system and a linear system. Error back
propagation is applied to the nonlinear part and recursive least-squares estimation
the linear part. Figure 13 shows the block diagram for the learning scheme.

1. Error Back Propagation

For each training pair (x, z), the system output y = 0(® is obtained in forward
pass after feeding x into the network. Thus, the purpose of this learning phase is
that, for a given ¢th training data pair (x (), z()), the parameters are adjusted so
as to minimize the error function

E®) = L0 - yn)’,
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Figure 13 Block diagram for the learning scheme.
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target

where z(¢) is the target output of the th training data pair and y(¢) is the current

output of the network.
The parameter update laws for w;, o, and b; are found to be (see the Ap-
pendix)
oE 2b;
J - 805.2) 051) . U
dE 2b
Ag; = — "L p;,
= 200 o
and
6] 2
3 (0; " —wj)
Ab;j =1 Iog< : D,
where
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2. Recursive Least-Squares Estimation

In addition to applying error back propagation for tuning the membership func-
tions, recursive least-squares estimation is used to find the consequence parame-
ters of the local linear systems. From Eqgs. (7) and (8), we have

@
0® — Zz fio;

where f; = a0 + 30 la :x; (n is the system order, i.e., the number of input
variable x;,i =1, ...,n). af are the parameters needed to be estimated.

Let us define at the tth training data pair the cost function J:
IT=)E®=3) e®)?
t t
where e(?) is the estimation error given by

e(t) = z(t) — y(t) = z(t) — d(1)TH(t — 1),

op =[a'e) & - &L(t)]Twith&l(t)z[&(l)(t) adw aw---alo],
and
o® ol o® T
¢(:)=[ (O, MONE O ] o[t 51 xa m]
Tio0® Yo 000

® denotes the Kronecker matrix operator.

Then recursive least-squares estimation can readily be applied to find the pa-
rameters 6 such that the cost function J is minimized. The algorithm for updating
the parameters is

P(t — @) e(t)
1+¢OTPEt~ Do)
Pt — )o@ Pt — 1)

dOT P — Do)

with § (0) given and P(—1) a positive-definite matrix.

o) = 0@ -1+

Pty =Pt-1) -

’

F. SIMULATION EXAMPLES

EXAMPLE 1. The proposed neural network is trained to model a three-input
nonlinear function y = (1 + x?’S +x5 Ly X3 1:5y2 which was also used by Takagi
and Hayashi [38] and Sugeno and Kang {37] to verify their approaches. An input
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Figure 14 Convergence of some strengths of the links between input fuzzy regions and output fuzzy
regions.

range [1, 6] of each dimension is divided into three fuzzy regions, each of which
is associated with a Gaussian membership function. The output range is divided
into eight output fuzzy regions, each of which is associated with a local linear
system. Twenty-seven rules are thus constructed initially, and 216 training data
pairs, the input part of which is randomly generated within the input range, are
used to train the network.

The initial shape of the membership functions after the first phase of hybrid
learning is shown in Fig. 17 (later in this chapter). After the second phase of hy-
brid learning, the strengths of the links connecting input partition neurons and out-
put partition neurons converge. Figure 14 shows the convergence of the strengths.
After the third phase of hybrid learning, the rules are determined. Table I shows
the rules before the rule reduction, and Table II shows the rules after the rule
reduction. Nine rules are deleted. In the last phase, a step size k = 0.001 was
selected for the proposed system. In addition, both the adaptive network fuzzy
inference system (ANFI) [19] and the fuzzy radial basis function (FRBF) [21] are
also simulated in order to evaluate the proposed system. The step sizes for them
are also selected to be k = 0.001. For the sake of comparison, we use the same
performance index adopted in [37]:

P

1 -
Average percentage error (APE) = 3 Z %});(M x 100%,

p=l1
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Table I Table IL
Output partition Output partition
1 0 0 0 0 0 0 0 0 06 0 0 0 0 0O deleted
1 0 0 00 0 0 O 1 0 0 0 0 0 0 O
1 60 0 6 0 0 0 O 0 0 0 0 0 0 0 O deleted
0 01 0 0 0 0 O 0O 01 0 0 0 0O
0 01 0 0 0 0 O 0O 01 0 0 0 0O
0 01 0 0 0 0 O 001 0 0 0 0 O
0O 01 0 0 0 0 O 0 0 0 0 0 0 0O deleted
R 0 1 0 0 0 0 0 O R 01 0 0 0 0 0 O
u 0 0 0 0 0 0 1 O uw 0 0 0 0 0 0 1 O
1 1.0 0 0 0 0 0 O 1 1.0 0 0 0 0 0 O
e 1 0 0 0 0 0 0 O e 1 0 0 0 0 0 0 O
0 0 0 00 0 1 0 0 06 00 0 0 0O deleted
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1
n 0 0 0 01 0 0 O n 0 0 0 0 1 0 0 O
o 0 0 0 00 0 1 0 o 0 0 0 0 0 0 1 O
d 0 0 0 0 0 0 0 1 d 0 0 0 0 0 0 0O deleted
e 01 0 0 0 0 0 O e 01 0 0 0 0 0 O
0 0 0 00 0 1 O 0 0 0 0 0 0 1 O
0 0 0 1 0 0 0 O 0O 0 0 0 0 0 0 O deleted
0 0 01 0 0 0O 0 0 01 0 0 0 O
0 0 01 0 0 0 O 0 0 01 0 0 0 O
0 0 0 0 0 1 0 O 0 0 0 0 0 0 0 O deleted
0 0 0 0 0 1 0 O 0 0 0 0 0 1 0 O
0 0 0 0 01 0 O o 0 0 0 0 1 0 O
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 O deleted
0 0 0 0 01 0 O 0O 0 0 0 0 0 0 O deleted
0 0 0 0 0 0 1 0 o 0 0 0 0 0 1 O

where P is the number of data pairs and z(p) and y(p) are the pth desired output
and network output, respectively.

It is noted that the number of consequence parameters in ANFI is 108 and
in the proposed system it is 32. The results of the performance of the networks
are shown in Figs. 15 and 16. The results indicate that the performance of the
proposed system is close to that of ANFI and is much better than that of FRBF.
Figures 15 and 16 show that the curve is “L” shaped. The average percentage error
approaches its optimal value after two-epoch training. This is due to the fact that
the parameters of the local systems have converged. This implies that the conver-
gence of the parameters of local systems plays a dominate role for system esti-
mation accuracy. The remaining time is just for fine tuning the parameters of the
membership functions. Thus, the training required to achieve acceptable accuracy
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for the proposed network is expected to be fast. Figure 17 shows the membership
functions before training; Figs. 18-20 show the membership functions after train-
ing. Figure 21 shows the convergence of the consequence parameters. Figure 22
shows the performance of the proposed neural network.
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Figure 16 Performance comparison.
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Figure 17 Initial shape of membership functions for x{, x3, and x3.

EXAMPLE 2. The proposed neural network is also trained to model an oper-
ator’s control of a chemical plant [39]. In [39] the first three inputs were identified
as being significant to the model. Thus, in this simulation, only the first three in-
puts are selected. Each input range is divided into two fuzzy regions. The output
range is divided into four fuzzy regions. The simulation results after 30-epoch

09
O.IT
0.7}

0.6}

041
0.3p
02k

0.1F

o2

x1

Figure 18 Final shape of membership function for x;.
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Figure 19 Final shape of membership function for x5.

training are shown in Fig. 23. These results indicate good performance of the
proposed neural network.

EXAMPLE 3. Finally, we deal with an example of the trend data of stock
prices [39]. The data set consists of ten inputs and one output (a higher-order

0.9F
0.8}
0.7F
0.6F
[£13
04
0.3
0.2}

0.1}

K)

Figure 20  Final shape of membership function for x3.
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Figure 21 Convergence of some consequence parameters.

system). Each input range is divided into two fuzzy regions. The output range is
divided into seven fuzzy regions. The simulation results after 100-epoch training
are shown in Fig. 24. The simulation results demonstrate that the proposed neural
network performs well.

Actual
2 | Modeled |
15 |
:

10 | #
SL 4
[/} _s L —_— .

20 40 60 80 100

Data pair number

Figure 22  Output of the nonlinear function.
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Figure 23 Output of plant operation model.

G. CONCLUDING REMARKS

A neural network implementation of a new fuzzy system has been proposed.
Unlike the standard Takagi—Sugeno fuzzy system (in which the number of local
linear systems is the same as the number of input fuzzy regions), the proposed
system introduces an additional OR layer, which is a means of controlling the

=30 /. i L el
0 20 40 60 80 100
Data pair number

Figure 24 Output of stock price model.
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growth of the number of local linear systems when the order of the system under
consideration increases so that least-squares estimation can be applied without
much performance degradation. The simulation results showed that even though
the number of local linear systems is reduced, the performance of the proposed
system is encouraging. It is expected that a better performance can be achieved
if more local linear systems are allowed by dividing the output domain into more
output fuzzy regions.

IV. DESIGN 2: A FUZZY NEURAL NETWORK BASED
ON HIERARCHICAL SPACE PARTITIONING

A. INTRODUCTION

In this design, the Takagi—-Sugeno fuzzy systems is implemented within the
framework of a sigmoid function neural network, which is one of the most popular
feedforward neural networks. The fuzzy neural network adopts the hierarchical
space partitioning method for its structure selection. The partitioning method is
based on the idea of recursively partitioning the regions of the worst performance.
The performance of the system improves as this partitioning process continues
until some performance criterion is satisfied. Thus, the number of input fuzzy
regions (corresponding to fuzzy rules or neurons) is determined automatically in
accordance with the prespecified error. The fuzzy neural network is suitable for
higher-order fuzzy system implementation.

B. HIERARCHICAL INPUT SPACE PARTITIONING

The input fuzzy partition is formed by hierarchical partitioning of the input
domain, that is, by recursive hyperplane cutting of the input domain. Figure 25
illustrates the idea of hierarchical input space partitioning. For each cutting, two
input fuzzy terms A%~! and A% are formed by the cutting plane g;(x) shown
in Fig. 26. The combination of the input fuzzy terms with fuzzy AND opera-
tions results in a set of input fuzzy regions which represent the premise of fuzzy
rules. The relationship between the input fuzzy terms and the input fuzzy regions
can be expressed by the AND matrix Mayp, and the matrix can be constructed
systematically in accordance with the mechanism of hierarchical input space par-
titioning.

The mechanism of hierarchical input space partitioning can be illustrated as
follows. Given a set of input and output data, a linear cutting plane g;(x) = 0
is searched in the input space, which divides the input domain U into two input
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Figure 25 Hierarchical input space partitioning.

crisp regions, say, G! and G?, to optimize some performance index. On the linear
cutting plane g1(x) = 0, there are two membership functions assigned which
are complementary to each other. It can be seen that two fuzzy sets (input fuzzy
terms), say, Al and A?, corresponding to G! and G2, respectively, can be formed
as shown in Fig. 26. The two fuzzy sets are complementary to each other. The
input fuzzy partition becomes {A!, A%} as shown in Fig. 25a corresponding to the
first step of input space partitioning. The AND matrix

1 0
Manp = [0 1]
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Figure 26 Input fuzzy terms and membership functions.

can be constructed. The generate rule base consisting of two fuzzy rules is

Ri: Ifxis Al then...,
Ry: If x is A2, then. . ..

If the performance is not satisfactory, one of the input fuzzy regions with the
worst performance, say, A2, is selected to be partitioning again. Suppose another
linear cutting plane g2(x) = 0 is searched in the input domain U, which cuts U
into two other input crisp regions, G and G*. On the linear cutting plane g»(x) =
0, there are two other membership functions assigned which are complementary
to each other. It can be seen that there exist another two fuzzy sets, say, A3 and
A%, corresponding to G3 and G*. The four fuzzy sets (input fuzzy terms) Al A%,
A3, and A* with AND fuzzy set operations can constitute a number of different
input fuzzy partitions (Definition 5). Because A? is selected to be partitioned, the
resulting input fuzzy partition is {A!, A2 N A3, A2 N A%} as shown in Fig. 25b
corresponding to the second step of input space partitioning. The AND matrix

Manp becomes
1 0 00
Manp = 01 1 0
01

01

The generated rule base consisting of three rules is

Ry: If x is A!, then. ..,
Ry: If x is AZ? and x is A3, then. . .,
R3: Ifxis A% and x is A4, then. ...

This procedure is repeated again and again until some criterion is satisfied.
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After four cuttings, for example, the hierarchical input space partitioning
shown in Fig. 25d is completed. The generated fuzzy rule base consisting of five
fuzzy rules is as follows:

Ry: If x is A! and x is A3, then. . .,
Ry: If x is A% and x is A3, then. . .,
R3: If x is A% and x is A%, then. ..,
Ry: If xis A! and x is A® and x is A7, then. ..,
Rs: If x is Al and x is A% and x is A8, then. . .,

where A/ are input fuzzy terms.

The corresponding AND matrix which describes the previous structure (the
relationship of the input fuzzy terms and the input fuzzy regions) is updated re-
cursively and can be represented as

1 0001000
01100000

Msynp=|0 1 0 1 0 0 0 O 9
1 0000110
1 0000101

With the AND matrix, the preceding rule base can be expressed as

Ry: Ifxis X!, then...,
Ry: If x is X2, then. ..,
R3: If x is X3, then. ..,
Ry: If x is X4, then. . .,
Rs: Ifx is X5,then...,

where X/ are input fuzzy regions. The structure can also be represented by a bi-
nary tree structure shown in Fig. 27. The structure of the fuzzy neural network
shown in Fig. 28 can be evolved because of the hierarchical input space partition-
ing which leads to the generation of fuzzy rules.

C. STRUCTURE OF THE Fuzzy SYSTEM

The fuzzy system to be implemented is a Takagi—Sugeno fuzzy system with
a singleton fuzzifier, product inference, sigmoid membership functions, and
weighted average defuzzifier.

Let us consider an n-input and m-output Takagi—Sugeno fuzzy system with
input vectorx = [x; x2 --- %17 in input domain U and output vector y =
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Figure 27 Binary tree structure representation of fuzzy rules.

[yi y2 -+ yml¥ in output domain W. The hierarchical space partitioning
method is adopted for the fuzzy system. The cutting plane gz (x) = 1 4+ wgx =0
cuts the input domain U to form two input fuzzy terms A%*~! and A2%. Two
complementary membership functions for the two input fuzzy terms at the cutting

* *
¥y y
*; *
%
y
x x

Figure 28 Evolution of the fuzzy neural network.
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plane are chosen to be, respectively,

ppzk-1 (x) = o (Brgr(x)), (10)
where o (Brgr(x)) = 0.5(1 + tanh(—Br gk (x))) and
142 (x) = o' (Brge(x)), (11)

where o’ (Brg(x)) = 0.5(1 — tanh(— B gk (x))).

With hierarchical space partitioning, an input fuzzy partition of the input do-
main is thus formed which is characterized by a structured AND matrix Manp.
The inferred membership function of the input fuzzy region X/ (corresponding
to the rule R;) is thus obtained by uy; (x) = []; 1 4i (x) for all input fuzzy terms
A’ linking to the input fuzzy region X/ (for all entries x with value 1 in row j of
the AND matrix). If the input fuzzy terms formed by cutting planes are comple-
mentary to one another, it can be shown that ) jHxi (x) = 1 for all j (inherent
normalized membership functions). The fuzzy rule R; is

Rj: Ifx is X/, then y/ = a/%,

where
j J J j 7
F Ajp 911 G ot 4y,
J J J j
Ay dy1 Gy Gy,
i j J J j .
al=|ay ay ayn - a4, |, j=12,...,L,
J J J J
L Q0 Gyl G2 0 Gmn
x=0 x - WLi=0 x1 x - x1y =0 ¥

y]T, and X/ is the input fuzzy region derived from input fuzzy terms A’ using
the AND matrix Manp.

The preceding equations form a fuzzy rule with multidimensional input vari-
ables and multidimensional membership functions. The fuzzy rule R; is imple-
mented by fuzzy implication R; : X/ — Y/ and defined as follows:

HR; = Hxi N Myi = Hxis

where Y/ is a crisp set of local system output y/.

The fuzzy inference engine is a decision-making logic which employs fuzzy
rules from the fuzzy rule base to determine the weight output of each local linear
system. The inference output Y/ of the rule R is ¥/ = X o Rj where Y/ is a
fuzzy set characterized by membership function y; = pux(x) A wg; with input
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fuzzy set X. Consider the fact that the input fuzzifier is a singleton. Then we have
¥/ = x o Rj where x and y/ are fuzzy singletons.
The defuzzification is the weighted average of local linear systems output

Ym0y & : -
= = E Hxi(xX)y?! (x) because E wxi(x) =1.
Zf:l Poxi(x) j=1 X j=1 *

D. ARCHITECTURE OF PROPOSED FuUzZzYy
NEURAL NETWORK

In this section, the architecture of the proposed fuzzy neural network is ad-
dressed. The proposed fuzzy neural network is constructed according to hierar-
chical input space partitioning discussed in Section IV.B and the fuzzy system
structure discussed in Section IV.C. As shown in Fig. 29, the network is a six-
layer sigmoid function neural network with a number of neurons in each layer.
A typical neuron performs a function f and delivers its output to neurons in the
next layer

o = FoV, o0, L ot Y,

where o denotes the output of the nth neuron in layer r and og.r_l) denotes the
output of the jth neuronin layerr — 1, j =1,2,..., P.

‘We now consider the neurons in each layer.

Layer1

This is an input layer. Its neurons represent input variables. The neurons just
transmit input values to the next layer directly because input fuzzy sets are fuzzy
singletons:

ofl) = ugl) = x;.

Layer 2

This is the cutting plane layer. The output of its neurons represents the output
of cutting plane g;(x). The links to the neurons represent the coefficients of the
cutting plane. The neuron function is

05.2) =gi(x) =1+w;x,
where the w;’s are the coefficient vectors of cutting plane g;(x). The neuron
performs the weighted summation.
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Figure 29  Architecture of the proposed fuzzy neural network.

Layer 3

This is an input term layer. Each of its neurons represents an input fuzzy term
of a fuzzy rule. There are two input fuzzy terms associated with one cutting plane.
The complementary membership functions are chosen to be a sigmoid function
for the pair of input fuzzy terms A%/~! and A%/:

o§3->_1 =o(- ﬂ,-oj?)) =0.5(1 + tanh ( — ,Bj0§.2)))
and

og') = 0’( - .Bjoﬁ.z)) = 0.5(1 — tanh ( _ ﬂj.o;z)))'
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The neuron performs the sigmoid function. The weights of the links have a value
of 1.

Layer 4

This is an input fuzzy partition layer. Each of its neurons represents an input
fuzzy region. The links represent the entries of the AND matrix Mayp. The neu-

rons perform the AND function 01(4) =11 033) for all input fuzzy terms A/ linking

to input fuzzy regions X’ (for all entries x with value 1 in row ! of the AND
matrix).

Layer 5

This is a local system layer whose neurons represent local linear systems. The
neurons perform multiplication and a local linear function. The weights of the
input links have a value of 1. The neuron function is

ol(s)_ol4)ﬁp, p=1,...,mandl=1,2,...,L, (12)
where fi, = aby+ Y1, abxi.

Layer 6

This is an output layer whose neurons represent the output variables. The out-
puts of the network are

L
yp=o§,6)=Zol(;), p=12,...,m. (13)

The neurons perform summation functions. The weights of the links have a value
of 1. The outputs of the neurons are the outputs of the neural network.

E. LEARNING ALGORITHM

A hybrid algorithm with the capability of structure selection and parameter
tuning is developed for MIMO systems with input x € R" and output z € R™.

The performance index is defined as the normalized root mean square error
(NRMSE) ¢ which is given by

N

(> =2
- ERCUY

t=1 p=1
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where y, is the pth output of the fuzzy neural network and z, is the pth output of
the modeled system, 7, = max, (z,(¢)) —min,(z,(¢)), N is the number of training
data pairs, and m is the number of output dimensions.

Suppose modeling error ¢ is required to be less than a prespecified error y for
the fuzzy neural network with the given (x(¢), z(z)) data pairs fort = 1,2, ..., N.
For the convenience of applying the hybrid algorithm, x’s are normalized within
1. The following hybrid algorithm is developed which consists of a number of
steps:

Determine a linear system.
Create a cutting plane.
Expand the AND matrix.
Create the structure of local systems and initialize the local system
parameters.
5. Calculate the output of the inferred membership function of each input
fuzzy region.
6. Search for cutting plane parameters and local system parameters.
7. Find the derivatives of the output of the fuzzy neural network with
respect to cutting plane parameters.
8. Find the derivatives of the output of the fuzzy neural network with
respect to local system parameters.
9. Check stopping conditions and find the worst region.
10. Goto 2.

Ll e

1. Determine a Linear System

When the training starts, there is no partition of input space and thus there
exists only one linear system and one input fuzzy region which is the input domain
U. Itis a special case of the fuzzy neural network in which there is no rule because
there is no input fuzzy partition. In this special case, the fuzzy neural network is
equivalent to a linear system.

A pseudo-inverse technique can readily be applied to find the parameter a of
the linear system by

a=XX)'XZ7,

where

= 1 1 1
X=|:x(1) x@) - x(N)] and Z=[z(1) 722 - Z(N)].

The modeled output is ¥ = a” X. If the modeling error ¢ defined in Eq. (14) is
less than y, the learning is completed. The structure of the fuzzy neural network
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is merely a linear function. Otherwise, the following learning steps are required.
In this case, the parameter a of the linear system is denoted by a! for later use.

2. Create a Cutting Plane

There is only one region which can be selected to be cut if this step immedi-
ately follows step 1 because fuzzy partitioning has not started yet. Otherwise, the
region required to be cut has been chosen at step 9 and the output of the inferred
membership function of each input fuzzy region has been calculated at step 5. At
this step, a cutting plane is created to cut the selected region. For generality, sup-
pose that it is the kth cutting plane gi (x) and the input fuzzy region X/ is selected
to be cut.

The output of the inferred membership function py; (x) = 05.4) of the selected
region governs the importance of the data to the selected region. The weighted
average of the input data x, with respect to this region is used for setting the
initial cutting plane, that is,

X, = SNy ((@)x ()
Yool kg (x(8)

where py;(x(t)) = o§4)(t). It should be noted that x, cannot be 0.

The initial setting of the cutting plane is to find an equation gz (x) = 1+wgx =
0 such that it passes through the point x,. However, there are many cutting planes
passing through x,. One of the planes is randomly selected as the initial solution.
The values of the entries of wy are obtained by

w

Wy = ——,

WX,

where the values of the entries of w are randomly assigned between 0 and 1. If
w = 0, w will be generated again.

3. Expand the AND Matrix

With the cutting plane initially selected, the selected region can be cut into two
splitting regions. This cutting plane actually cuts the whole input domain U into
two parts as well as the selected region. Two membership functions i 42¢-1(x) and
W a2¢(x) are assigned to form two input fuzzy terms A%-1 and A%% The mem-
bership functions selected for the input fuzzy terms of the fuzzy neural network
are, respectively,

0 | = pyne1(x) = 0.5(1 + tanh ( — Brge(x)))
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and
053 = pu(x) = 0,5(1 — tanh ( - ,Bkgk(x)))~

The input fuzzy terms A%~ and A%* with the selected membership functions are
obviously complementary to one another.

Because the input fuzzy region X/ is selected to be split (one more rule is
generated) by the cutting plane g (x) (there are a total of k + 1 regions formed),
the AND matrix is expanded and a new matrix is obtained as follows:

_ 0 07
aoew _ | Mip 1 0|} jthrow

AND .. ’
00
LM () 0 1]} (k+ Dthrow

where MX}\‘}D (j) denotes the jth row of MX}SD.

4. Create the Structure of Local Systems and Initialize
the Local System Parameters

The additional local system f**! is required to be added in response to input
fuzzy region splitting. The matrix of the newly added local linear system f*+1
is initialized by a¥*! = a/. It should be noted that the two newly added mem-
bership functions u 421 (x) and p 42 (x) will not affect other input fuzzy regions
except for the region selected to be split. However, because the initial membership
functions are complementary to each other and the parameters of the newly added
local linear system a*+! is the same as the one a/ associated with the region X/
selected to be cut, the performance of the splitting regions remains the same. That
is, the performance of the fuzzy neural network is retained at the time of splitting.
This property is very attractive for real-time learning processes.

5. Calculate the Output of the Inferred Membership
Function of Each Input Fuzzy Region

The value of the output of membership functions of input fuzzy regions can be
obtained by fuzzy set operation on the membership functions of input fuzzy terms.
With respect to membership functions, the outputs of input fuzzy regions are the
t-norm of the output of input fuzzy terms. In this design, the numerical product
is selected as the 7-norm for connective AND. Because the linkage of input fuzzy
terms and input fuzzy regions is expressed by the structured AND matrix, the
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matrix provides a systematic way of performing the calculation. Therefore, the
output of the input fuzzy regions is simply obtained using the AND matrix by
performing the following steps:

1. Reversing the 0’s of the AND matrix into 1’s and the 1’s into 0’s.

2. Adding each row of the AND matrix with the output of input fuzzy terms
0® (which are obtained by substituting x into the membership functions
of input fuzzy terms because input is a fuzzy singleton).

3. Performing min(x, 1) for each entry x of the AND matrix.

4. Multiplying all entries at the same row of the AND matrix.

For example, consider the following AND matrix Manp as in Eq. (9) which
represents five input fuzzy regions (five fuzzy rules) and eight input fuzzy terms
(four cutting planes). Suppose the output of input fuzzy terms is

0® =1[0.9998 0.0002 1.0000 0.0000 0.6154 0.3846 0.9977 0.0023].

Thus, the previously mentioned four steps lead to
011101

—_—— 0 O
b b O

11
11111
01111},
11001
11010

OO = =

1
1
0
L 0

[0.9998 1.0002 2.0000 1.0000 0.6154 1.3846 1.9977 1.0023 |
1.9998 0.0002 1.0000 1.0000 1.6154 1.3846 1.9977 1.0023
2. | 1.9998 0.0002 2.0000 0.0000 1.6154 1.3846 1.9977 1.0023 |,
0.9998 1.0002 2.0000 1.0000 1.6154 0.3846 0.9977 1.0023
| 0.9998 1.0002 2.0000 1.0000 1.6154 0.3846 1.9977 0.0023 |

[ 0.9998 1.0000 1.0000 1.0000 0.6154 1.0000 1.0000 1.0000
1.0000 0.0002 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
3. | 1.0000 0.0002 1.0000 0.0000 1.0000 1.0000 1.0000 1.0000 |,
0.9998 1.0000 1.0000 1.0000 1.0000 0.3846 0.9977 1.0000
| 0.9998 1.0000 1.0000 1.0000 1.0000 0.3846 1.0000 0.0023 |

[0.6153
0.0002
4. | 0.0000 |,
0.3836
| 0.0009

and o™ = [0.6153 0.0002 0.0000 0.3836 0.0009].
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6. Search for Cutting Plane Parameters and Local
System Parameters

Both the parameters wy and B of the new cutting plane g (x) and the param-
eters a; and a4 of the local systems f J and f*+1 of splitting regions X/ and
X*+1 respectively, are required to be searched so as to achieve locally optimal
performance.

The extended Kalman filter algorithm [40-42] is adopted for the search. The
update laws of the extended Kalman filter algorithm are

Ko(t) = A Pyt — DHe (1) (I + A" HI () Pa(k — ) Hp () ™",
8y =60t — 1) + Kg(®)(2() — y(®)),
Pa(t) = A7 Pyt — 1) = AT Ko (1) HY () Po(t — 1),
where Kjp is the Kalman gain and Hp is the gradient matrix. The entries of the

gradient matrix Hy are the derivatives of the output of the fuzzy neural network
with respect to the tunable parameters

that is,

ayT (wi, x(2))
dwy

3yT (B, x(1))
- 0B

BO=1" 5@l x@)
dal

ayT (@1, x(1))
3ak+1

wp=twi (t—1)

Be=Pr(t-1)

al=aJ(t—1)

L ak+l=gk+1(:—1) J

The algorithm is initialized with Py(0) = I and 1 (0) and a**1(0) to the values
found at steps 2 and 4, respectively.

7. Find the Derivatives of the Output of the Fuzzy Neural
Network with Respect to Cutting Plane Parameters

The derivatives of the output of the fuzzy neural network with respect to cut-
ting plane parameters can be illustrated by an example. Consider a two-input
m-output fuzzy neural network having four cutting planes with parameter ma-
trix w of size 4 x 2 and five local linear systems with five parameter matrices a/,
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j=1,2,...,5,each of size m x 3. The AND matrix of the fuzzy neural network
is as in Eq. (9).
From Egs. (12) and (13), the system function is obtained

5
4
y=Y ol fi
k=1

o (B1(1 + wix))o (B3(1 + w3x)) fi + o' (B1(1 + wix))o (B2(1 + wax)) fo
+ 0/ (B1(1 + wix))o’' (B2(1 + w2x)) f3

+ 0 (Bi1(1 + wix))o’(B3(1 + w3x))o (Ba(1 + wax)) fa

+ o (B1(1 + wix))o' (B3(1 4+ wax))o' (B4(1 + wax)) f,

where y € R™ is the output of the neural network and fy € R™, k =1,2,...,5,

are the outputs of the local linear systems.
For implementing the extended Kalman filter algorithm, the derivatives of y

with respect to all w;, j = 1,2,...,5, are required. ayT /dws are selected for
illustration:

ayT _ 80 (B3(1 +wsx)) NT + 80" (Bs( + wsx)) \r

Jdws dws w3
where

N3 = o(B1(1 + wix)) f1,
N3 = o(B1(1 + wix))o (Ba(1 + wax)) fa
+o (B + wix))o' (Ba(1 + wax)) fs.

Then
ayT d
S = 5 (05(1 4 tanh (851 + wsm))) V]
2 /
+ g (0.5(1 = tanh (B5(1 + w30))) 45"

= 0.583x(1 — tanh? (B3(1 + w3x)))NJ
—0.583x(1 — tanh?® (B3(1 + w3x)))N§T
= 0.53x(1 — tanh?® (B3(1 + w3x)))(NT — NjT).
Similarly, the derivatives of y with respect to 83 are
ayT ]
s s

9
+ 3—ﬁ3(0.5(1 — tanh (B3(1 + w3x))) )Ny

(0.5(1 + tanh (B3(1 + w3x))))NT



Implementation of Fuzzy Systems 109

= 0.5(1 + w3x)(1 — tanh? (B3(1 + w3x))) NY
—0.5(1 + w3x)(1 — tanh? (B3(1 + w3x))) N}
= 0.5(1 + w3x)(1 — tanh? (B3(1 + w3x)))(N] — N§T).

The expressions of N3 and N represent outputs of two subnetworks. Thus, the
evaluation of N3 and Né can be achieved by using reduced Manp, that is,

MY =[1 0 00 1 0 0 0

and
MN; (10000110
AND™ 11 0 0 0 01 0 1}

which are obtained by deleting the rows of Manp,

w1 w2 w3 w4
1 0 00 1 0 00
01 1 0 0* 0 0 0 delete
01 01 0* 0 0 0 delete
1 0 00 0* 1 1 0 delete
1 0 0 0 0* 1 01 delete

and

wi w2 w3 w4
1 0 00 1 0* 0 0 delete
01 1 0 0o o 0 0 delete
01 01 0 o* 00 delete
1 0 00 0 1 10
10 00 0 1 01

corresponding to the 0’s (which are marked by *) of the first column and the
second column of w3, respectively.
The procedure for finding N3 and N; is similar to the procedure described

at step 5 with the modification that the entries of o® correspondmg to w3 are

replaced by 1’s so the output of input fuzzy terms for MM wp and Y \wp 18 modified
to be

[0.9998 0.0002 1.0000 0.0000 1.0000 1.0000 0.9977 0.0023].

Thus, N3 = 0.9998 f; and N} = 0.9975 f3 + 0.0023 fs.
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In general,

9 T
= = 0.58x(1 — tant (B; (1 +wx)) (V] — N]).
wj
The evaluation of N; and N ; can be achieved by using reduced Mayp, that is,

. N,
MIZ{,D and My, which are obtained by deleting the rows of Manp corresponding

to the 0’s of the first column and the second column of w ;, respectively. Using the
same procedure as before, all 3y7 /dw; can be evaluated. Similarly,

can also be found by the same procedure.

8. Find the Derivatives of the Output of the Fuzzy Neural
Network with Respect to Local System Parameters

The derivatives of the output of the fuzzy neural network with respect to local
system parameters a’ are
3y” (a’, x())
da’

ai=ait-1)
From Eqgs. (12) and (13),

k+1

4
y=Y o,
I=1

where 0 has been calculated at step 5. Then

oy~ _ 0(4) I o(-4)xT.

dal 7 dai J

9. Check Stopping Conditions and Find the Worst Region

After the selected region is split so as to add a new local system and the re-
quired parameters are updated, the performance of the system is checked. If it
satisfies the criterion, that is, if it is within the prespecified modeling error y,
the learning stops and the trained fuzzy neural network is ready for application.
Otherwise, the fuzzy neural network needs further structure evolution (partition-
ing). The performances of all existing regions are inspected to see which one is
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the worst. The performance of the input fuzzy region X/ (modeling error & j)is
defined as follows:

Lo bxi (0) X1 2p(1) = yp(1))?
SNy (x(®)

Ej =

where py; (x(t)) = o(:)§.4’.
The region with the worst performance is selected to be divided.

F. SIMULATION EXAMPLES

EXAMPLE 1 (Approximating a Second-Order Highly Nonlinear Function).
The algorithm is illustrated by a simulation example of modeling a two-input one-
output nonlinear function z = 0.5(1 + tanh(5(,/x1 + x% — 1))) with input vector
x =[x1 x2]7. N = 1000 data pairs are generated randomly for the learning. The
error threshold y is chosen to be 0.03 and membership functions are chosen to be
4251 (x) = 0.5(1 4 tanh(—B; g; (x))) and p 425 (x) = 0.5(1 — tanh(—B; g (x)))
with initial 8; = 10. The whole set of data is presented one time for each step of
the partitioning.

The progress of learning is listed in Table III.

Figure 28 shows the evolution of the fuzzy neural network during the learning
period. After learning, the fuzzy neural network has five rules (with modeling

Table ITT
Progress of Learning
Step of partitioning 1 2 3 4 5
Number of fuzzy rules generated 1 2 3 4 5
Modeling error before tuning 0.1410 0.1410 0.0470 0.0396 0.0324
Modeling error after tuning 0.1410 0.0470 0.0396 0.0324  0.0281

Modeling error of each region 0.1410  0.0417 0.0419 0.0181 0.0172
0.0484 0.0305 0.0312 0.0304
0.0259  0.0259  0.0259
0.0314  0.0197
0.0151
Selected region to be divided 1 2 1 4 Stop
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error 0.0281). The structure of the fuzzy neural network is described by the AND
matrix in Eq. (9). The matrices for the local systems are

a1 = [-0.0654 0.2453 0.1253],

a; = [0.1949 0.2973 0.7599],

a3 = [0.4234 0.2856 0.3882],

as = [-0.3616 0.7633 0.3296],

and

as = [-0.2263 0.4798 0.4247],

and the parameters for the cutting planes are

—0.8236 —1.1106 9.9517
w = —0.7217 —0.6269 and g = 10.0018
-1.9574 —1.0580 10.0001
—0.5615 —1.9895 10.0002

The performance is then verified by 21 x 21 = 441 checking data pairs. The
checking modeling error is found to be 0.0430. The shapes of the nonlinear func-
tion and the modeling function are shown in Figs. 30 and 31, respectively. The
shape of the input fuzzy regions (partition) is depicted in Fig. 32. The perfor-
mance is shown in Fig. 33.

EXAMPLE 2 (Modeling a Bioreactor {42]). The aim of this simulation is to
show that the proposed fuzzy neural network can model a multioutput dynamical

Figure 30 Shape of the nonlinear function.
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Figure 31 Shape of the modeling function.

system efficiently with a few number of rules. In this simulation, the model of the
bioreactor describing a process involving a continuous-flow stirred tank reactor is
given by

. X

x1 = —x1u +x1(1 — x2) exp (6%),

. X\ 1.02

f2 = —xau+a( =) e (5 ) T
y1 = X1, y2 = x2,

Figure 32  Shape of input fuzzy regions.
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Figure 33  Outputs of the fuzzy neural network and the function.

where x1 is the cell mass in dimensionless form, x; is the amount of nutrients in
a constant-volume tank, bounded between zero and unity, and the control u is the
flow rate of nutrients into the tank (the same rate at which contents are removed
from the tank).

The dynamical equations are computed with MATLAB ode23. We define
AT = 0.5 s as the sampling period which defines the intervals for sampling the
system states. The control u(kAT) to the system was assigned to be a sequence of
random numbers between 0 and 1 at the first 100 samples but was assigned to be
0 and 1 at the last second 50 samples and the last 43 samples, respectively. Thus,
193 data pairs (21(kAT), z3(kAT), u(kAT)) were obtained. The first 30 data
pairs and the last 163 data pairs are used for checking and training, respectively.
The structure of the linear local systems j is chosen to be

Y@ = aly+al 1 — 1) +afyyt — 1) +alyp - 2)
+ 0{4)’20 -2+ a{5u(t -1+ a{Gu(t —2),

y{(t) = aio + aglyl(t -1 +aé2y2(t -1 +a§3y1(t -2)
+alya(t = 2) + ajsut — 1) + algu(t - 2).

The error threshold y is chosen to be 0.05 and membership functions are
chosen to be w42j-1(x) = 0.5(1 + tanh(—B;g;(x))) and p 42;(x) = 0.5(1 —
tanh(—pB;¢;(x))) with initial 8; = 10. The whole set of data is presented five
times for each step of the partitioning because the amount of training data is small.
The progress of learning is listed in Table IV.
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Table IV
Progress of Learning

Step of partitioning

Number of fuzzy rules generated
Modeling error before tuning
Modeling error after tuning
Modeling error of each region

Selected region to be divided

1 2 3 4

1 2 3 4
0.1005 0.1005 0.0603 0.0526
0.1005 0.0603 0.0526  0.0467
0.1005 0.0597 0.0526  0.0557

0 0.0535 0.0525 0.0518

0 0 0.0342 0.0341

0 0 0 0.0212

1 1 1 Stop

After learning, the fuzzy neural network will have four rules (with modeling
error 0.0467). The structure of the fuzzy neural network is described by the AND

matrix

Manp =

_—— O =

the matrices for the local systems

. [04299 —0.0798 —0.5016
a =
0.1991 —0.0019 —0.6027
, [03709 0.0685 —0.2123
a® =
0.2612 0.1988 —0.3438
;  [03497 —0.0119 —0.3407
a’ =
| 0.2216  0.2618 —0.7121
and
4 _ | 04023 —0.1009 —0.2157
| 01643  0.0952 —0.5536

—0.1683 0.1306 0.9048
-0.1151 0.0553 0.3603

SO =0
_0 O =
oS = O O
S O O~
- o o O

0.0155

—0.1158

0.1956 1.3347 —0.4054
—0.0488 1.0303  1.2425 |’

—0.4515
0.6290 |’

—0.0549 0.2623 1.1379 —0.4120
—0.0778 —0.2333 0.8263  1.0669 |’

—0.1350 0.1578 1.1694 —0.4998
—0.1412 -0.0972 0.9290 1.0771 |’
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Figure 34 Performance of y;.

and the parameters for the cutting planes

0.0145 0.1322 -0.3542 -0.5017 —-0.6951 —0.4850
w=| —03188 —0.7451 —-0.0080 0.0267 —0.4675 —0.5322
—0.0144 -0.4121 -0.0557 -0.5296 —0.7257 -0.7301

9.9938
B = 10.0000 | .

and

10.0017

08

086

04

0z2p

0.2
0

Figure 35 Performance of y,.
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The checking modeling error is found to be 0.0583. The performance is shown in
Figs. 34 and 35.

G. CONCLUDING REMARKS

An adaptive neural network implementation of fuzzy systems has been pro-
posed. The proposed fuzzy neural network has the capabilities of self-organization
and adaptation through the proposed hybrid learning algorithm which can deter-
mine the structure of the fuzzy neural network and tune the parameters of the lin-
ear local systems and the membership functions. By applying hierarchical input
space partitioning, the proposed fuzzy neural network can determine the num-
ber of rules or neurons automatically to achieve a prespecified modeling error. In
addition, the fuzzy neural network has the following attractive properties:

1. Sigmoid neural network structure (i.e., perception neural network).

2. Inherent normalized membership functions.

3. Simple learning algorithm for implementation.

4. The performance of the fuzzy neural network is retained at the time of
region splitting (evolution).

The simulation result showed that the proposed neural network has the capability
of self-organizing and adaptive learning.

V. CONCLUSION

The aim of this chapter has been to investigate the techniques of implementing
fuzzy systems within the framework of neural networks for modeling and control.
Two fuzzy neural network designs have been developed in this chapter.

The structure of the fuzzy neural network in the first design has been intro-
duced with an additional OR layer based on standard Takagi—Sugeno fuzzy sys-
tems. This makes it useful for the implementation of higher-order fuzzy systems;
the proposed fuzzy neural network provides a means of controlling the growth
of the number of local linear systems when the order of the system under con-
sideration increases so that least-squares estimation can be applied without much
performance degradation. In the second design, an attempt has been made to de-
velop an adaptive fuzzy neural network by using hierarchical space partitioning.
It has the capability of determining the structure of the network and the num-
ber of neurons automatically. Together with the extended Kalman filter algorithm
proposed in the fuzzy neural network which requires no tunable parameter, the
performance of the fuzzy neural network can be optimized in one training pro-
cess.
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It can be seen that the approach of the fuzzy neural network is a possible so-
lution to fuzzy systems design. The learning capability of fuzzy neural networks
makes the design procedures for fuzzy systems more systematic.

APPENDIX

Recall

dE
m = —(Z(t) - 0(6)).

From Egs. (6)—(8), we have
0©® = Z fio® / Z o®,

where f; = aé +>37, afxi and r is the system order. Thus,

oOE dE 30©®

801(4) ~ 30® 80,(4)
2
e =0®)(# Lo~ L sef®) /( Lot?)
l ! l

From Eq. (6), we have 01(4) = Zk o,£3) . Thus,

9E _ OE 30®  JE
200 30 80 90

(Note: 0E/ 30,(3) of the kth neuron in layer 3 is the same as dE/ 80,(4) of the Ith
neuron in layer 4 if the two neurons are linked.)
From Eq. (5), we have

-1
= 0 .
802 4 80 aoj?) 900 L2

00y 4 gt

We derive the parameter update laws:

9E  9E 303 9E  9E 0 9E  JE 00§

dwj 3032) an b 305.2) ab] 30 3052) Ba]

)]
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where w;, bj, and o are the tuning parameters. From Eq. (4), we have

30 (2) (©f ) —w;) (0(1) lUj)2 bj—1 (0 ™ _ )2
5 =2b; 5 2 exp —(———-—T~—) .
"’J oj 9 o
Thus,

m () 2N\ bj—1
@ oE (0; w,)(( - wj) ) i
Awy’ = —q E 2b;
J p 80&2) ‘7]2 UJ2

% exp<_((0_§li;—?__%;)_2)bf)'

From Eq. (4), we also have

@3] —
30! (0" —w))? (0D — wj?\oi! 0 —w)2\b;
=2b; 3 3 exp —(—2 ) .
99 oj oj o
Thus,
1 -
Acj = UZ ( )_w1)2<(0§1) w )2)1;, !
j 90 (2) o3 o2

< exp(_<@)_;2_wjﬁ)bj)_

From Egq. (4), we also have

Thus,

9

conp( (0N

J

¢V} 2 ) 2\ b;
oF (0, —wy) (0; " —wj)*\"/
Ab]=n2 a(z)log( L 3 )( L 02 ) )
k 00 J
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I. INTRODUCTION

This chapter presents an approach to simulating, and in several cases efficiently
s0, a wide variety of rule-based reasoning processes by means of networks formed
by nonlinear thresholded neural units. In particular, the following networks are
examined:

1. networks representing knowledge bases formed by propositional
production rules and performing forward chaining on them;

2. a network monitoring the elaboration of the forward chaining system and
learning new production rules by an elementary chunking process;

3. networks performing qualitative forms of uncertain reasoning, such as
hypothetical reasoning in two-level causal networks and the application of
preconditions in default reasoning;

4. networks simulating elementary forms of quantitative uncertain reasoning.

The possible uses of these techniques are partially exemplified by the overall
structure and implementation features of a purely neural, rule-based expert sys-
tem for a diagnostic task. Here, the expression “purely neural” indicates that in
addition to knowledge representation and processing proper also the control and
synchronization functions that are needed to schedule the given diagnostic task
are achieved by means of neural networks.

Fuzzy Logic and Expert Systems Applications
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The neural representation of rules is based on a localist, rather than distributed,
semantic interpretation: each propositional literal appearing in a rule is repre-
sented by means of an individual neuron. Moreover, even when rules are learned,
they are not acquired by standard neural learning techniques. Finally, their appli-
cability is governed by essentially rigid conditions, even when rules are used to
simulate forms of uncertain reasoning. In the latter case, rule firing is tailored to
reflect rigorous models of reasoning under incomplete or uncertain knowledge,
so that the uncertainty attached to their conclusions can be evaluated in robust
theoretical settings.

In view of these qualifications, one has to state explicitly what is the interest of
a neural architecture of this sort for rule-based systems, because the learning and
adaptivity typical of neural nets play a secondary role in the present approach:
systems that are designed to fulfill these constraints remain brittle on the whole,
much in the way that traditional symbolic systems are. Clearly, their interest lies
elsewhere:

(i) Neural net implementations of production systems naturally lend them-
selves to parallel execution. Given appropriate hardware or software support,
these networks can be used to build applications in domains where real-time re-
sponses are a crucial demand.

(ii) The absence of semantically opaque, hidden layers of neurons governed
by learning algorithms guarantees the possibility of providing an informative jus-
tification for the conclusions obtained by stepwise inferential processes.

(iii) The neural simulation of various sorts of rule-based reasoning makes
available a wide repertoire of technical tools for unified approaches to neurosym-
bolic integration where, in contrast with hybrid approaches, symbolic processing
is carried out by a neural network, too.

(iv) Revisable reasoning is very naturally modeled by means of neural settings
that include negative weights, as the neuron outputs of these networks are not
intrinsically monotonic functions of their inputs.

These points will be taken up again both in the concluding remarks and in com-
ments accompanying the presentation of more technical material in the main body
of the chapter.

II. NONLINEAR THRESHOLDED
ARTIFICIAL NEURONS

The artificial neurons used throughout this chapter are weighted-sum, nonlin-
ear thresholded elements which may keep memory of past activity by means of a
memory decay function. These artificial neurons are obtained by a modification
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of Caianiello’s classical neural equations (see Caianiello [1]). The state equation
for one of these neurons, say, &, is

n t
u,,(t+1)=1[zza,-,h-u,-(i)-sh(t—i)—sh} (1

j=1i=0

where up(i) is the state (1 or 0) of the neuron k at time i; a; p is the weight
(or coupling coefficient) between neurons j and A; 85 (i) is a monotone, nonin-
creasing function of the discrete time i for neuron A regulating a time variable
memory of the excitation received by k from its neighbors (this memory “de-
cay law” plays a crucial role in modeling various forms of uncertain reasoning
by thresholded neural elements, as it allows one to encode numerical values by
sequences of neuron firings); sj, is the threshold of h; and

1, ifx>0,
1["]=[0, ifx <0,

is the step function determining the state of each neural unit.
The specific settings for each neural element A can be described by means of
a “characteristic triple”:

Ni = {An, Sn, sn},

where Ay, is a set of pairs {{J, x)}, where x is the value of the weight between
neurons j and k; §y, is the memory decay law for k; and sj, is the threshold of A.

The “characteristic triple” notation will be omitted whenever a detailed de-
scription of particular (types of) neural elements is not needed.

III. PRODUCTION RULES

A production rule is a pair consisting of a condition part and an action part (see,
e.g., Genesereth and Nilsson [2, pp. 274-280] or Grzymala-Busse [3, pp. 17-28]).
The particular production rules that we shall be concerned with can be cast in the
form of conditional expressions of the form

PLA---Apr—h, ®)

with the restriction that both the k elements of the condition part on the left-hand
side of the arrow and the only element of the action part on the right-hand side are
propositional literals (where a literal is a propositional letter or the negation of a
propositional letter in sentential logic).

Because no specific inference scheme for handling negation will be introduced
in this chapter, no greater inferential power is achieved by permitting literals,
rather than just propositional letters, to appear in rules. Nonetheless, allowing for
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literals in the context of the present approach is useful in at least two respects.
First, it furnishes external sources of information (typically, human users of rule-
based systems) with greater expressive power during query processes (the external
source may directly inform a system handling literals that the negation of a certain
proposition holds). Second, it enables one to introduce a control mechanism for
explicit contradictions, which detects whether contradictory pairs of literals occur
in a database formed by the set of asserted literals expressing known facts (such
as the literals asserted by an external source) and literals obtained by an inference
engine working on production rules and asserted facts.

By adding to a production system formed by a finite set of rules of form (R)
a database containing literals expressing facts and a rule interpreter, one can im-
plement search processes on facts and rules. The facts database is a record of
assertions, whether inferred by applying the rules or asserted by other means (for
instance, by an external source of information). The rule interpreter works itera-
tively in recognize-and-act cycles, which can be used to implement various kinds
of searches. Forward and backward chaining are basic search strategies for pro-
duction systems, which may be suitably amalgamated to obtain mixed strategies.

The inferential strategy we shall be mainly concerned with in this chapter is
forward chaining. In forward chaining, one checks whether the condition parts of
production rules are satisfied and, if so, performs the corresponding action parts.
This process is iterated until no rule with a satisfied condition part can be found.

The main building block of a neural inference engine for parallel forward
chaining is the neural representation of individual rules. In view of the fact that
the state function of the neurons described in the previous section can assume
only values of 1 and 0, these thresholded elements can provide, under a localist
semantic representation, Boolean-valued information about the literals to which
they are associated.

Under such localist semantic interpretation, each rule of the form (R) can be
represented as a net having k neurons pj, ..., pr connected to a neuron h (see
Fig. 1) with the following settings:

ajp =1, 1<j<k,
sh =k—e, 0<e<l,
su() = 8%3i), where 80 is { L %fi =0 (i.e., there is no memory).
0, ifi#0

By (1) and the previous settings, one has

k
un(l) = 1[Zu,,j(0) —~ (k—s):|.

j=1
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Figure 1 Neural rule model.

Thus,
up(l) =1 iffVjup (0)=1,

that is, the neuron A is active (its state is 1) at time ¢ = 1 if and only if all
P1, ..., P are simultaneously active at time ¢ = 0. More in general,

upt+1)=1 iff vj upj(t)=l.

Thus, the behavior of the net formed by the neurons py, ..., pr and h reflects
faithfully the behavior of a rule interpreter used in forward chaining when applied
to a rule of the form (R): whenever the condition part of such a rule is satisfied,
its action part is executed (in the case of an inferential process, this execution
amounts to adding literal 4 to the database).

IV. FORWARD CHAINING

Using this representation of rules as basic building blocks, one can design neu-
ral networks representing production systems formed by rules of the form (R) and
capable of performing a parallel process of forward chaining on them. Because
the process is parallel, all rules whose condition part is satisfied can be simulta-
neously applied, and therefore no particular scheduling for rule firing is needed.
However, there are some crucial problems that have to be addressed:

e Correctness. How to ensure that rules will fire only when their condition
part is fully satisfied;

e Control. How to verity that the process has come to an end, namely, that no
more literals can be inferred on the basis of the available information;

e Output. How the results of forward chaining are to be read off from the
network when the inference process has been completed.
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Let us examine in some detail how these constraints can be fulfilled in the
specific case of the following system of rules:

b — d,
end - a,
-dAc — a,
dna — b.

A neural inferential engine, capable of carrying out forward search on this
system of rules, starting from an initial set of asserted facts, is formed by five
distinct layers of neurons (see Fig. 2). The first layer (IN) accepts external inputs
to the net. It is formed by as many neurons I N; as different propositional literals
appear in the rules (in this particular case, 1 < j < 6).

-d IN

b
¢ ”

Rules

b »d r -d Ad
e/\d - a .
“drc a
d/\a —)b

excitatory
impulses

inhibitory ouT

impulses

Figure 2 Neural forward chaining.
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Each neuron I N; is connected to the neuron D B; representing the same literal
in the second layer DB. The characteristic triple of the generic neuron I N; in this
layer is

Nin, = (EXT;, 8% ¢).

Its first element represents the action of an external source, E X T;; the second
element is the decay law, while the third element is the threshold of IN;, with
0 < ¢ < 1. The symbol “¢” will assume, unless otherwise stated, an arbitrary
positive value less than 1.

The second layer (DB) is a partial database formed by as many neurons as in
the layer IN. These elements store the premises introduced in the IN layer: the
neuron D B; becomes active at time ¢ + 1 whenever the neuron I N; is active at
time ¢ and preserves this information by self-excitation. The characteristic triple
for the generic neuron D B; in this layer is

Npg, = {{{IN;, 1), (DB;, 1)}, 6% ¢}.

The third layer (KB) codifies the entire knowledge base. Here, each rule is rep-
resented as in the previous section, with the additional condition that if a literal
p occurs as the right-hand side (or, as we shall also say, as the conclusion) of z
rules, then z distinct neurons—each one representing an occurrence of p in the
conclusion part of those rules—have to be introduced in this layer. This additional
condition is crucial to ensure that rules are correctly activated. It is needed to avoid
that a neuron representing p can be activated from a combination of premises be-
longing to different rules having p as a conclusion. These z neurons are connected
to a neuron p* which represents all occurrences of p as the left-hand sides of pro-
duction rules and fires on the neural representative of the right-hand sides of those
rules.

Because the elements represented by neurons are propositional literals, one
may obtain an inconsistency in this layer if both an atomic proposition and its
negation become simultaneously active. Even supposing that the knowledge base
itself is consistent, inconsistencies may still be introduced if one allows external
sources of information to assert new facts. The system is capable of signaling such
explicit contradictions because each pair of neurons representing contradictory
literals is connected to a neuron belonging to the control layer. The latter becomes
active when both elements of the pair are active. (See, e.g., the pair formed by the
neural representatives of d and —d in Fig. 2.)

The characteristic triples of the neurons K B; vary according to their role in
the system of production rules. For neurons representing literals appearing only
in condition parts of production rules, we have

Nks, = {{(KB;,1),(DB;, 1)},6° ¢}.
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The characteristic triple for a generic neuron K B; representing a literal p; occur-
ring only once as conclusion in the system of rules, say in a rule r with g literals
in its condition part, is

Nxs, = {{{(KBi.q).(DBi.q),(KBj.1),..., (KB, 1} 8% g —e},

where K le., ..., K B;? are the g neurons in KB representing the literals in the
condition part of rule r.

When a literal p; occurs as a conclusion in z different rules (with z > 1), the
characteristic triple for each of the neurons K Bil, ..., KB} representing these z
occurrences is

i
Nig = ({(KBl.a). (KBj. 1).... . (KBJ. 1)} q—¢},  I=1...z
These z neurons fire on a neuron K B} which represents all occurrences of p in

the condition parts of the production rules. The characteristic triple for such K B
is

Nxpr = {{{KB}, 1),(DB;, 1),(KB}, 1),..., (KB}, 1)}, 8, ¢}.

The inferential process is triggered by exciting neurons in IN and its results are
codified by active neurons in KB. One can easily verify that no scheduling is
necessary for carrying out this process, because all rules whose condition part is
satisfied in the KB layer are simultaneously applied.

The control problem can be solved by introducing a distinct layer C of m neu-
rons, where m is the number of possible different conclusions in the system of
production rules. Each neuron C; in C represents a literal appearing as a conclu-
sion; it receives impulses from all z neurons, with z > 1, that represent the same
conclusion in KB, and activates the corresponding neuron OU T; in the layer OUT.
The latter, once excited, sends back an inhibition, equal to z + 1, to the neuron
C; in the layer C. Moreover, each neuron C; can fire on the special neuron ctrl
which is active as long as new conclusions are reached. Another special control
neuron end is inhibited by ctrl, with strength m+1, and is excited by each neuron
OUT;. Thus, end is inactive until ctrl is active, that is, until new conclusions are
reached. When nothing else can be inferred, ctrl becomes inactive. As a result,
end is no longer inhibited and becomes active, thus signaling that the forward
process on the input data is terminated.

The characteristic triples for each neuron C; vary according to the role it plays
in the system of production rules. For a neuron C; representing a literal appearing
as a conclusion in just one rule, we have

N¢, = {{(KB:, 1), (OUT;, -1)}, % ¢}.
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For a neuron C; representing a literal appearing as a conclusion in z production
rules

Ng = {{(KB}, 1), (KB}, 1), ..., (KB, 1), (OUT;, —(z + 1))}, 8%, ¢}

And the characteristic triples for the special control neurons are

Netrt = { U {(Ci,l)},50,£},

C;eC

Ne,,,,s{ U {(OUT,~,1>}u{<end,1)}u{(ctrl,—(m+1))},3°,s}.
OUT;eOUT

If KB contains pairs of neurons x and —x representing contradictory literals,
then for each pair a distinguished neuron (—xx) is created, which becomes active
if and only if both elements of the pair are simultaneously active in KB.

Noxx = {{(~x, 1), (x, 1)}, 8%, 2 - ¢}.

This mechanism enables the system to signal that a contradiction has been de-
rived.

The output problem is solved through a layer OUT of m neurons, where m
is again the number of possible different conclusions in the system of production
rules. Each neuron in QUT is excited by the corresponding neuronin C and is self-
excited in order to store this information. The characteristic triple for the generic
neuron in OUT is

Nour, = {{{OUT;, 1), (C;, 1)}, 8% ¢},  i=1,....m.

When the forward process terminates, the end neuron becomes active and signals
that the process has been completed; the active neurons in the layer DB store the
initial input; other active neurons in KB indicate both asserted and inferred facts;
the active neurons in the layer OUT represent the conclusions of production rules
which have been reached by forward chaining under the initial assumptions stored
in DB.

This neural architecture can be used for implementing neural forward chaining
mechanisms for arbitrary systems of production rules of form (R). In particular,
one can specify an algorithm which, given in input a system of propositional pro-
duction rules of form (R) presented in a certain canonical form, outputs a neural
network for executing forward chaining on that system of rules (see Burattini
et al. [4]).

Any such system of rules is allowed to contain cycles (unlike, e.g., the KBANN
neural production systems of Towell and Shavlik [5]): a literal appearing as a con-
sequent in one rule can appear in the antecedent of another rule. Moreover, several
rules may share the same consequent. As we pointed out previously, this latter
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possibility requires, to preserve the correctness of forward inferencing, that each
occurrence of a literal appearing in the consequent part of the rules be represented
by a distinct neuron.

Finally, it is worth emphasizing that the localist semantic interpretation of neu-
rons in terms of literals enables one to provide an informative justification for the
conclusions reached in each run of this forward chaining mechanism. In Burattini
et al. [4, pp. 97-99], we have described how to organize a neural network moni-
toring the activity of a forward chaining net and exhibiting a trace of the shortest
inferential paths from the initial premises to each one of the conclusions obtained
by forward chaining.

V. CHUNKING

A. CHUNKING AND PRODUCTION SYSTEMS

In his Unified Theories of Cognition, Newell [6, p. 185] gives the following
description of chunking in a rule-based problem solving system:

Chunking is learning from experience. It is a way of converting goal-based problem-
solving into accessible long-term memory (productions). Whenever problem-solving
has provided some result, a new production will be created, whose actions are these
just obtained results and whose conditions are the working-memory elements that ex-
isted before the problem-solving started that were used to produce the results. This
newly minted production will be added to the long-term memory, and will henceforth
be available to add its knowledge to the working memory in any future elaboration
phase where its conditions are satisfied.

In the setting of the forward chaining system described in the previous section,
the condition part of a new chunk that may be added to a long-term knowledge
base is to be identified with the conjunction of the facts (propositional literals)
from which a run of the forward chaining process starts; and the action part of the
same chunk is the conjunction of the literals inferred in the same run of forward
chaining.

More formally, a chunk may be viewed as an ordered pair (/, C}), where, for
k,m =1, I = {py,..., pr} is the set of initial data provided to the system in a
given run of forward chaining and C = {qy, ..., g} is the set of literals derived
in that run of forward chaining starting from /. These chunks may be cast in the
form

PiN- NPk Q1N Ndm

and thus may differ in their right-hand sides from the rules of form (R) we have
considered so far, where m = 1.
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Even independently of any consideration about their significance in cognitive
modeling, chunking mechanisms in rule-based systems may play a significant
role in artificial intelligence (AI) applications, both for the automatic acquisi-
tion of knowledge bases and for the design of more efficient problem-solving
strategies. In this section, we are concerned with the use of chunking mechanisms
for addressing the latter problem. In particular, we describe a chunking mech-
anism generating rules which codify associations between initial data and final
outcomes of a forward chaining process. Once these rules are stored, these out-
comes can be immediately recalled upon presentation of the same initial data,
without having to repeat the forward chaining process. Chunking mechanisms
generally give rise to what, following Tambe et al. [7], may be called cognitive
and computational effects. The cognitive effect is the reduction of the number
of (inferential) steps needed to carry out a given task. The computational ef-
fect is the increase in the amount of time needed to carry out each individual
step. Thus, what is gained in efficiency by reducing the number of steps is of-
ten lost by an increase in execution time for each step. Clearly, when chunks
take the form of production rules, the time required for executing the match-
ing process between data in working memory and the conditions of production
rules may increase. In fact, more rules have to be scanned, and the newly intro-
duced rules may contain more complicated conditions than those present in the
original system of rules. Another related phenomenon may be called the memory
saturation effect: given preassigned finite memory capacities, a system endowed
with a chunking mechanism, which cannot “forget” some of the previously stored
chunks, will be eventually unable to make room for newly acquired and possibly
more useful chunks. In view of the computational and memory saturation effects,

an efficient use of chunking mechanisms requires a computational agent capable
of

(a) leaving unaltered the access time to knowledge when new chunks are
added, and
(b) attenuating the incidence of the memory saturation phenomenon.

The neural system for chunking on systems of production rules described here—
extracting associations between initial data and final outcomes of a forward chain-
ing process—does satisfy condition (a). Condition (b) is satisfied as well, if the
relative frequency of the use of chunks is regarded as a satisfactory criterion for
deciding which chunks have to be “unlearned” by the system. The chunks stored
by the system enable it to reduce processing time: whenever a set of input data
coincides with or strictly contains the literals in the first element / of a stored
chunk, at the next step the system outputs the literals in its second element C.
Constructing a chunking mechanism of this sort, which can efficiently cope
with the computational and memory saturation problems, requires solving the
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following problems:

(i) recognizing an input pattern previously presented to the system in order
to recall the chunks with conditions matching the input pattern (or else storing an
input pattern presented for the first time to the system);

(ii) keeping track of how often the stored chunks are used during the system
operation, in order to discard less often used chunks when new chunks have to be
acquired;

(iii) executing operations (i) and (ii) in a preassigned time, independently of
the size of the input patterns and the number of stored chunks.

B. NEURAL MODULE FOR CHUNKING

The neural chunking module (CM for short) and the algorithm Recorder that
we have implemented and described in previous papers affords a sensible solution
to these problems. (See Burattini et al. [4] for a discussion of the difficulties which
may arise in attempting to solve simultaneously problems (i)—(iii) by means of
multilayer connectionist networks, Hopfield nets, or Grossberg’s ART networks.)

At the end of each run of the forward chaining system, the algorithm Recorder
isolates a chunk (I, C), where, for k,m > 1, I = {pi1,..., px} is the set of
initial data provided to the system in that run and C = {qy, ..., g, } is the set
of literals derived by forward chaining starting from /. If the chunk (I, C) was
already stored in CM as a result of previous runs of the system, this fact is signaled
by CM, and the algorithm Recorder merely modifies the weights of the neural
units in CM that are devoted to storing data about the relative frequency of use of
chunk (I, C). Otherwise, the chunk (I, C) is stored in CM. In the latter case, the
new chunk (I, C) may replace one of the previously stored chunks that have been
less frequently used during the system operation.

Because the example of a forward chaining network examined in the previous
section was representative of the fine structure of our networks, our descriptions
shall be comparatively more sketchy in this section. The overall structure of the
module CM is outlined in Fig. 3. The various kinds of information provided by
the neural units belonging to its submodular components are briefly described
hereinafter.

Let x be a variable ranging over literals and let / be the set of initial data
currently provided to the forward chaining system. Then

e at the start, if x is an element of the set I, then the neural representative of
x in PATTERN_ON and the neural representative of x in PATTERN_OFF
become active;

e at the end, if the neural representative of x in PATTERN_QOUT is active, this
means that CM retrieves x from recorded chunks: x is a conclusion already
inferred by a previously performed forward chaining from the set /.
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Figure 3 Chunk module (CM).

Let j be a variable ranging over indexes which can be associated by the system
to a chunk. Then

o if the neural representative of j in INDEX_BF is active, then j is already
associated to a stored chunk!; the system is not going to select j as the
index for a new chunk;

o if the neural representative of j in INDEX becomes active, then the set /
matches the first part of a chunk that was stored and associated to the
index j;

o if the neural representative of j in SUB_INDEX becomes active, then the
set I contains a subset of literals which matches the first part of a chunk
previously stored and associated to the index j.

The algorithm Recorder stores each chunk (I, C) by constructing two differ-
ent links. The first link (L1) connects every literal (actually, their neural rep-
resentatives) in / with a given index j, whereas the second link (L2) connects
index j with the neural representatives of all the literals in C. This mechanism
enables one to eliminate interferences between nonorthogonal patterns affecting
traditional neural associative memories, such as the multilayer perceptron (see
Rumelhart and McClelland [8]) and the linear associators (see Kohonen [9, 10]):
links (L1) and (L2) establish a one—one correspondence between the first and
second element of each chunk.

Let us now describe how CM operates.

Upon presentation to the system of an input set of literals I, three different
cases may occur. In the first case, for every index j the first element of the chunk
{I;, Cj) is different from I and the third case described in the following discus-
sion does not hold. In this case, CM does not recall any stored chunk. However,

ISee Section V.C for a description of the selection procedure and the role of the INDEX_BF layer.
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when forward chaining on / is completed and outputs a nonempty set of literals C,
the algorithm Recorder selects a new index j’ and stores a new chunk (I i Cjrds
with Iy =T and Cy = C.

In the second case, there is an index j such that I = I; for some previously
acquired chunk (/;, C;). CM recognizes this situation, and provides the elements
of C; as outputs of the forward chaining process.

In the third case, for every index j the first element of the chunk (I;, C;) is
different from 7, but there are indexes ji, ..., jx suchthat I}, ..., I}, are strictly
included in I. Then CM provides the elements of § = U{C},,..., C}.} as out-
puts. When forward chaining on I is completed and outputs a nonempty set of
literals C, the algorithm Recorder selects a new index j’ and stores a new chunk
(Ij/, Cj/), with Ij/ =] and Cj/ =C.

Let us now describe less schematically how the network behaves in each of
these cases.

Case 1 (Vj I # I;). When [ is given as input to CM at time t+ = 0 (and
the neural units representing its elements in PATTERN_ON and PATTERN _OFF
become active at ¢ = 1), the relation Vj I # I; is recognized to hold at time
t = 2 because, for every j, the neuron Index;, representing the index j in the
layer INDEX, remains inactive at that time. At time ¢+ = 3, the impulse from
control neuron clock2 activates the other control neuron ctrind, whose activity
is necessary and, together with impulses from PATTERN_ON (which are absent in
this case), sufficient to activating subpatterns in SUB_INDEX. Thus, at time t = 4
(resp. at time ¢t = 5), all neurons of layers SUB_INDEX (resp. of PATTERN_OUT)
are inactive.

As a consequence, the neural activity triggered by the input set I in the CM
module does not recall the second element of any chunk represented by the links
that bring to the layer PATTERN_OUT. So, at time ¢t = 6, only the input set /
is transferred to the forward chaining system. Finally, when forward chaining on
I is completed and outputs a nonempty set of literals C, the algorithm Recorder
selects a new index j’ and stores a new chunk (/ js Cjr), with I = I and C =
Cj.

]The recording of a new chunk consists of the change of the weights of the
following connections: (1) the connections between the neural representatives of
the elements of I in PATTERN_ON and PATTERN_OFF on the one hand, and
the neural representatives of the selected index j’ in INDEX and SUB_INDEX
on the other hand; and (2) the connections between the neuron SublIndex
of SUB_INDEX and the neural representatives of the elements of C in PAT-
TERN_OUT.

The weights of the connections between PATTERN_ON and INDEX are ini-
tialized with the following values:

wPoniIndexj=O, j=1’21-'~9M9i=1129-'-’Na
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where M is the maximum number of patterns which can be stored by the system
(i.e., the maximum number of index neurons available in INDEX), N is the dimen-
sion (or number of components) of input patterns (i.e., the number of neural units
in each layer of PATTERN_ON and PATTERN_OFF), and Index; and Pon; are
neurons of the INDEX and PATTERN_ON layers, respectively.

The weights of the connections between PATTERN_ON and Index : are up-
dated according to the rule

, _ |} 1/111,  if Pon; active,
wPoniIndexj/ - {0, otherwise. (2)

The weights of the connections between PATTERN_OFF and INDEX are initial-
ized with the following values:

wPofﬁIndex,-:_l’ j=12,....M,i=1,2,...,N.

The weights of the connections between PATTERN_OFF and Index; are up-
dated according to the rule

, _]o, if Pof f; active,
WpoffiIndex; = { —1, otherwise. ®

Rules (2) and (3) ensure that exactly one neuron in INDEX becomes active when
Case 2 occurs. (See Pasconcino [11] for a detailed justification of this claim.)

The algorithm Recorder initializes the weights of the connections from units
of SUB_INDEX to the units of PATTERN_OUT in the following way:

wSubIndeijouti=0’ j=1....M,i=1,...,Nc,

where Nc¢ is the number of “actions” in the system of rules. The weights of the
connections from the active unit SubIndex j: in SUB_INDEX to the neural repre-
sentatives of the elements of C;: in PATTERN_OUT are updated by the following
rule:

1 ifgi € Cy
/ ’ 4 ’
wsublndexj/l’outi = { 0, otherwisé. ®

Rules (2), (3), and (4) ensure that when the input set I is presented to the network
the neurons representing the elements of C; in PATTERN_OUT are activated in
the manner described in Case 2.

Case 2 (3j I = I;). Asusual, I is given as input to CM at time ¢ = 0 and
the neural units representing its elements in PATTERN_ON and PATTERN_OFF
become active at ¢ = 1. Now, at time ¢ = 2, the neuron representing index j in
the layer INDEX becomes active, as determined by rules (2) and (3): the system
has identified 1 with I;.
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When this identification is successfully completed, CM has to retrieve from
index j the second element of the chunk (f;, C;). Because, at time ¢t = 2, the
index neuron Index; is active, then, at time ¢ = 3, the neural unit SubIndex s
representing the same index j in SUB_INDEX, will become active as well. And,
at time ¢ = 4, the neurons in PATTERN_OUT representing the elements of C;, as
associated to the input pattern / = I; by rule (4), will become active.

Case3 (Vj I £ Ij,but3jy, ...,k Iy CIA---Alj CI). [ contains
subpatterns I, ..., I; which consist of the literals in the first element of already
stored chunks. Then the input set I activates in the PATTERN_OUT layer of CM
the neural representatives of the elements of § = U{Cj,, ..., Cj}.

Let us describe in more detail how this result is achieved. As in Case 1, all
neurons of INDEX are inactive at time ¢ = 2 when [ is presented to CM and, at
time ¢ = 3, the impulse of control neuron clock2 (see Fig. 5) activates the control
neurons ctrindof f and ctrind. At time t = 4, the impulse from ctrind, com-
bined with the impulses from the neural representatives of the elements of the sets
Ij, ..., I, in PATTERN_ON, activates the neurons SubIndex , in SUB_INDEX
withn =1, ..., k. Thus, at time ¢ = 5, all neural representatives of the elements
of S in PATTERN_OUT are activated.

The activation of the right neurons SublIndex;, upon presentation of in-
put pattern / is determined by the weight values of connections from the PAT-
TERN_ON layer to the SUB_INDEX layer. These weights are initialized with the
following values:

wPon,-SubIndexj=0, j=1....M,i=12,...,N.
The updating rule for these weights is analogous to (2):

; __ | 1/11], if Pon; active, 5
wPon,-SubIndexj/ - 0, otherwise. ( )

One can easily show that rule (5) guarantees that, if I; is a subpattern of the new
input set 7, then, at time ¢t = 4, neuron SubIndex ; is active.

C. SELECTING INDEXES

Let us now describe the role of the layer INDEX_BF and the selection crite-
rion of indexes used by Recorder to store a new chunk. The algorithm Recorder
modifies the weights of connections from neurons ctrind and ctrindof f to the
neurons of INDEX_BF in order to codify, for every chunk (/;, C;), its frequency
of recall, relative to the total number of network runs. In particular, the weight
of the connection from the ctrind neuron to neuron Index Bf; in INDEX_BF
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is increased by one? if and only if the presentation of set I activates the neuron
Index Bf;, that is to say, when the network recognizes the situation / = I}, such
as described in Case 2. At the same time, the weight of the connection from the
ctrindof f neuron to each neuron of INDEX_BF is decreased with a real value
(let us call it ). The parameter o can be interpreted as a frequency threshold suit-
ably chosen by the user. Thus, if the difference between the weighted impulses
from ctrind and ctrindoff to the neuron Index Bf; is positive, then neuron
Index Bf; is activated. This signals that the frequency of recall of chunk (I, C;)
is greater than the o threshold (see Pasconcino [11] for more details).

Thus, when the ctrind and ctrindof f neurons are activated (at time ¢t = 3),
at the next instant of time only those index neurons which have frequency of
recall greater than « are active in INDEX_BF. Every other neuron in INDEX_BF
is inactive either because no chunk is associated to it or because the associated
chunk has recall frequency below the « threshold. To store a new chunk in CM,
Recorder randomly selects an index j’ among the inactive neurons of INDEX_BF.
It may be the case that such a “drawing” procedure selects an index j’ which is
associated to a chunk (Aj/, Bj:) below the o threshold, and therefore the new
chunk (/;:, C;) replaces an old one that scores a low frequency of use.

This simple criterion based on recall frequency provides a mechanism for man-
aging the preassigned limited resources of the CM module. In other words, this
drawing procedure provides a simple version of a garbage collector which, as is
well known, does not eliminate the phenomenon of memory saturation, but simply
reduces its incidence.

In concluding this section, we wish to emphasize that only one presentation
of an input set / and the corresponding output set C suffices for the system to
acquire a new chunk. Rules (2) and (3), which enable the system to acquire new
chunks, eliminate the interference between the first elements of recorded chunks,
as they change exclusively the weights of the input connections to the selected
index neurons in the INDEX and SUB_INDEX layers. Furthermore, one can easily
show that the computational complexity of the procedure Recorder is linear with
respect to the size of the sets I and C.

A system endowed with this chunking mechanism can improve its perfor-
mances on the basis of the previous activity. Reduction of the processing time
is due both to the parallelism inherent in the general neural architecture of the
system and to specific features of the CM module; the latter guarantee that the
computational cost of access to stored chunks is independent of the number of
chunks that are in memory. Clearly, the possibility of actually achieving a reduc-
tion in processing time is contingent on the availability of a computational agent
capable of modifying neural weights and executing the parallel computations al-
lowed by this neural model.

2Except for the first updating of this weight which increases the initial value by one plus the total
number of system runs plus the total number of indexes.
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VI. NEURAL TOOLS FOR UNCERTAIN REASONING:
TOWARD HYBRID EXTENSIONS

A naive neural model of propositional reasoning from incomplete or uncertain
information can be obtained, starting from the rules described in Section III, by
modifying the threshold value for a neuron £ representing the literal on the right-
hand side of a rule of type (R) with k literals on its left-hand side, as follows:

sph =k —(e+n), O<e<l,np>1.

Of course, rules implemented in this way can “fire” even if the input data match
only partially their left-hand sides. However, the firing of rules under a partial
match, like that achieved by means of the previous setting, may be a desirable
property when rules are used for simulating similarity-based, commonsense rea-
soning, where loose contextual associations play a central role (for discussion,
see, e.g., Sun [12]). Of course, these considerations must be cautiously general-
ized to the inherently more brittle modes of reasoning used in expert systems:
principled restrictions on rule firing are required when the correctness or plausi-
bility of diagnoses or classifications is at stake. The best one can do, in our view,
to fulfill this desideratum is to have rule firing reflect rigorous models of reason-
ing under incomplete or uncertain knowledge, so that the uncertainty attached to
the conclusions reached by an expert system can be evaluated within relatively
robust conceptual frameworks.

To neurally implement various rigorous models of quantitative uncertain rea-
soning, the neural elements introduced in Section II must be shown to be capable
of coding and operating on arbitrary integer values, in addition to the values 0
and 1 which correspond, respectively, to the active and quiescent state of an in-
dividual neuron. The basic idea pursued in this subsection is that of exploiting
both excitation values and sequences of neuron firings as codes for positive inte-
gers. Various arithmetical functions can be implemented following this strategy,
without modifying the simple neuron model adopted in Section II.

Unbroken sequences of unitary impulses traveling from neuron to neuron can
be regarded as messages representing positive integers (the number of impulses
contained in each such sequence represents an integer). Conversely, positive inte-
gers given in input as unbroken sequences of firings can be stored, for immediate
or later elaboration, under the form of excitation values. Two examples are given
in which excitation is transformed, respectively, into a proportional number of
consecutive outgoing impulses and a number of consecutive incoming impulses
is stored as a proportional excitation. Finally, it is shown that ordinary multipli-
cation between two positive integers can be neurally implemented following this
approach.
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Figure 4 Dropper neuron.

A. TRANSFORMING EXCITATION VALUES
INTO SEQUENCES OF FIRINGS

Transformation of excitation into impulses is the natural activity of neurons.
Thus, to translate a certain value E of excitation into a number m of consecutive
impulses, where m is proportional to E (say, m - ¢ = E), one needs just a single
“dropper” neuron d (Fig. 4) defined by the following characteristic triple:

Ng = {{Gi1,a1), ..., (in, an), (d, —0)}, 8*, n}

in which iy, ..., i, are input neurons generating the excitation of d, {(d, —c) isa
negative feedback, 8! = 1 is the constant decay function §(i) ensuring permanent
memory, and n < c is a threshold allowing the neuron d to drop all the excitation
collected from its inputs under the form of consecutive unitary output impulses.

Whenever d emits an impulse, the negative feedback connection determines
a constant value ¢ to be subtracted from the residual excitation value. Thus, d
keeps on firing until all the excitation E stored in it is dropped away in the form
of m = E /c consecutive impulses.

B. TRANSFORMING SEQUENCES OF FIRINGS
INTO EXCITATION VALUES

The converse problem is that of counting the number of components in a se-
quence of impulses and transforming this number into an excitation value equal
to the sum of the incoming impulses. A solution to this problem is illustrated with
an example for integer values in the interval [0, 10], uniformly modifiable to deal
with different numerical ranges (see Fig. 5).

The device behaves as a spring: unbroken sequences of impulses, coming from
the input neuron a, charge the spring layer ai, . .., aj,. As soon as the input se-
quence ends, all the excitation stored up in the spring layer is projected at once
toward the output neuron b through the gate layer af/, ..., af,.
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Figure 5 Spring net converting a train of impulses into an excitation value.

The spring layer is described by the following characteristic triple:
Ny = {{(a, 1).{a], -1),.. {afp, —1)}. 8", i ¢}, Vi=1,...,10.

Each neuron a; has permanent memory that enables it to cumulate the excitations
due to impulses coming from the input neuron a. Threshold values are assigned
such that neuron @] starts firing after the first impulse, neuron a; starts firing af-
ter the second impulse, and so on. Neurons in the gate layer receive excitatory
impulses from the corresponding neurons in the spring layer and inhibitory im-
pulses from the input neuron a. In this way, although their threshold is 0, they
cannot transmit the incoming impulses to the output neuron b before the input
sequence ends. The characteristic triples for neurons in the gate layer are

Ny = {{(a}, 1), (@, ~1)},8% e}, Vi=1,...,10.

When at a certain time ¢ the input sequence ends, the neurons in the gate layer
are no longer inhibited by a. Therefore, the neurons in this layer that receive
an impulse from the corresponding neurons in the spring layer fire on b at time
t + 1. One can easily see that all neurons in the spring layer eventually reach
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excitation equal to k if the input sequence was made of k consecutive impulses.
However, only neurons aj, ..., @ in the spring layer have threshold lower than
k (as one can easily verify from the characteristic triple for this sort of neuron)
and fire on the corresponding af, ..., a; in the gate layer. The latter, in turn, fire
on b. Eventually, b receives an excitation proportional (or equal) to the number
of impulses in the input sequence. The negative connections from each neuron a;’
toward all neurons a; are needed to reset to 0 the excitation of all neurons in the
spring layer at once.

In principle, networks performing this transformation can be designed for ar-
bitrary ranges of integer values of excitation. However, this approach is rather
impractical for large integer intervals, and the boxed subnet of Fig. 5 can be
replaced by another type of processor computing the same function: the neural
system making use of this processor becomes hybrid, but the overall parallel im-
plementation afforded by the equivalent purely neural system including the boxed
subnet is preserved in the simplified hybrid version.

C. PRODUCT OF POSITIVE INTEGERS

Ordinary multiplication between two positive integers requires a more compli-
cated network. The basic idea is that of outputting the product a - b under the form
of a unbroken sequences of b impulses. The value of the integer a is represented
by a sequence of a impulses. A controlling subnet enables a distinguished neuron
to output b impulses for each of the a input impulses. The network in Fig. 6 per-
forms the product between two positive integers a and b codified as sequences of
impulses, sent to the two input neurons a and b (a is not shown).

The structure shown in Fig. 6 includes a spring network quite similar to that
shown in Fig. 5. In the new structure, the terminal neuron b’ is a dropper neuron
which outputs sequences of impulses toward the intermediate neuron ¢4. The latter
(whose threshold is 2 — ¢) transfers these sequences to other neurons if and only if
it receives simultaneously impulses from the neuron @’. Also, b’ sends its output
sequence back to b. Neuron a’ is the terminal node of a network that receives
as input the factor a through the input neuron a. We omit this subnet but it is
structurally equal to the one that codifies the trains of impulses coming from b
into excitation values in b’. Thus, the neuron a’, which has unbounded memory,
receives an excitation equal to the input sequence a. Because its threshold is ¢, it
fires until its excitation value is close to 0. The input neuron b has threshold 2 — ¢
and transmits forward impulses coming back from ' until @’ is active.

The first sequence of b impulses output by b at time ¢ reaches & at ¢ + 3, to be
transmitted to neuron ¢4 which has been receiving from @’ an unbounded sequence
of impulses. The neuron ¢4 will fire throughout the time it receives impulses from
both &’ and a’. Moreover, ¢4 activates a subnet (¢s, ¢g) which sends an inhibition



Figure 6 Net performing the product between two positive integers a and b.
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to @’ whenever ¢4 stops firing. This inhibition decreases by one unit the current
excitation of @’. Because b’ sends back its output to b, a new sequence of impulses
will again reach b’ with a delay of three instants of time. This process is iterated
as many times as the initial excitation value of a’, because every sequence of
impulses from b’ has the effect of decreasing by one unit this excitation value.

The output of ¢4 charges the neuron ¢3, which acts like a dropper neuron (it
has unbounded memory and threshold 2 — ¢) and fires on the output neuron a - b.
The latter has threshold & and is inhibited by ¢; which, in turn, is activated by a’.
Thus, a - b will start firing two instants after a’ becomes inactive. The neuron a - b
sends inhibitory impulses back to ¢3 and, consequently, discharges it completely
after having fired a - b impulses.

VII. QUALITATIVE AND QUANTITATIVE
UNCERTAIN REASONING

A. PRECONDITIONS IN NONMONOTONIC INFERENCE

In many domains of interest for artificial intelligence, but also in everyday
life, reasonings are often just plausible or approximately correct. The conclusions
obtained by means of uncertain reasonings may have to be withdrawn if some
of their premises are no longer verified or some additional piece of information
modifies the inference pattern.

Neural networks seem particularly well suited for designing systems that per-
form “revisable” reasoning. Indeed, such systems should contain “restrictive”
rules of the form “p is a theorem if g1, ..., g, are not theorems” [13]. Here-
after, we show that similar restrictions can be easily implemented by means of
neural networks set with appropriate inhibitory connections.

There are two main features rendering neural networks suitable for formalizing
revisable reasoning:

(a) Idleness does not encode negation. If the nonlinear thresholded neural el-
ement n 4, representing sentence A, is not firing, this does not necessarily mean
that A is (asserted to be) false. Indeed, in a neural representation of knowledge, the
falsehood of A is declared through the activity of neuron n—4 representing —A.
The inactivity of both n4 and n-4 is allowed for and may be interpreted as the
absolute lack of knowledge about A. The neural network which includes the in-
active elements 74 and n-4 is intrinsically capable of carrying out processes that
involve neither of them, that is, performing inferences from information which is
unrelated to A. (For a similar view, and its relation to the so-called closed world
assumption, see Valiant [14, pp. 172-177].)
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(b) Neuron outputs are not intrinsically monotonic functions of the inputs. This
is due to the fact that neural connections can be assigned either positive or nega-
tive weights. Indeed, let us consider a neuron n that receives both excitatory inputs
(positive couplings) and inhibitory inputs (negative couplings). The following sit-
uation is likely to occur: n fires because the sum of positive and negative inputs
exceeds its threshold, while certain neurons, connected to n by means of negative
couplings, are left idle. If, at a later time, some of those idle neurons become ac-
tive, the excitation of n decreases; n may even stop firing if the new inputs are
such as to bring the excitation below its threshold value. The situation can change
again and again in time, as long as there are further positive and negative inputs
being left idle. And clearly, if active neural inputs become idle at a later time,
the state of neuron n can change, too. Accordingly, inferences that are performed
starting from knowledge of certain facts (active neurons) and ignorance of certain
other facts (idle neurons) can be withdrawn if new facts, as well as new uncer-
tainties, are added to the database and this new information changes the state of
knowledge concerning the premises of those inferences (the set of active neurons
and the set of idle neurons involved in the inferences).

In the following, we call “nonmonotonic neural networks” those neural net-
works in which both negative and positive weights are implemented. A non-
monotonic inference system contains rules whose application can dynamically
be blocked. Some of these rules are specified together with applicability condi-
tions or preconditions, whose verification can dynamically change as the set of
available premises changes over time.

A well-known rule of this sort was introduced by Sandewall (see Sande-
wall [15] and Kramosil [16]):

UNLESS(g) |~ p, (nmR1)

where the symbol |~ denotes nonmonotonic inference and the argument of the
UNLESS operator is the precondition of the inference. In the context of the rule-
based systems we have been concerned with, UNLESS can be naively defined as
follows:

e UNLESS(q) is true for a given propositional formula g if and only if g
cannot be inferred from the set of facts and rules encoded into the
knowledge base.

The nonmonotonic inference rule (nmR1) states that p can be inferred under the
precondition that g cannot be inferred. In general, this precondition is not equiv-
alent to requiring that —g can be inferred. We shall focus on the following gener-
alization of rule (nmR1) in which the conclusion of the rule depends on precon-
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ditions g1, . . ., gx that are signaled by the operator UNLESS, and finitely many
ordinary premises ai, .. ., Gn:

{al, ...y, UNLESS(qj, .. .,qk)} |~ p.

Using the metavariables A fora; A--- Aa, and Q for g; Vv - - - V gy, this rule can
be expressed under the more compact form:

A A UNLESS(Q) |~ p. (nmR?2)

Because verifying precondition UNLESS(Q) may be computationally intractable
or even impossible in some formal settings, in the context of actually imple-
mentable inference systems this rule has been usually (and more aptly) interpreted
in the following way: p can be inferred from A if Q has not been inferred so far.

The neural implementation of this kind of nonmonotonic inference rule is quite
straightforward. If A, Q, and p are represented by neurons n4, ng, and n, re-
spectively, then the neural subnet of Fig. 7 encodes the rule expressed by (nmR2).
Here, the threshold of n, is set equal to some constant 7' (throughout this section,
we assume that thresholds are all given the same value T'), the coupling from n 4
to np has a positive weight wy , greater than T (e.g., wa,p, = T + ¢), and the
inhibitory connection from ng to n, can nullify the possible excitation coming
from A (e.g., with a negative weight wg,, equal to —2¢). Clearly, neuron r, is
active if and only if n4 is active and ng is idle, just as it must be if the neural
system has to encode the rule given by (nmR?2).

In a nonmonotonic setting, the verification of the premises, that is, precondi-
tions and ordinary conditions, can dynamically change with the set of formulas
already inferred by the system. Our neural implementation reflects that dynamic
behavior. Indeed, if at any instant ¢ either n4 stops firing or ng starts firing (i.e.,
either A no longer holds or Q becomes inferable), then the excitation of n, de-
creases to a value below the threshold and 7, becomes idle (signaling absolute
ignorance about the status of p).

n
A nQ
T+e ’/2 €
®
“p

Figure 7 UNLESS operator subnet.
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Setting conditions, preconditions, and any sort of inference scheme on the
same ground can be a source of instability in the inference system (Reiter and
Criscuolo [17]). Indeed, assume p was inferred nonmonotonically applying a cer-
tain rule (nmRA) on the occurrence of certain facts A and the nonoccurrence of
certain other facts Q. It may well happen that by inferring p the system can ap-
ply another rule (nmRB) to produce the nonmonotonic inference of Q. Thus, the
preconditions of (nmRA) no longer hold and p is to be withdrawn. In turn,
the withdrawing of p might trigger the withdrawing of @, and hence a return
to the starting point, with the net ready to repeat the cycle: apply (nmRA) to in-
fer p, then apply (nmRB) to infer O, then withdraw p because of Q and then
withdraw Q because of p.

Now, let us examine how neural implementations can cope with such clas-
sical problems of swinging decisions in nonmonotonic reasoning. The situation
described previously can be reproduced in a knowledge base that contains the
following nonmonotonic rules:

A AUNLESS(Q) |~ P, (nmRA)

A A UNLESS(P) |~ Q. (nmRB)

Furthermore, it is assumed that, initially, A holds and that nothing is known about
P and Q or their negations. This knowledge base can be encoded in a neural
network in which A is represented by an active neuron n 4, whereas P and Q are
represented by two idle neurons #p and ng. The connections can be set as in the
scheme of Fig. 8.

In this neural implementation, the two rules are applied in parallel. Assume that
neuron n 4 starts firing at instant ¢ and keeps on firing indefinitely. Then neurons
np and ng, excited by n 4, will both fire at instant ¢ 4+ 1. However, because they

A
T+e T+e
-2¢€
nP q n
-2¢€

Figure 8 Swinging subnet.
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send to each other inhibitory impulses, they both stay idle at instant ¢ + 2. The
situation evolves with a swinging behavior in which np and r¢ oscillate between
the firing and the idle state, indefinitely.

To find a way out, let us concentrate on just one of these nonmonotonic rules,
say, (nmRA), analyzing in more detail the sequence of facts and inferences in-
volving that rule:

A holds.

Nothing is known about Q.

UNLESS(Q) is justified on the basis of step 2.

P can be nonmonotonically inferred from steps 1 and 3, by (nmRA).
Q is later on recognized to hold (no matter how).

UNLESS(Q) must be withdrawn, because of step 5.

P, being no longer inferable by (nmRA), must be withdrawn.

Q is withdrawn (may be because of step 7).

Go to step 3.

P NAN AL =

b

The source of the inferring—withdrawing oscillation is the complete and unlimited
freedom in retracting and reintroducing the same preconditions. This unrestrained
use is perhaps pragmatically justifiable on the ground that preconditions are meant
as signals of untypical situations, rather than normally occurring events. However,
when the need arises for avoiding or at least attenuating the incidence of loops,
solutions have to be searched for in a different model of revisable reasoning. For
example, one may devise a system in which the withdrawing of a conclusion,
previously inferred by application of a certain nonmonotonic rule, should produce
a suitable transformation of that rule. More specifically, convergent nonmonotonic
inference procedures should be developed, by introducing mechanisms that make
nonmonotonicity an expendable property of nonmonotonic rules.

Neural networks are suitable for modeling various degrees of expendable non-
monotonicity. For example, let us consider the following neural implementa-
tion and interpretation of the nonmonotonic rule (nmRA), in which the rule it-
self is practically withdrawn when the precondition is retracted (Fig. 9). Here,
UNLESS(Q) is treated as an individual proposition, represented by an appro-
priate neuron Ry (). Initially, ny (o) is set in the firing state: nothing is known
about Q, except that it represents a rare event. Because it is endowed with a self-
excitatory connection, 1y (o) keeps on firing until neuron ng begins to fire and
inhibits it.

Let us emphasize that neuron ny (g cannot be switched on again, after be-
ing switched off the first time. In other words, this network implements a non-
monotonic inference scheme in which inferred statements can be withdrawn and,
in addition, nonmonotonic rules can be suspended indefinitely. Let us now try
to introduce a nonmonotonic inference rule which may be viewed as governing
the behavior of this neural net. A straightforward modification of rule (nmR2),
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Figure 9 UNTIL operator subnet.

obtained by substituting the operator UNTIL for UNLESS, may serve this pur-
pose:

A AUNTIL(Q) |~ p. (hmtR)

The new operator may be defined in the following way:

e UNTIL(g) holds for a given propositional formula ¢, at a certain step of
the inference process, if and only if ¢ has “never” been inferred before that
step.

The reactivating of suspended rules can be modeled by neural networks, too.
Conditions of reactivating must be carefully chosen so as to avoid new sources of
loops. One may allow for the switching on of neuron ny () upon the occurrence
of some special event Z (such as, for example, the reinitialization of the system,
the inference of —Q, etc.). Of course, reactivating UNTIL(Q) on the withdraw-
ing of Q, that is, putting Z equivalent to UNLESS(Q), boils down to modeling
the classical nonmonotonic rule (nmR2). Figure 10 shows the neural network sus-
pending (on the occurrence of () and reactivating (on the occurrence of Z) the
inference of p from A.
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Figure 10 BETWEEN operator subnet.

After being reactivated by just one firing of neuron nz, the neuron npg(z, g)
remains active until Q, even if Z is withdrawn at a later time. This means that
neuron np(z, o) retains memory of which neuron, out of ng and nz, fired last:
it is active in the interval between the firing of nz and the firing (if any) of
ng; it is idle between the firing of ng and the firing (if any) of nz. A straight-
forward formalization of this behavior can be given by means of the following
rule:

A A BETWEEN(Z, Q) |~ p, (nmbR)

where the definition of BETWEEN is

o BETWEEN(Z, Q) holds for the given propositional formulas Z
(representing the resetting event) and Q (representing the suspending
event), at a certain stage of the inference process, if and only if one of the
following situations occurs: (i) @ has never been inferred; or (ii) Z has
been inferred (or asserted by other means) after the last inference of Q.

Let us consider in some detail the behavior of the neural network implement-
ing rule (nmBR). The initial conditions are encoded into the setting of the net at



152

time t = 0:
t=0:

na

RB(zZ,0)
t=1:

np
t=gq:

no
t=g+1:

nB(z,0)
t=g+2

np
t=s

ng
tr>s+1
t=x

nz
t=x+1:

nB(Z,Q)
t=y:

nz

Aldo Aiello et al.
starts firing (A holds)
is firing (initially nothing is known about Q)
starts firing (P is nonmonotonically inferred)

things keep on unchanged until some time later:

fires (Q is asserted to hold, no matter how)
stops firing (BETWEEN(Z, Q) must be withdrawn)
stops firing (P is no longer inferable and is with-

drawn) the rule remains suspended and no new inference
can be performed even if, some time later:

stops firing (possibly, because of P)

the rule remains suspended and no new inference can be
performed until, at a later time, if any, nz fires.

For example, the process may develop as follows:

fires (Z is asserted to hold, no matter how)
fires (the nonmonotonic rule is reactivated)

elaboration starts again as from¢ =1

stops firing (but the nonmonotonic rule remains ac-
tive until Q is again asserted to hold).

B. QUALITATIVE HYPOTHESIS SELECTION
IN TWO-LEVEL CAUSAL NETWORKS

In this subsection, we consider a qualitative form of causal reasoning which
is commonly used in diagnostic tasks. A basic inferential strategy of diagnos-
tic problem solving is that of considering the abnormal observed manifestations
OBS relative to the system under examination and isolating hypotheses that may
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explain their occurrence on the basis of known causal relationships between man-
ifestations and hypotheses (see Josephson and Josephson [18] and Peng and Reg-
gia [19]). This strategy is grounded on abductive inference schemes, such as:

mi,...,m, € OBS
h; can cause mp, ..., My (AB1)
hi

Parsimonious set covering models of diagnosis (see Peng and Reggia [19] and
Reggia et al. [20]) are based, for n = 1, on (AB1). A connectionist approach
to parsimonious set covering diagnoses can be found in Ahuja et al. [21]. And
clearly, each particular instance of (AB1) can also be represented as a neural pro-
duction rule within a localist semantic approach.

Inferences based on (AB1) do not use any information about the degree of
support that manifestations lend to given hypotheses, even though this sort of
information may prove crucial to converge on the more plausible explanations.
Consider the following schematic example (Fig. 11): the observed manifestations
are my|, my, and m3, connected via causal relations to hypotheses 41, k2, and
h3. The only manifestation supporting k1 is m1—but strongly so, because it is a
highly specific manifestation for /2;. Manifestations m; and m2 weakly support
h2, whereas h3 is supported by m3.

If one restricts admissible explanations E for this diagnostic problem to mini-
mal cardinality covers of the observed manifestations, one has the counterintuitive
result that {h7, h3} is a solution to this diagnostic problem, whereas k; is dis-
carded. Reiter [22] replaces the minimal cardinality restriction with the weaker
condition that an explanation E must be an irredundant cover of the observed
manifestations (where E is an irredundant cover of the observed manifestations
iff no proper subset of E is a cover of the observed manifestations). However, even
in this framework one has that no irredundant cover E includes hypothesis 4.

The inferential scheme (AB1) can be generalized so as to take into account
information enabling one to decide whether the observations provide significant
support for, and thus have to be covered by, candidate explanations (see Console
and Torasso [23]). A reasonable solution to this problem is that of evaluating the
total degree of support for 4; provided by the observed data that are causally re-

OO
@ @ @

Figure 11 Causal system.



154 Aldo Aiello et al.

lated to h;, and comparing this value with a threshold a;, expressing the minimum
degree of support needed to advance h; as a candidate hypothesis: for each hy-
pothesis A; and the set Man(h;) = {m;: h; can cause m;}, one has to define a
suitable function f;: X C Man(h;) > fi(X) e R:

mi,...,mp € OBS

h; can cause my, ..., my
filmi,...,my) > a; (AB2)
hi

Scheme (AB1) is a particular case of (AB2). Within this more general frame-
work, new problems may arise; for example, f; may be computationally in-
tractable or the data needed to compute it may be lacking. Nevertheless, appro-
priate solutions can be found in significant cases: many diagnostic expert systems
make use of various methods to compute specific f;’s that enable the system to
perform reasonably well. And, in turn, some of these methods lend themselves to
neural representation and processing. We describe here a neural implementation,
presented in Burattini and Tamburrini [24], of an instance of (AB2), developed
within the framework of an expert system for a medical domain [25] and based
on a qualitative approach to uncertain reasoning [26].

Human experts are often reluctant to set precise numerical weights for
manifestation-hypothesis relationships, and more confidently advance qualitative
judgments on the support that observable manifestations lend to a hypothesis.
For example, a physician may consider a given manifestation as “moderately” or
“very” suggestive of a certain disease. One can reasonably assume that there is a
finite bound 4 on such discrimination power of human experts, and, namely, that
the number of different qualifying labels available to human experts is at most A.
Thus, when qualitative judgments of this sort are expressed by experts for every
pair (h;, m;) such that &; can cause m; (e.g., “m strongly suggests h>”), the el-
ements in each set Man(h;) = {mj: h; can cause m} can be partitioned into A
disjoint classes, each class containing all manifestations with a given degree of
relevance with respect to s;. As a consequence, these classes can themselves be
ordered according to the degree of relevance of their elements. One can make the
following additional assumption:

Assumption 1. The manifestations belonging to a lower-ranked class, even
when taken as a whole, cannot be more relevant with respect to 4; than any man-
ifestation belonging to a higher-ranked class.

Then this qualitative information can be readily represented and processed in a
neural system.

Let J¢; be the neuron representing hypothesis 4;, and let M; = {f;,, ..., fi,}
be the set of neurons representing the elements of Man(h;). Given the qualita-
tive information provided by human experts, M; can be partitioned into a to-
tally ordered series of h disjoint classes M;,, ..., M;,. Let their cardinality be
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Ki, ..., K, respectively. For each M; i and each f;, € M; i the weight between
[i,, and #€; must assume the value
J
G+1)-Kj-Kjpr--- Ky

A rough idea of the causal net which reflects the previous settings is given in
Fig. 12. Given these settings, for any j < k < h, one has that the sum of ex-
citations sent to #¢; by all elements belonging to M;; is less than the minimum
excitation sent by any element belonging to M;,. J¢; receives these excitations
with weight equal to 1, and their sum expresses the degree of confidence reached
by hypothesis #; which may or may not exceed #¢;’s threshold. Such a threshold
is set by the human experts. Furthermore, this value can be compared with the
degree of confidence reached by other competing hypotheses (see Burattini and
Tamburrini [24, p. 543]) by means of another neural module.

Assumption 1 was adopted in the design of an expert system applied to a par-
ticular medical domain (see Section VIII), but is inappropriate in many other di-
agnostic domains. This inferential strategy, however, can be modified to a certain
extent without having to relinquish neural representation and processing. For ex-
ample, one may wish to model situations in which aggregations of manifestations
from lower-ranked classes provide more significant evidence with respect to h;
than manifestations from higher-ranked classes. Aggregations forming so-called
“typical patterns” for h; are a case in point. These can be dealt with in the frame-
work of neural representation and processing by introducing, between the layers
of neurons representing individual manifestations and hypotheses, an intermedi-
ate layer of neurons representing such aggregations of manifestations.

Figure 12 Neural causal network.



156 Aldo Aiello et al.

C. QUERY PROCESSES AND THE PROBABILISTIC
CAUSAL METHOD

Once a set of candidate diagnostic hypotheses has been advanced by applying,
for example, production rules enabling one to perform the qualitative form of
causal reasoning considered in the previous subsection, a deeper probing of the
selected hypotheses may be needed for the system to settle on a final diagnosis.
For example, the system may have to choose between two competing hypotheses
or to look for additional evidence corroborating the candidate hypotheses.

At this stage of the diagnostic process, the system has to use the causal knowl-
edge that the candidate hypotheses (e.g., a disease) may give rise to a number of
manifestations (e.g., symptoms), in order to identify additional observations that
enable it to turn a prediagnosis into a final diagnosis. Thus, supposing that #; was
selected as a candidate hypothesis on the basis of observation m, the system may
follow the strategy of testing this hypothesis by verifying whether other manifes-
tations in Man(/;) are actually present. In many situations, the system will have
to choose (in view of, e.g., priority criteria set by the experts) which subset of
Man(h) is to be investigated first. An appropriate ranking of the manifestations
Man(h;), given that the hypothesis #; holds, may reflect these selection criteria.

A method for obtaining this ranking in several diagnostic domains is encom-
passed by the probabilistic causal model (see Peng and Reggia [19] and Reggia
et al. [20]).

Let the expression #; — m; denote the event that &; actually causes m ;, and
let P(h; — mj|h;) be the conditional probability that A; causes m; given that
h; is present. Under certain assumptions (see Peng and Reggia [19]) that seem
reasonable for many types of cause—effect relationships, one can prove that

P(hi > mj|h;) = P(mj|[hi]),

where [4;] stands for the event that h; is present and all other possible causes
of m; are definitely not present. This result indicates that the value of P(h; —
m j|h;) can be obtained from the statistical analysis of the population of individu-
als that have h; without being affected by any other possible cause of m ;.

Given the values of the P(h; — mj|h;) for all h; such that h; can cause m,
an algorithm for finding the probability of m ; given the presence of a subset of its
causes is made available by the following theorem, because the conditional prob-
abilities of m; are equal to 1 minus the corresponding conditional probabilities
of mj:

THEOREM (Peng and Reggia [19]). Letc;j = P(h; — mj|h;) and let D be
a subset of Causes(m ) = {h;: h; can cause m;}. Then

P(-mjl{hi: h; € DY&{=h;: h; € Causes(m;) — D}y = [] (1 —cij).
h;eD
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Figure 13 Causal system.

A network enabling one to compute these conditional probabilities can be eas-
ily constructed by means of the tools described in previous sections. An example
is given in the following discussion for the causal system of Fig. 13. The network
for this causal system, in which probability values are transmitted under the form
of unbroken sequences of impulses, is formed by four layers (see Fig. 14).

The neurons of the first layer (HYP) represent hypotheses A; and their nega-
tions —h;. A neuron representing a hypothesis #; has, consistent with the schema
in Fig. 14, as many outgoing arcs as the number of manifestations m;,, ..., m;,
which are possibly caused by A;. The coupling coefficients of these connections
are (1 —ci;j), ..., (1 —ci,j), respectively. Thus, A has three arcs, and their cou-
pling coefficients are (1 — ¢11), (1 — c41), and (1 — ¢22). Similarly, the element
representing the negation —#; of some 4; has i, outgoing arcs, but their coupling

Pm  Pm,  Pm

P,

Figure 14 Net for the probabilistic causal system.
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coefficients are equal to 1 (the latter are not displayed in Fig. 14). The second
layer (P-y,) is formed by as many small subnets P—,; as the number of possible
manifestations. In our example, 1 < j < 4. These subnets perform the product of
the incoming input values from the layer HYP, outputting conditional probability
values of the various —m j, in accordance with the preceding theorem.

Because the conditional probabilities of m; are equal to 1 minus the corre-
sponding conditional probabilities of —m; the remaining part of the network is
devoted to computing this simple operation. The third synchronizing layer (C) is
formed by as many neurons as the number of possible manifestations. The layer C
permits, through a distinguished neuron # and some synchronizing neurons, eval-
uation of the conditional probabilities of m ;. The impulses fired by P-.,,; through
a negative coupling coefficient are subtracted from the impulses fired by » and
representing the value 1 (suitably normalized to 10, or to 100, etc.). The output of
the neurons belonging to the layer P,, is a sequence of impulses equal to the cho-
sen normalization of the value 1 minus the conditional probability of —m; given
the presence or absence of the hypotheses from a given set.

The parallel execution afforded by this neural implementation may not be ben-
eficial in terms of computation time because of the numerical computations that
have to be performed by the subnets in layer P—,,. These subnets can be prof-
itably replaced by other types of processors computing the same function. Again,
the system thus obtained becomes hybrid, but the parallel architecture introduced
by means of the purely neural system including layer P—,, is on the whole pre-
served in the simplified hybrid version.

VIII. PURELY NEURAL, RULE-BASED
DIAGNOSTIC SYSTEM

A. ABDUCTION-PREDICTION CYCLE

The task of a diagnostic expert system can be roughly described as that of
isolating a set of explanatory hypotheses for the insurgence of anomalies observed
in objects belonging to its domain of application. Thus, a diagnostic expert system
can be viewed as a particular type of problem solver. The statement of the problem
is a description of an abnormal state, and a solution is given by an explanation for
the occurrence of this abnormal state.

To produce a diagnosis, an expert system makes use of a knowledge base
which must include relationships between observable anomalies and their possi-
ble explanations (a simple example being “symptom x is a likely manifestation of
disease y”). However, knowledge bases of diagnostic systems may encompass re-
lationships between observable facts as well as between possible explanatory hy-
potheses (e.g., incompatibility relations between pairs of observables or causes,
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groups of anomalies characterizing pathological patterns, etc.), and sometimes
even simplified models of correct or abnormal behaviors of the objects in their
domains.

Designing a particular diagnostic expert system involves, as a crucial prelimi-
nary step, analyzing human expert knowledge and reasoning applied to the given
diagnostic domain. This analysis, which amounts to extracting from human ex-
perts reports on the data, theories, and inferential processes used in their problem-
solving activity, is the starting point for the knowledge engineer engaged in the
task of specifying the knowledge base and inferential schemes of a particular di-
agnostic expert system.

However, there are some stages of diagnostic problem solving that remain in-
variant across particular applications:

(1) Data entry. Abnormality observations to be accounted for have to be
recorded and possibly refined.

(i1) Prediagnosis and diagnosis. The data have to be evaluated with the aim
of focusing on, refining groups of (possibly incompatible) diagnostic hypotheses,
and advancing a final diagnosis.

(iii) Hypothesis-driven query. New data may have to be collected, between
prediagnosis and diagnosis proper, to test the hypotheses selected at the prediag-
nostic stage.

(iv) Justification. One must be capable of providing, upon request, an infor-
mative justification for the conclusions that have been reached.

Similarly, there are inferential schemes that play a significant role in most
cases of diagnostic hypothesis formation and testing. Abductive inferences [such
as rule (AB1) examined in Section VIL.B] enable one to select possible explana-
tory hypotheses for observed facts, and predictive inferences enable one to isolate
possible observable manifestations of the explanatory hypotheses selected by ab-
ductive inferences. Unlike deductive rules, abductive rules of inference such as
(AB1) may fail to satisfy the correctness requirement: even when the premises of
an abductive rule are verified to hold, its conclusion might be shown to be false in
the light of new evidence, and has to be withdrawn. However, because abductive
rules enable one to generate possible explanatory hypotheses, they play a key role
in hypothesis formation processes. As already emphasized in Section VIL.B, the
question whether a possible explanation is also a plausible one requires additional
considerations, transcending observations and relationships involved in simple ab-
ductive inferences such as (AB1). In particular, one may need information about
how much the various observable facts are suggestive of or support explanatory
hypotheses, in order to assign a plausibility degree to a hypothesis, and thus to in-
duce a ranking between possible explanations. Various methods for handling this
information (e.g., probability theory, certainty measures, qualitative nonnumeri-
cal orderings) have been used in the setting of diagnostic problem solving. The
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Figure 15 Abduction—prediction cycle.

application described in the following section makes use of the particular non-
numerical method for ranking hypotheses described in Section VIL.B, whereas
in other situations numerical methods may be more appropriately adopted and
neurally implemented by means of tools presented in Sections VI and VIIL.C.

Predictive inferences are also involved in the process of assessing the plausibil-
ity of explanatory hypotheses selected by means of abductive rules of inference.
From the knowledge that ¢ is a possible cause for the occurrence of W and that
® is an explanatory hypothesis which is being entertained, one can infer ¥ as a
possible manifestation of this hypothesis. This kind of inference can be applied in
diagnostic reasoning to test explanatory hypotheses. In fact, suppose one has both
® — ¥ and & — x in a knowledge base, where ® is an explanatory hypothesis,
W and yx are observable facts. After observing W one can assume, by applying, for
example, inference scheme (AB1), ® as a possible explanation for the presence of
V. Which additional facts could be detected if & were the right hypothesis? Using
predictive inferences, one produces the set of possible observable manifestations
of @ (in our case just {x }). This information can be used to test hypothesis ® by
determining which of the observable manifestations of @ are actually present, and
possibly to advance new explanatory hypotheses. The abduction—prediction cycle
is schematized in Fig. 15.

B. DIAGNOSES IN PEDIATRIC GASTROENTEROLOGY

The abduction—prediction cycle, supplemented by a qualitative method for hy-
pothesis ranking, is at the heart of the inference engine for the diagnosis of pe-
diatric gastroenterological diseases [25], which is schematically described in this
subsection: from the initial observations, a set of diagnostic hypotheses is fo-
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cused on by abductive inferences; then a hypothesis-driven query process enables
one to isolate, by predictive inferences, additional evidence that is subsequently
used to differentiate between the selected hypotheses. A purely neural implemen-
tation of this system is described, and its advantages in terms of computational
time are emphasized. Physicians use various procedures for gathering informa-
tion about their patients: history taking (i.e., the patients’ subjective accounts of
their medical problems), direct physical examination, and diagnostic tests. Each
procedure gives rise to a specific class of evidence: histories, symptoms detected
as a result of physical examination, and test outcomes. Signs belonging to each
of these classes are further classified as generic signs (those signs that are possi-
ble manifestations of more than one disease) and specific signs (that are possible
manifestations of one disease only). Accordingly, signs can be divided into six,
mutually exclusive classes: generic histories, symptoms, and tests; specific histo-
ries, symptoms, and tests.

In the specific domain of pediatric gastroenterology, medical experts proposed
a “clinical relevance” hierarchy between these types of evidence, with a clinical
relevance gradient from generic histories to specific tests: for example, the in-
formation that a patient manifests a specific symptom s;, which is associated to
disease d only, provides more supporting evidence for d than a generic symptom
sj which is a possible manifestation of d and other diseases as well. Accordingly,
if one denotes by “x >4 y” the relationship “x provides more support for d than
y,” one has that [s; >4 5;]. More in general, one has that

[any specific test >4 any specific symptom >4
any specific history >4 any generic test >4
any generic symptom >4 any generic history].

This hierarchical organization can be occasionally overridden when evidences be-
longing to a lower-ranked class constitutes pathological patterns that are highly
suggestive of a certain diagnostic hypothesis.

Evidence—disease causal relationships are used by experts to focus on explana-
tory hypotheses, in the sense that each evidence e and each relationship of the
form “Disease d is a possible explanation for the insurgence of e¢” can serve as a
premise for an abductive inference to disease d as a possible diagnosis. Diagnostic
hypotheses supported by each type of evidence are more confidently advanced by
physicians, whereas a collection of evidence of one type only is often regarded as
insufficient to achieve a diagnosis. When one or more types of evidence are lack-
ing, physicians generally attempt to gather further information, using predictive
inferences to isolate additional possible manifestations of the diagnostic hypothe-
ses they are already entertaining, and focusing on those manifestations that are
more significant for assessing the hypotheses. The plausibility of a diagnostic hy-
pothesis d focused on by abductive inferences depends on both the significance
and approximation to “completeness” of the supporting evidence. By “complete-
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ness” of supporting evidence, in this context, we mean diagnostic hypotheses sup-
ported by evidence from each of the previously mentioned six classes.

The knowledge base of the expert system designed on the basis of this analysis
is chiefly formed by causal relationships between evidence and disease. The set
of such relationships can be visualized as a bipartite graph (see Fig. 16). The
upper and lower sets of nodes represent evidence and disease, respectively. Edges
connect the evidence with their possible explanations.

The set of evidence nodes is partitioned into six classes. Splitting the set
of evidence nodes into classes allows one to introduce, in accordance with the
comparative relevance judgments expressed by medical experts, a nonnumerical,
qualitative evaluation of the support that each evidence lends to a candidate hy-
pothesis. For example, for the evidence present in Fig. 16, one can assert that
87 >d, S4 >4, 52.

Organizing the knowledge base as a bipartite graph facilitates the implemen-
tation of an inference engine which applies an abductive-predictive inferential
cycle. Each edge of the graph is interpreted by the system as a causal relationship
between one evidence and one disease. For example, in Fig. 16 the causal relation-
ships represented by the edges of the graph are: di — s1,d1 — s4,...,d4 — s3.

Let Oy = {s7, 53, sg} be the set of initially observed evidence relative to a
given patient. To explain observations Oy, the system goes from evidence nodes
to disease nodes following the arcs of the graph, so as to obtain a set of possible
diseases explaining the observations O;. The result of this abductive inference is
the set of diseases D; = {d>, d3, ds}. Then the system makes use of predictive
inferences to test and differentiate between these hypotheses.

The arcs of the graph are followed starting from the disease nodes correspond-
ing to dp, d3, d4 so as to isolate, among the evidence nodes, the possible mani-
festations O D; of the diseases in D; that are not elements of O;. This inferential

signs speciﬁlc signs
I

diseases

Figure 16 Structure of the knowledge base.
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step can be viewed as an attempt to answer the following question: “Given Dy,
which evidence could be detected in addition to the elements of O;?” Thus, by
applying this abductive—predictive cycle, the system is capable of generating a set
of diagnostic hypotheses D, for explaining the initial data Oy and isolating the
possible observable consequences O D; of these hypotheses.

Subsequently, the system starts an interaction with the user concerning the
elements of O Dy, with the goal of collecting information useful for testing and
differentiating between the diagnostic hypotheses D;. More specifically, (i) the
system focuses on the manifestations in O D which, if observed in the patient,
would prove more useful for assessing the hypotheses in Dy, and (ii) the system
initiates a query process asking whether, by applying some medical procedure,
these manifestations can be actually detected in the patient.

The selection of the elements in O Dy to be investigated must reflect the ba-
sic heuristic strategies adopted by physicians. After collecting information about
the patient’s anamnesis, physicians look for other signs deriving from a physi-
cal examination of the patient, and possibly prescribe tests and/or therapies. This
heuristic strategy captures the assumption, discussed previously, that the degree of
support for a disease depends, at least partially, on the diversity or “completeness”
of the observed evidence (i.e., a diagnostic hypothesis which explains evidence
belonging to different classes is more credible than a hypothesis which explains
only evidence belonging to the same class).

C. NEURAL IMPLEMENTATION

The main components of a purely neural system for this diagnostic task are
schematically represented in Fig. 17. The overall system is organized into five
distinct subnets: evidence, abductive, hypothesis, predictive, and justification.

The global network of neurons can also be viewed as formed by two interacting
parts. The first part codifies the declarative and procedural knowledge relative to
each specific domain of application (facts, hypotheses, and their relations). The
second part is the invariant structure of the shell, which embodies computational
utilities supporting and synchronizing the activity of the whole shell; it is not
modifiable by experts and users. In the following, we give a brief description of
the internal organization of each subnet.

1. Evidence Subnet

This is an input subnet and accepts the information that a set of facts has been
detected. A network of neurons stores these data and checks their internal coher-
ence by controlling whether input neurons representing incompatible facts (e.g.,
f and —f) have both been erroneously activated. If incoherences are not detected,
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Figure 17 Global net organization.

the data are given as input to the abductive subnet; otherwise, the incoherences are
declared to the user.

In this subnet, there are four main layers of neurons (entry, memory, fact,
restart), each layer with n neurons, where n is the number of observable facts
in the given diagnostic domain. Furthermore, there is a layer of k neurons, whose
role is that of signaling incompatibility between pairs of facts, and k is the number
of such incompatible pairs.

Let us consider first the n entry neurons (e neurons) (Fig. 18). From now on,
we will associate to each type of neural element its graphical representation and
characteristic triple. Each e neuron e; receives information from (i) the neuron
ext; that fires on e;, through a coupling coefficient equal to 1, to signal that fact f;

ext—L — L g i
6; fj 1 1 fl
-1

Figure 18 ¢; = {{(r;, 1), {ext;, 1), (a;'fmi 1), (e, —1)),8%, 1 —¢).
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Figure 19 m; = {{{e;, 1), (m;, 1)}, 8%, 1 — ¢}.

is given as input; (ii) the restart neuron r; firing on e; when the net is restarted (i.e.,
r; guarantees, when the net is restarted on an augmented input, that the presence
of fact f; is not forgotten); and (iii) the synchronizing neuron U)/’/fm,- firing on e;
when the question whether fact f; has been detected obtains a positive answer in
the predictive subnet (for details, see Burattini and Tamburrini [24]).

Each active e neuron e; fires on various elements of this subnet: (i) on the
memory neuron (m neuron) m; with which it is connected, whose role is that
of storing the information, coming through e;, that fact f; has been detected,;
(ii) on the fact neuron (neuron) f;; (iii) on itself, sending a self-inhibitory signal
immediately after activation (e neurons do not retain memory of past events); and
(iv) on an incoherence signaling neuron i¢;;. Its thresholdis 1—¢, with0 < ¢ < 1.

There are n memory neurons (m neurons) (Fig. 19), which retain memory of
the facts that have been detected and given as input to the system. The memory
neuron m; is connected to the entry neuron e;. Once activated by e;, m; remains
active by means of a self-sustaining mechanism that enables it to “remember” that
fact f; has been detected and to signal this information, when restarting the net,
to the restart neuron r;. m; also fires on neurons in the explanation subnet. The
m-neuron threshold is again 1 — ¢, with0 < ¢ < 1.

There are n fact neurons ( f neurons) (Fig. 20), transmitting information to the
abductive subnet about the facts given as input. An f neuron f; can be activated
by the ¢ neuron e; with which it is connected and can send out signals to a collec-
tion WMy, of working-memory neurons (wm neurons) of the abductive subnet.
The coupling coefficients between f neurons and wm neurons are crucial vari-
able parameters of the net, which must be determined by the expert, possibly in
the manner described in Burattini and Tamburrini [24].

Figure20 f; = {{{e;, 1)},80, 1 —¢}.
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There are n restart neurons (r neurons) (Fig. 21), already mentioned in con-
nection with the entry and memory neurons, whose task is that of restarting the
network when new information is obtained via the predictive subnet. They receive
messages from the m neurons and from a special restart neuron p, while they send
out impulses to the entry neurons.

Finally, there are & incoherence neurons (ic neurons) (Fig. 22). For each pair
e;, ¢j, whose simultaneous presence is ruled out by the human experts, an ic
neuron is created which becomes active when both e; and e; are activated. This
neuron signals the presence of an incoherence to the user.

2. Abductive Subnet

The facts presented as input to the system may have different significance with
respect to the problem of eliciting a hypothesis. Therefore, a suitable weight must
be assigned by the expert, or by the procedure described in [26], to connections
between the appropriate pairs of neurons “representing” facts and hypotheses.
Given these weighed relations, the abductive subnet analyzes the information
flowing from the data given as input under the form of excitatory impulses, check-
ing whether any hypothesis can be elicited as an explanation for some of the ob-
served facts. If this is possible, the hypothesis subnet is activated; otherwise, the
control is passed over to the predictive subnet.

In the abductive subnet, there are m working-memory neurons (wm neurons)
(Fig. 23), where m is the number of possible hypotheses in the given diagnostic
domain. The task is that of evaluating the relevance of the observed facts for elic-
iting one of the declared hypotheses. Each wm-neuron wm; collects information

from the elements of a set Fy,m, = {f1,..., fx} of f neurons of the evidence
1 icij
& ——

O

§—1—A 2

Figure22 i, = {{(e;, 1), (e;, 1), lic;, 20}, 8%, 2 - ¢).
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subnet, where 1 < k& < n. wm; has a threshold set by the expert and corre-
sponding to the minimum amount of information needed to elicit hypothesis 4;.
Its decay law, 8y, , differs from &¢. In addition to messages from the f neurons
of the evidence subnet, each wm neuron also receives inhibitory impulses from
a special clearing neuron and from some control neurons. When a wm neuron
receives impulses from the connected f neurons at time ¢, it starts firing at time
t + 1 on neurons of the predictive and hypothesis subnets. It keeps on firing until,
by its decay law, the excitation falls below the threshold value. The impulses sent
at time ¢ toward the hypothesis subnet reach at ¢ 4+ 1 the connected neurons in that
subnet, whereas the impulses sent toward the predictive subnet are delayed by
some “delay” neurons. This retardation mechanism has been introduced to enable
the system to verify first whether the available information is sufficient to elicit
explanatory hypotheses, so that the predictive subnet can be activated at a later
time, only if this condition is not verified.

Finally, there is also a controlling subnet, whose role is that of terminating the
process when no more hypotheses can be investigated and of activating the subnet
outputting the list of hypotheses, ranked according to the excitation level reached
by their “representing” neurons.

3. Hypothesis Subnet
If a set H of hypotheses has been elicited, two different situations may arise:

(i) The hypotheses in H explain all the facts given as input. H is declared
to the user and stored for later use in the justification subnet. The hypothesis
subnet inhibits activation of the predictive subnet and thus the hypothesis selection
process terminates.

(ii) Some facts given as input are not explained by any hypothesis in H; H is
stored, the hypothesis subnet does not inhibit the predictive process about facts
unexplained by H. The predictive subnet is activated in order to raise questions
about hypotheses not in H that may explain these facts.

In this subnet, there are m hypothesis-triggering neurons (ht neurons)
(Fig. 24), one for each hypothesis declared by the expert. The ht neuron ht; re-
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ceives impulses from the wm neuron wm; of the abductive subnet. It also receives
from and sends out impulses to the clear neuron x. An At neuron has a suitably
high threshold value representing the minimum support value needed to trigger
the associated hypothesis. This threshold can be reached only if the associated
wm neuron fires for several consecutive instants of time, and; in turn, the number
of consecutive firings of wm; is proportional to the amount of excitation received
from the set Fy,m;. By this mechanism, wm; expresses the amount of support
given by the observed facts in F,,;; to hypothesis h; and ht; “decides” whether
this evidence is sufficient to elicit &; (see Burattini et al. [26] on the minimum
value of the support): if the sum of the impulses coming from wm; reaches its
threshold, the ht neuron ht; sends impulses to the corresponding hypothesis neu-
ron h;.

There are also m hypothesis neurons (h neurons) (Fig. 25), one for each hy-
pothesis relative to the given domain. If neuron h; is activated by neuron ht;,
this indicates that hypothesis A; is proposed by the system as an explanation for
some observed facts. The h neurons store all explanatory hypotheses advanced by
the system. This is achieved, once an # neuron is activated, by a self-excitatory
mechanism which keeps its level of excitation above the threshold. An 4 neuron
also sends excitatory impulses to neurons of the explanation subnet and inhibitory
impulses to neurons of the predictive subnet. This subnet outputs a partially or-
dered list of selected hypotheses (if any). The intended meaning of this partial
order is a nonexclusive preference order for the selected hypotheses. This order is
obtained by comparing the excitation levels of the At neurons representing such
hypotheses.

Figure 25 h; = {{{h;, 1), (ht;, 1)}, 80,1 ~ ¢).
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4. Predictive Subnet

From now on, we will omit most implementation details in describing the main
types of neurons, concentrating on their role in the process of hypothesis selection.
The predictive subnet is managed by the abductive and hypothesis subnets, and
is activated when further investigation is needed to explain all observed facts.
This subnet is, as it were, a mirror image of the abductive subnet: the links from
evidence to hypotheses in the latter are inverted in the predictive subnet in order
to infer which evidence might be present if a specific diagnostic hypothesis were
cotrrect.

Upon activation of this subnet, two preliminary tasks must be performed: (i) se-
lecting a hypothesis (making sure that it is not in the set H, if any such set has
been selected in the hypothesis subnet) to be probed first and (ii) asking a question
that may contribute to test the selected hypothesis. Also at this stage, the heuristic
strategies enabling the system to raise appropriate questions must be implemented
by the expert, possibly with the help of a procedure described in [26].

Each question formulated in the predictive subnet is about the presence of a
certain observable phenomenon relevant to test the hypothesis under examination
(e.g., “Does patient x show symptom y?”). Such questions admit three types of
answers: “yes,” “no,” or “I don’t know.” If the answer is “yes”, the new informa-
tion is added to the initial input and the system is restarted on the augmented set
of data. If the answer is “no,” the system has obtained negative information (e.g.,
“symptom y has not been observed”) which is also added to the initial input if this
negative information is explicitly represented as a fact in the system’s knowledge
base. The system is then restarted to evaluate the augmented input. In all other
cases (the answer is “I don’t know,” or else is “no,” but the corresponding neg-
ative information is not explicitly represented in the system’s knowledge base),
the system proceeds to ask a question about another fact relevant to assessing the
hypothesis under examination.

When all questions relative to the selected hypothesis have been made, and
some facts remain unexplained, the predictive subnet starts asking questions con-
cerning the next lower ranked hypothesis. The predictive process terminates either
when a set H of hypotheses explaining all observed facts is isolated or when there
are no more questions to be made.

The predictive subnet is formed by three main layers (question neurons, fact-
mirror neurons, and answer neurons), activated when one of the following situa-
tions occurs:

1. no explanatory hypothesis has been elicited;
2. the hypotheses elicited by the system do not explain all observed facts.

Case 1. In the query layer, there are m question neurons (q neurons). Their
structure is analogous to that of the At neurons (same threshold and excitation de-
cay law) and their role is that of selecting a hypothesis to be tested by a question—
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answer process. These neurons receive from the wm neurons the same impulses
as the ht neurons, but suitably delayed. Because no At neuron is activated by these
impulses, a control neuron B sends uniform excitatory impulses to the g neurons,
activating the g neuron g; that first reaches its threshold. Intuitively, the activation
of g; signals that a question about the presence of a fact relevant to assess hypoth-
esis h; must be raised. However, once a g neuron ¢; is activated by 8, how is an
appropriate question about the corresponding hypothesis h; selected?

In the predictive subnet, there is a set of n fact-mirror neurons (f m neurons).
These neurons can receive excitation from ¢ neurons in the following way. Each
g neuron ¢; is connected to a subset F' My, of the set of fm neurons. The coupling
coefficients between ¢; and each element in F M, must be determined by the hu-
man experts, possibly with the help of the algorithm described in [26]. When ¢;
fires, signaling that a question about hypothesis /; must be raised, it sends exci-
tatory impulses to the elements of F'M,,. Only one of the fm neurons in F M,
fires in response to the impulses coming from ¢; and triggers a question about 4;
addressed to the user. This fm neuron, let us call it fm;, enables the system to
raise the question: “Has fact f; been detected?” The neuron fm; is connected
with three answer neurons (a neurons) y fm , # fm,, and d pm,, respectively rep-
resenting the answers “yes,” “no,” and “I don’t know.” The user’s answer will
activate one of these a neurons.

Suppose first that the answer is “yes.” The net is restarted by a restart neuron
activated by y rm,, augmenting the input of the previous run with the fact repre-
sented by the entry neuron e;.

Suppose now that the answer is “no.” We have two subcases:

(a) If the negative information thus obtained is represented under the form of
a fact in the system’s knowledge base, then the behavior of the net is the same as
in a “yes” answer situation.

(b) Otherwise, the process on g;—of asking another question relative to the
hypothesis h;—continues. If no more questions are available for that hypothesis,
the question process will be applied to the next lower ranked hypothesis, say, 4,
via the ¢ neuron ¢;.

Finally, let us suppose that the answer is “I don’t know.” The system will be-
have as in subcase (b).

Each fm neuron fm; is inhibited by an m neuron (when the fact represented
by fm; has already been detected and therefore a question about its presence
is not needed) or by a self-inhibitory impulse (when the user has already given
one of the admissible answers to the question triggered by fm;). When fm; is
thus inhibited, it remains excluded from the query process, no matter how much
excitation it receives from g neurons.

Case 2. The hypotheses elicited by the system are stored by self-sustaining
neurons which send an inhibitory impulse to the corresponding g neurons. In this
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way, the query process can be activated only on hypotheses that the system has not
elicited yet, via those ¢ neurons that are not inhibited by 4 neurons. Indeed, the
g neuron ¢; receives inhibitory impulses from k;, only if k; has been previously
activated, indicating that hypothesis A; has already been elicited and additional
investigation is not needed.

If no more questions to ask and hypotheses to probe are available, the system
terminates the query process, declaring to the user the list of ranked hypotheses
that it was able to elicit and the list of facts that are possibly left unexplained by
these hypotheses.

5. Justification Subnet

This subnet is currently capable of answering only one type of question (“On
the basis of which facts was a certain explanatory hypothesis advanced?”), in ad-
dition to providing the list of all unexplained facts, whenever this is the case.
However, neurally implemented extensions of this module enabling the system to
provide a more detailed justification of advanced hypotheses, by tracing the infer-
ential steps leading up to the selection of those hypotheses, are clearly possible.

The user activates this subnet by asking which facts support a certain hypothe-
sis. Such interaction may be thought of as a backward mechanism which, starting
from the input hypothesis, looks for all observed facts inducing its elicitation. The
answer is worked out by two layers of neurons interacting with the m neurons and
the A neurons.

6. Control Neurons

Clearly, a network of neurons performing the abduction—prediction cycle for
hypothesis selection in the way described here must be controlled and synchro-
nized: this process must be performed in a certain number of sequential steps, in
each of which the available information is elaborated in parallel. Also this con-
trolling and synchronizing function is performed by various neural elements. The
role of some controlling neurons was made explicit in the preceding description
of the evidence, abductive, predictive and hypothesis subnets.

IX. CONCLUSIONS

We have shown how to simulate, by means of a localist approach to neural
representation and processing, various symbolic, rule-based reasoning. Some of
these technical tools have been applied to designing rule-based expert systems,
such as the one presented in Section VIII, which exploit the massively parallel
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processing capacities of neural networks while retaining, in virtue of the local-
ist approach, the full justification capacities of conventional symbolic systems.
These localist networks, however, remain brittle much in the way of conventional
symbolic systems. Moreover, some numerical computations involved in quanti-
tative uncertain reasoning require very large networks. These limitations suggest
the opportunity of extending the present approach toward unified neurosymbolic
systems which combine localist networks with distributed representations, as well
as toward strictly hybrid systems. Accordingly, one is led, solely on the basis of
a balanced assessment of limitations and potentialities of the present approach, to
distinguishing between three different strategies for neurosymbolic integration:

(i) using specialized and structured localist networks for symbolic reasoning,
both crisp and uncertain;

(ii) combining localist networks for symbolic processing with distributed
neural networks, the latter representing individual pieces of knowledge as dis-
tributed patterns across a large number of neural units;

(iii) combining separate localist networks and conventional symbolic systems
for symbolic processing.

Additional distinctions, partly overlapping with this classification, can be made
in the setting of more general analyses of possible approaches to neurosymbolic
integration (see, e.g., Sun and Bookman [27] and Hilario [28], and the references
therein).

In this chapter, we have mostly worked within approach (i), by presenting spe-
cialized, localist networks for various types of crisp or uncertain symbolic rea-
soning. We have also addressed the problem of learning in a strictly nonconnec-
tionist fashion, by means of a localist network with adjustable weights, which
can perform an elementary form of chunking and add new rules to a preexisting
production system.

Approach (iii) was implicitly considered in our treatment of quantitative uncer-
tain reasoning. In this case, the parallel execution afforded by the localist neural
implementations may not be beneficial in terms of computation time because of
the heavy numerical computations that have to be performed by various subnets.
On account of this fact, we suggested replacing these subnets by conventional
symbolic processors computing the same function. The resulting system is strictly
hybrid, but the parallel architecture originally introduced by means of the purely
neural system is largely preserved in the structure of the new system.

Approach (ii) is well suited for domains in which a cooperation between neural
learning and rule-based reasoning is needed to solve specific problems. For exam-
ple, De Gregorio [29] analyzes an object classification problem from visual data
which is difficult to solve by merely training a neural net, and finds an adequate
solution by means of a hybrid system performing an abduction—prediction cycle
(as described in Section VIIL.A), with the following division of labor between the
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neural and the symbolic reasoning modules. The neural net, instead of attempting
a direct classification of the viewed object, is trained to provide a classification
of selected visual clues at particular locations of the image. Then the clues are
symbolically coded and make possible the selective activation of production rules
in the symbolic reasoning module. The action parts of these rules code possible
classifications for the viewed objects. If the clues obtained so far are insufficient
to arrive at a particular classification, the symbolic reasoning module can ask for
new clues from the neural module in a hypothesis-driven query mode. This cycle
(again an instance of the abduction—prediction process) is iterated until the system
settles on a unique classification. The knowledge base of the symbolic reasoning
module is a set of production rules which is equivalent to a set of rules of the
form examined in Section III. Therefore, this module can be replaced by a localist
network as described in Section IV. The new system combines a localist network
for symbolic processing with a distributed neural network for classification of
visual clues, and therefore falls squarely within approach (ii) to neurosymbolic
integration. The massively parallel processing capacities of neural networks are
exploited in the symbolic processing module, whereas both parallel processing
and noise-tolerant learning and classification are put to work in the perceptual
module. In addition to providing an interesting engineering solution, this system
suggests the potential interest of approach (ii) for the computational modeling
of high-level perception (such as, e.g., high-level vision; see Ullman [30] and
Kosslyn and Koenig [31]), where bottom-up perceptual processing and top-down
interpretative reasoning tightly interact.
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I. INTRODUCTION

Engineers are finding new and different applications for neural networks every
day. These new applications are exposing many limitations in our current tech-
niques. Perhaps one of the more important of these limitations is the trust that can
be placed on a neural network, or more correctly the hypothesis that it has con-
structed. With a localized paradigm it is sometimes possible to assign meanings
to the neurons manually. However, as the networks grow in size beyond several
different layers, this can become very difficult.

Hinton [1] expresses the following view:

the problem is to devise effective ways of representing complex structures in connec-
tionist networks without sacrificing the ability to learn the representations. My own
view is that connectionists are still a very long way from solving this problem.

It is relatively straightforward to transform a propositional rule base into a neu-
ral network. However, the transformation in the other direction has proved a much
harder problem to solve. This chapter explains techniques that allow neurons, and
thus networks, to be expressed as a set of rules. These rules can then be used
within a rule-based system, turning the neural network into an important tool in
the construction of rule-based intelligent systems.

Fuzzy Logic and Expert Systems Applications
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The rules that have been extracted, as well as forming a rule-based implementa-
tion of the network, have further important uses. They also represent information
about the internal structures that build up the hypothesis, and, as such, can form
the basis of a verification system. This chapter also considers how the rules can
be used for this purpose.

II. REPRESENTATION OF A NEURON

Feedforward neural networks can be built to use many types of input parame-
ters. Real-valued or continuous inputs are the most difficult to deal with. Consider
the example in Fig. 3; there are only two input parameters, but the desired hypoth-
esis requires eight decision planes. These decision planes are implemented in the
first layer, known as the quantization layer, of any neural network that is built to
implement this hypothesis (Fig. 1). The weights and biases of these nodes repre-
sent the equations of the decision planes and cannot be simplified. Some of the
individual decision planes are shown in Fig. 2.

In the idealized neuron model, thresholding means that all transformations be-
yond the first are Boolean. The quantization layer has split the input space into

selection

quantisation

input

Figure 1 A two-input network with eight quantization neurons to change real-valued inputs to
Booleans and a two-layer selection section terminating in a single output neuron.
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Figure 2 Showing the separation of the input plane into halves by individual neurons in the quanti-
zation layer. The halves are then combined to form the region in Fig. 3.

regions which are then combined logically by the subsequent layers. In the exam-
ple, the shape is described by

(anbrcndne)Vv(dAfAgAh).

As the quantization layer cannot be simplified, rule extraction has to be concerned
with the second and subsequent layers of the network. The inequalities that rep-
resent the quantization layer can be stored and substituted into the rules that are
extracted from the rest of the network. The resulting expression can be quite clear.

Boolean inputs to a network effective remove the quantization layer, simpli-
fying the process by allowing Boolean rule analysis to begin at the first layer of

Figure 3 Lines representing the quantization neurons in Fig. 1 separating the plane into various half
planes which are then selected using the subsequent selection layers resulting in the shaded region
shown.
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neurons. Therefore a network with Boolean inputs would give a rule of the form

If (a Ab)V (cAa),
then ...

compared to the type of rules produced from networks with real or continuous
inputs

If[3.8a+7b—4 > 01A[3.1b—2c+9 > 0],
then . ...

So far an assumption has been made that a neuron implements a crisp decision
plane; in other words, it is a perceptron rather than the more common sigmoid-
based neuron. The use of a sigmoid function changes the view of thresholding.
However, with a fully trained network, the sigmoid function will be a very close
approximation to a threshold and therefore there is no need to differentiate be-
tween the different types of neurons. There are two reasons for this close approx-
imation:

e As the networks harden the weights grow in size which makes the range of
inputs for which the output is not close to Boolean very small.

o If simulated annealing is used to speed up training, then as the temperature
approaches zero the activation curve becomes very close to a threshold.

Although a threshold neuron can always be represented as a Boolean function,
the form of this function cannot be restricted to a representation where each in-
put variable is mentioned only once. The interest in such representations stems
from scaleability; the search space for the correct Boolean function grows expo-
nentially as the number of inputs rises. If a set of operators could be found that
represents any neuron while mentioning each operand only once, then an effective
algorithm could be produced for finding a concise representation. The problem is
intractable [2] in that not only does the search space grow exponentially with
the number of inputs the Boolean representation can also grow exponentially. In
many cases, however, where there is a concise Boolean representation for the neu-
ron this can be found efficiently. Where the Boolean representation of the neuron
becomes large and unintelligible, it is clear that a Boolean representation is inap-
propriate and other representations must be sought [3].

Previous investigations into this problem used a piecemeal approach, splitting
off the Boolean problem space into a class of operators which are referred to as O
and A operators as they are generalizations of OR and AND.

The problem space covered by the operators was shown to be complete up
to three dimensions by Mihalaros [4] and therefore to provide a means of repre-
senting all possible neurons with an input dimension of three or less. This work
by Mihalaros presented no complete analysis of how to find the O operator that
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matched a general neuron, or even if all possible neurons in higher dimensions
were covered. Perhaps more significantly and what encouraged further work is
that the traditionally hard problem of n-input parity neural networks can be sim-
ply represented using O operators [5].

Although initially promising, Fletcher and Hinde [3] showed that O operators
are not complete for four or more dimensions and, as such, cannot in general
be used to analyze networks in higher dimensions. Where it is possible to use
O operators, they provide a concise and clear representation and, as such, are
ideal for large networks with a low connectivity. Unfortunately, as the number of
dimensions increases, the proportion covered by O and A operators falls until they
are virtually useless.

O and A operators are incomplete; they do not have the flexibility to repre-
sent all possible neurons. The aim of finding some form of representation that
mentions each input once is, in the authors’ opinion, basically flawed. A more
general technique must be adopted. The best understood technique for represent-
ing logical functions is traditional Boolean logic. Although the representation for
a complex neuron can become unacceptably long, Boolean logic can still provide
a powerful tool. The aim of the next section is to produce a system for analyzing
neurons in terms of a Boolean rule.

ITII. CONVERTING NEURAL NETWORKS
TO BOOLEAN FUNCTIONS

A neural network performs a logical transformation of a set of inputs to a set
of outputs. The range and domain will contain tuples that consist of real and/or
Boolean values. The whole problem is to represent the transformation in some
concise and meaningful way. So far in this chapter we have been looking at how
this “network transfer function” could be represented. For the purposes of this
section, real-valued inputs will be ignored. In effect, the nodes in the quantiza-
tion layer of networks that use real inputs are treated as the inputs to a Boolean
network; thus all networks are Boolean.

A correct Boolean representation of the network transfer function is logically
very simple to calculate. A truth table could be calculated by applying every input
pattern to the network. This truth table could then be turned into a Boolean func-
tion using an algorithmic implementation of Karnaugh maps [6]. Both stages of
this method have a time complexity of O (2"). While logically very simple, these
processes have prohibitively large time and space complexities. So it is necessary
to break the problem into much smaller problems. The transfer function of the
network is built up from the transfer functions of the individual neurons. If the
function of the network is intractable to calculate directly, then it can be derived
by finding the solutions for all of the neurons that make the network.
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The possible functions that can be represented by a single neuron fall into dis-
tinct groups. All of the elements of a group are identical except for the negation of
literals. Further, the groups will contain exactly one “natural” neuron and possibly
some “real” ones, where we define natural and real to be:

e Natural: All the weights and the bias of the neuron are positive; that is, the
transfer function is effectively

WixInp+WoxIno+--- 4+ W, xIn, > B
and
leo’ W2ZO,-,Wn20, BZO.

® Real: At least one of the weights or the bias of the neuron is negative; that
is, the transfer function is effectively

WixIng+WoxInp+..- 4+ W, xIn,, > B
and
Wi <0orWy <Qor...orW, <0orB <0.

All the following representations are neurons in the same group. The first is the
natural neuron; subsequent ones represent real neurons from the same group.

(hAnBYVIiAL)YV (AR AL) Natural,
(hA=DBYVUL ALYV (b A—I3 A L) Real,
(hAnBYVIhi ALYV (—hABRAL Real,

(hABR)YVIL ALYV (Ip NIz A=) Real.

A. BOOLEAN REPRESENTATION
OF A NATURAL NEURON

Natural neurons can be turned into Boolean functions with relatively little ef-
fort. As none of the inputs is negatively weighted, all we need to find are the
minimum sets of inputs required to overcome the bias. This problem is similar
to (but much simpler than) the classic knapsack [2, 7]. Instead of trying to find a
set of inputs that exactly fit the bias, the required answer is all the sets of inputs
that just exceed the bias. For example, the neuron in Fig. 4 has four inputs with
weights of 9, 4, 6, and 7, and a bias of 14. Input 7} & Input I4 just exceeds the
bias as 9 + 7 > 14, but Input /1, Input I4 & Input I; is too large as removing I»
would still leave the total above 14. (Input /; & Input Iy) is therefore part of the
answer and (Input I & Input /4 & Input I7) is not.
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Input I1 § o

Input I2 F

Input I3 &

Input 14 W
Bias (@ -

Figure 4 Representing a natural neuron as a knapsack problem where the input “parcels” are fitted
into the bias “package.”

The complete set of solutions or infimums for the problem shown in Fig. 4
is (h & B3), (I1 & 14), and (2, I3 & I4). This represents the complete Boolean
function of the neuron. In the conventional Boolean format it would be written as

(WABY/(IL A1) /(I AT A Iy).

An algorithm to produce one part of the result is given as a PROLOG program
shown in Fig. 5. By backtracking the procedure, it is possible to derive each part
in turn until all the infimums have been produced.

The algorithm so far described will return a solution that is logically correct but
larger than necessary. As well as the infimums that make up part of the answer,
the algorithm may also return sets of inputs more specific than infemums. For
example, if (/1 A I3) is an infimum, then it is also possible for the algorithm to

knapsack(_Unused_inputs,Bias, Answer,Answer):-
Bias =< 0.
knapsack(Unused_inputs,Bias,SubAnswer,Answer):-
Bias > 0,
append(_,[(Input_Name,Input_Weight)lInputs], Unused_inputs),
New_Bias is Bias - Input_Weight,
knapsack(Inputs,New_Bias,[Input_Namel!SubAnswer],Answer).

Figure 5 PROLOG representation of the “knapsack” algorithm used to extract Boolean rules from a
set of weights associated with a neuron.
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return (I1 A I3 A 14). While logically this makes no difference, we require a concise
and meaningful answer. This added clutter is therefore undesirable. The removal
of these extra terms can be achieved by sorting the weights into decreasing size.
A further advantage of this is that sorting is a good heuristic for reducing average
processing time to find the solution. Let the input to the algorithm be weights
Wi, Wy, Wi, ..., W, and the bias value B.

The mistakes that cause the answer to be nonminimal occur when there is a
term that could be removed and still overcome the bias, that is,

Wi+ W+ Wi+...+ W, > B, I
Wa+Ws + -+ Wy > B. @)

Because the algorithm stops as soon as the bias is achieved,
Wi+ Wo+ Wi+ -+ W, - W, <B. 3)
If the weights were in sorted order, then
Wi > Wp,. 4
Substituting (4) into (3) gives

Wi+Wo+ Wi+ + W, — W <B,

(5)
Wo+W3+.--+ W, <B,

which contradicts (2). Therefore if the weights are sorted the two requirements
for added complication in the answer cannot occur.

B. BOOLEAN REPRESENTATION OF A REAL NEURON

The transfer function of a real neuron is much harder to calculate directly than
that of a natural neuron. Earlier in the chapter we stated that “All of the elements
of a group are identical except for the negation of literals.” Therefore finding the
representation for the natural neuron in the same group as the real neuron provides
a solution that can be modified to represent the original problem by negating some
of the inputs. This means that the target of matching a real neuron to a Boolean
representation has been reduced to two separate problems:

e How to find the Boolean representation of a natural neuron. This problem
has already been covered.

e How to convert the solution for a natural neuron so that it matches one of
the real neurons in the same group.
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Inl

Figure 6 Two-dimensional neuron with one negative and one positive weighted input, represented
as a hyperplane.

The shaded region in Fig. 6 is represented by the equation Inp — In; > 0.5.
To convert this representation of a real neuron into a natural form, it is necessary
to remove the negative weight without affecting its Boolean characteristics. The
negative weight associated with Input; can be removed by moving the origin of
the axis to position (1, 0) and then rotating them. The equation for the graph using
the new axes (Fig. 7) is Inp + In3z > 1.5, where In3 = —In;. If a Boolean operator,
F, is found for this new neuron, then all instances of Inj in F could be replaced
by —In; to give a correct solution for the original problem.

In2

In3

Figure 7 Transformed hyperplane with all positive weights.
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C. EXAMPLES OF BOOLEAN FUNCTION DERIVATION

A neural network to calculate the function “three-input parity” is shown in
Fig. 8. The Boolean function for each neuron is calculated separately

O=H, F =—(=D v —E),
H=GVF, =—-(AAB)V(AAC)V—=(BAC),
=—=(—=AV-Bv-(), E=AvVvBvVC.

Combining these gives

0 =—~(—AV=Bv-=C)V=(=(=(AAB)V=(AACYV=(BAC))V-(AVBV()).

64.9

C

Figure 8 Implementation of three-input parity as a neural network.
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IV. EXAMPLE APPLICATION OF BOOLEAN
RULE EXTRACTION

This application is the dispensing of adhesive in the manufacture of “mixed
technology” printed circuit boards (PCBs) in which through hole and surface
mount components are present on the same board. The surface mount components
are secured to the board, prior to a wave soldering operation, by a small (0.0002
to 0.005 ¢3 depending on the component) amount of adhesive. The amount of
adhesive dispensed is critically dependent on several process environment vari-
ables (e.g., temperature, humidity, erratic thixotropic behavior of the adhesive, air
bubbles in the flow, and variations in the PCB substrate).

The dispensing unit consists of a syringe of adhesive coupled to a pressure
control unit. The unit is made up of a solenoid valve, pressure regulator, tem-
perature sensor, and a pressure transducer to monitor the variation of pressure
within the syringe. The dispensing unit is fixed to a SEIKO RT3000 robot which
moves the syringe to locations of the PCB where the adhesive has to be dispensed.
Feedback data collection is carried out by an image processing system (Imaging
Technology ITI151) coupled to a Pulnix TM-460 CCD camera incorporating a
magnifying optical system.

The original software was developed using the MUSE real-time artificial in-
telligence (Al) toolkit. MUSE is a hybrid modular system supporting a range
of knowledge representation paradigms: PopTalk, a procedural language with
object-oriented programming extensions, a forward chaining rule language, a
backward chaining language, data-directed programming through the use of
demons, and flexible relation supporting general relations between objects.

Particular support for real-time operation includes agenda-based priority
scheduling, interrupt handling, and fast data capture.

Messom et al. [8] produced a neural network system for controlling the ad-
hesive dispensing machine (Fig. 9). This is the sort of problem that has typically
been tackled by the use of a rule induction package. The trained neural network
should therefore be equivalent to a set of rules that could have been learned by
such a package.

The first layer of neurons receives real-valued inputs, but produce outputs that
are very nearly bipolar. These neurons are effectively quantifying the input region,
and are therefore called quantization nodes. The actions of the quantization nodes
are described as a set of inequalities. This step does not simplify the information
but does display it in a manner that is much more natural to read than a set of
weights on a diagram. Examples of the rules resulting from these inequalities are
shown in Fig. 10.

The remainder of the network receives inputs that are close to bipolar and de-
livers bipolar outputs, and, as such, they can be said to be implementing Boolean
transfer functions. The results from expressing these transfer functions as rules
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\ Action

-
Areg ‘ ) Change
Pulse_height 3 \ Pulse_heightflag
Pulse_height
decision
e
Area_change 1 Bubblefiag
Bubbledecision
Pulse_widthfl
Pulse_width ‘ } ‘ ; uise_ g
Rise_time ‘ = Rise_timeflag
r ti
Box_area_ratio ‘ ; ‘; box_area_ratioflag
Fall_time ‘ B Fall_timefiag

Figure 9 Net implemented by Messom et al. [8] for controlling an adhesive dispensing machine.

are very similar in format to the first-layer inequalities. Examples of the derived
rules for the subsequent layers are shown in Fig. 11.

1t is now possible to directly implement this set of rules in a rule base with-
out altering the action of the system. For clarity, some general simplification of
the Boolean rules is required. Furthermore, substituting the inequalities produces
much more natural-looking results as shown in Fig. 12.
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IF rise_time < 1.23
THEN rise_timeflag
ELSE -rise_timeflag

IF pulse_width < 1.0429
THEN pulse_widthflag
ELSE —pulse_widthflag

IF area > 1.0258
THEN midnodel
ELSE —midnodel

IF pulse_height < 1.025
THEN midnode3
ELSE —midnode3

IF area_change < 0.5500
THEN midnode5
ELSE —midnode5
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IF fall_time > 1.1
THEN fall_timeflag
ELSE —fall_timeflag

IF boxarearatio > 0.8520
THEN boxarearatioflag
ELSE —boxarearatioflag

IF area > 0.9722
THEN midnode2
ELSE —midnode2

IF pulse_height > 0.975
THEN midnode4
ELSE —midnode4

IF area_change > 0.4499
THEN midnode6
ELSE —midnode6

Figure 10 Examples of the rules resulting from the inequalities arising from the first layer of the net
implemented by Messom et al. [8] for controlling an adhesive dispensing machine.

The relative ease with which the transformation, from control network to
rule set, can be made illustrates the usefulness of the interpretation system for
medium-sized control networks. This type of result is most useful to check that
the hypothesis is reasonable. It also allows the network to explain its actions;
something that they cannot classically do.

V. NETWORK DESIGN, PRUNING,
AND WEIGHT DECAY

As the number of inputs to a neuron grows so does the length of the Boolean
description. In the worst case the number of conjunctions in the disjunctive normal
form grows at a rate of 2"~ where there are n inputs to the neuron. The time taken
to derive a rule is proportional to the number of conjunctions. The rules become
intractable to compute for neurons with more that 40 inputs, and meaningless for
a human far earlier. The Boolean rule depicted in Fig. 13 has several thousand
conjunctions, only the first few are shown.
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IF (midnodel v —(midnode2)) IF —((midnodel Vv midnode2))
THEN action THEN change
ELSE —action ELSE —action
IF =((—(midnode4) v IF —((midnode3 v

—(midnode3))) —(midnode4)))

THEN pulse_heightflag
ELSE pulse_heightflag

THEN pulse_heightdecision
ELSE —pulse_heightdecision

IF —=((—(midnode6) v IF —((—(midnode6)Vv
—~(midnode5))) midnodeS5))

THEN bubbleflag THEN bubbledecision

ELSE —bubbleflag ELSE —bubbledecision

IF —~((—(midnode6) v IF =((—(midnode6) v
—(midnode5))) midnodeS5))

THEN bubbleflag THEN bubbledecision

ELSE —bubbleflag ELSE —bubbledecision

Figure 11 Examples of the rules resulting from the conversion of the second layer of the net to
Boolean expressions.

As the representation grows so quickly, we cannot allow the use of complex
networks. Therefore we must develop some method of producing a network that
correctly represents our problem, but simple enough that the analysis produces
meaningful rules like the ones for the adhesive dispensing machine discussed ear-
lier and unlike the one shown in Fig. 13. The appropriateness of a Boolean rule
representation for a neural network reflects the appropriateness of a Boolean rule
representation in the problem domain.

A. NETWORK DESIGN

The first and most obvious way to achieve a network of the correct complexity
is to design its structure by hand. Neural networks are ideal for use in process
control applications. By designing the network by hand, we are allowing the con-
troller to be informed of certain of the process characteristics and to learn the rest.
Rule extraction can be used to convert the neural controller back to a more tradi-
tional technology, but after it has learned the balance of the control characteristics.
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IF rise_time < 1.25
THEN rise_timeflag
ELSE —rise_timeflag

IF rise_time < 1.25
THEN rise_timeflag
ELSE —rise_timeflag

IF pulse_width < 1.0429
THEN pulse_widthflag
ELSE —pulse_widthflag

IF area_change > 0.5500
THEN bubbledecision
ELSE —bubbledecision

IF (area_change > 0.4499 A
area_change < 0.5500)

THEN bubbleflag

ELSE —bubbleflag

IF (pulse_height > 0.975 A
pulse_height < 1.025)

THEN pulse_heightflag

ELSE —pulse_heightflag
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IF fall_time < 1.1
THEN fall_timeflag
ELSE —fall_timeflag

IF fall_time < 1.1
THEN fall_timeflag
ELSE —fall_timeflag

IF boxarearatio > 0.8520
THEN boxarearatioflag
ELSE —boxarearatioflag

IF (area > 1.02581 v area <
0.9722)

THEN action

ELSE —action

IF pulse_height > 1.025

THEN pulse_heightdecision

ELSE — pulse_heightdecision

IF area < 0.9722
THEN change
ELSE —change

Figure 12 Overall rules resulting from amalgamating the inequalities shown in Fig. 10 into the

Boolean expressions shown in Fig. 11.

(ip20 A ip19 A —ipl8 A —ipl7 A —ipl2 A —ipll A iplO A ip9 A ip4 A —ip3 A —ip2 A —ipl)

(—ip26 A ip25 A ip19 A —ipl8 A —ipl7 A —ipl2 A —ipll Aipl0O A ip9 A ip4 A —ip2 A —ipl)

(=ip26 A ip25 A ip7 A ipl0 A ip5 A ipd A —ip3 A —ip2 A —ip22)

(—ip26 A ip21 Aipl9 A —ip18 A —ipl7 A —ipl2 A —ipll A ip10 A ip9)

(—ip21 Aip13 Aip12 Aipll A —iplO A ip9 A ip4 A —ip3 A ip2 Aipl)

Figure 13 Showing the unintelligibility of a Boolean rule derived from a digitized set of images fed
to a neural network in a pattern recognition application.
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B. SYSTEM INVESTIGATION

All complex processes will be influenced by many system variables. The first
problem in any design is to identify these influential system variables from the
mass of data available. This is achieved by an investigation of the relevance of
the algebraic combinations of process variables. This is derived from a combina-
tion of polynomial and adaptive linear neurons, which are known as polynomial
adaptive linear neurons or PADALINE:s.

The basic idea is that new inputs can be formed from functions of the basic
input nodes. If the function being modeled is the sum of several elementary func-
tions, then the PADALINE can discover the correct input parameters. For a full
description of PADALINES and their usage, refer to Hinde [9].

C. SEGMENTATION OF SYSTEM VARIABLES

Before the relevant system variables can be combined logically, they must, in
effect, be digitized. This is achieved by a quantization layer of neurons. Quantiza-
tion takes several forms: thresholding (a) or regions (b), and it may also be one or
several variables (c). Figure 14 shows the various strategies that may be employed
to transform continuous real-valued inputs into Boolean attributes.

D. BOOLEAN STRUCTURE

The final part of the network is the Boolean transformation that is applied to the
selected region. All control problems require specific action to be taken when the
process system is in a specific state. The controller has to provide suitable outputs
when the inputs are within a specific region. The Loughborough control architec-
ture developed by Messom [5] solves these problems. For more information on
the design of this type of network, refer to Messom et al. [8].

Network design works well for systems where the underlying structure is un-
derstood. In these situations a designer can build the known portion of the problem
structure into the control network. The learning by the network and subsequent
analysis is refining or honing the designer’s prior knowledge into an intelligent
rule-based system.

E. PRUNING AND WEIGHT DECAY

There are many domains where the underlying structure of the problem is not
well understood. In these situations it is not possible to adequately design the
network topology. Our goal is still to produce a minimal network that correctly
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Unacceptable Acceplable \ Act'qﬂab[e
Region Region Re Region
—[\. Siem Variable |—jr— -

Figure 14 Quantization takes several forms: thresholding (a) or regions (b), and it may also be one
or several variables (c). A parallel pair of opposite facing neurons is capable of performing the tasks
shown in (b) and (c). (a) represents a condition that a variable must be greater than a certain value.

models the problem, but we must develop a new methodology. All systems can be
modeled using large generic networks. For example, any system built up solely
of n Boolean inputs and one output can be always be modeled using n fully
connected internal nodes in a single layer. Many of today’s standard textbooks
give capacity results for standard classes of problems. So building a network that
is capable of representing our required hypothesis is not a problem. However,
many problems do not require the full capacity of the standard network topolo-
gies and we wanted a network of minimal size. The solution is to start with a
standard network and to remove neurons and links between neurons dynamically
during learning, thus delivering a result markedly smaller than the standard solu-
tion.

For the purposes of conversion to rule-based systems, the number of neurons
in a network does not pose a major problem. The complexity of interconnection
between the neurons is what dictates the size of the resultant rules. Therefore we
require a technique to remove as many interconnections as possible.

When the weight assigned to an interconnection is very small, it may be re-
moved from the network with negligible effect. We therefore want to encourage
as many of the connections as possible to tend toward zero weight. Standard back
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propagation minimizes the error function

e= Z [Example — Actual]z.
All_Examples

By expanding this error function so that a penalty function is incurred for the size
of the weights in the network, back propagation will attempt to eliminate as many
weights as possible:

e=a- Z [Example — Actual)® + (d-a)- Z f (weight).
All_Examples All_weights

The value of the constant « reflects the relative importance of accuracy versus
compactness. An « near 1.0 will produce a network that is as correct as possible,
at the expense of compactness. An « near 0.0 will produce a very small network,
but one that is less accurate.

A suitable function for the penalty function was proposed by Setiono and
Liu [10]

2 w?

1+10w2+ 1%10%°

We now have a method of training a network so that the solution has many con-
nections with small weights, but which ones should be deleted?

Let the usefulness of a connection be defined as the largest value it passes
forward over all of the examples. If the usefulness of a connection is below a pre-
defined threshold, then it can be deleted. Similarly, the usefulness of a neuron can
be defined as the largest value it has in response to any example. If the usefulness
of a neuron falls below the same threshold, then it too can be deleted.

Networks are constructed by starting with a standard network, training until
all of the classifications made by the system are correct and then deleting all
connections and neurons whose usefulness is too low. These deletions will lower
the accuracy of the network, so retraining is required. The loop is repeated until no
more links or neurons can be removed. For more information on this technique,
refer to Setiono and Liu [10].

fw) =

VI. SIMPLIFYING THE DERIVED RULE BASE

So far in this chapter we have been considering how to produce a rule-based
system that exactly mirrors the action of the network in every detail. The “knap-
sack/Boolean function” extraction process produces rules that have exactly the
same functions as the neurons. For example, the neuron depicted in Fig. 15 would
produce (A A B) vV (A A C) v (C A B). If the neuron had been trained from the
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A

-B

Figure 15 Showing the neural representation of the function (A A B) V (A AC) v (C A B).

incomplete example shown in Fig. 16, then there are two further, equally correct
hypotheses that could have been learned instead (see Fig. 21).

The choice between the three correct hypotheses is completely arbitrary. As all
are consistent with the data and are therefore arguably correct, we could substitute
the rules derived from any of these with the rules from the original neuron. If we

Figure 16 Showing the training set which may be used to represent the function (A A B) vV (A A
C) v (C A B). Notice that there is no data point at (—A A B A C).
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Figure 17 Two other hypotheses that could have been produced in response to the training examples
shown in Fig. 16.

are using the derived rules to produce a rule-based intelligent system, then any of
these neurons could be used instead of the one learned. The three derived rules are

AABYV(AANC)V(CAB),
(AAB)V (CAB),
(AAB)VvC.

Consider Occam’s razor

The most likely hypothesis is the simplest one that is consistent with all observations.

Then the shortest and simplest of the three possible solutions should be used.
This has two advantages. First, it is more likely to be correct and, as importantly,
the resulting rule base will be much easier to read. Setiono and Liu [10] give
one method for achieving this. In their system the complete set of input—output
training pairs is calculated for each neuron. In their words they then

Find the minimum number of attributes in the attribute list that uniquely differentiate
the items.

This can be achieved using any standard symbolic rule extraction method. In
essence, the neural training and weight decay is used to break down the data into
smaller interconnected data sets. Each of these is then analyzed independently.
The smaller rule sets could then be recombined to produce a complete represen-
tation. In the following example, a network has been trained to recognize three
input exclusive or using the training data shown in Fig. 18.
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Figure 18 Training set and associated neural network for a three-input exclusive or, or even parity.

The network learning algorithm produces the minimum size network required
to model this function. Four sets of training data associated with the four neurons
in the network can be extracted from the network and they are summarized in
Fig. 19. The first six relate the original input data to the outputs of the three nodes
in the hidden layer, the seventh relates the inputs and output of the final node.

Rule extraction from these training sets gives the rules shown in Fig. 20. The
three inputs are used along with the outputs of nodes 1-3 to calculate their rules.
The outputs of the three nodes in the second layer and the output to node 4 are
used to calculate a rule for node 4. Neural training has given the structure of the
rule base, that is, the number of rules and how they interact. Traditional symbolic
rule extraction produces the bodies of the rules.

This method of splitting the extraction of rules from data between the neural
network and the symbolic rule induction works well. The neural training pro-
duces subhypotheses that are represented by the nodes in the hidden layers and
the symbolic rule extraction produces good concise rules. However, the rule ex-
traction can be a very complex process, and by starting with just the input—output

IN1 [ IN2 [ IN3 | NI | N2 { N3 | N4
0 0 0 0 0 0 0
0 0 1 1 0 0 1
0 1 0 1 0 0 1
0 1 1 1 i 0 0
1 0 0 1 0 0 1
1 0 1 1 1 0 0
1 1 0 1 1 0 0
1 1 1 1 1 1 1

Figure 19 Four sets of training data associated with the four neurons in the network shown in Fig. 18
can be extracted from the network.
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If ‘More than none input fire’ If ‘More than one input fire’
then then
Nodel Node2
else else
Nodel —Node2
If ‘More than two input fire’ If (Nodel A —~Node2)V(Noded)
then then
Node3 Output
else else
—Node3 —Qutput

Figure 20 Results of symbolic rule extraction applied to the data generated from the network shown
in Fig. 18 and tabulated in Fig. 19.

data pairs for the neuron we have discarded information. Symbolic rule extraction
assigns a weight to each of the variables. In the example shown in Fig. 19, the
weight attached to input 1 when building the rule for node 2 is

W = { (Number_of _examples_where[Inl = N1])—
“ (Number_of _examples_where[Inl # N1])
=6-2
= 4.

The weight refers to the ability of the input variable to predict the answer. As
11 is the best predictor, the examples should be split firstly on ;. Symbolic rule
extraction is based on these weights calculated from the examples. These weights
already exist within the neural system as the connection weights. Return to the
knapsack algorithm given earlier in Fig. 5 and reproduced here in Fig. 21 for
clarity. Previously, we were searching for all sets of inputs whose weights just
exceed the bias. However, we can extend the algorithm to take account of the

knapsack (_Unused_inputs,Bias, Answer, Answer) : -

Bias =<0.
knapsack (Unused_inputs, Bias, SubAnswer, Answer) : -
Bias > 0,
append(_, [ (Input_Name, Input_Weight) | Inputs], Unused_inputs),

New_Bias is Bias - Input_Weight,
knapsack (Inputs,New_Bias, [Input_Name | SubAnswer], Answer) .

Figure 21 Original knapsack algorithm.
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Figure 22 Weights assigned to inputs /1, I, I3, and I together with the bias shown as a bar graph.

training examples. For example, given the weights in Fig. 22, I would be the first
input considered. Normally, the weight for I; would be removed from the bias
giving a new bias of 5. The search would then continue for inputs to go with I
that can overcome this new bias. Given the training examples with [ true, we
have three cases

1. All the examples are positive. We need search no further; as far as the
examples are concerned, I; is sufficient to indicate a positive response
even though the bias value has not been overcome.

2. All the examples are negative. There is no point searching further as the
examples tell us that the current set of variables should never give a
positive response. Therefore the current variables should be changed.

3. The examples contain both positive and negative examples. The algorithm
needs to continue by adding further variables until either the bias is
overcome or one of the first two cases applies.

The algorithm incorporating these observations is given in PROLOG in Fig. 23.

VII. EXAMPLE OF THE CONSTRUCTION
OF A RULE-BASED INTELLIGENT SYSTEM

In this section a problem is introduced and a rule base derived using the neural
techniques illustrated in the preceding sections.

A number of published studies have evaluated the application of artificial neu-
ral networks in the area of medical prediction. This example is based on the
identification of renal transplant recipients who risk developing cytomegalovirus
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{The Bias has been overcome}
knapsack (_Unused_inputs,Bias,_Examples,Answer,Answer) : -
Bias =<0.

{There are no false examples}
knapsack (_Unused_inputs,_Biasg,Examples, Answer, Answer) : -
\+ (append(_, [ (Inputs,Outputs) | _],Examples),
Outputs = -1).

{There are both positive and negative examples}
knapsack([First_Input!|Other_Inputs],Bias,Examples, SubAnswer,

Answer) : -
Bias > O,
findall ((Name, 1), append(_, [ (Name, 1) |_],Examples), Pos_examples),
findall ( (Name, -1),append(_, [ (Name, -1) |_],Examples),Neg_examples),

Pos_examples =\= [],
Neg_examples =\= [],

{First input is set to true}
{(Input_Name, Input_Weight) = First_Input
New_Bias is Bias - Input_Weight,
knapsack (Other_Inputs,New_Biag, Pos_examples,
[Input_Namel SubAnswer] ,Answer) .

knapsack([First_Input|Other_Inputs],Bias,Examples, SubAnswer,
Answer) : -
Bias » O,
findall ( (Name, 1) ,append(_, [ (Name, 1) | _],Examples), Pos_examples),
findall ((Name, -1),append(_, [ (Name, -1} {_],Examples) ,Neg_examples),
Pos_examples =\= (],
Neg_examples =\= [],

{first input is set to false}
(Input_Name, Input_Weight) = First_Input
knapsack (Other_Inputs, Bias,Neg_ examples, SubAnswer, Answer) .

Figure 23 New “knapsack” algorithm in PROLOG incorporating the changes outlined.

(CMYV) disease. CMV infection may be present in a patient prior to transplantation
or it may be introduced into a patient through a CMV-infected donor organ. The
infection can lead to the development of CMYV disease and this is a significant
cause of morbidity and mortality among immunocompromised renal recipients.
The data set represents 548 renal transplants that took place at the Cardiff Royal
Infirmary, Wales, between 1986 and 1994.
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Definitions
Pretransplant Cytomegalovirus Infection

CMV(+) is recorded if IgG antibodies are present in a pretransplant blood
sample, and is indicative of the presence of, or previous exposure to, CMV infec-
tion.

Posttransplant Cytomegalovirus Infection

For a CMV(-) recipient, posttransplant CMV(+) indicates the appearance of
IgG antibodies in the blood. For all recipients, the appearance of IgM antibodies,
the detection of CMV antigen, or the presence of CMV culture from blood or
urine is recorded as posttransplant CMV(+).

Posttransplant Cytomegalovirus Disease

The patient develops fever, pneumonia, gastrointestinal diarrhea, renal insuffi-
ciency, raised alanine amino transferase.

Cytomegalovirus Prophylaxis

Donor is CMV(+) and recipient is pretransplant CMV(—). This currently
forms the basis for treating with Sandoglobulin as part of the posttransplant
therapy.

Human Leukocyte Antigen Mismatch Grade

Scale for measuring the match between tissue types. O—excellent match; 6—
complete mismatch.

Panel Reactive Antibodies

The percentage of a random panel of cells to which the recipient has antibodies
and which cause a positive reaction. This percentage gives an indication of the
number of possible donors to which the recipient would be sensitized.

The parameters recorded for each patient are shown in Fig. 24.

The initial network was constructed with 5 real-valued inputs and 11 Boolean
inputs. There was a single hidden layer of 8 neurons feeding through to a single
output. The network is illustrated in Fig. 25. Using the network training algo-
rithms previously discussed, the network shown in Fig. 26 was constructed. This
network classified the appearance of CMV disease with an accuracy of 85%.

Extracting the rules from this network gives the following contraindicators to
CMV disease. Any two of these contraindicators, except for the pair 1 and 4,
suggest that the patient is in a low-risk group.
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1. Pretransplant CMV status of donor
2. Pretransplant CMV status of recipient
3. Transplant type (kidney or kidney and pancreas)
4. Donor age
5. Recipient age
6. Donor sex
7. Recipient sex
8. Recipient diabetes
9. CMV prophylaxis
10. Had previous transplant
11. Donor source
12. HLA mismatch
13. PRA latest
14. PRA highest
15. Number of rejections
16. Posttransplant CMV infection

TR ATImowwo ™ IO wW

Figure24 Definitions of the 16 inputs to the network to classify whether CMV disease would appear
in the patient. The R or B denotes whether the input is a real continuous-valued input or a Boolean
input.

Contraindicator 1

No previous CMV in Donora
(No previous Tx vV No CMV Postinfection v Recent Diabetes)

Contraindicator 2

Recip Female A (Previous CMV in Donor v K&P Tx v PRA Highest > 31.7)
or

Recip Male A Previous CMV in Donor A (K&S Tx v PRA Highest > 31.7)

Contraindicator 3

No CMYV Postinfection A No previous Tx A No CMV ProphylaxisA
(No Previous CMV in Donor v PRA latest < 14.01)
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Fully
Connect

Boolean Inputs Continuous Inputs

Figure 25 Initial network used to classify the appearance of CMV disease. The network is fully
connected but not all the connecting arcs are shown.

or

Recept Female A K Tx A
(No previous Tx v No CMYV Postinfection vV No CMV Prophylaxis)

or
Recept Female A No previous CMV in Donor
or

Recept Male A No previous CMV in Donor A PRA latest < 14.01.

Contraindicator 4

No previous CMV in Donor A No CMV Postinfection

Contraindicator 5

Previous CMV in Donor A PRA latest > 14.01

The rules represent knowledge about the domain, and could now be used to imple-
ment a rule-based system to identify potential problem patients. The conversion



202 Graham P. Fletcher and Chris |. Hinde

Figare 26 Final network used to classify the appearance of CMV disease. The network is now not
fully connected and the arcs remaining are shown. Note that some of the input nodes are now not
connected as they have no influence on the output.

of the neural solution into the rule base has many potential profits. Of these, per-
haps the most important is verification. The knowledge has been converted into a
form that could now be taken back to the hospital.

VIII. USING RULE EXTRACTION
TO VERIFY THE NETWORK

So far this chapter has argued for, and demonstrated how, to extract Boolean
rules from neural networks. One of the major uses envisioned is the verification of
the original neural network. The pole-balancing problem is used to demonstrate
the usefulness of the network-derived rules in verifying the action of networks.

The pole-balancing problem is an example of applied adaptive control and has
become a standard tutorial problem. The control system must balance a pole on
a motorized cart by moving the cart forward and back in a confined space. The
implementation of most interest here is the neural network {11] shown in Fig. 27,
which was successful in balancing the pole under a variety of circumstances. The
inputs to this system are Boolean, so there is no quantization layer and no need
for inequalities in the rule set. One of the objectives of the research was to study
the usefulness of qualitative inputs to a neural network.

The analysis of the pole-balancing net resulted in the following rule. Careful
analysis of the rule will make it possible to find, and therefore correct, the errors
in the network.
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Pole is falling over
Cart accelerating

Pole speed increaing

50
=

o
L

j= N

Cart on right side of track

Cart moving away from centre

Figure 27 Neural network developed by Zhang and Grant [11] to solve the pole-balancing problem.

IF (Top of pole is to right A —Pole is falling over A
—Pole speed increasing A Cart accelerating)
\%
(Top of pole is to right A —Pole is falling over A
—Pole speed increasing A Cart on right side of track A
Cart moving away from centre)
\%
(Top of pole is to right A Pole is falling over A
Pole speed increasing)
THEN Apply right force
ELSE Apply left force
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Simple image enhancement techniques can be used to simplify the rules, resulting
in the underlying functions of the network and a list of exceptions. The underlying
function can be verified and the exceptions indicate possible problems with the
network hypothesis.

A. APPLYING SIMPLE IMAGE ENHANCEMENT
TECHNIQUES TO RULES

The rule represented as a Karnaugh map in Fig. 28 has a fairly complex
Boolean expression:

(WhABAILDV (L A-LBALYY (I AL A-B)V(mh A AL AL).

The map gives a better understanding of the simple basic concept. The aim of us-
ing image enhancement techniques is to allow high-dimensional problems to be
represented in their original form but with much of the complexity removed. En-
hancement will alter the rules, maintaining the main underlying objectives while
removing superfluous small cases. This makes the analysis of the network hy-
potheses tractable for much larger networks. For example, the Boolean expres-
sion represented in Fig. 28 could be simplified to become the one represented in
Fig. 29.

—.[: I2 I: ﬂ[z
I I3
~ 1 Ly
-1, L4
L L

Ly 1y =l =l

Figure 28 Function with a very simple basic concept but a relatively complex Boolean representa-
tion.
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r, 1, -1, -I,

Figure 29 Enhanced version of the Boolean rule in Fig. 28.

There are two separate processes required to enhance a Boolean rule. The first
reduces it by removing burrs. A burr is an area on the Karnaugh map that is
separate from or smaller than the main body of the function. The second process
is the reverse, removing burrs from the inverse function fills any holes on the rules.
The removal of burrs from a Boolean rule can be achieved easily if the Boolean
expression is in a minimal disjunction of conjunctions. The example in Fig. 28
was represented as

(IWABAILDNV (L A-BALYV (A A=LBR)YV (I A AL A L.
The Boolean representation for the version after the burrs have been removed is
(hABALYV(CLh AL ALYV (I A A—D).

Each of the conjunctions in the Boolean equation represents an area on the Kar-
naugh map. The size of this area is inversely proportional to the length of the
conjunction. By removing the longer conjunctions from the Boolean rule, it is
possible to remove the smaller areas on the map; thus removing the burrs from
the rule. The burr is removed from the Boolean by removing the longest of the
conjunctions.

Hole filling is an equally simple task. In effect, hole filling is burr removal of
the inverse function, which is exactly how it is implemented.
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11 - Top of pole to right 14 - Cart on right side of track
I2 - Pole is falling over IS - Cart moving away from center
I3 - Pole speed increasing I6 - Cart accelerating
IF (I1 A =2 A =I3) IF M1 vM2)
THEN THEN
M2 = True Apply right force to cart
ELSE ELSE
M2 = False Apply left force to cart

IF IA-RABVIA-RABVIILABANR) YV
MIIABA)VIIA-RALIG) VA1 AL AL
THEN
M1 = True
ELSE
M1 = False

Figure 30 Raw rules extracted from the network trained to balance a pole on a cart.

B. USING ENHANCEMENT TO EXPLAIN THE ACTION
OF THE POLE-BALANCING NETWORK

By using the simple image enhancement techniques described previously on
the rules derived for the pole-balancing network, it is possible to reveal informa-
tion about the internal hypothesis. The rules for the network in their raw form
are shown in Fig. 30. Repeatedly enhancing these rules gives the three versions
shown in Figs. 31-33. Each is enhanced one step further than the preceding copy.
Substituting the simplest rules for M1 & M2 shown in Fig. 33 into the top-level
rule gives the rule shown in Fig. 34.

The basic main rule (Fig. 34) is saying follow the top of the pole. This is
clearly the correct basic rule. At the higher level of complexity shown in Fig. 32,
we can check that the shape of the more important input variables is correct using

IF UA-RAB)VAIA-IRZAI4) V IF (ILA-I2AT3)
(AL A=I2AT6) v (11 AT3) THEN

THEN M2 = True
M1 = True ELSE

ELSE M2 = False
M1 = False

Figure 31 Rule shown in Fig. 30 enhanced one stage.
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IF I1A=12) v (J1 AT3) IF I1A-I2 AT3)
THEN THEN
M1 = True M2 = True
ELSE ELSE
M1 = False M2 = False
Figure 32 Rule shown in Fig. 31 enhanced one further stage.
IF 11 IF True
THEN THEN
M1 = True M2 = True
ELSE ELSE
M1 = False M2 = False
Figure 33 Rule shown in Fig. 32 enhanced yet again.
IF Top of the pole is to right
THEN
Apply right force
ELSE
Apply left force

Figure 34 Rule shown in Fig. 35 with the basic input values and output names substituted to aid
readability and understanding.

IF

THEN

ELSE

(Top of pole is to right A Pole speed increasing) v
(Top of pole is to right A Pole is falling over)

Apply right force

Apply left force

Figure 35 Rule shown in Fig. 32 with the basic input values and output names substituted to aid
readability and understanding.
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=11 I1 | 11 |-Il

I3
-[3

12 | 12 | -12 |12

Figure 36 Map of the rule after some simplification. This shows an asymmetrical response.

a Karnaugh map. The rule for applying force is shown in Fig. 35. The map for
this rule is shown in Fig. 36. The map shows that the rule need not be symmetric.
This means that the network will respond differently to the same situation on
different sides. Although the network balanced the pole under test conditions, it
cannot be exactly correct. The reasons for moving the cart to the right should
mirror the reasons for moving the cart to the left; so one of the rules must be
wrong.

The part of the rule missed by the network corresponds to accelerating right
when the top is to the left so as to slow down the movement of the pole if it is
about to overshoot the center line. It is not surprising this has been missed as it is
not a common case. However, the training could be modified to force this example
to occur.

The benefits of being able to extract the underlying hypothesis of a neural
network are the ability to understand the hypothesis of the network either to gain
new insights into the behavior of the mechanism being modeled or to check that
the hypothesis embodied in the network makes sense.

IX. CONCLUSIONS

This chapter has shown how trained neural networks can be transformed into
understandable Boolean rule-based systems. It has also made observations about
when this might be appropriate and when it may be unwise. Transforming neu-
ral networks into rule-based systems is an effective way of inducing rules from
examples, although it is clearly not the only way. Transforming neural networks
can expose deficiencies in the network which further training can rectify, thus
taking neural networks away from and art form and brining it into line with more
conventional software validation methods.
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I. INTRODUCTION

There has recently been a spurt of activity to integrate different computing
paradigms, such as fuzzy set theory, neural networks, genetic algorithms, and
rough set theory, under the heading soft computing [1-3], for generating more
efficient hybrid systems. The purpose of soft computing is to provide flexible
information processing capability for handling real-life ambiguous situations by
exploiting the tolerance for imprecision, uncertainty, approximate reasoning, and
partial truth to achieve tractability, robustness, and low cost [4]. The guiding prin-
ciple is to devise methods of computation which lead to an acceptable solution at
low cost by seeking an approximate solution to an imprecisely/precisely formu-
lated problem.

One such integration that has been made by several researchers during the last
five to seven years is neuro-fuzzy computing [5, 6], where the merits of fuzzy
set theory [7, 8] and artificial neural networks (ANNs) [9-12] are fused to im-
prove the performance in decision-making systems. The integration promises
to provide both generic (parallelism, fault tolerance, adaptivity, and uncertainty
management) and application-specific advantages to handle real-life problems. In
many cases these models perform better than either a neural network or a fuzzy
system considered individually. Neuro-fuzzy hybridization is performed broadly
in two ways: a neural network equipped with the capability of handling fuzzy
information (termed fuzzy-neural network), and a fuzzy system augmented by

Fuzzy Logic and Expert Systems Applications
Copyright © 1998 by Academic Press. All rights of reproduction in any form reserved. 211
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neural networks to enhance some of its characteristics like flexibility, speed, and
adaptibility (termed neural-fuzzy system).

Other hybridizations include the genetic-neural [13, 141, fuzzy-genetic [15},
neuro-fuzzy-genetic [16), rough-fuzzy [17}, and rough-neuro-fuzzy (18] ap-
proaches, where the characteristics of genetic algorithms (GAs) [19, 20] and
rough sets [21, 22] are being exploited. Such applications are relatively new as
compared to the neuro-fuzzy approaches. The primary role of GAs here is to pro-
vide techniques for efficient searching and optimization, whereas that of rough
sets is the management of uncertainty and knowledge extraction. These hybrid
paradigms are suitable for solving complex real-world problems for which only
one tool may not be adequate. In other words, during hybridization the individual
tools act synergetically (not competitively) to increase the application domain of
each other when used in a soft computing paradigm.

In this chapter we discuss the issue of designing expert systems in a soft com-
puting environment. As the knowledge base of an expert system is a repository
of human knowledge and because some of these may be imprecise in nature, this
may often result in a collection of rules and facts which, for the most part, are
neither totally certain nor totally consistent. The expert system is also likely to
be required to infer from premises that are imprecise, incomplete, or not totally
reliable. The uncertainty of information in the knowledge base of the question-
answering system thus induces some uncertainty in the validity of its conclusions
[23]. Hence a basic problem in the design of expert systems is the analysis of the
transmitted uncertainty from the premises to the conclusion and the association of
a certainty factor [24]. Fuzzy expert systems [24, 25], incorporating the concept
of fuzzy sets at various stages, help to a reasonable extent in the management of
uncertainty in such situations.

Artificial neural networks (ANNs) are also used in designing expert systems.
Such models are called connectionist expert systems [26], and they use the set
of connection weights of a trained neural net for encoding the knowledge base
for the problem under consideration. The use of ANNSs helps in (a) incorporat-
ing parallelism and (b) tackling optimization problems in the knowledge base
space. These models are usually suitable in data-rich environments and seem to
be capable of overcoming the problem of the knowledge acquisition bottleneck
of traditional expert systems. They help in minimizing human interaction and the
associated inherent bias during the phase of knowledge base formation (which is
time consuming in the case of traditional models), and they also reduce the pos-
sibility of generating contradictory rules. Powerful learning techniques exist for
generating connectionist architectures from training samples. This enables us to
automate the construction of knowledge bases for classification-type expert sys-
tems. When the connection weights of a trained fuzzy neural net are used as the
knowledge base, we call the model a neuro-fuzzy expert system. This enables one
to accommodate the merits of neuro-fuzzy computing in expert system design.
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Generally, ANNs consider a fixed topology of neurons connected by links in
a predefined manner. These connection weights are usually initialized by small
random values. Knowledge-based networks [27, 28] constitute a special class of
ANN:Ss that consider crude domain knowledge to generate the initial network ar-
chitecture which is later refined in the presence of training data. This process
helps in reducing the searching space and time while the network traces the op-
timal solution. Node growing and link pruning are also performed to generate
the optimal network architecture. A knowledge-based network can be used for
designing a knowledge-based connectionist expert system. Rough sets, known
to be effective in knowledge reduction, have very recently been used in extract-
ing domain knowledge for encoding knowledge-based networks [18]. GAs, being
efficient search techniques, have been utilized for optimizing the network param-
eters [14]. Both these tools hold promise in generating efficient knowledge-based
connectionist expert systems in the framework of rough-neuro-genetic or rough-
neuro-fuzzy-genetic computing.

The block diagrams of the basic modules of an expert system, fuzzy expert
system, fuzzy neural net, connectionist expert system, neuro-fuzzy expert system,
and knowledge-based connectionist expert system are shown in Fig. 1. As stated
previously, a fuzzy neural net constitutes the knowledge base of a neuro-fuzzy
expert system. (Note that this excludes other possible integrations, such as bring-
ing the concept of ANN into the framework of a fuzzy expert system.) Whereas
the rules are collected by knowledge engineers for designing the knowledge base
of a traditional expert system (or fuzzy expert system), the connectionist models
use the trained link weights of the neural net/fuzzy neural net to automatically
generate the rules, either for later use in a traditional version or for providing jus-
tification in the case of an inferred decision. This automates and also speeds up
the knowledge acquisition process. The use of fuzzy neural nets helps in the han-
dling of uncertainty at various levels (e.g., input, output, learning, and neuronal)
and generates fuzzy rules capable of more realistically representing real-life sit-
vations. The knowledge-based connectionist expert systems, on the other hand,
initially encode crude domain knowledge among the connection weights of the
neural net, thereby speeding up the training phase and generating better perfor-
mance. Refined rules are later extracted from the less redundant trained network.

Section II is devoted to the general problems of expert system design, and
the relevance of fuzzy sets, connectionist models, and neuro-fuzzy computing
along this line. The utility of knowledge-based networks and the feasibility of
using other soft computing tools, for example, GAs and rough sets in this context,
are also described. A survey on connectionist expert systems (without fuzzy) is
included in Section 11, for the convenience of the reader. In Section IV we provide
a review on existing models of neuro-fuzzy expert systems, keeping in mind the
rich literature currently available in this field. A comparative study is provided in
tabular form. A brief discussion on other hybrid models is provided in Section V.
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Figure 1 Block diagram of the basic modules of various expert systems.

II. EXPERT SYSTEMS: SOME PROBLEMS
AND RELEVANCE OF SOFT COMPUTING

The major components of an expert system [29] are the knowledge base, in-
ference engine, and user interface. The knowledge base contains the expert-level
information necessary to solve problems in a specific domain. This information
is generally represented in the form of a set of rules, although frames [30], se-
mantic nets [31], and belief networks [32] are also in vogue. We shall consider
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rule-based systems in this discussion. Knowledge bases, being domain specific,
are nontransferable. The inference engine interacts both with the knowledge base
and a working memory (that records facts about the current problem and is up-
dated with the availability of new information). Pattern matching occurs between
the rules in the knowledge base and the facts in the working memory to select the
relevant rules applicable. Note that when no matching occurs, no rule is selected,
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whereas when multiple rules apply, conflict resolution strategies are used to se-
lect the most specific one. The same inference engine can be used with different
knowledge bases.

We provide here, first of all, a mathematical formulation of expert systems.
This is followed by a discussion on fuzzy logic and its role in the management
of uncertainties, the relevance of connectionist models, the need for neuro-fuzzy
computing, and the utility of knowledge-based networks.

Let us consider finding a decision consisting of a sequence of hypotheses op-
timizing some criteria in an environment characterized by available information.
Let D be a candidate decision consisting of n decision elements d;, where each
decision element d; belongs to a finite, discrete set D':

D=(di,d,...,dy), d;i € D'.

As a link between the decision and the available information, a number N of
measurements (or observations) are available

mi: D — M: D— m;(D), i=1,...,N,

where M is the measurement space. Heuristic functions are used for rating the
different candidate decisions according to these measurements. These ratings de-
scribe how well (or how likely) a decision (and its associated measurement) fits
in with the environment

hi: M —> R: m; = h;(m;), i=1,...,N, 8]

where R is the space of the possible rating values (mostly a subset of the real num-
bers). Each heuristic can be considered as a piece of knowledge, usually coming
from an expert, and is used for partially assessing the quality of the decision.
Heuristics are combined to form a global rating r, which is a measure of the qual-
ity of the decision

r= 0[h1(m1(D)),h2(m2(D)),...,hN(mN(D))], 2)

where O is the combination operator across all heuristics.

A. ROLE OF Fuzzy LOGIC

Fuzzy logic is based on the theory of fuzzy sets and, unlike classical logic,
it aims at modeling the imprecise (or inexact) modes of reasoning and thought
processes (with linguistic variables) that play an essential role in the remarkable
human ability to make rational decisions in an environment of uncertainty and
imprecision. This ability depends, in turn, on our ability to infer an approximate
answer to a question based on a store of knowledge that is inexact, incomplete, or
not totally reliable. In fuzzy logic everything, including truth, is a matter of degree
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[24]. Zadeh has developed a theory of approximate reasoning based on fuzzy set
theory. By approximate reasoning we refer to a type of reasoning that is neither
very exact nor very inexact. This theory aims at modeling the human reasoning
and thinking process with linguistic variables [33] in order to handle both soft and
hard data, as well as various types of uncertainties. Many aspects of the underly-
ing concept have been incorporated in designing decision-making systems [34].
Because fuzzy sets are a generalization of classical set theory, the embedding
of conventional models into a larger setting endows fuzzy models with greater
flexibility to capture various aspects of incompleteness or imperfection (i.e., defi-
ciencies) in whatever information and data are available about a real process. Let
us now explain the role of fuzzy logic in the management of uncertainty in expert
systems.

The knowledge base of an expert system contains hAuman knowledge, most
of which is imprecise and qualitative. To describe situations where the boundary
between competing hypotheses is vaguely defined, human experts use terms such
as very likely, likely, more or less likely, low, medium, high, etc. Encoding this sort
of expertise by probabilities results in the loss of information about this vagueness
or imprecision. Using linguistic variables for such terms enables a knowledge
engineer to capture the essence of the experts’ experience and judgment without
attempting to overquantify intuition. Moreover, facts about the world are rarely
known with certainty. Conventional rule-based systems, with two-valued logic,
usually evade this issue of partial matching.

In conventional statistical designs, the input patterns are quantitatively exact to
within the resolution of the sensors used to collect them. However, real processes
also may possess imprecise or incomplete input features. In such cases it may
become convenient to use linguistic variables and hedges [35] like low, medium,
high, very, more or less, etc. to augment or even replace numerical input feature
information. Any input feature value can be described in terms of some combina-
tion of membership values in the linguistic property sets low, medium, and high.

The importance of fuzzy logic to the management of uncertainty in expert sys-
tems mainly lies in its ability to deal with fuzzy quantifiers and modifiers. Fuzzy
logical systems allow a proposition or conclusion to range over fuzzy subsets
(like very true, more or less true, likely true, etc.) of truth-value sets character-
ized by their possibility distributions. Fuzzy modifiers like not, very, more or less,
extremely, slightly, much, a little, etc. can also be represented. A fuzzy certainty
factor is associated with the conclusion to analyze the transmission and cumula-
tion of uncertainty from the premises to the conclusion. Deduction of conclusions
from observations and rules in the knowledge base is made using either truth
value restriction or compositional rule of inference. Hence, partial match can oc-
cur between the antecedent of a rule and a fact supplied by the user.

In short, fuzzy logic or reasoning [24] provides a natural conceptual frame-
work for knowledge representation and inferencing from knowledge bases that
are imprecise, incomplete, or not totally reliable. The advantage of using fuzzy
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reasoning is that it can yield an approximate answer even when probabilistic the-
ories are not applicable, as the latter often require idealized assumptions such as
the independence of evidence and the mutual exclusiveness and exhaustiveness of
hypotheses.

The range of the space of the measurement values in Eq. (1) can now be divided
into a number of classes, each characterized by a membership function and a
linguistic variable describing how well it fits the hypothesis that the candidate is
the solution to the problem. Mathematically,

hi: M = [0, 11%: m — nE(m) = (u}(m), u,-z(m), v uf(m)), 3)

where K indicates the number of classes. Each linguistic term is a fuzzy set which
designates a category partially qualifying a candidate solution in the sense of the
considered heuristic (e.g., very likely, likely, not unlikely, etc.). The set of heuris-
tics forms a knowledge base of fuzzy rules whose antecedents are related to the
measurements or observations and whose consequent part determines the fuzzy
(partial) quality of the decision.

Fuzzy rule-based systems can be incorporated in fuzzy expert systems. Such a
system can be expressed by a set of fuzzy inference rules. In each rule, there is a
premise and a consequence. The premise is described by a fuzzy proposition and
the consequence can be a fuzzy conclusion. A typical fuzzy inference rule for an
N-input K -output system can be expressed as

If x1is Aj1, x218 Aj2, ..., xN 1S AiN,
then yi is Bj1, y2is Bi2, ..., ym is Bik,

where X = {x;,j = 1,2,...,N} € RN are the inputs to the fuzzy system,
Y={y;,j=1,2,..., K} € RX are the outputs,and A;;, j =1,2,..., N, and
Bij, j=1,2,..., K, are fuzzy subsets, such that B;; = A;1©A;20---OA;y and
© is a fuzzy compositional operator. Thus a fuzzy rule-based system implements a
mapping RY — RX. Fuzzy inference methods are algorithms that deduce results
from the inference rules and the presented inputs. Note that the consequent part

of the rules can also be represented by scalars or membership values u{ m), j=
1,2,..., K, where m refers to the measurement of the input variable x. These
rules constitute the knowledge base of the fuzzy expert system.

The various approaches in fuzzy inferencing for expert systems include the
approximate analogical reasoning based on similarity measures by Turksen and
Zhong [36], the problem reduction method of Ishizuka et al. [37], modeling of
physicians’ decision processes by Esogbue and Elder [38], and inferencing in
the framework of inflammatory protein variations by Sanchez and Bartolin [39]
(using weighting). Wang and Mendel [40] developed a slightly different method
for creating a fuzzy rule base made up of a combination of rules generated from
numerical examples and linguistic rules supplied by human experts. The input and
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output domain spaces are divided into a number of linguistic subspaces. Human
intervention is sought to assign degrees to the rules, and conflicts are resolved by
selecting those rules yielding the maximum of a computed measure corresponding
to each linguistic subspace. For other details on fuzzy expert systems, one may
refer to the standard literature [23, 25].

B. USE OF CONNECTIONIST MODELS

The various uncertainty management schemes of traditional expert systems
share some common problems. For example, a willing human expert able to ac-
curately quantify expertise is needed. The transfer of the knowledge takes place
gradually through many interviews between the expert and the system, and is
therefore very time consuming. Usually humans are prone to be easily biased
and thus the quality of knowledge extracted from the experts depends greatly on
the methods used for assessment. Moreover, large knowledge bases need to be
searched quickly and it is also very important to check that this knowledge base
remains consistent as more information is accumulated. It would therefore be
welcome if knowledge assessment could be automated by freeing it from human
intervention, thereby avoiding human bias and subjectivity.

It is worth mentioning that the most difficult, time-consuming, and expensive
task in building an expert system is constructing and debugging its knowledge
base. In practice, the knowledge base construction can be said to be the only real
task in building an expert system considering the proliferating presence of expert
shells. Several approaches have been explored for easing this knowledge acquisi-
tion bottleneck.

Connectionist expert systems [26] offer an alternative approach both to the
knowledge base construction and to the inferencing phase, providing interaction
with the user accompanied by justification(s) of the conclusion(s) reached. Rules
are not required to be supplied by humans. Instead, the connection weights of
a trained neural network encode among themselves, in a distributed fashion, the
information conveyed by the input—output combinations of the training set. The
problems faced by traditional expert systems regarding the difficulties in normal-
izing across different experts’ scales, conversion from human expressions to nu-
merical terms, bias of the expert(s), generation of contradictory rules by the ex-
perts, etc., may be overcome here. The use of the learning technique of neural
networks enables the model to extract the information inherent in the data (which
is not utilized in traditional models) and allows dynamical adjustments to changes
in the environment. It also enables one to handle a complicated environment for
which either no mathematical model exists or, even if it exists, is so strongly non-
linear that a design method does not exist. Besides, the various characteristics
of neural nets, namely, generalization, tolerance to noise, graceful degradation at
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the border of the domain of expertise, ability to discover new relations between
variables, etc., are built in and hence can be exploited by the connectionist expert
systems. A detailed review is provided in Section III.

Let us now provide a mathematical formulation of a layered neural network
that can be used for constructing a connectionist expert system. A neuron can be
depicted as an information-processing element which receives an n-dimensional
input vector

X(0) = [x1(0, 2200, ..., % ()] € R )

and yields a scalar neural output y(¢) € R! at instant ¢ (which can correspond
to a pattern presentation in one epoch). The input vector, X(¢) € R", represents
the signals being transmitted from the n-neighboring neurons (including the self-
feedback signal) and/or the outputs (measurements) from the sensory neurons.
Mathematically, the information-processing ability of a neuron can be represented
as a nonlinear mapping operation

X(@) e R" - y(t) e RL. (5)

A confluence operation ® essentially provides a measure of similarity between the
neural input vector X(¢) (new information) and the synaptic weight vector W(¢)
(accumulated knowledge base). Generally summation and product operations are
used in this stage. A nonlinear activation function then performs a nonlinear map-
ping on the similarity measure through a nonlinear activation function ¥[-]. Hence

y(@) = ¢[W) @ X(0)). (6

A neural network can be viewed as a collection of such neurons connected to each
other according to a specific topology. It therefore performs a mapping from the
n-dimensional input space (input layer) to a K -dimensional output space (output
layer) such that

X() e R" > Y() € R, @)

where K refers to the number of output classes in case of a classifier.
The supervised learning uses a collection of N input—output training pairs
{X(@#),D()), t = 1,..., N}, where X(t) € R" and D(t) € RX are the in-
put pattern and desired output, respectively. The objective is to optimize a cost
function

N N

Ey =) E =) d(Y®),D@), ®)

t=1 t=1

where d(-) is a distance in RX and Y(¢) is the computed output given by Eq. (7).
A common choice, which simplifies the mathematical analysis, is that of con-
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sidering the distance induced by an L, norm (1 < p < 00). The error-based
gradient-descent learning algorithm for weight updating is represented as

Wi+ 1) =W +nAW(@) ©)]

for the N,, connection weights of the neural net.

Connectionist expert systems use the connection weights W of the trained neu-
ral network [Eq. (9)] to form the knowledge base. The magnitudes of these con-
nection weights are used to generate rules to justify any decision. The maximum
weighted paths from the output layer to the input layer are used in the process
[26, 41]. Note that in traditional expert systems the knowledge base is formulated
in terms of rules by interaction with the experts. On the other hand, here the rules
may be automatically extracted from the trained connection weights that form the
knowledge base. This procedure will be discussed in more detail in Sections III
and IV.B.

C. NEED FOR INTEGRATING Fuzzy LOGIC
AND NEURAL NETWORKS

Both neural networks and fuzzy systems are trainable dynamic systems that
estimate input—output functions. They estimate a function without any mathemat-
ical model and learn from experience with sample data. A fuzzy system adaptively
infers and modifies its fuzzy associations from representative numerical samples.
Neural networks, on the other hand, can blindly generate and refine fuzzy rules
from training data [42]. Fuzzy systems and neural networks also differ in how
they estimate sampled functions, the kind of samples used, and how they rep-
resent and store these samples. Fuzzy systems estimate functions with fuzzy set
samples (A;, B;), whereas neural systems use numerical point samples (x;, y;),
where both kinds of samples reside in the input—output product space X x Y.
Hence the input—output mapping corresponds to f: X — Y in both cases.

Fuzzy theory is considered to be advantageous in the logical field, and in han-
dling higher-order processing easily. The higher flexibility is a characteristic fea-
ture of neural nets produced by learning, and hence this suits data-driven process-
ing better [43].

For the last few years, researchers all over the world [5, 6, 44—46] have been
trying to combine the merits of fuzzy and neural approaches under the heading
neuro-fuzzy computing for building more intelligent decision-making systems.
This enables one to incorporate the generic advantages of artificial neural net-
works like massive parallelism, robustness, and learning in data-rich environ-
ments into the expert system model. The modeling of imprecise and qualitative
knowledge as well as the transmission of uncertainty are possible through the use
of fuzzy logic. Besides this generic advantage, the neuro-fuzzy approach provides



222 Sankar K. Pal and Sushmita Mitra

some application-specific merits in the following way. For example, in the case
of classification-type connectionist expert systems, one is typically interested in
exploiting the capability of neural nets in generating the required (linearly non-
separable) decision regions. The uncertainties involved in the input description
and output decision are also taken care of by the concept of fuzzy sets. It is ob-
served that in certain cases a neuro-fuzzy model performs better than either a
neural network or a fuzzy system considered individually [47, 48].

Keeping in mind Eqgs. (4)—(9) defining a neural net, let us now provide a math-
ematical formulation of a layered fuzzy neural net that can be used for designing
a neuro-fuzzy expert system. A fuzzy neural network can incorporate fuzziness at
the input—output level, in the connection weights, in the confluence operation, or
in the activation function. Let the fuzzy input and output vectors be represented
asX and Y, respectively, where these correspond to fuzzy numbers or intervals
or the augmented space consisting of linguistic terms. Similarly, the connection
weight vector may be represented as W. Arithmetic operations like fuzzy addi-
tion and fuzzy multiplication can be used in the new confluence operation &. The
nonlinear activation function 17} can incorporate fuzzy logic operations like and,
or, and not. Hence the resultant mapping from the ri-dimensional input space to
the K -dimensional output space becomes

X e R* - Y() e RX, (10)
where a single fuzzy neuron implements the nonlinear operation
) = $[WOBX®)]. (1)

The training data {(X(r), D(1)), X(t) € R?, D(t) e RX, r =1,..., N} is used
to optimize the cost function

b4

Eny = Z (Y(0), D)), (12)

where d(-) is a distance in RK . The learning algorithm now becomes
Wt + 1) = W() + nAW() (13)

for the Ny, connection weights of the fuzzy neural net.

Neuro-fuzzy expert systems use the connection weights W of the fuzzy neural
net [Eq. (13)] to form the corresponding knowledge base. The connection weights
encode the knowledge base of the problem during training by usmg the training set
{X(t) D(t)|t =1, ..., N}, where the implemented mapping is R > RK Note
that the antecedent X(t) and the consequent D(t) may involve linguistic terms, or
fuzzy intervals/numbers, or fuzzy membership values in {0, 1]. Fuzzy rules may
be extracted using the connection weights of the network by backtracking along
the maximum weighted paths [41].
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D. UTILITY OF KNOWLEDGE-BASED NETWORKS

Recently, there have been some attempts to improve the performance of ex-
pert systems by using knowledge-based networks (KBNs) which use the domain
knowledge to determine the initial structure of the network. This process helps
in reducing the searching space and time while the network traces the optimal
solution. Such a model has the capability of outperforming a standard multilayer
perceptron (MLP) as well as other related algorithms including symbolic and nu-
merical ones [27, 28]. However, in the absence of knowledge, one has to resort
to a purely data-driven mode of learning as in simple connectionist expert mod-
els. When the initial knowledge fails to explain many instances, additional hidden
units and connections need to be added (often empirically). The initial encoded
knowledge may be refined with experience by performing learning in the data
environment. The resulting networks generally involve less redundancy in their
topology.

Let us provide here a mathematical formulation in line with the modeling in
Eqgs. (4)-(9). The knowledge-based nets implement a mapping

X'(t) e R — Y(t) e RX (14)

from the »’-dimensional input space to the K-dimensional output space, where
7
n’ <nand

y0 =y[W© X 0] 15)

The training data {(X'(¢), D(2)), X'(¢) € RY, D) € RE,t = 1,..., N} is
used to optimize the cost function Ey of Eq. (8). The learning algorithm becomes

W (it +1) = W)+ nAW' (1) (16)

for the N/, connection weights such that N}, < Ny, of Eq. (9).

1. Incorporating Fuzziness

Some attempts on using fuzzy sets for the design of knowledge-based systems
have also been recently reported. Analogous to the idea of Egs. (10)—(13), the
mapping from the n’-dimensional input space to the K -dimensional output space
can be represented here as

@) e RY > Y@) e RE, (17
where i’ < 7 and

5(0) = (W) @X'(0)]. (18)
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The training data {(X'(1), D(1)), X'(1) € R¥, D(t) e RX, 1 = 1,..., N} is
used to optimize the cost function Ey of Eq. (12). The learning algorithm be-
comes

Wt +1) = W)+ AW () (19)

for the ﬁ,’u connection weights such that ﬁ;) < ﬁw of Eq. (13).

2. Using Rough Sets and Genetic Algorithms

One of the major problems in connectionist/neuro-fuzzy expert system design
is the choice of the optimal network structure. This has an important bearing on
any performance evaluation. Moreover, the models are generally very much data
dependent and the appropriate network size also depends on the available training
data. Various methodologies developed for selecting the optimal network struc-
ture include growing and pruning of nodes/links, employing genetic search, and
embedding initial knowledge in the network topology. The last approach has been
investigated to some extent in knowledge-based networks. The soft computing
tools, used effectively in this connection, are rough sets [21, 22] and genetic al-
gorithms [19, 20].

The theory of rough sets [21] has recently emerged as another major math-
ematical approach for managing uncertainty that arises from inexact, noisy, or
incomplete information. It has been investigated in the context of expert systems,
decision support systems, machine learning, inductive learning, and various other
areas of application. It is found to be particularly effective in the area of knowl-
edge reduction. The focus of rough set theory is on the ambiguity caused by
limited discernibility of objects in the domain of discourse. The intention is to
approximate a rough (imprecise) concept in the domain of discourse by a pair
of exact concepts, called the lower and upper approximations. These exact con-
cepts are determined by an indiscernibility relation on the domain, which, in turn,
may be induced by a given set of attributes ascribed to the objects of the domain.
These approximations are used to define the notions of discernibility matrices,
discernibility functions [49), reducts, and dependency factors [21], all of which
play a fundamental role in the reduction of knowledge.

Genetic algorithms (GAs) [19, 20] are randomized search and optimization
techniques guided by the principles of evolution and natural genetics. They are
efficient, adaptive, and robust search processes, producing near optimal solutions
and have a large amount of implicit parallelism. The algorithm starts the search
from an initial population of chromosomes, encoded as bit strings, and applies
several genetic operators like selection, crossover, and mutation (over a sequence
of generations) to finally arrive at a globally optimal solution based on a fitness
function. Unlike conventional search techniques, GAs work simultaneously on
multiple points in the search space. Owing to their stochastic character, they have
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a very low chance of getting stuck at local minima. The criterion of “survival of
the fittest” provides evolutionary pressure for populations to grow with increas-
ingly fit individuals.

Before we describe various neuro-fuzzy and other hybrid expert systems in
Sections IV and V, let us provide a brief survey on existing connectionist (non-
fuzzy) expert systems, including those using knowledge-based networks, for the
convenience of the reader. Note that all the hybrid models to be described here
have their origin in connectionist expert systems.

ITII. CONNECTIONIST EXPERT SYSTEMS:
A REVIEW

Here we consider a few of the existing layered connectionist expert systems
modeled by Gallant [26], Saito and Nakano [50], Lacher et al. [51], and Poli et al.
[52]. The inputs and outputs consist of crisp variables in all cases. Generally the
symptoms are represented by the input nodes, whereas the diseases and possible
treatments correspond to the intermediate and/or output nodes [26, 50]. The linear
discriminant network of [26] (dealing with sacrophagal problems) is generated
from the dependency information regarding the variables, which is provided by
the expert in the form of an adjacency matrix. This is then trained by the simple
pocket algorithm. The absence of hidden nodes and nonlinearity limit the utility
of the system in modeling complex decision surfaces. The multilayer network in
[50] is designed for detecting headache. A patient responds to a questionnaire
regarding his or her perceived symptoms and these constitute the input to the
network.

Lacher et al. [51] have designed event-driven, acyclic networks of neural ob-
jects called expert networks. The network is built under the commercial shell M.1.
There are regular nodes and operation nodes (for conjunction and negation). In-
put weights are hard wired, whereas the output weights of a node are adaptive.
Antecedents of a disjunction in a rule are simplified to generate a set of individ-
ual rules before formulating the initial network architecture. The backpropagation
algorithm is modified to work in the event-driven environment, where both for-
ward and backward signals propagate in data flow fashion. The form of the rules
(coarse knowledge) is tuned with the associated certainty factors (fine knowledge)
and the resultant network trained for better performance.

A novel approach to designing a modular connectionist expert system, called
Hypernet, has been reported by Poli et al. [52]. The feedforward network consists
of a reference-generating module, a drug compatibility module, and a therapy-
selecting module in order to simulate the physician’s reasoning as closely as pos-
sible. The user-friendly system provides a graphics interface for easy handling as
well as verification of decisions. The model is implemented for diagnosing and
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treating hypertension. The performance is good owing to the embedded modular-
ity of the network.

Rule generation is also possible for the models in [26, 50]. In [S0] the doc-
tor is supplied with information regarding possible diagnoses based on output
node values. Relation factors, estimating the strength of the relationship between
symptom(s) and disease(s), are extracted from the network and used to help doc-
tors. Rules are generated from the changes in levels of input and output units; the
connection weights are not involved in the process. These rules are then used to
allow the patient to confirm the symptoms initially provided by him or her to the
system, in order to eliminate noise from the answers. The model in [26] incor-
porates inferencing/forward chaining, confidence estimation, backward chaining,
and explanation of conclusions by if-then rules. To generate a rule, the attributes
with greater inference strength (magnitude of connection weights) are selected
and a conjunction of the more significant premises is formed to justify the out-
put concept. Here, the user can also be queried to supplement incomplete input
information.

Ishikawa [53] demonstrates the extraction of rules from a network trained
by structural learning with forgetting with mushroom data. The nonredundant
network architecture, so generated, is examined to detect the regularities in the
training data. Omlin and Lee Giles [54] use trained discrete-time recurrent neu-
ral networks to correctly classify strings of a regular language. Rules defining
the learned grammar can be extracted from networks in the form of determinis-
tic finite-state automata (DFAs) by applying clustering algorithms in the output
space of recurrent state neurons. A heuristic is used to choose among the consis-
tent DFAs the model which best approximates the learned regular grammar.

An MLP-based model for the identification of electroencephalogram (EEG)
power spectra of rats in depression has recently been reported by Mitra et al. [55].
The input consists of frequency, represented both as individual values and as
nonoverlapping bands, normalized in the range [0, 1]. The output refers to the
control and depressed states. It has been observed that the role of exercise reverses
the effect of stress. Rules have also been generated in terms of the linguistic la-
bels small and large corresponding to the relative values of the features. Note that
this is slightly different from the crisp rules, indicating the presence or absence of
certain features (symptoms) as in [26, 50].

The knowledge-based models discussed here [27, 28, 56] involve crisp inputs
and outputs. The initial domain knowledge, in the form of rules, is mapped into
the multilayer feedforward network topology using binary link weights to main-
tain the semantics. Yin and Liang [56] have employed a gradually-augmented-
node learning algorithm to incrementally build a dynamic knowledge base capa-
ble of both acquiring new knowledge and relearning existing information. The
rules are explicitly represented among the condition nodes, rule nodes, and ac-
tion nodes and the algorithm gradually builds the multilayer feedforward net-
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work. This connectionist incremental expert model is used as an animal identifi-
cation system whose network structure is changed dynamically according to the
new environment or through human intervention. In Fu’s model [27] hidden units
and additional connections are introduced appropriately when the network perfor-
mance stagnates during training using backpropagation. Weight decay, pruning of
weights, and clustering of hidden units are incorporated to improve the general-
ization of the network.

Towell and Shavlik [28] have designed a hybrid learning system for problems
from molecular biology. Disjunctive rules are rewritten as multiple conjunctive
rules while building the network structure. Nodes and links are incorporated, upon
instructions from the user, to augment the knowledge-based module. Expansion
of the network guided by both the domain theory and training data has been re-
ported by Opitz and Shavlik [57]. Dynamic addition of hidden nodes is made
by heuristically searching through the space of possible network topologies, in a
manner analogous to the adding of rules and conjuncts to the symbolic rule base.

A way of using the knowledge of the trained neural model to extract the re-
vised rules for the problem domain is described in [27, 58]. Meaningful rules
can be extracted from the knowledge-based network in refined form by employ-
ing clustering, averaging, elimination, optimization, and simplification [58]. The
algorithm considers groups of links as equivalence classes, thereby generating a
bound on the number of rules rather than establishing a ceiling on the number of
antecedents. Note that this approach differs from that in [50], where a breadth-
first search is employed to exhaustively find those input settings that cause the
weighted sum to exceed the bias at a node.

IV. NEURO-FUZZY EXPERT SYSTEMS

This section provides a review on neuro-fuzzy models for inferencing and rule
generation, with the objective of generating expert systems. A comparative anal-
ysis of the basic features of these models with those of the traditional and connec-
tionist (nonfuzzy) versions is provided in Table 1.

A. WAYS OF INTEGRATION

The state of the art for the various techniques of combining neural networks
and fuzzy sets involves synthesis at various levels. We categorize the different
fusion methodologies, made so far, as follows [59].

1. Incorporating fuzziness into the neural network framework. This involves
fuzzifying the input data, assigning fuzzy labels to the training samples,
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Table I
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Comparative Study of Various Expert Systems

Expert system

Connectionist
expert system

Neuro-fuzzy
expert system

Knowledge-based
connectionist/neuro-fuzzy
expert system

Knowledge
base

Knowledge
refinement

Inferencing

Rule gener-
ation

Knowledge ac-
quisition and
representation
in the form of
rules, frames,
semantic nets,
or belief net-
works

Addition of new
knowledge
(say, as new rules)

Matching facts
with the exist-
ing knowledge
base

Connection
weights of
trained neural
net that were
initialized with
small random
values

Empirical addi-
tion of hidden
nodes/links

Presentation of
crisp input,
forward pass,
and generation
of crisp output

Crisp rules
obtained during
backward pass
using changes
in levels of
input and out-
put units [50],
magnitude of
connection
weights [26, 55]

Connection
weights of
trained fuzzy
neural net that
were initialized
with small
random values

Empirical addi-
tion of hidden
nodes/links

Presentation of
fuzzy input,
forward pass,
and generation
of fuzzy output

Fuzzy rules
obtained during
backward pass
using node
activations and
link weights
[41, 70-75]

Connection weights of
trained nonfuzzy/fuzzy
neural net that were
initialized with crude
domain knowledge in
rule form with binary link
weights [27, 28, 56, 80—
83], a priori class infor-
mation and distribution
of pattern points [85]

Network optimization us-
ing growing and pruning
of nodes/links, based on
training data and addi-
tional knowledge {27, 28,
56, 57, 85]

Presentation of input, for-
ward pass, and generation
of output

Rules obtained during
backward pass

[27, 58, 81]; negative
rules also possible [85]

possibly fuzzifying the learning procedure, and obtaining neural network
outputs in terms of fuzzy sets [60, 61].
2. Designing neural networks guided by fuzzy logic formalism. Neural
networks are designed to implement fuzzy logic and fuzzy decision
making, and to realize membership functions representing fuzzy sets
[62, 63].
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3. Changing the basic characteristics of the neurons. Neurons are designed
to perform various operations used in fuzzy set theory (like fuzzy union,
intersection, aggregation represented by and, or, and hybrid operators)
instead of the standard multiplication and addition operations [64, 65].

4. Making the individual neurons fuzzy. The input and output of the neurons
are fuzzy sets and the activity of the networks involving the fuzzy neurons
is also a fuzzy process [66].

5. Using measures of fuzziness as the error or instability of a network. The
fuzziness/uncertainty measures of a fuzzy set are used to model the error
or instability or energy function of the neural-network-based system [67].

As the existing neuro-fuzzy expert systems fall under categories 1 and 3 only, we
shall not be concerned with the remaining groups (dealing mainly with classifica-
tion or control problems) in this discussion.

B. VARIOUS METHODOLOGIES

Neuro-fuzzy expert systems use the connection weights of trained fuzzy neu-
ral nets for encoding the knowledge base, thereby enabling one to incorporate
the advantages of fuzzy set theory into the connectionist expert system model.
Besides the generic advantages of neural networks and fuzzy systems, like par-
allelism, robustness, adaptivity, and handling of uncertainty, one can incorporate
their application-specific merits in this paradigm. For example, the capability of
neural nets in generating linearly nonseparable decision regions can be exploited.
Moreover, the modeling of uncertainty in the input description and output decision
can be tackled by the concept of fuzzy sets. As an illustration of the characteristics
of neuro-fuzzy expert systems, the models by Hayashi [68], Hudson er al. [69],
Sanchez [61], Mitra and Pal [41], and Romaniuk and Hall [70] are described here.
Note that while the last model falls under category 3 of the fusion methodologies,
the remaining models pertain to category 1.

Yoshida et al. [71] have defuzzified real-life fuzzy data, using the level set rep-
resentation, to produce the crisp inputs {+1, —1, 0} required by the distributed
single-layer perceptron-based model trained with the pocket algorithm for diag-
nosing hepatobiliary disorders. All contradictory training data are excluded, as
these cannot be tackled by the model. In Hayashi’s extension [68], the input layer
consists of both fuzzy and crisp cell groups, whereas the output is modeled only
by fuzzy cell groups. The crisp cell groups are represented by m cells taking on
two values in {(+1, +1,...,+1), (-1, —1,..., =1)}. Fuzzy cell groups, on the
other hand, use binary m-dimensional vectors, each taking on values in {+1, —1}.
Linguistic relative importance terms like very important and moderately impor-
tant are allowed in each proposition; linguistic truth values like completely true,
true, possibly true, unknown, possibly false, false, and completely false are also
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assigned by the domain experts depending on the output values. Multiple correct
pattern classes, using different linguistic truth values, are possible.

Hudson et al. [69] use input nodes that simply represent the data values for
signs, symptoms, and test results (may be continuous or discrete). The interactive
nodes account for the interactions which may occur between these parameters.
A feedforward neural network model is used for detecting carcinoma of the lung.
Information is extracted directly from the accumulated data and then combined
with a rule-based expert system incorporating approximate reasoning techniques.
The learning method is an adaptation of the potential function approach to pattern
recognition and is used to determine the weighting factors as well as the relative
strengths of rules for two-class problems.

Sanchez [61] has associated two types of connection weights, namely, primary
linguistic weights and secondary numerical weights, to generate the knowledge
base for a biomedical application (inflammatory protein variations) using a feed-
forward network. Triangular membership functions like negative large, negative
medium, negative small, approximately zero, positive small, positive medium, and
positive large; or, decreased, normal, and increased account for the linguistic
weights, whereas the quantitative weights lie in the range [0, 1]. The linguistic
weights are tuned according to the information provided from the input—output
examples, whereas the numeric weights and the network topology are determined
by solving fuzzy relation equations.

A cell recruitment learning algorithm, capable of forgetting previously learned
facts by learning new information, has been employed by Romaniuk and Hall [70]
to build a fuzzy connectionist expert system for determining the creditworthiness
of credit applicants. The network consists of positive and negative collector cells
along with unknown and intermediate cells and can handle fuzzy or uncertain data.
Fuzzy functions like maximum, minimum, and negation are applied at the neuronal
levels depending on the corresponding bias values. This incremental learning al-
gorithm can be used either in conjunction with an existing knowledge base or
alone.

Extraction of fuzzy if-then production rules is possible in [70-72], using a
top-down traversal involving analysis of the node activations, their bias, and the
associated link weights. Rhee and Krishnapuram [72] have reported a method for
rule generation from minimal approximate fuzzy aggregation networks. They esti-
mate the linguistic labels and the corresponding triangular membership functions
for the input features from the training data. Hybrid operators with compensatory
behavior, whose parameters can be learned during gradient descent to estimate
the type of aggregation, are employed at the neuronal level. Pruning of redun-
dant features and/or hidden nodes helps in generating appropriate rules in terms
of and—or operators that are represented by these hybrid functions.

Mitra and Pal [41] have reported the use of a fuzzy MLP for classification
and rule generation. The input is represented in terms of 7 -functions correspond-
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ing to the linguistic properties low, medium, and high. Handling of inputs in
numeric, linguistic, and set forms is possible. The output is in terms of fuzzy
class membership values and enables efficient handling of overlapping pattern
classes. The antecedent parts of rules are generated by backtracking along the
maximum-weighted connection paths of the trained network. The consequent part
is determined from a certainty measure which expresses the confidence (belief)
of an output decision. The node excitations corresponding to a test pattern de-
termines the appropriate if~then parts of a rule generated to justify an inferred
decision. Note that this investigation provides a basic module for designing a
classification-type connectionist expert system. The rules thus obtained can also
constitute the knowledge base of a traditional expert system in the same applica-
tion domain. Here (unlike the other models) both the antecedent and the conse-
quent parts of these rules are provided in linguistic (or natural) form. Linguistic
hedges/modifiers like very, more, or less and not can be represented as antecedent
clauses.

Consider the simple three-layered network given in Fig. 2 demonstrating a sim-
ple rule generation instance regarding class 1 [41]. A sample set of connection
weights w’?i, input activation ytp, and the corresponding linguistic labels are de-
picted in the figure. The solid and dotted—dashed paths (that have been selected)
terminate at input neurons i; and i,, respectively. The dashed lines indicate the
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Figure 2 Example to demonstrate rule generation scheme by backtracking.
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paths not selected, using the w'?i and yih values during backtracking. We select
only those maximum weighted paths from the output to the input layer, such that
all neurons lying along them have yl.h > 0.5. Let the certainty measure for the
output neuron under consideration be 0.7. This corresponds to the label likely in
the consequent part. Then the rule generated by the model in this case to justify
its conclusion regarding class 1 would be

If F is very medium AND F) is high, then likely class 1.

We generate clauses for an if-then rule until the net path weights wet;o satisfy the

relation
E wet;o > 2 E weto.
A n
is in

Here the net path weights are found to be 2.7 (= 1.6 + 1.1) and 1.05 for the i
and i, neurons, respectively, such that 2.7 > 2 x 1.05. The modifier very (cor-
responding to F) is obtained by selecting the one having the minimum distance
from the input vector. Similarly, in the case of F», modifiers are required using
this minimum distance criterion.

The user can be queried in case of unknown or unavailable input features. Han-
dling of missing or incomplete inputs is also possible. Applications have been
made for vowel recognition and detection of Kala-azar (a tropical disease). This
has been extended in [73] to design a neuro-fuzzy expert system for diagnosing
hepatobiliary disorders. Here the linguistic labels at the input can be automati-
cally tuned from the training data.

Another interesting application has also been reported [74] using the unsuper-
vised, self-organizing Kohonen net. This approach is completely different from
the fuzzy Kohonen net, in unsupervised mode, as reported in [62, 63]. The net-
work has been modified to incorporate linguistic -functions and contextual class
information at the input, thereby enabling it to function under partial supervision.
Unlike the other methods (involving layered feedforward nets under full supervi-
sion), this fuzzy version of the Kohonen net has been effectively used for classifi-
cation, querying, and rule generation. Note that the three models [41, 73, 74] fall
under category 1 of the fusion methodology.

A fourth model, using logical and-or functions (in terms of product-
probabilistic sum and max-min) at the neuronal level, has been reported [75]. This
is grouped under category 3. It has been observed that more meaningful rules (in
terms of and—or clauses) can be generated here in case of simpler problems, al-
though the classification performance is better in case of the more generalized
sigmoidal function of [41, 73].

It is worth mentioning that all these models incorporate overlapping linguistic
labels, represented by mw-functions, at the input. This is different from the ap-
proach of Keller et al. [76] where trapezoidal possibility distributions, sampled
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at discrete points, are used to represent fuzzy linguistic terms and modifiers. The
concept of class membership helps the models to tackle overlapping and fuzzy
pattern classes. This approach is an extension of the work of Keller and Hunt [60]
for multiclass problems using multilayer networks. Another approach for fuzzifi-
cation at input and output has been reported by Ishibuchi et al. [77] using interval
vectors. Although this is different, it will not be elaborated here as it does not
cover the domain of connectionist expert system design or rule generation. More-
over, the conventional triangular membership functions used in control problems
are also slightly different from the m-functions. It is to be noted that the triangu-
lar functions can be used in place of the more general continuous 7 -functions if
desired.

C. USING Fuzzy KNOWLEDGE-BASED NETWORKS

A brief survey of this field is provided here based on the studies of Masuoka
et al. [78], Kasabov [79], Kosko [80], Machado and Rocha {81], Pedrycz and
Rocha [82], and Hirota and Pedrycz [83]. The first three approaches fall under
category 1 of the fusion methodologies, whereas the rest can be grouped under
category 3.

Knowledge extracted from experts in the form of membership functions and
fuzzy rules (in and—or form) is used to build and preweight the neural net struc-
ture which is then tuned using training data. The model by Masuoka et al. [78]
consists of the input variable membership net, the rule net, and the output variable
net. Kasabov [79] uses three neural subnets, namely, production memory, work-
ing memory, and variable binding space to encode the production rules, which
can later be updated. A fuzzy signed digraph with feedback, termed the fuzzy
cognitive map, has been used by Kosko [80] to represent knowledge. An additive
combination of augmented connection matrices is employed to include the views
of a number of experts for generating the knowledge network.

Machado and Rocha [81] have used a connectionist knowledge base involving
fuzzy numbers at the input layer, fuzzy and at the hidden layers, and fuzzy or at
the output layer. The hidden layers chunk input evidence into clusters of informa-
tion for representing regular patterns of the environment. The output layer com-
putes the degree of possibility of each hypothesis. The initial network architecture
is generated using knowledge graphs elicited from experts by the application of
the knowledge acquisition technique of [84]. The experts express their knowledge
about each hypothesis of the problem domain by selecting an appropriate set of
evidence and building an acyclic weighted and—or graph to describe how these
must be combined to support decision making.

Pedrycz and Rocha [82] have used basic aggregation neurons (and/or) and ref-
erential processing units (matching, dominance, and inclusion neurons) to design
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knowledge-based networks. The inhibitory and excitatory characteristics are cap-
tured by embodying direct and complemented input signals and fully supervised
learning is employed. Another related approach by Hirota and Pedrycz [83] has
incorporated the use of fuzzy clustering for developing the geometric constructs
leading to the design of knowledge-based networks.

Most of these models are mainly concerned with the encoding of initial knowl-
edge by a fuzzy neural network followed by refinement during training. Extraction
of fuzzy rules in this framework has been attempted in [78, 79, 81]. Inference, in-
quiry, and explanation are possible during consultation in [81]. Mitra et al. [85]
have recently designed a knowledge-based neuro-fuzzy system for classification
and rule generation. This approach falls under category 1 of the fusion method-
ologies. Here crude initial domain knowledge is encoded among the connection
weights using the a priori class information (and their complements) and the dis-
tribution of pattern points in the feature space. An accurate estimation of the links
connecting the output, and hidden layers (in terms of the preceding layer link
weights and node activations) is provided. The input, output, and learning scheme
are similar to that in [41]. Node growing and link pruning are incorporated to gen-
erate the optimal network architecture. Inferencing, querying, and rule generation
are demonstrated (as in [41]) for recognizing vowels and diagnosing hepatobil-
iary disorders. Negative rules, indicative of cases where a pattern does not belong
to a class, can also be generated. This is specially suitable in the ambiguous cases
where positive rules (dealing with the belongingness of a pattern to a particular
class) cannot be obtained. The performance of the knowledge-based net is seen to
be superior as compared to the models incorporating no initial knowledge.

V. OTHER HYBRID MODELS

The relevance of rough sets and genetic algorithms to the design of expert
systems has been described in Section IL.D.2. As mentioned before, the literature
on various approaches along this line is scarce as compared to neuro-fuzzy expert
systems. However, we provide here some of the attempts recently reported in this
area. A few methods related to expert system design are also described.

A. ROUGH SETS

Many have looked into the implementation of decision rules extracted from op-
eration data using rough-set formalism, especially in problems of machine learn-
ing from examples and control theory [22]. In the context of neural networks, an
attempt at such an implementation has been made by Yasdi [86]. The intention
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was to use rough sets as a tool for structuring the neural networks. The methodol-
ogy consisted of generating rules from training examples by rough-set learning,
and mapping the dependency factors of the rules into a single layer of connection
weights of a four-layered neural network. The input and output layers involved
fixed binary weights. Max, min, and or operators were applied at the hidden nodes.
Application of rough sets in neurocomputing has also been made in [87]. How-
ever, in this method, rough sets were used for knowledge discovery at the level of
data acquisition (i.e., in preprocessing of the feature vectors) and not for structur-
ing the network.

Banerjee et al. [18] have proposed an integration of rough sets and fuzzy
neural networks for designing a knowledge-based system. Rough-set-theoretic
techniques are utilized for extracting crude domain knowledge that is encoded
among the connection weights. Methods are derived to model (i) convex deci-
sion regions with single-object representatives and (ii) arbitrary decision regions
with multiple-object representatives. A three-layered (fully adaptive) fuzzy MLP
is considered. The feature space gives the condition attributes and the output
classes the decision attributes, resulting in a decision table. This table, however,
may be transformed, keeping the complexity of the network to be constructed in
mind. Rules are then generated from the (transformed) table by computing relative
reducts. The dependency factors of these rules are encoded as the initial connec-
tion weights of the fuzzy MLP, propagating their effect in a top-down manner in
proportion to the fan-in at any particular neuron. The network is next trained to
refine its weight values. The effectiveness of the model is demonstrated on both
real-life and artificial data. The knowledge encoding procedure, unlike most other
methods [27, 28], involves a nonbinary weighting mechanism based on a detailed
and systematic estimation of the available domain information. It may be noted
that the optimal number of hidden nodes is automatically determined from the
syntax of the generated rules.

Figure 3 illustrates an example demonstrating the knowledge encoding proce-
dure [18] for class ¢y using a three-layered network. Let us consider the reduct
set B = (L1 A M1 A M3). Then the discernibility functions fg‘ (in conjunctive

normal form) for the six classes i = 1,..., 6, obtained from the discernibility
matrix, are
o' = Li A (M Vv M3), P =Li A(MV M3), 0= Mi A Ma,

fx4 = Li AM; ANM;, fgS=M1/\M3, fg6=L1/\M1/\M3.

The dependency factors df; for the resulting rules r;,i = 1,...,6, are 2/3,
2/3,1,1,1, 1. These factors are encoded as the initial connection weights of the
fuzzy MLP. Consider rule r;, namely, L1 A (M] V M3) — ¢;, with dependency
factor df; = 2/3. Here we require two hidden nodes corresponding to class ¢2
to model the operator A. The two links from the output node representing class
¢ to these two hidden nodes are assigned weights of df;/2 to keep the weights
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L, M, H; L, M, H, L M; Hj

Figure 3 Example to demonstrate the initial weight encoding scheme using rough-set-theoretic tech-
niques.

equally distributed. The signs of the weights are set to positive (negative) accord-
ing to the values 1 (0) of the corresponding entries in the attribute value table. The
attributes M; and M3, connected by the operator Vv, are combined at one hidden
node with link weights of —df,/4, df;/4, respectively, whereas the link weight
for attribute L; is clamped to —d f>/2 (because there is no further bifurcation). All
other connection weights are assigned very small random weights €, lying in the
range [—0.005, +0.005]. The resultant network is finally refined during training
using a set of labeled samples.

B. GENETIC ALGORITHMS

Genetic algorithms have found various applications in fields like pattern recog-
nition, image processing, and neural networks [88]. They have been used in deter-
mining the optimal set of connection weights [14] as well as the optimal topology
of a layered neural network [89, 90]. These hold significance for designing con-
nectionist expert systems. Pal and Bhandari [14] incorporated a new concept of
nonlinear selection for creating mating pools and a weighted error as a fitness
function. A fixed-topology MLP was used to determine the optimal solution for
selecting a decision boundary for the pattern recognition problem. Maniezzo [89]
used variable-length chromosomes, incorporating the concept of presence and ab-
sence bits, for encoding various topologies of an MLP. The concept of a GA sim-
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plex was also introduced. In another investigation, Pal and Bhandari [16] have
demonstrated a way of integrating fuzzy sets, ANNs, and GAs for automatic se-
lection of cloning templates when a cellular neural network is used in extracting
object regions from noisy images. Fuzzy geometrical properties of image were
used as the basis of the fitness function.

Opitz and Shavlik [90] have used the domain theory of Towell and Shavlik {28]
(with random perturbation) to create an initial population of knowledge-based
nets. Crossover and mutation operators are specifically designed to function on
these networks. The algorithm uses these genetic operators to search the topology
space in order to find networks, which are then trained using backpropagation.

VI. CONCLUSIONS

The problem of designing an expert system in the light of soft computing has
been addressed. The relevance, characteristics, and merits of integrating differ-
ent soft computing tools such as fuzzy sets, artificial neural networks, genetic
algorithms, and rough sets in various forms have been described, with greater
emphasis on neuro-fuzzy computing. Neuro-fuzzy models have been found to in-
corporate both the generic and the application-specific merits of neural networks
as well as fuzzy systems. This has resulted in the generation of more intelligent
decision-making systems. We have also included a brief survey on connection-
ist expert systems (without incorporating fuzzy sets) for the convenience of the
reader. The use of knowledge-based networks has been discussed as one of the
latest entrants in this field. A comparative study of the various methodologies has
been provided in tabular form. Recent attempts at using rough sets for knowl-
edge encoding and genetic algorithms for finding optimal net parameters have
also been mentioned.
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I. INTRODUCTION

Functional reasoning [1, 2] and simplified reasoning [3, 4], which are special
cases of the so-called min-max-centroidal method [5, 6], have been proposed as
fuzzy reasoning methods for treating fuzzy control and fuzzy modeling problems.
These methods have the advantage that the fuzzy operation is simplified, because
instead of using a membership function the conclusion part can be composed of
a function of input data or be simply a constant value. However, it is not readily
known to control engineers how to rationally design some parameters in the con-
clusion part using available control theories. One can refer either to a basic method
[3, 4] in which a constant parameter is determined as a value on the support set
when the membership function in the conclusion is assumed to be a singleton or to
a method [7] in which a constant parameter is determined by averaging the mean
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values for the membership functions in the antecedent with respect to the number
of input data and which is finely adjusted for every control rule. However, it is
unclear whether these methods are truly valid or not. As a more systematic design
approach to the conventional fuzzy controller, a fuzzy model-based approach [8-
11] and a variable structure system (VSS) or sliding mode approach [12—-14] have
been proposed.

As an alternative approach to the design of fuzzy controllers, neuro-fuzzy
controllers (NFCs) or fuzzy neural network controllers (FNNCs) [15-24] are in-
tensively studied, in which a fuzzy reasoning method such as those discussed
previously is realized within a multilayered hierarchical neural network and the
parameters that are represented by connection weights or involved in unit func-
tions can be learned by using the actual data. The number of learning parameters
or trials and errors for learning fuzzy control can be effectively reduced, if we can
rationally design some parameters in the conclusion in advance.

In this chapter, we start by reviewing the conventional functional reasoning
[1, 2] and simplified reasoning [3, 4] methods. Then, as a new reasoning method,
we further introduce a mean-value-based functional reasoning [25, 26], in which
the conclusion part consists of the mean values of the membership functions that
are assigned to each input data. It is shown that if the conclusion is regarded as
a VSS controller [27], then any parameter in the conclusion of the conventional
functional reasoning can be rationally designed as the parameters for constructing
r stable switching planes (or lines), while those of the mean-value-based func-
tional reasoning can be designed as the parameters for constructing only one sta-
ble switching plane (or line). Here, r denotes the number of control rules. Next
we describe a fuzzy Gaussian neural network (FGNN) [28-30] by applying the
preceding fuzzy reasoning methods. It is then clarified that by using the mean-
value-based functional reasoning the FGNN allows the number of learning pa-
rameters in the conclusion to be reduced drastically, compared with those of the
conventional functional reasoning and simplified reasoning.

The chapter is organized as follows. The conventional functional reasoning,
simplified reasoning, and mean-value-based functional reasoning methods are re-
viewed in Section II. In Section III, a design method for the conclusion of the
preceding fuzzy reasoning schemes, based on VSS control theory, is described. In
Section IV, three FGNNs are constructed using the conventional functional rea-
soning, simplified reasoning, and mean-value-based functional reasoning meth-
ods, and compared with each other, especially with regard to the number of learn-
ing parameters to be learned in the conclusion. In Section V, the effectiveness of
the mean-value-based functional reasoning method is illustrated by designing and
simulating a nonlearning fuzzy controller for controlling the attitude of a satellite.
Finally, in Section VI, a fuzzy neural network controller based on mean-value-
based functional reasoning is applied to the tracking control problem for a mobile
robot with two independent driving wheels.
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II. FUZZY REASONING SCHEMES

In this section, we review the conventional, the simplified, and the mean-value-
based functional reasoning schemes.

A. INPUT-DATA-BASED FUNCTIONAL REASONING

The conventional or input-data-based functional reasoning {1, 2] method (see
Fig. 1) is also called Sugeno’s fuzzy reasoning method [3]. For n input variables
(x1,...,xn) and p output variables (u1, ..., #p) in the consequent part, the ith
control rule R; is described by

Ri: If xy = A;;and---and x,, = Ay,
thenuy = fi1(x1,...,xp)and -+~ andup = fip(x1,...,x4), (1)
where A;; denotes the fuzzy set in the antecedent associated with the jth in-
put variable in the ith control rule, and f;;(x1, ..., x,) is the function associated
with the jth variable in the conclusion of the ith control rule. Applying n confi-

dences 4, (x1), ..., ika;, (xn), the confidence in the antecedent A; is, by defini-
tion, given by

hi = KA, (xl) *MHAp, (-x2) """ A, (xn)1 (2)

where “-”” denotes the algebraic product operation. Then the jth output consequent
can be calculated as the following weighted mean of f;;(-) with respect to the
weight 4;:

u* — Z::l hlﬁ](xla v ’xn)

ji — b j:1""’p? (3)
! Yicihi
\
tnput data | O | Confidences | L Normalizea |a | Defuzzi. | Oupus
membership antcg:: dent confidences fication >
functions

Construction
of
conclusion

Figure 1 Concept of input-data-based functional fuzzy reasoning.
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where r denotes the total number of control rules; if the number of member-
ship functions (i.e., the number of labels) in the antecedent is £, then, in general,
r=2¢"

Note here that, in the single consequent case, the conclusion function is usually
represented by a linear function:

U1 =ag; +ayx; +axx2 4 -+ apix,. 4)

As a special case of this representation, one can use the actual deviations of the
membership functions in the antecedent as [23]:

uy =agi +a;(xy —ci) + -+ ani(xn — cni), (©)

where c¢;; denotes the center value (e.g., the mean value of a Gaussian-like mem-
bership function) associated with the jth membership function in the antecedent
of the ith control rule.

B. SIMPLIFIED REASONING

A further special case of input-data-based functional reasoning, called simpli-
fied reasoning [3, 4] (see Fig. 2), is based on the formula:

u1 = agp;. (6)

The design parameters a ; in the conclusion, as well as the scalers for the input
data, significantly govern the performance of the unlearning fuzzy controller. An
effective method for designing this parameter is not known at present. There exists
an elementary method [7] in which the parameters are determined by averaging
the mean values cj; of the membership functions in the antecedent, with respect
to the number of input data, and they are finely adjusted for every control rule
by means of trial and error. In what follows, a more general design method for

Confidences
Input data of Conﬁicr:llences Normalized Defuzzi- Output
i confidences fication »
membership | /o cedent enc
functions

Constant
conclusion

Figure 2 Concept of simplified fuzzy reasoning.
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the parameter in the conclusion will be presented, which includes this elementary
method as a special case.

C. MEAN-VALUE-BASED FUNCTIONAL REASONING

The confidence p4,;(x;) of the membership function indicates the degree of
matching between the actual input data x; and the hypothetical data distribution
(membership function) on the support set [—L, L] allocated by the control de-
signer. It is then observed that the conclusion of the input-data-based functional
reasoning given by (4) or of the simplified reasoning given by (6) does not include
the allocation information for the membership function in the antecedent. For this
allocation information, a mean-value-based functional reasoning has been pro-
posed [25, 26], in which the mean values c;; of each membership function in the
antecedent are used in the conclusion as shown in Fig. 3. In this reasoning, the
conclusion function in (1) is replaced by

ur = fir(cii, ..., cni)and --- andup = fip(Clis ..., Cni) Q)
and the output consequent is determined by

o izt hifij(cris . cni)
uj= T hi ’
=17

i=1,...,p. (8)

For the two-input data case (x1, x2), the output 4] in a linear function can be
represented by
u1 = ao; + aiicli + aici 9
or by the simpler form
u1 = ap +aici; + axcyi (10)

considering that the mean-values c;; are already dependent on the control rule.

Confidences

Tnput data of Confidences Normalized Defuzzi- | Output
membership | , Héd . confidences fication
functions eceden

Mean values Construction
of

conclusion

Figure 3 Concept of mean-value-based functional fuzzy reasoning.
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III. DESIGN OF THE CONCLUSION PART
IN FUNCTIONAL REASONING

In this section, a design technique for the conclusion of the three fuzzy reason-
ing methods stated previously through VSS control theory is described.

A. INPUT-DATA-BASED FUNCTIONAL REASONING

For a linear function of input-data-based functional reasoning with ag; = 0,
the following hyperplane is defined:

o 28x,  i=1,...r (11

where xT 2 [x1, x2, ..., x,] is regarded as a state vector and S; denotesa 1 x n
design row vector that depends on the index i of the control rules. Now, consider
the following VSS control law [27]:

Uy = k; Sgn(O'i), ki > 0. (12)
Then taking a switching gain as k; = |o;| gives
Uy =oj (13)

because |o;| sgn(o;) = o;. Thus, if the input data in the antecedent are regarded as
state vectors, the design problem of the conclusion for input-data-based functional
reasoning can be reduced to that of r stable switching planes (or lines) in (11).

B. MEAN-VALUE-BASED FUNCTIONAL REASONING

For a linear function of mean-value-based functional reasoning with ag = 0 in
the form of (10), we define the following switching plane:

o &8¢,  i=1,....r (14)

where ciT = [c1i, c2i, - - -, Cni) is regarded as a state vector and S denotesa 1 x n
design row vector which is independent of the index i of the control rules. If we
consider the same control law as used previously, then we have the same result
as in (13). Note, however, that the design vector S and the mean-value vector ¢;
are constant, and hence lim,, 0 0;6; = 0, because 6; = 0. This implies that
(12) and (14) do not satisfy the condition limg, 0 0;6; < 0, which is required
for the existence of a sliding mode at the neighborhood of the switching plane
oi = 0. Therefore, Eqgs. (12) and (14) do not generate an actual sliding mode as
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in a usual sliding mode control system, and they can be only formally regarded as
VSS controllers.

Thus, it is seen that the design problem for the conclusion of mean-value-based
functional reasoning can be reduced to that of only one stable switching plane (or
line) in (14), if the mean value ¢; on the membership functions in the antecedent
is regarded as a state vector. The conclusion part of mean-value-based functional
reasoning is completely constant, whereas that of input-data-based functional rea-
soning is time-varying and all r switching planes (or lines) in (11) must be de-
signed to be stable; this yields an unrealistic design procedure if the number of
control rules is very large. Furthermore, it is easy to see that the conclusion part
of the simplified reasoning can also be directly replaced by the o; value which is
computed from (14) off-line.

Because mean-value-based functional reasoning assumes that the mean values
of the membership functions in the antecedent are utilized in the conclusion, the
form of the membership function must be of an isosceles triangle, Gaussian-type,
or an isosceles trapezoid, etc., which possess the information of the mean value.
Therefore, in such a functional reasoning, the knowledge of an expert cannot nec-
essarily be reflected in the determination of the form of the membership function
in the antecedent, whereas, in traditional functional or simplified reasoning, a
membership function of any form can be selected to reflect the knowledge of an
expert in the form determination of the membership function in the antecedent.

IV. FUZZY GAUSSIAN NEURAL NETWORKS

In this section, three fuzzy Gaussian neural networks (FGNNs) are constructed
using the reasonings stated previously, and compared with each other, especially
in the number of learning parameters to be learned in the conclusion.

A. CONSTRUCTION

Figures 4-6 illustrate three FGNNs based on input-data-based fuzzy reasoning,
simplified fuzzy reasoning, and mean-value-based fuzzy reasoning, respectively.
Here, it is assumed that there are two inputs (xi, x2), a single output («}), and
three labels for a Gaussian membership function in the antecedent part. Then the
number of identifiable control rules is r = 32.

The variable within the curly brackets denotes a signal passing through the
neural network, the circle symbol is the unit, wi. is the connection weight that
represents the center value for the jth Gaussian membership function of the ith
input data, and the connection weight wfij denotes the reciprocal value of the

deviation from the center wi ; to which the jth Gaussian function of ith input data
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Figure 4 Fuzzy Gaussian neural network using input-data-based functional reasoning. Reprinted
from K. Watanabe et al., Fuzzy-neural network controllers using mean-value-based functional reason-
ing, Neurocomputing 9:39-61, 1995, with kind permission of Elsevier Science-NL, Sara Burgerhart-
straat 25, 1055 KV Amsterdam, The Netherlands.
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Figure 5 Fuzzy Gaussian neural network using simplified reasoning. Reprinted from K. Watanabe
et al., Fuzzy-neural network controllers using mean-value-based functional reasoning, Neurocomput-
ing 9:39-61, 1995, with kind permission of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV
Amsterdam, The Netherlands.

on the standardized support set has value 0.5. In addition, the unit with the symbol
—1 generates the output of —1; the unit with the symbol ) _ outputs the summation
of the inputs. Similarly, the unit with the symbol [] outputs the product of the
inputs. The input—output relation at the unit with the symbol f is defined by the
following Gaussian function:

f(x) = exp(In(0.5) - x?) (15)

as a unit function. Furthermore, the unit with no symbols simply distributes the
input to the output.

Layers A-E in Figs. 4-6 correspond to the antecedent part of the fuzzy control
rule, and layers G and H correspond to the conclusion part. The inputs x; applied
to layer A are scaled by using an adaptive input scaling technique [31]. At layer C,
the connection vyeight -—wi o which is a bias, is added to the scaled input, and it is
multiplied by wy;, which is an input to the Gaussian function at layer D. At layer
E in all figures, we obtain the confidences A; in the antecedent part for every
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Figure 6 Fuzzy Gaussian neural network using mean-value-based functional reasoning. Reprinted
from K. Watanabe et al., Fuzzy-neural network controllers using mean-value-based functional reason-
ing, Neurocomputing 9:39-61, 1995, with kind permission of Elsevier Science-NL, Sara Burgerhart-
straat 25, 1055 KV Amsterdam, The Netherlands.
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control rule. At the first unit of layer F, a summation of inputs and the inverse
calculation are performed. That is, the unit that has symbols ) and g generates
the output through the following function:

1
gx)=—, (16)
x

with a linear summed input.

At layers G and H in Fig. 5, we directly obtain the consequent as the weighted
mean of w,; with respect to the weight 4;, where w,; denotes a constant parameter
ap; in the conclusion. As seen from Figs. 4 and 6, for input-data-based or mean-
value-based functional reasoning, the conclusion part is calculated at these layers
(G and H), and we finally have the similar consequent at layers / and J.

Note here that Horikawa et al. [15] have already developed some FNNs sim-
ilar to those shown in Figs. 4 and 5 by using a sigmoidal function with range
[0, 1]. However, to construct a pseudo-trapezoidal membership function in their
approach, two sigmoidal functions with ranges [0, 1] and [—1, 0] must be super-
imposed. Therefore, their FNNs require additional intermediate layers to generate
the membership function in the antecedent, because a pseudo-trapezoidal mem-
bership function is constructed by summing two sigmoidal functions with differ-
ent signs. This also causes the number of units at the corresponding intermediate
layer to grow as the number of fuzzy labels becomes larger. On the contrary, our
approach does not suffer from this problem and also gives a reduced number of
learning parameters in the conclusion, as will be discussed in the next subsection.

B. NUMBER OF LEARNING PARAMETERS

All of the preceding FGNNs have the same number of parameters to be learned
in the antecedent. However, they have different numbers of parameters to be
learned in the conclusion. By introducing two kinds of parameters @ and 8,
Eq. (11) can be rewritten as

a,-:i[ai 1]["1], i=1,...,r (17)
: X
where «; is the slope of a switching line and §; is usually an averaging constant
with respect to the number of inputs. Following this construction, the input-data-
based functional reasoning approach must learn 49 w,; and 49 wy; parameters, if
seven labels for each input are used. Here, w,; = «;/B; and wp; = 1/8;. Further-
more, if the parameter f§; is regarded as the averaging parameter with respect to
the number of inputs, then it is required to learn 49 parameters w,;, because we
can fix the parameter §; as 2, thatis, wp; = 0.5, i = 1, ..., 49. At this stage, both
the input-data-based functional reasoning and the simplified reasoning methods
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have the same number of learning parameters to be learned in the conclusion. Note
also that, to obtain all of the different learned parameters w,; fori = 1, ..., 49,
one must set all different initial parameters for wy;, i = 1,..., 49, because all
units at layer H have the same “delta” quantities in the back-propagation algo-
rithm.

Similarly, by introducing two kinds of parameters « and § in the mean-value-
based functional reasoning, Eq. (14) can be rewritten as

1 wl. .
o'i=E[a 1][w§:], Jok=1,...,7. (18)

Note here that both parameters a and 8 are independent of the index i of the con-
trol rules. Therefore, to learn their parameters, it is sufficient to learn the minimum
number of w,; and wpy by using wéj, j=1,...,7, w?k, k=1,...,7,and éy.
Here, wsj = a/B, wpr = 1/, and 85 denotes the “delta” quantity for any unit
in layer H. As shown in Fig. 7, the connection weights w,; and wy; between two
Jth units with respect to wé ; and wfj at layer G and the /th unit at layer H, where
I=({(-Dx*x7+j, j=1,...,7, canbe concretely learned. Note that the remain-
ing unlearned connection weights, which have the same wg . and wf. as the learned
connection weights, should be simply replaced by the learned ones: wg; and wy;.

w
learned
w connections
_____ unlearned
connections
(O] H
R
Conclusion

Figure 7 Learning method of parameters in the conclusion for mean-value-based functional reason-
ing. Reprinted from K. Watanabe et al., Fuzzy-neural network controllers using mean-value-based
functional reasoning, Neurocomputing 9:39-61, 1995, with kind permission of Elsevier Science-NL,
Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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Figure 8 Learning method of parameters in the conclusion for mean-value-based functional reason-
ing (there are partially fixed connections). Reprinted from K. Watanabe et al., Fuzzy-neural network
controllers using mean-value-based functional reasoning, Neurocomputing 9:39-61, 1995, with kind
permission of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.

Thus, the mean-value-based functional reasoning model learns 14 parameters
(waj, wpr), j,k =1,...,7. Furthermore, if the parameter 8 is fixed as an aver-
aging parameter with respect to the number of inputs, then only seven parameters
wgj, j =1,...,7, are learned (see Fig. 8). Consequently, the mean-value-based
functional approach can drastically reduce the number of parameters that have to
be learned in the conclusion.

C. TRAINING

By applying the back-propagation algorithm [32-34], one can train the con-
nection weights of the FGNN controller, and consequently identify the control
rules and finely tune the membership functions in the antecedent part. In the fol-
lowing, a case based on the specialized learning architecture will be explained,
in which the FGNN is trained so that the output deviations of the plant are mini-
mized without using the pattern data generated by an expert. However, note that
we merely change the delta quantities in the output layer for a case based on the
generalized learning architecture or the feedback error learning architecture.
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Consider the hierarchical multilayered neural network consisting of M layers,
and denote the input—output relation of any unit by f(-), the input to the jth unit
at the kth layer by i f, and the corresponding output from its unit by o']‘. . The weight
that connects the jth unit at the kth layer and the /th unit at the (k + 1)th layer is
denoted by wk k+1.

Let Case A denote the case when the input to the kth layer is the output through
the function f(-) and the input to the (k4 1)th layer is calculated by the summation
(i.e., >_) operation. Similarly, let Case B be the case when the input to the kth
layer is output through the function f(-) and the input to the (k + 1)th layer is
calculated by the product (i.e., [ |) operation.

Under the preceding conditions, we have the following input—output relation
of a unit:

k+1 Zwk k+1 k k+1 _ f(lk+1 (19)
for Case A, and
k+1 n wk k+1 k O;H'l — f(l[k+1) (20)
for Case B.
For the specialized learning, the following cost function is considered:
%Z(yd, )2, @1

which gives the weights wf.’k“ that minimize J. Here, m denotes the number of
plant outputs, yz; the ith desired reference, and y; the ith output of the plant. Then
the delta quantities, & j” in the jth unit at the output layer M and 85 in the jth unit
at any intermediate layer k, are given by

0
Output layer: 8M =f (tM ) Z()’d: }’: yl (22)

Intermediate layer:

f (lk) Z skl k k+1 for case A,

£t )Zak+1 kk+1(]—[wkk+1 (c) for case B,

i#]

8k = (23)

where u ; denotes the jth input to the plant.
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Thus, the application of Case B to the delta calculation is used at layers D
and F. Here, from the definitions of Egs. (15) and (16), f’ in the first unit at
layers D and F is evaluated by

f/(if) = 21n(o.5)i§o’; for layer D, (24)
f% = —(%?  for the first unit of layer F, (25)

and f/'(i j?) = 1 for other linear units. Note also that the Jacobian dy; /0u; in
Eq. (21) can be approximated as

Ayi 3y dyi Auy
—~ 26
Auj  Ouj ZaulAu] (26)
if the control inputs are coupled, or
ayi kT Ay; (kT
yi(kT) _ Ayi(kT) i=j @7

duj(kT) — AujkT)’

if the control inputs are decoupled, where Au(-) and Ay;(-) are generated from
the input and output data at the sampling instant kT, A = 1 —z~!, z7! s the
one-step delay operator, & is the discrete time, and T is the sampling period. If the
plant is originally a discrete-time system with no time delay in the input, then one
must evaluate dy; (kT)/0u j[(k — 1)T] instead of the previous equation.

The preceding results yield the following update equations for the connection
weights:

k lk(t+1)_wk lk(t)+n3kof; 1+§Awk lk(t)
for Case A, (28)

k lk(t+1)_wk lk(t)+n8k ke~ 1(1—[w;cj 1,k k 1)+§A k— lk(t)
I£i
for Case B, (29)

where ¢ denotes the rth update time, 5 is a small positive constant that means
a learning rate, Awkj L k(t) is an increment of the connection weight at the sth
step, and & is a small positive constant used as a stabilizing factor. Therefore,
the connection weights w., wg, w,, and wp can be updated by using Eq. (28).
Note that Eq. (29) is not required to update any connection weight, because the

connection weights associated with Case B are all fixed as unity.
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V. ATTITUDE CONTROL APPLICATION EXAMPLE

In this section, the effectiveness of the mean-value-based functional reasoning
method is illustrated by designing and simulating an unlearning fuzzy controller
for the attitude control problem of a flexible satellite.

A. TWO-INPUT-SINGLE-OUTPUT REASONING

In this subsection, the design method of the conclusion is illustrated by using
an example for two-input—single-output reasoning.

Consider the following attitude control problem of a flexible satellite described
by [35]:

6@t) = 1.764u(r), (30)
H(1) = —?P(t) + 4.358u(1), (31)
y(t) = 6(1) +4.358¢ (1), (32)

where w? = 33.15 x 10~* [rad?/s2], 6(¢) is the center body rotation due to rigid
body motion, ¢(t) is the center body rotation due to flexural motion, y(¢) is the
measurement of the attitude, and u(¢) is the control input torque produced by
reaction jets.

Although this control is a regulator problem, to retain the generality of the
problem, it is regarded as a tracking problem with a reference y; = 0. Then
the tracking error is defined by ¢ = y; — y and the corresponding derivative is
assumed to be constructed as é = {e[kT] — e[(k — 1)T]}/T, where k =0, 1, ...
and T is the sampling period of 0.01 [s].

Define each membership function of five labels for e and ¢ on the support set
[-L, L] = [—6, 6] as shown in Fig. 9. Let the mean values on ¢ and ¢, defined
on the support set, be respectively e.; and é, j,k = NB,NM,...,PB. In
addition, introducing two new parameters ¢ and 8 in (18) gives the following

NB NM ZO PM PB

-6 -3 0 3 6 e,é

Figure 9 Membership functions of five labels for ¢ and é.



Mean-Value-Based Functional Reasoning Techniques 259

Table I
Control Rules for Five Labels (¢ =1, 8 =2)

é

e NB NM Z0 PM PB
NB -6 —4.5 -3 -15
NM —4.5 -3 -1.5 0 1.5
zZ0 -3 -1.5 0 15 3
PM -15 0 1.5 3 4.5
PB 0 1.5 3 45 6

Reprinted with the permission of the Society of Instrument and Control Engineers, Japan.

representation:

oi =[a/p 1/B] [jﬁf ] . el <L (33)
ck

Note here that the upper and lower limits of the conclusion are constrained as

lul < L.

Case 1. Table I shows the control rule for @ = 1 and 8 = 2. If we pick up
therule 1 of e = NB, ¢ = NB as an example, it is seen that the deviation data
are assumed to be distributed on the sliding line 207 = —12, that is, 61 = —6
(see Fig. 10). For the regulator problem of y; = 0, this is equivalent to the output

Figure 10 Switching line for rule 1 witha = 1, B = 2. Reprinted with the permission of the Society
of Instrument and Control Engineers, Japan.
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& -6 0 6

e

Figure 11 Conclusion constants for @ = 1, 8 = 2. Reprinted with the permission of the Society of
Instrument and Control Engineers, Japan.

data being distributed on the sliding line y + y = 6. Therefore, it is found that
the control is determined so as to obtain the output data distribution on an ideal
sliding line y + y = 0 by moving y + y = 6 to the origin. Figure 11 depicts
the constant values in the conclusion for this case. It should be noted that, when
defining the deviation error as e = y — yg, we must use the relation such that
ki = —|oi} asin (12).

Case 2. Table II shows the control rule for the case when the conclusion is a
sliding line faster than that of Case 1 by setting @ = 2 and 8 = 2. The interpreta-
tion of the sliding line is shown in Fig. 12 for rule 1 consistingof e = NB and ¢ =
N B. The corresponding constant values in the conclusion are shown in Fig. 13.

In the following, we will show some cases that blend Cases 1 and 2 for any
control rule.

Table IT
Control Rules for Five Labels (@ =2, 8 =2)

é

e NB NM zZo PM PB
NB -6 —6 -6 -4.5 -3
NM —6 —4.5 -3 -1.5 0
20 -3 -1.5 0 1.5 3
PM 0 1.5 3 4.5 6
PB 3 4.5 6 6 6

Reprinted with the permission of the Society of Instrument and Control Engineers, Japan.
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Figure 12 Switching line for rule 1 with @ = 2, 8 = 2. Reprinted with the permission of the Society
of Instrument and Control Engineers, Japan.

Figure 13 Conclusion constants for @ = 2, = 2. Reprinted with the permission of the Society of
Instrument and Control Engineers, Japan.

Table III

Control Rules for Five Labels (x =2, 8§ =2if ¢ = NB or P B; otherwise
a=1, =2)

é

e NB NM VA9 PM PB
NB —6 —4.5 -3 -15 -3
NM -6 -3 -1.5 0 0
Z0 =3 —15 0 1.5 3
PM 0 0 1.5 3 6
PB 3 1.5 3 4.5 6

Reprinted with the permission of the Society of Instrument and Control Engineers, Japan.
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Figure 14 Conclusion constants fore = 2, 8 = 2if ¢ = N B or P B. Reprinted with the permission
of the Society of Instrument and Control Engineers, Japan.

Case 3. For the case when |é] is very large, to set a sliding line faster than
that of Case 1, we determine the parameters « and 8 such that

a=2,=2, ifée=NBorPB,
a=1, B=2, otherwise.

The corresponding control rule is tabulated in Table III and the constant values in
the conclusion are shown in Fig. 14.

Case 4. For the case when |e| is relatively small, to set a sliding line faster
than that of Case 1, we determine the parameters & and S such that
[a=2, B=2 ife=NMorZOorPM,

a=1, =2, otherwise.

Table IV

Control Rules for Five Labels (¢ =2, § =2ife=NMor ZO or PM;
otherwiseax =1, 8 =2)

é

e NB NM VA PM PB
NB -6 —4.5 -3 -1.5 0
NM -6 —4.5 -3 -15 0
VA -3 -1.5 0 1.5 3
PM 0 1.5 3 45 6
PB 0 1.5 3 4.5 6

Reprinted with the permission of the Society of Instrument and Control Engineers, Japan.
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Figure 15 Conclusion constants fora = 2, 8 =2if e = NM or ZO or PM. Reprinted with the
permission of the Society of Instrument and Control Engineers, Japan.

The corresponding control rule is tabulated in Table IV and the constant values in
the conclusion are shown in Fig. 15.

Case 5. As a mix of Cases 3 and 4, we determine the parameters « and 8
such that

a=2, B=2, ifée=NBorPB, ore=NMorZO or PM,
a=1, =2, otherwise.

The corresponding control rule is tabulated in Table V and the constant values in
the conclusion are shown in Fig. 16.

Table V

Control Rules for Five Labels (¢ =2, 8 =2ifé¢ = NBor PBor
e=NMor ZO or PM; otherwiseax =1, 8 =2)

é

e NB NM Z0 PM PB
NB -6 —4.5 -3 —1.5 -3
NM -6 -4.5 -3 —1.5 0
VAV -3 -1.5 0 1.5 3
PM 0 1.5 3 4.5 6
PB 3 1.5 3 4.5 6

Reprinted with the permission of the Society of Instrument and Control Engineers, Japan.
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u 0

5 0
-6 0 6

e

Figure 16 Conclusion constants fore =2, p =2ifé = NBor PBore = NMor ZO or PM.
Reprinted with the permission of the Society of Instrument and Control Engineers, Japan.

Figure 17 shows the attitude control results when the control rules determined
by Cases 1-5 were applied to the control object. Note here that an adaptive input
scaling method with the initial scalers 10* was used [31] and the output scaler was
fixed to the value 1.6. It is seen from this figure that the result of Case 4 is good
for the case when the undershoot is not allowed, whereas the result of Case 5 is
good for the case when a little undershoot is allowed.

T v T T T T T T T
0.4 -
| — Case 1
g T """ Case 2
© ——— Case 3
© 0.2 -
= I —-—- Case 4 ]
© ’ = Case 5 i
2 .
s i
S i
(2] 0r - 7
_L ’ i { 1 i { ]
0 1 2 3 4 5

Time [s]

Figure 17 Control results using control rules: Cases 1-5. Reprinted with the permission of the So-
ciety of Instrument and Control Engineers, Japan.
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B. THREE-INPUT-SINGLE-OUTPUT REASONING

In this subsection, we further consider a case in which the accelerative er-
ror information is taken into account, in addition to the deviation error and its
derivative information. The accelerative error is assumed to be constructed by

é 2 {e[kT] — e[(k — 1)T]}/ T. Introducing the parameters a, 8, and y, Eq. (14)
can be rewritten as

ecj
oi=la/y B/y 1/v] l:.é'ck] , loi| < L. (34)

€ct

Here, the membership functions for e and ¢ are defined as shown in Fig. 6, but
those for € are assumed to consist of three labels as shown in Fig. 18, where their
mean values are denoted by é.¢, £ = NB, ZO, PB.

1. Design of Switching Plane as an Overdamped
or Critically Damped Response

Using three inputs e, ¢, € and defining the following sliding plane:

é+Bé+ae=0, (35)

we determine the parameters @ and B such that the characteristic equation as-
sociated with (35) has two real and unequal roots, or two real and equal roots,
which are, respectively, overdamped and critically damped responses. Hereafter,
itis assumed that y = 3.

Case 6. When allocating the characteristic roots for (35) as multiple roots of
—1, it follows that « = 1 and § = 2, and the corresponding control rules are
tabulated in Table VI.

Case 7. 'When allocating the characteristic roots for (35) as two distinct roots
of —1 and —2, it follows that « = 2 and 8 = 3, and the corresponding control
rules are tabulated in Table VII.

-6 0 6 ¢
Figure 18 Membership functions of three labels for &.
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Table VI Table VII
Control Rules for Five Labels Control Rules for Five Labels
@=1, =2 y=3) @=2,8=3,y=3)
é é
e NB NM ZO PM PB e NB NM ZO PM PB
()¢ =NB (aQ)é=NB
NB -6 -6 -4 =2 0 NB -6 -6 -4 -3 0
NM -6 -5 -3 -1 1 NM -6 -6 —4 -1 2
ZO0 -6 -4 -2 0 2 ZOo -6 -5 =2 1 4
PM -5 =3 -1 1 3 PM -6 -3 0 3 6
PB -4 -2 0 2 4 PB -4 -1 2 5 6
byé=20 byée=2z0
NB -6 -4 -2 0 2 NB -6 -6 -4 -1 2
NM -5 -3 -1 1 3 NM -6 -5 -2 1 4
zZOo -4 -2 0 2 4 Z0o -6 -3 0 3 6
PM -3 -1 1 3 5 PM -4 -1 2 5 6
PB 2 0 2 4 6 PB -2 1 4 6 6
(c)é = PB (c)é=PB
NB -4 2 0 2 4 NB -6 =5 -2 1 4
NM -3 -1 1 3 5 NM -6 -3 0 3 6
ZOo 2 0 2 4 6 ZO -4 -1 2 5 6
PM -1 1 3 5 6 PM -2 1 4 6 6
PB 0 2 4 6 6 PB 0 3 6 6 6

Case 8. When allocating the characteristic roots for (35) as multiple roots of
—2, it follows that « = 4 and 8 = 4, and the corresponding control rules are
tabulated in Table VIII.

Case 9. When allocating the characteristic roots for (35) as multiple roots of
—3, it follows that « = 9 and 8 = 6, and the corresponding control rules are
tabulated in Table IX.

Figure 19 shows the attitude control results when the control rules determined
by Cases 6-9 were applied to the control object. It is seen from this figure that the
faster control result with no oscillations is obtained from Case 6 to Case 9.

2. Design of Switching Plane as an Underdamped Response

In this subsection, we will determine the parameters « and 8 such that the roots

(—B %£+/B? — 4a) /2 of the characteristic equation for (35) are complex numbers,
in which case we have the so-called underdamped response.
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Table VIII

Control Rules for Five Labels
(a=49 ﬂ=4’ }'=3)

(=9, B=6,y=3

Table IX
Control Rules for Five Labels

é

é

e NB NM Z0O PM PB e NB NM Z0 PM PB
(a)é =NB (a)é=NB
NB -6 -6 -6 -6 =2 NB -6 -6 -6 -6 -6
NM -6 -6 -6 -2 2 NM -6 -6 -6 -5 1
Z0O -6 -6 =2 2 6 Z0 -6 -6 -2 4 6
PM -6 -2 2 6 6 PM -5 1 6 6 6
PB -2 2 6 6 6 PB 4 6 6 6 6
byée=2Z0 bye=20
NB -6 -6 -6 —4 0 NB -6 6 -6 -6 -6
NM -6 -6 -4 0 4 NM -6 -6 -6 3 3
Zo -6 -4 0 4 6 Z0 -6 -6 0 6 6
PM 4 0 4 6 6 PM -3 3 6 6 6
PB 0 4 6 6 6 PB 6 6 6 6 6
(c)é=PB (c)é=PB
NB -6 -6 -6 -2 2 NB -6 -6 -6 -6 -4
NM -6 -6 -2 2 6 NM -6 -6 -6 -1 5
Z0 -6 2 2 6 6 Zo -6 -4 2 6 6
PM -2 2 6 6 6 PM -1 5 6 6 6
PB 2 6 6 6 6 PB 6 6 6 6 6

Satellite attitude [rad]

0.4r

— Case 6
""" Case7
I ——— Case 8 :
S —~-—- Case 9
A
0.2 AN -
PN
1 \ -
\ \\\ ~~~~~~~~
- ‘| N .
! N T
\ .
of — = .
1 1 " 1 1
0 1 2 3 4 5
Time [s]

267

Figure 19 Control results using control rules: Cases 6-9. Reprinted with the permission of the So-

ciety of Instrument and Control Engineers, Japan.
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Case 10. 'When setting the imaginary part of the complex conjugate roots as
/3 with a fixed 8 = 1, it follows that & = 1. The corresponding control rules are
tabulated in Table X. Note that in the following 8 = 1 is used for all cases.

Case 11. Setting the imaginary part of the complex conjugate roots as /5
gives o = 1.5. The corresponding control rules are tabulated in Table XI.

Case 12. Setting the imaginary part of the complex conjugate roots as /7
yields a = 2. The corresponding control rules are tabulated in Table XII.

Case 13. Setting the imaginary part of the complex conjugate roots as +/11
gives @ = 3. The corresponding control rules are tabulated in Table XIII.

Figure 20 depicts the attitude control results when the control rules determined
by Cases 10-13 were applied to the control object. It is seen from this figure

Table X Table XI
Control Rules for Five Labels Control Rules for Five Labels
@=1,8=1,y=3) (=15, 8=1,y=3)
é é
e NB NM ZO PM PB e NB NM ZO PM PB
(@é=NB ()¢ = NB
NB -6 -5 —4 -3 -2 NB -6 -6 -5 -4 -3
NM -5 -4 -3 -2 1 NM —-55 —-45 -35 =25 -15
ZOo -4 -3 -2 -1 0 zZo -4 -3 -2 -1 0
PM -3 -2 -1 0 1 PM -25 -15 -05 05 15
PB -2 -1 0 1 2 PB -1 0 1 2 3
beée=2Z0 bé=Z0
NB -4 -3 -2 -1 0 NB -5 —4 -3 -2 -1
NM -3 =2 -1 0 1 NM -35 -25 -15 -05 0.5
Zo -2 -1 0 1 2 Z0O =2 -1 0 1 2
PM -1 0 1 2 3 PM 05 0.5 1.5 2.5 3.5
PB 0 1 2 3 4 PB 1 2 3 4 5
(c)é =PB (c)é=PB
NB -2 -1 0 0 2 NB =3 -2 -1 0 1
NM -1 0 1 2 3 NM -15 -05 0.5 1.5 2.5
zZ0 0 1 2 3 4 ZOo 0 1 2 3 4
PM 1 2 3 4 5 PM 1.5 2.5 35 4.5 55
PB 2 3 4 5 6 PB 3 4 5 6 6
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Table XII

Control Rules for Five Labels
(d=2, ﬂ=13 ‘.V=3)

Table X1II

Control Rules for Five Labels

(@=3, =1,y=3)

é

é

e NB NM ZO PM PB e NB NM ZO PM PB
(@é=NB Q)¢ =NB
NB -6 -6 -6 -5 —4 NB -6 -6 -6 -6 —6
NM -6 -5 -4 =3 -2 NM -6 -6 -5 -4 -3
ZO -4 =3 -2 -1 0 Z0o -4 -3 -2 -1 0
PM -2 -1 0 1 2 PM -1 0 1 2 3
PB 0 1 2 3 4 PB 2 3 4 5 6
bée=Z0 b)ée=20
NB -6 -5 -4 -3 -2 NB -6 -6 -6 -5 -4
NM -4 -3 -2 -1 0 NM -5 -4 -3 =2 -1
Zo -2 -1 0 1 2 ZOo -2 -1 0 1 2
PM 0 1 2 3 4 PM 1 2 3 4 5
PB 2 3 4 5 6 PB 4 5 6 6 6
(c)é=PB (c)¢é =PB
NB -4 -3 -2 -1 0 NB -6 -5 -4 -3 -2
NM -2 -1 0 1 2 NM -3 =2 -1 0 1
Zo 0 1 2 3 4 zo o0 1 2 3 4
PM 2 3 4 5 6 PM 3 4 5 6 6
PB4 5 6 6 6 PB. 6 6 6 6 6
T T T T T T T T T
0.4r B
) — Case 10
— i ‘-\ """ Case 11 ]
2 it
g % ——= Case 12
© 0.2 "\-‘ . b
- Y —"—" Case 13
3 1y
= SR 4
a ‘\‘I Fa)
® A
s o — N AW i
I A i
\
\‘/
-0'2—I 1 1 ! |_
0 1 3 4 5
Time [s]
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Figure 20 Control results using control rules: Cases 10-13. Reprinted with the permission of the

Society of Instrument and Control Engineers, Japan.
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that the larger the imaginary part allocated, the larger is the oscillating control
response obtained, as expected.

VI. MOBILE ROBOT EXAMPLE

In this section, an FGNN controller based on mean-value-based functional rea-
soning is applied to the tracking control problem of a mobile robot with two in-
dependent driving wheels.

A. MODEL OF A MOBILE ROBOT

Let the mobile robot be rigidly moving on a plane as shown in Fig. 21. The
absolute coordinate system O — XY is assumed to be fixed on the plane. Then
the dynamic behavior of the robot is described by the following equations of
motion [36]:

L = D1 - Dil, (36)
Mv = D, + Dy. 37

For the right and left wheels, the dynamics of the driving system is described by
L6 + b =ku; —rD;,  i=r, (38)

where the parameters and variables are defined as follows: I,, the moment of
inertia around the center of gravity (c.g.) of the robot; M, the mass of the robot;
Dy, D,, the left and right driving forces; /, the distance between the left or the

v
Left wheel

. ‘ Right wheel
o x
Figure 21 Mobile robot model.

oy
|
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right wheel and the c.g. of the robot; ¢, the azimuth of the robot; v, the velocity
of the robot; I,,, the moment of inertia of the wheel; ¢, the viscous friction factor;
k, the driving gain factor; r, the radius of the wheel; 6;, the rotational angle of the
wheel; and u;, the driving input.

On the other hand, the geometrical relationships among the variables ¢, v, 6;
are given by

ré, = v+1¢, © (39)
ro = v —Ilé. (40)

From these equations, defining the state variable for the robotasx = [v ¢ d)]T,
the manipulated variable as u = [u, w17, and the output variable as y =
[v ¢]7, one obtains the following state equations:

x = AX + Bu, 41
= CX, (42)

where
a 0 0 by b
A=[0 0 1] B=|:0 0 ] c:[(l) (1) 8},
0 0 a by —by

ar = —2¢/(Mr? +21,), ay = =2cI%/(I,r? + 21,1%),

by = kr/(Mr? +21,), by =krl/(I,r* + 21,1%).

B. SIMULATION EXAMPLES

Figure 22 shows the block diagram of the path control system of the mobile
robot. This system consists of two FGNNS; one is for processing the information
of the velocity error e, = vy — v and its rate ¢é,; and the other is for processing
the information of the azimuth error ey = ¢4 — ¢ and its rate é,4. Here, vz and
¢4 denote the reference velocity and reference azimuth, respectively. The system
also contains a net which combines two consequent torques u, and us generated
from two FGNNs and determines the right and left driving torques, that is, u,
and u;.

In the simulations, we apply the FGNN using the mean-value-based func-
tional reasoning described in Section II.C. To simulate the mobile robot model,
the fourth-order Runge—Kutta—Gill method was used with an integration step
of 1 [ms]. It is also assumed that the control sampling period is 50 [ms]. The
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Robot

Connection Net

Figure 22 Fuzzy Gaussian neural network controller for a mobile robot with two independent drive
wheels. Reprinted from K. Watanabe et al., Fuzzy-neural network controllers using mean-value-based
functional reasoning, Neurocomputing 9:39-61, 1995, with kind permission of Elsevier Science-NL,
Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.

physical parameters of the mobile robot are as follows:

I, = 10 [kgm?], M =200[kg], [=0.3[m],
I, = 0.005 [kgm?],  ¢=0.05[kgm?/s], r=01[m], k=5

A circular trajectory with a radius of 1.5 [m] is considered, in which the reference
velocity vg is 0.25 [m/s] and the initial value of the state variable is given as
x=[0 0 0]7.

We used the 49 control rules in which the seven membership functions shown
in Fig. 23 were applied to each input variable. The center values of the seven

NB NM NS 20 PS PM PB

6 4 2 0 2 4 6 €€,

Figure 23 Gaussian membership functions with seven labels. Reprinted from K. Watanabe et al.,
Fuzzy-neural network controllers using mean-value-based functional reasoning, Neurocomputing
9:39-61, 1995, with kind permission of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV
Amsterdam, The Netherlands.
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membership functions, w,, were —6, —4, —2, 0, 2, 4, 6, and the reciprocal values
of the deviation w, were all unity so as to equally allocate all membership func-
tions on the support set [—6, 6]. Note that all initial scalers of the adaptive input
scaling method were set as 10*. Note also that the weights of the connection net,
Wen, are usually fixed as 1.0, 1.0, 1.0, —1.0 as discussed in [11]. However, here
we set them as 1.5, 1.5, 5.0, —5.0, which means that the output torque u, from
FGNN; was scaled as 1.5, and the output torque uy from FGNN, was also
scaled as 5.0u.

1. Effect of Input Scaling

In this simulation, the connection weights w, and w, for each FGNN were
learned, under the assumption that the other connection weights in the FGNNs
were not learned; that is, the learning rates of w, and wy were all fixed to 0.

The control results of the velocity and azimuth for the case where ¢ = 3
and 8 = 2, that is, when the initial parameters for w, and w; are 1.5 and 0.5,
respectively, are given in Figs. 24 and 25, where the learning rates of w, and

| T T T T T T T I
0.3 .
@
E 0.2F N
>
= L ——— reference |
% ——— 0th trial
> 0.1 — 1st trial 7
— 2nd trial
0_ —
| s 1 . i . 1 . |
0 20 40

Time [s]

Figure 24 Velocity control results for the case of initial parameters w, = 1.5 and wp = 0.5.
Reprinted from K. Watanabe et al., Fuzzy-neural network controllers using mean-value-based func-
tional reasoning, Neurocomputing 9:39-61, 1995, with kind permission of Elsevier Science-NL, Sara
Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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T T T T T T T v T
A
o) W
——— reference
= i ——=— 0th trial
©
= o N
E=S
5 — -
£
] - 4+ —
< — 1st trial
2nd trial
-BF 4
| | | | |
0 20 40
Time [s]

Figure 25 Azimuth control results for the case of initial parameters w, = 1.5 and wp, = 0.5.
Reprinted from K. Watanabe et al., Fuzzy-neural network controllers using mean-value-based func-
tional reasoning, Neurocomputing 9:39-61, 1995, with kind permission of Elsevier Science-NL, Sara
Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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S
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Figure 26 Trajectory control results for the case of initial parameters w, = 1.5 and wp, = 0.5.
Reprinted from K. Watanabe et al., Fuzzy-neural network controllers using mean-value-based func-
tional reasoning, Neurocomputing 9:39-61, 1995, with kind permission of Elsevier Science-NL, Sara
Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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wyp, were separately determined for the velocity and azimuth: 7} = 0.0005 and
n}, = 0.001 for the FGNN associated with the velocity, and 2 = 0.001 and
r;% = 0.0005 for the FGNN associated with the azimuth. It is seen from these
figures that, after the first trial, a very fast response is obtained for the velocity
and azimuth of the robot. The corresponding circular path in the (x, y) coordinate
is also depicted in Fig. 26.

It is also remarked that, in this case, the learning of the parameters w, and w,
does not necessarily contribute to the control of the velocity and azimuth of the

=== 0th trial
— 1st trial
—— 2nd trial

——— 0th trial
— tst trial
— 2nd trial

Input scaler s,(1)
N
(=]
T
!
Input scaler s,(2)

] 1 1

1 1 1 0
0 20 40 0 20 40
Time [s) Time [s]

(a) &

T T T T T T L 3 T T T T T T T T T

| e

-~ 0th trial
— 1st trial
—— 2nd trial

—~-— Qth trial
— 1st trial

Input scaler s¢ (1)
Input scaler s (2)

—— 2nd trial N

Il it 1 it 1 i s { L
0% 20 20 0 20 20
Time [s] Time [s]
© @
Figure 27 Input scalers for the case of initial parameters w, = 1.5 and wp, = 0.5. Reprinted from
K. Watanabe et al., Fuzzy-neural network controllers using mean-value-based functional reasoning,

Neurocomputing 9:39-61, 1995, with kind permission of Elsevier Science-NL, Sara Burgerhartstraat
25, 1055 KV Amsterdam, The Netherlands.
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robot, because the initial parameters for w, and wy, are set suitably. This was con-
firmed by the fact that setting all learning rates to 0 for w, and wj, in both FGNNs
gave the same results as before. As seen from Fig. 27a—d, the main contribution to
the control of the trajectory of the robot is only the adjustment of the input scaling
for e and é4.

2. Effect of the Learning of Parameters in the Conclusion

In this case, the parameters in the conclusion were modified using the values
a = 3.2 and B = 2; that is, the initial parameters for w, and w, were 1.6 and
0.5, respectively. In addition, the learning rates of w, and wj, were also changed
as n; = n}, = 0.005 for the FGNN associated with the velocity, and nZ = 17,2, =
0.001 for the FGNN associated with the azimuth.

The corresponding control results are shown in Figs. 28-30, together with their
input scaling adjustments shown in Fig. 31. It is seen from these figures that sat-
isfactory trajectory and azimuth are obtained after the second trial. As observed
from Fig. 28, the velocity response is still improved up to the sixth trial.

[ I T ! T LA R
L —
|
]
. 0.2 .
w L J
E I .
> ]
2 | ——— reference |
é 01 —=—=— 0th trial i
> - —— 2nd trial
: ——— 4th trial }
: —— 6th trial
0._ —
i R 1 N I R I . |
0 20 40

Time [s]

Figure 28 Velocity control results for the case of initial parameters w; = 1.6 and wy, = 0.5, where
r]}, = r]ll, = 0.005 and ng = n% = 0.001. Reprinted from K. Watanabe et al., Fuzzy-neural network
controllers using mean-value-based functional reasoning, Neurocomputing 9:39-61, 1995, with kind
permission of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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Figure 29 Azimuth control results for the case of initial parameters w, = 1.6 and wp, = 0.5, where
né = 7711, = 0.005 and n,% = 1112, = 0.001. Reprinted from K. Watanabe et al., Fuzzy-neural network
controllers using mean-value-based functional reasoning, Neurocomputing 9:39-61, 1995, with kind
permission of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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Figure 30 Trajectory control results for the case of initial parameters w, = 1.6 and wy, = 0.5, where
r]; = 17[1) = 0.005 and r]tzl = ’I% = 0.001. Reprinted from K. Watanabe ez al., Fuzzy-neural network
controllers using mean-value-based functional reasoning, Neurocomputing 9:39-61, 1995, with kind
permission of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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Figure 31 Input scalers for the case of initial parameters w, = 1.6 and wp = 0.5, where né =7 }) =
0.005 and 12 = n = 0.001.

To check the effect of the learning of the parameter w; on the control perfor-
mance, the results for the case where the learning rate of w, was fixed to 0 are
depicted in Figs. 32~34. From these figures, it is seen that the control of the veloc-
ity is inferior to that of the case where both w, and w;, are learned simultaneously.
Therefore, to improve the velocity response, the learning rate of w, was change to
nk = 0.05 for the FGNN associated with the velocity. The corresponding results
are shown in Figs. 35-37. From Fig. 35, it is understood that a very fast velocity
response is obtained, even though the parameter w; is not learned.



Mean-Value-Based Functional Reasoning Techniques 279

C I T T T T T T T {
i [
L I
{
— 02 J .
@ - £~
E |
> I
2 ——— reference
5 L |
% 0.1+ ~=—== 0th trial i
> b — 2nd trial
I ——— 4th trial
L — 6th trial
O._ —
| " 1 " 1 " | " 1
0 20 40

Time [s]

Figure 32 Velocity control results for the case of initial parameters w, = 1.6 and wp = 0.5, where
r]é = 0.005 and w), was fixed. Reprinted from K. Watanabe et al., Fuzzy-neural network controllers
using mean-value-based functional reasoning, Neurocomputing 9:39-61, 1995, with kind permission
of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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Figure 33 Azimuth control results for the case of initial parameters w,; = 1.6 and wj, = 0.5, where
né = 0.005 and wy, was fixed. Reprinted from K. Watanabe ef al., Fuzzy-neural network controllers
using mean-value-based functional reasoning, Neurocomputing 9:39-61, 1995, with kind permission
of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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Figure 34 Trajectory control results for the case of initial parameters w, = 1.6 and wp, = 0.5, where
77}1 = 0.005 and wy, was fixed. Reprinted from K. Watanabe ef al., Fuzzy-neural network controllers
using mean-value-based functional reasoning, Neurocomputing 9:39-61, 1995, with kind permission
of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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Figure 35 Velocity control results for the case of initial parameters w, = 1.6 and wp = 0.5, where
né = 0.05 and wp was fixed. Reprinted from K. Watanabe et al., Fuzzy-neural network controllers
using mean-value-based functional reasoning, Neurocomputing 9:39-61, 1995, with kind permission
of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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Figure 36 Azimuth control results for the case of initial parameters w, = 1.6 and wj, = 0.5, where

& = 0.05 and wy, was fixed.

VII. CONCLUSIONS

We have presented a mean-value-based functional reasoning scheme, in ad-
dition to the usual input-data-based functional reasoning and the simplified rea-
soning schemes, in which the conclusion consists of a function of mean values
on each membership function in the antecedent. It was shown that the constant
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Figure 37 Trajectory control results for the case of initial parameters wg
where ni = 0.05 and wp, was fixed.

= 1.6 and wp = 0.5,



282 Keigo Watanabe and Spyros G. Tzafestas

parameters in the conclusion of these functional reasoning schemes can be ratio-
nally designed through the use of VSS control theory. Furthermore, some fuzzy
neural network controllers were developed by using these functional reasoning
schemes. It was proved that the fuzzy neural network which uses the mean-value-
based functional reasoning scheme allows the number of learning parameters in
the conclusion to be reduced drastically, compared to those of the input-data-
based functional reasoning and the usual simplified reasoning schemes.
Recently, a stochastic fuzzy control approach that includes the present result
as a special case has been proposed [37—41]. This approach is based on using the
so-called multiple model adaptive control [42], and is closely related to the con-
ventional model-based control. The proposed stochastic fuzzy controller can be
designed as a conventional stochastic control consisting of a static fuzzy observer
part and a feedback gain part [39]. Also, this type of fuzzy controller can assure
the bounded stability of the controlled system through a robust control approach
[43], instead of assuring an ideally asymptotic stability [9-11]. For their practical
application to robotics and mechatronics, the reader is referred to [44—46].
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I. INTRODUCTION

In this chapter, we propose a model reference control system that uses fuzzy
neural networks (FNNs). The proposed model reference control system belongs
to indirect adaptive control. The controlled plant is identified by the fuzzy neu-
ral network identifier (FNNI), which approximates the system and provides the
sensitivity of the plant for the fuzzy neural network controller (FNNC). This is a
real adaptation system that can learn to control a complex system and adapt to a
wide range of variations in plant parameters. Unlike most other adaptive learning
neural controllers [1-8], the FNNC presented in this chapter is based not only on
the theory of neural network computing but also on that of fuzzy logic [9].

Though the proposed control scheme is a slight modification of those in {6,
10], we believe that our structure is more reasonable for a fuzzy logic control
system. Because the place for the reference model (RM) in the proposed system
is specially considered, the FNNC is designed such that the actual output of the
system will track the desired output of the reference model. Moreover, we can
simply take the error (between the actual output and the desired output) and the
change in this error as the input for the FNNC [2].

Fuzzy Logic and Expert Systems Applications
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II. FUZZY NEURAL NETWORK

In this section, we study the fuzzy inference system first. Later, such a system
is implemented by using the FNN which is a four-layered fuzzy neural network.
Because the generalized fuzzy neural network (GFNN) is the basis of the FNN,
the FNN will inherit the general properties from the GFNN. To capture the im-
portant concept of the FNN, the construction, learning process, and corresponding
operations of the FNN will be described in the following subsections.

A. FUuzzy INFERENCE SYSTEM

The main goal of fuzzy inference systems is to model human decision mak-
ing within the conceptual framework of fuzzy logic and approximate reasoning.
As is well known, a fuzzy inference system consists of four important parts: the
fuzzification interface, knowledge base, decision-making unit, and defuzzifica-
tion interface [11]. A fuzzy inference system is a model having the format of a
fuzzy controller, which has been the most developed area of fuzzy set theory in
engineering [12].

1. Generalized Modus Ponens

In this subsection, the operations of a fuzzy inference system are discussed
based on the generalized modus ponens (GMP) [13]. A general fuzzy inference
system with n inputs and p outputs can be described in the following format:

Premise: x is A’

Implication 1: If x is A!, then y is B! else
Implication 2: If x is A2, then yis B2 else

Implication m: If x is A™, then y is B™
Conclusion: y is B’

where x; € X;, y; € Y;, and X; and Y; are the universe of discourse of the corre-
sponding inputs and outputs, respectively. The n-array variable x = [x1, ..., x,]
denotes the input vector and the p-array variable y = [y1, ..., yp] denotes the
output vector. Vectors A’ = [A], A}, ..., A;]land B' = [B], B;,..., B)] are
vectors of linguistic values referring to the fuzzy variables x and y, respectively.
Vector A’ = [A], ..., A, ] s the input observation vector and B’ = [Bj, ... ., B;,]
is the output observation vector [14]. In a fuzzy inference system, A/ is the result
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of applying fuzzification for numerical input x;. This is the first step for rule rea-
soning. This means that a fuzzy inference system can be used for any nonfuzzy
application.

2. Rule Inference

According to the compositional rule of inference [15], B can be obtained by
taking the sup-* composition of fuzzy set A’ and fuzzy relation A/ — Bil :

B/ = (A and A and --- A) o (AJ and A} and --- AJ), M

where o denotes the sup-x composition operation. “x” is the z-norm opera-
tor. The sup-min and sup-product composition are often used. The fuzzy re-
lation used here is fuzzy implication. Note that Eq. (1) calculates only the
jth individual consequence for Bi’ . Now, let us consider the whole set of
rules in the generalized modus ponens. The overall output fuzzy set B can
be obtained by taking the union of all the individual conclusions [13], that
is,

B/ =(Ajand Ajand ---A,)o | J [(4]andA]and- - 4]) > B/]. @)
j=l,..m

If we take Larsen’s product fuzzy implication {13] and the sup-product composi-
tion on Eq. (2), then we obtain the membership function of output fuzzy set B} in
the following equation:

w0 =\/ [1‘[#,,; ) -V T ry @y (yi)], 3)
x Li=i j=li=1

where Vv denotes the pairwise maximum operator. For simplicity, we take fuzzy

singletons [15] on A] for! =1, ..., n, thatis,
) 1, ifx =xq, @
Hax) = 0, otherwise.

Substituting Eq. (4) into Eq. (3), we obtain the following equation:

ng ) =\/ (HuA{ (X))MB'; (). ®)

j=t \I=1

Because we want to use numerical output in most of the applications, Eq. (5)
must be transformed to a numerical output by taking defuzzification. There are
various methods of the defuzzification. Here we use the center of area (COA)
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method. Then the numerical output y; inferred from the fuzzy logical rules can be
determined from the output fuzzy set B; as follows:

_ Jy, e i)y dyi

yi = fori=1,...,p. (6)
l Jy, #p i) dyi

3. Simplified Fuzzy Inference System

Many researchers have dealt with the modification of fuzzy inference systems
by using different types of fuzzy logical rules, for example, {11, 16-18]. The
motivation for modifying the fuzzy inference systems is as follows:

1. The pairwise maximum operation in Eq. (3) causes extreme difficulty in
parameterizing the fuzzy logical rules. Also, it makes conventional
estimation methods inapplicable.

2. The integral in Eq. (6) requires numerical analysis methods in computer
simulations.

We can see that the modification of fuzzy inference systems is practically
needed. However, the modified fuzzy inference system must still be a univer-
sal approximator [19]. A universal approximator means that, given a function
F: R" — R which is continuous, there exists a fuzzy inference system f such
that f can approximate F uniformly on a compact subset of R” to any degree of
accuracy. .

By taking the fuzzy singletons to represent the output fuzzy sets B/, that is,

13

1, ify =8,
ILBj(yz')=[ e 'J
' 0, lfy,'=ﬂi,

where the ,B,.j are the fuzzy singletons, then a discrete form to calculate the ith
numerical output y; is obtained as follows:

e A (Tt 1y o0)
Yi= ]
j=1 ( [T o (xl))

The simplified fuzzy inference system in Eq. (7) has been proved to be a universal
approximator by Jou [12] and Wang [19]. Because Eq. (7) is only an algebraical
form, the disadvantages mentioned previously have disappeared.

‘We rewrite the generalized modus ponens based on the simplified fuzzy infer-
ence system as follows:

Q)
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Premise: x is A’

Implication 1: If x is Al, then y is [B], B3, ..., BL] else

B
Implication 2: If x is A2, then y is [ﬂlz, ﬂ22, ce e ,Bg] else

Implication m: If x is A™, then y is [B]", B, ..., /3;,"]
Conclusion: y is [B], B, - - -, Bp]

Each fuzzy if-then rule has the format
If x; is A{ and --- and x, is A{;,thenyl is ﬂ{, ceYp isﬂ,’;.

We can see that this fuzzy rule representation is exactly the same as Sugeno’s
fuzzy rules [17]. This indicates that if we use max-product inference to Sugeno’s
type of fuzzy rules, then we will get the same equation as Eq. (7).

4. Fuzzy Inference System and Neural Network

We know that neural networks have the capability of highly parallel distributed
processing and learning from experience. An automatic structure for a fuzzy in-
ference system utilizing the learning capability of a neural network is reasonable.
In this subsection, we will construct a four-layered neural network structure to
implement the fuzzy inference system as stated in Eq. (7). The construction of the
neural network is restricted by the following conditions:

1. The fuzzy inference system can be directly pointed out in the neural
network.

2. Every node at each layer has the physical meaning according to the fuzzy
inference system.

3. The overall operations are equal to Eq. (7).

Figure 1 shows a GFNN. This fuzzy neural network consists of four layers. Nodes
at layer 1 are input nodes which represent input linguistic variables. Nodes at layer
2 are membership nodes which act like membership functions. The membership
node is responsible for mapping an input linguistic variable into a possibility dis-
tribution [13] for the variable being equal to it. The rule node resides in layer
3. Thus, all the connections between membership nodes and rule nodes indicate
the if part or premise of fuzzy rules. The last layer node is the output node. The
connections between rule nodes and output nodes indicate the then part or conse-
quence of fuzzy rules.

In Fig. 1, we use the feedforward arrow to represent the whole connection links
between the term nodes and the rule nodes. The arrow is used to indicate the con-
nections of the antecedent part (if part) of the fuzzy rules. All of the connections
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output vector

} Layer 4

} Layer 3

input  vector } Layer 1

Figure 1 Generalized fuzzy neural network (GFNN).

of the fuzzy neural network must be predetermined because we want to develop
an automatic fuzzy inference system. Obviously, there are many ways to set up a
fuzzy neural network. In this chapter, we introduce an FNN based on the GFNN.
It will be stated in the next section.

B. STRUCTURE OF THE FUZZY NEURAL NETWORK

The structure diagram of the proposed FNN is shown in Fig. 2. The specialty
of the proposed FNN lies in the conditions for setting up the connections between
layer 2 and layer 3. Its construction is directly based on the fuzzy rules without
adjustment. For example, if we encounter the jth fuzzy rule described as follows:

If x1 is A{ and x; is Aé ---and x, is A,’;, then y is B;,

then a connection structure based on these fuzzy rules is illustrated in Fig. 3. This
forms the jth component of the FNN. For generality, we must consider m fuzzy
rules which can be considered independently like dealing with the jth fuzzy rules.
The complete fuzzy neural network is illustrated in Fig. 2.
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} Layer 4

} Layer 3

} Layer 2

} Layer 1

output node

rule node

term node

Figure 3 Construction of the jth component of the FNN.
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However, we must emphasize that the FNN does not ensure that A{ # Af.‘ for
J # k. The advantages of the FNN are as follows:

1. The structure of the FNN allows us to construct the fuzzy system rule by
rule. In other words, we can implement each fuzzy rule without
considering the other fuzzy rules.

2. If the prior knowledge of an expert is available, then we can directly add
some nodes (rules nodes and term nodes) on the FNN.

3. We do not take an ordinary fuzzy partition of the input space; thus, the
number of rules will not increase exponentially with the number of inputs.

4. Elimination of the redundant nodes (rule nodes and term nodes) are also
rule by rule. This means that if we eliminate a rule node, then the
associated terms are also removed from the FNN.

The disadvantage of the FNN lies in the requirements of a large amount of
term nodes. As we see in Fig. 2, although some term sets are almost the same, we
still require m x n term nodes at layer 2 for n inputs and m fuzzy rules.

C. LAYERED OPERATION OF THE Fuzzy
NEURAL NETWORK

We will consider the proposed FNN as a special type of neural network. Here,
special type means both the special connections and the node operations. In the
FNN, every layer and every node have the practical meaning because the FNN is
constructed directly based on both fuzzy rules and fuzzy inference.

With the four-layer structure of the FNN, we will define the basic function of a
node [20]; each node performs two actions using two different functions. The first
function is the aggregation function g*(-) which provides the input for the node,
that is,

Net input = g*(x*; W¥), &)

where the superscript indicates the layer number, x* denotes the input vector,
and W* denotes the connection weights vector. This notation will also be used in
the following equations. The second function is the nonlinear activation function
f*(-) which gives the output an activation value as a function of its net input,
that is,

Output = O = f*(g), 9

where O{‘ is the ith output of the kth layer. Next, we will indicate the signal
propagation, the basic function, and the practical meaning for every node at each
layer.
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Layer 1 (Input Layer)

The nodes at this layer are used to directly transmit the numerical inputs to the
next layer. The output of the ith input node (Oil) is equal to the numerical input
(xl.l), that is,

g,( ,W.l.)=W.1.. .1, (10
0} = f}(e}) = &) (x}s W), (11

where the weights at layer 1 are assumed to be unity, so no weight is adjusted
here.

Layer 2 (Linguistic Term Layer)

At this layer, every node performs a membership function. The Gaussian func-
tion, a particular example of a radially symmetric function [21], is used as the
membership function. The jth term set of the ith input maps the input xi2 into the
membership degree, that is,

2 2
202, . (xf —mij)
85y (s W) = gl (xfs migs 01j) = = ———=, 12)
i
(x2 — m;;)?
0 = f£;(&h) =exp[— | (13)

]

where m;; and o;; denote the mean (center) and variance (width) with respect to
A]. The adjusted weights at layer 2 are m;;’s and 0;;s.

Layer 3 (Rule Layer)

This layer implements the related links for the term nodes and rule nodes. In
other words, the antecedent matching will be determined here. The node at layer 3
performs the product operation. The net input and output of the jth rule node are

g (x: W, ﬂ (14)
_f (g})—gj(l]’W3) (15)

where W.3 is the connection weight between the jth term node of the ith input
and the jth rule node. There is no weight adjusted here, that is, W.. =1, Vi, j.
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Layer 4 (Output Layer)

This layer performs the defuzzification to get numerical outputs. The W4 con-
nection weight between the ith rule node and the jth output node represents the
consequence fuzzy singletons. If we use COA defuzzification, the node opera-
tion is

m
4/ 4. e 4 4
i=1
4,4
4 fj(g]) g; (x,’ ’])
Oj = m 4 4 (17)
D=1 % =1 %;

Equation (17) is fully based on Eq. (7), so the FNN with COA defuzzification
will be a universal approximator. However, we need to note that the adopted FNN
here is modified to be nonnormalized, that is, the operation in layer 4 is simply
modified as

0-—g,

e Z xt (18)

A nonnormalized FNN exhibits the desired performance for the identification and
control of nonlinear systems. Moreover, there are two advantages of an FNN with-
out a normalization process:

1. A faster training rate than the one which is normalized.
2. A much simpler form of the input—output sensitivity equations than in a
normalized FNN.

In the next section, we will show that such a nonnormalized FNN can approximate
any real continuous function.

D. SUPERVISED LEARNING

The adjusted parameters in the FNN can be divided into two categories based
on the if (premise) part and then (consequence) part of the fuzzy rules. In the
premise part, we are asked to fine tune the mean and variance of the Gaussian
functions, whereas, in the consequence part, the adjusted parameters are the con-
sequence weights. Once the FNN has been initialized, a gradient-descent-based
back-propagation (BP) algorithm [22-24] is employed to adjust the parameters of
the FNN by using the training patterns. The main goal of supervised learning is
to minimize the error function:

= Ldw) - y)?, (19)
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where y(k) is the output of the FNN and d(k) is the desired output for the ith
input pattern. If §;; is the adjusted parameter, then the learning rule used is

E
- — - AG;;(k), 2
39,‘j+a z]( ) (20)

A (k) = 6;(k) — 0;(k — 1), 2D

Qij(k +1) = 9ij(k) -7

where 7 is the learning rate and o, between 0 and 1, is the momentum parameter
(a value of 0.9 is often chosen for o).

To derive the learning law based on the back-propagation algorithm, we shall
derive the computation of the 3 E /0 W;; layer. We start this procedure from layer
4 because the error is back-propagated from this layer.

Layer 4

At this layer, the adjusted weights are Wi‘}. Using Egs. (20) and (21), the adap-
tive rule of Wi‘; is derived as follows:

OF 9E 0307

T owh Tond 4
W} 20t W}
4 4 4

= (dj - Oj) "X

= 8} xf, (22)

where
5} = (d} - o),

and 8;? is the error signal with respect to the jth output node. Hence, the conse-
quence weights are updated by

Wik +1) = WS +nw - 87 () - x} () +aw - AW (0, 23)
where nw and aw are the learning rate and the momentum parameter for adjusting

the parameter Wl.‘}, respectively.

Layer 3

Only the error signal 8? needs to be computed and propagated because there is
no weight adjustment at this layer. The error signal 8,.3 is derived as follows:

dE P oo 00% 303 2
== —_ N At BN R A 24
! agi3 Z 30}‘ 301'3 38? Z J ij ( )

j=1 j=1

where p is the number of output nodes.
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Layer 2

The adjusted parameters are m;; and o;; at this layer. Using Eqs. (20) and (21),
we can derive the adaptive rule of m;; as follows:

3E 9E 38 907

dmij _;gf 907 dmi;

n 2(xZ — my;)
2 J
~ 33}..(1'[%).%_

i=1 Oij
2(x-2. —m;jj)

- 8'2] . 1] R tj , (25)

o

where

n
% =83-T] 03 (26)

i=1

and 5;'2]' is the error signal with respect to the jth term set of the ith input. Similarly,
the adaptive rule of o;; is derived as follows:

9E _ 3E dg 80}
30 9g7 30} doij
n 2(x% — m;j)?
— 3 2 ij 1
=9; (HOU)' 3
i=1 i
2(x-2. — m,-j)2
= g U @)
ij

Thus, the update rules for m;; and o;; are

) 2(xi2j —m;j)
mij(k +1) = mijk) + nm - 0j; - — +am - Am;jk),  (28)
ij
2(xl.2j —m,'j)2
———— + a5 - Agij(k), (29)
o}

oij(k+1) = 0j; (k) + no '0'5' .

where 0., no and o,,, 0, are the learning rates and the momentum parameters
for adjusting the parameters m;; and o;;, respectively.
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E. INITIALIZATION OF THE Fuzzy
NEURAL NETWORK

The parameters of the FNN have clear physical meanings. This is one of
the differences between the FNN and a typical back-propagation neural network
(BPNN) [25, 26]. To initialize the connection weights of the BPNN, random val-
ues are frequently used because the relation between the weights and input—output
data of the BPNN is unknown. In contrast to the BPNN, the parameters of the
FNN have a clear relationship with the input—output data. Thus, the initial FNN
can be constructed to a good approximation of an unknown function based on
input—output data. Now, we will briefly describe an on-line initialization.

On-Line Initialization

In the on-line initialization method, the initialization takes place immediately
after each training pattern has been presented. Let m be the default fuzzy rule
number. Let X; denote the universe of discourse of the input x; and let q;, b;
be the lower and upper bounds of X;, that is, if x; € X;, then x; € [a;, b;].
Suppose, at instant k, 1 < k < m — 2, a training pattern (x1(k), ..., x,(k); y(k))
is presented. We can directly set the parameters

Br=yk) and  my = x k), l<i<nforl<k<m-2,
gk =1 and  my =a;, l<i<nfork=m-1, (30)
gk=1 and mir = by, 1<i<nfork=m.

In this way, when m — 2 training patterns are presented, we can obtain m con-
sequence weights (B, k = 1,...,m) and the centers for the input fuzzy sets
(A%, k=1,...,m).

The remaining problem is how to determine the corresponding width (o;z) for
A{.‘; this is also the main problem in the on-line initialization method. Though we
can match the first m —2 training pairs quite well by choosing oy to be sufficiently
small, we will have large approximation errors for other input—output pairs [19].
Therefore, the reasonable choice of g;; should make the input membership func-
tions cover the input range in a good way. Moreover, the method in [19] results in
a fixed value of o;; once the m training pairs are fed into the fuzzy neural network.
We expect to obtain a more flexible result to satisfy our requirements.

In the fuzzy neural network systems [11, 16, 27], the initial parameter values
can be easily set in such a way that the membership functions are equally spaced
along the operating range of each input variable. Then these membership func-
tions will satisfy e-completeness [13, 15], which means that, given a value x of
one of the inputs in the operating range, we can always find a linguistic label A
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such that pa(x) > €. In this manner, the fuzzy inference system can provide a
smooth transition and sufficient overlapping from one linguistic label to another.
Note especially that if the e-completeness condition is not satisfied, there may be
no fuzzy rules fired when the input data are fed into the fuzzy neural network.
Thus, we want to present a flexible method to properly choose a; such that the
input membership functions can satisfy e-completeness.

Before going further to show the choice and characteristic of o;;, we want to
introduce the following notation. We note that the following notation is based on
aﬁxedkorAf.‘, 1<k<m:

Af : the closet fuzzy set of Af.‘ on the right side of A{.‘ ,

Af: the closet fuzzy set of Af on the left side of A;‘ ,

m;g: the corresponding center of AIR,

m;1.: the corresponding center of AiL. The special choice for o;y is

_ max{|miy — mig|, Imix —m;L|}

Oix = s 31
ik | Tn A-i | ( )
where A; is the overlapping factor, 0 < 4; < 1. We now show t_hat, by choosing
oik this way, the membership functions of the linguistic labels A{ ,ji=1,...,m,

will cover X; with a good property.

THEOREM 1. The fuzzy set A; = (Ail, A%, ceey Ag”), where each linguistic

label Aij has a Gaussian membership function constructed by the preceding initial
m;y [see Eq. (30)] and oiy [see Eq. (31)], will satisfy. That is,

forall xi € X;, there exists k € 1, 2, ..., m such that p 4 (x;) = € = A,

where 1;, 0 < A; < 1, is the overlapping factor.

Proof. Because x; € X;, there must existk € 1, 2,...,m, such that m;; <
Xxi <mjgorm;p < x; < m;;. We will prove this theorem under several different
cases as follows:

1. If my < x; <m;g and |mix — m;r| = |mix — m;r|, then we have

By using the Gaussian membership function, we can obtain

Hoak (i) = pyk(mig)

o omar \ 2
i i

= A
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2. If mjp, < x; <mjy and |mijx — m;g| > |mi — m;yp|, then oy is the same as
shown in case 1. Thus, we have

Mgk (xi) = pge(miL)
. —— . 2
exp[—- [InA;]| - (—m'l“ m'k) ]
Mik — MR
N2
exp[_ |1n)\l| . (M) ]
Mg —~ MR

= A;.

v

The proof for the other cases induced by |mx — m;r| < |mix — m;L| is very
similar to cases 1 and 2. This completes the proof. ]

Although we can incorporate prior expert information to choose a better initial
parameter of the FNN, we finally gave up this attempt, because we believe that
the proposed on-line initialization method is efficient and sufficient in practical
applications. In fact, based on our simulation results in Section V, this is indeed
true.

The on-line initialization method can be summarized as follows:

Step 1.
Fork=1,2,...,mandi =1, 2,...,n,let

Bk=yk) and  my = x;k), l<i<nforl<k<m-2,

gk=1 and miy = a;, l<i<nfork=m-1,
Bk =1 and mix = b;, l1<i<nfork=m.
Step 2.

Let
_ max{|mix — mjg|, lmix —miL|}

g, =
”‘ ST

III. MAPPING CAPABILITY OF THE FUZZY
NEURAL NETWORK

In this section, we will show that the FNN can be used effectively for any
real continuous function approximation. That is, an FNN with an arbitrarily large
number of fuzzy logical rules can approximate any continuous function in C(R")
over a compact subset of R”. It is described in the following theorem.
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UNIVERSAL APPROXIMATION THEOREM. For any given real function h.
R" — R™, continuous on a compact set K C R" and arbitrary € > 0, there
exists an FNN system f such that || f (x) — h(x)|| < €. Here || - || can be referred
to any norm.

This theorem will be proved by using the Stone—Weierstrass theorem. We begin
with a single-output case and extend it to a multiple-output case later.

A. PROOF OF SINGLE-OUTPUT CASE

The structure diagram of the proposed FNN is shown in Fig. 2. The single
output of the FNN can be expressed as

m
Y&y =) B (), (32)
j=1
where
n n 2
: (x; — mjj)
¢jx) =[] uh, ) =]]exp [ - '—%]
i=1 i=1 %ij
is a function of the input x = (x1, x2,...,x,) and the link weight 8; is the

output action strength. Let ® be of the form: [/, exp(—((x; — b) /a)?), where
a, b € R. Let F" be the family of the function y: R* — R in the form of

m
yx)=) Bj-¢;, forpjeR, {p;}e® xR, j=1,2,....,m. (33)
j=1

To prove the universal approximation, the following definitions [28] are nec-
essary. A family A of real-valued functions defined on a set X is an algebra if A
is closed under addition, multiplication, and scalar multiplication. For example,
the set of all polynomials is an algebra. A family A is uniformly closed if A has
the property that f € A whenever f, € A, n = 1,2,...,and f;, — f uni-
formly on K. The uniform closure of A, denoted by B, is the set of all functions
which are limits of uniformly convergent sequences of members of A. By Weier-
strass’ famous theorem, it is known that the set of continuous functions on [a, b]
is the uniform closure of the set of polynomials on [a, b]. A separates points on
a set K if for every x, y in K, x # y, there exists a function f in A such that
f(x) # f(¥); A vanishes at no point of K if for each x in K there exists f in A
such that f(x) # 0.

STONE-WEIERSTRASS THEOREM [28]. Let A be a set of real continuous
Junctions on a compact set K. If (1) A is an algebra; (2) A separates pointson K ;
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(3) A vanishes at no point of K, then the uniform closure of A consists of all real
continuous functions on K.

To prove our main result, we will begin with the following lemmas:

LEMMA 1. Let F" be defined as in Eq. (33). Then F" is an algebra.

Proof. Letgy, go € F',and g; = Zi;:l“p D, g2 = Z;=1 Yq - bg, where
Ap, Vg €R, ap, bge® p=1,2,...,5, q=1,2,...,¢, with

ool (5)) el (-(552))

1. Since

s t
g1+ = Z“p‘ap'*‘zyq'bq
p=1 q=1
=(ar-ar+oz-az+--+as-a)
+bityva-bat+o+ - by)
s+t

= Zrk - Ok
k=1

thus, ry = o if k < s,and ry = yx—s ifk > 5. Sory € R (e, vk € R).
Furthermore, 6y = ar ifk > s,and 0y = by ifk > 5,500, €
(ag, bx—s € ®). Thatis, g1 + g» € F". This proves that F" is closed under
addition.

2. Letd € Rbeascalar. Thenwe haved - g1 = 3 ,_,(d - aplap =
> p=1Bp - ap, where B, € R. Thatis, d - g1 € F". This proves that F” is
closed under scalar multiplication.

3. Let
s t
g1:& = (Zap .gp) . (qu bq)
p=1 g=1
st
= ok, (34)
where
Pk = Qp * Vg,
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and

p=I[k-1)/t1+1,
qg = ((k—1) mod?) + 1.

Thus

= [Towo (- (2522) ) [Tow( - (*522) )

i=1

li[ ( (%1)2_<%)2) (35)

After some computations, Eq. (34) can be written as

2
M Hexp( ( “”‘))=nk-;k, (36)

where

z (Mip — vig)?
l—I ip iq
= ex _——,
e = ] p( u? +o? )

i=1 iq ip
2 2
Wiy Mip T 0, - Vig
W = 2 )
ulq + aap
Oip - U;
A o= —p Mg

and ¢ € ®. Substituting into Eq. (33), we obtain

st st st
Z‘Pk‘ck =Z¢k-nk-§k =Zpk-§k-
k=1 k=1 k=1

That is, g1, g2 € F”. This proves that F" is closed under multiplication.

By cases 1-3 we conclude that F” is an algebra. |
LEMMA 2. F" separates points on K.

Proof. We prove this by constructing a function f. That is, we specify the
number of fuzzy sets defined in X, the parameters of the Gaussian membership
functions, and the number of fuzzy rules, such that the resulting f [in the form of

(33)] has the property that f (x%) # f(y°) for arbitrary x0, y° € K with x% 5 y°.
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Letﬁ = (x?, xg, cees xg) andy_0 = (y(l), yg, cee, y,?). We choose two fuzzy rules
for the fuzzy rule base, and let the Gaussian membership functions be

(xi — x))?
Ml (i) = exp ( - ——2——)

(xi — y)?
sy =~ 530)

Then f can be expressed as

f(x)=ﬂ1'Eexp<—(x—'—2—u)+ﬂz'nexp(———(x 2y') )

i=1

where 81, B2 are the link weights. With this f, we have

n Y02
£ =ﬂ1+ﬂz'i]:!em(—(x’+’)),

n 032
£G60 = B ~I‘[exp(— (—xTx)—) + b2
i=1

Because x° # y_O, there must be some i such that x? # y?. Hence, we have
[Ty exp(—(xi — y?)2/2) # 1. If we choose 1 = 1 and 8, = 0, then it is easy
to find that f) =B1# F(3%). W

LEMMA 3. F" vanishes at no point of K.

Proof. From Eq. (33), if we choose ; > 0, j =1,2,...,m,theny > 0
for any x € K. Thatis, any y € F" with 8; > 0 can serve as the required f.
]

Therefore, that the FNN having only a single output is a universal approxima-
tor is a direct consequence of the Stone—Weierstrass theorem and Lemmas 1-3.
m

From the previous proof, we can conclude that, given a real function #: R" —
R, continuous on K, and € > 0, there exists an FNN system y € B, where B is
the uniform closure of F”, such that |y(x) — A(x)] < € for every x in K. That
is, an FNN system with an arbitrarily large number of fuzzy logical rules can
approximate any real continuous function in C(R") over a compact subset of R".
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B. EXTENSION TO MULTIPLE-OUTPUT CASE

In the following, we will extend the previous results to the FNN of multiple
outputs. Let us consider the following example.

Suppose f1 and f> are functions of x, where x = (x1, x2, ..., x,). Further-
more, assume function fi can be approximated with m rules, whose structure is
shown in Fig. 4a and function f, can be approximated with p rules, whose struc-
ture is shown in Fig. 4b.

(@

()

Figure 4 Structure diagrams of f] and f;.
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ta t.

Figure 5 Structure diagram of a multiple-output system.

It is easy for us to combine these two individual FNNs, each with a single out-
put, into a new FNN having two outputs. The new structure is shown in Fig. 5. The
new structure has m + p rules; the first m rules are constructed from f] and the last
p rules are constructed from f>. With this assignment, the consequence weights
of the last p rules associated with the first output (1) are set to zero, so are the
consequence weights of the first m rules associated with the second output (f2).

Based on the previous discussion, because the FNN of a single output can per-
form the universal approximation, there must exist an FNN of multiple outputs
with an arbitrarily large number of fuzzy logical rules that can perform the uni-
versal approximation on each output. This completes the proof of the universal
approximation theorem.

IV. MODEL REFERENCE CONTROL SYSTEM
USING A FUZZY NEURAL NETWORK!

Figure 6 shows the proposed model reference control system using a fuzzy
neural network. The control scheme must perform two major tasks: (1) system
identification and (2) plant control. The former is achieved by using the fuzzy

1Pparts of this section are reprinted from Fuzzy Sets and Systems 73:291-312, 1995 with kind per-
mission of Elsevier Science-NL, Sara Burgerhartstraat 25, 1055 KV Amsterdam, The Netherlands.
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b/

FNNC

Figure 6 Model reference control system using a fuzzy neural network.

neural network identifier (FNNI) to estimate the dynamics of the controlled plant.
The latter is achieved by using the fuzzy neural network controller (FNNC) to
generate the control signals. The control action generated by the FNNC is updated
by observing the controlled results through the FNNL

A. OVERALL STRUCTURE OF THE SYSTEM

Fuzzy Neural Network Identifier

The objective of the FNNI is to mimic the dynamic characteristics of the con-
trolled plant. Training of the FNNI is similar to plant identification except that the
plant identification here is done automatically by a fuzzy neural network which
is capable of modeling nonlinear plants [9]. The FNNI is trained by the preced-
ing algorithm to predict the state vector of the plant y;, with the actual value of
the state of the plant y, used as the desired response. The training process stops
when the error signal between y; and y, is small enough. If changes in the sys-
tem parameters or the environment occur, the FNNI is triggered on again to begin
relearning.

Fuzzy Neural Network Controller

The fuzzy neural network here serves as a controller. The FNNC is expected
to approximate an optimal control surface. The surface is encoded in the form
of fuzzy rules, which are represented by the interconnection weights embedded
in the FNNC. Thus, the weights can be modified to established different control
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rules. As time goes on and the system accumulates more experience, it learns to
control the plant more effectively. A controlled plant is identified by the FNNI,
which provides the sensitivity of the plant to the FNNC. The plant sensitivity is
used in Eq. (41).

Reference Model

The reference model specifies the desired output performance of the control
system. The controller is designed such that the actual output of the system will
track the desired output of the reference model. This goal can be achieved by
minimizing e = (y, — yp).

Note that our structure is different from that in [6], in which the reference
model is placed on the left side. We believe that our structure is more reasonable
for a fuzzy system.

B. TRAINING THE FUzzZY NEURAL
NETWORK IDENTIFIER AND THE FUZzYy
NEURAL NETWORK CONTROLLER

Let the cost function, Ey, for training pattern £ be proportional to the sum of
the square of the difference between the plant output y(k) and the actual output
yr(k) of FNNI, and let E; be defined by

Er =Ly —yi0)]" 37

Then the gradient of error in Eq. (37) with respect to an arbitrary weighting vector
W; € R" is as follows:

0Er der(k) _ dyr (k)
aw, — 4Oy, = ma® 5y
3010
= —ej(k) oW (38)

where ej (k) = y(k) — ys (k) is the error between the plant and the FNNI response.
O (k) is the actual output of the identifier (FNNI).
The weight can be adjusted by the following formula:

oE
Witk +1) = Wi (k) + AW (k) = W1(k)+n1<— ﬁ) (39)
where 77 is a learning rate.
Similarly, let the cost function, E¢, for training pattern k¥ be proportional to
the sum of the square of the difference between the desired output y, (k) of the
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reference model and the plant output y(k), and let E¢ be defined by

Ec = i[y®) - y®]. (40)

Then the gradient of error in Eq.(40) with respect to an arbitrary weighting vector
We € R is as follows:

0Ec aec(k) dy (k)
7 ec(k) oWe eclk )—"
_ dy(k) du(k) _ 00c(k)
= —eC(k)au(k) —BW ec(k)yu(k) - T 41)

where ec(k) = y,(k) — y(k) is the error between the actual plant and desired
reference output, O¢ (k) is the output of the controller (FNNC), and S = y, (k) =
dy(k)/du(k) is called the plant sensitivity.

The weight can be adjusted by the following formula:

Wk +1) = We k) + AWc (k) = We k) + nc( - ?—Z> (42)

where 7)¢ is a learning rate.
The plant sensitivity can be computed as follows:

3y %W' 2”':30“) 80
u; ot a — 30'(2) aui

dd ao
I [ 0@ . 29 }
Zll

b#i
=iw1@(ml—#} #3)
ot (Gi)

where m;; and oy are, respectively, the mean (or center) and the variance (or
width) of the Gaussian function in the kth term of the ith input linguistic vari-
able u;. The superscript denotes the layer number. The link weight W,; is the
output action strength of the jth output associated with the ath rule. Ny, is the
number of fuzzy sets of the ith input linguistic variable u;. Ry is the number of
rules in the FNNI. Some convergence theorems for selecting appropriate learning
rates have been proved in [29]. The interested reader is referred to [29].
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V. SIMULATION RESULTS

In this section, we test the model reference control system with an example.
The number of inputs for the FNNC is denoted by n¢ and that of the FNNI by n;.
Rc and R; denote the number of rules in the FNNC and FNNI. Pc and Py are the

inputs to the FNNC and FNNL.

Example: A Nonlinear Unstable Plant
In this case the plant is described by the differential equation [8]
=3y -y+u

The reference model is 1. The objective is to control the nonlinear plant such
that the desired value is 2.0. This problem is a stability regulation problem.

Initial membership funtion of error rate(e’)

Initial membership funtion of error(e
1 1 .
5 E
S S
8 b=}
5 035+ 5 05 .
O Q
0 0 \._4
Final memb|ership fuption of error rate e’)
1 N 1 ey dm e e e e
E E
= ) : X
= £ v ;
o O »
0 e 0 e L i
4 -6 -4 2 0 2

(d
Figure 7 Initial membership functions of controller: (a) error and (b) error rate. Final membership
functions of controller: (c) error and (d) error rate.



310 Yie-Chien Chen and Ching-Cheng Teng

Assume that for the FNNC, Pc = {e(t), é(2)}; each input variable has three
fuzzy partition sets. We have Rc = 3x3 = 9rules,andn¢c = 94-2x(343) = 21.
For the FNNI, P; = {u(t), y(#)}; each input variable has three fuzzy partition sets.
We have Ry =3 x3 =9rules,andn; = 942 x (34 3) = 21. See Figs. 7a
and b and 8a and b.

Each cycle takes 6 seconds. After 10 cycles, the plant can be controlled very
effectively, with a step size of 0.015 seconds.

In the simulation, we find a way to cancel the redundant rules. In each cycle,
if the value of a particular consequence link rule is smaller than 1/R¢c = 1/9
for the FNNC or 1/R; = 1/9 for the FNNI, then we eliminate that rule. In the
final simulation result, we find that the FNNC has five rules and the FNNI has
four rules. See Figs. 7c and d and 8c and d and Tables I and II. The final result is

shown in Fig. 9.

Initial membership funtion of u Initial membership funtion of y

Tt Tt

(2 Lo
b= =1

g =

5 g 4
3 9
Lt L]

4
(b)

Bt 3t

QL Q

h=] b=

g =

5] =

QL L

=] <

e il

@
Figure 8 [Initial membership functions of identifier: (a) # and (b) y. Final membership functions of
identifier: (c) 4 and (d) y.
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Table I

Learned Rule Weight Matrix for the FNNC

é

e NM ZE PM
NM 0.000 —2.880 0.000
ZE 1.165 0.042 0.000
PM 0.012 1.161 0.000

Table 11

Learned Rule Weight Matrix for the FNNI

u

y NM ZE PM
NM 0.000 0.000 0.000
ZE 0.000 0.305 —0.608
PM 0.000 2.059 2.477
Example 4: final response
2.5 T T T T
2F
1.5
4
2
‘E
&
= n
0.5+
0 : . . ;
0 1 2 3 4

Time (sec)

Figure 9 Final system response for the example.

3n
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VI. CONCLUSIONS

We have investigated a fuzzy neural network structure which can be success-
fully applied to a model reference control system. First, we study a simple fuzzy-
logic-based neural network system, in which the knowledge of rules is explicitly
expressed in the weights of the neural network and inferences are executed effi-
ciently at a high rate. Then the capability of the universal approximation of the
fuzzy neural network is proved in detail.

In model reference control, two fuzzy neural networks are used. One is for
a controller (FNNC); the other is for an identifier (FNNI). The system has been
tested for its on-line adaptive ability, robustness, and interpolation ability. The
simulation result showed that combining fuzzy logic and neural network comput-
ing appears to be a feasible way of dealing with real-time application.
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In his inspiring tutorial [1], Ljung quoted the following:
An engineer, who is faced with [characterizing, or predicting, the behavior of
his or her plant based on recorded data] has the following perspective:

e How can I best use the information in the observed data to calculate a
model of the system’s properties?
e How can I know if the model is any good, and how can I trust it for
simulation and design purposes?
e How shall I manipulate the input signals to obtain as much information as
possible about the system?
e What kind of software support is available for doing the tasks?

Fuzzy Logic and Expert Systems Applications
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Later on in the same article, Ljung discusses the question of model nature and
structure. By model nature, we have in mind the following classification:

e physical models,
e semiphysical models, also called “gray-box” models,
e black-box models.

This chapter mainly concentrates on the last category, namely black-box models.
And, within black-box models, we shall concentrate on the less popular ones in
the control community, namely those that are nonlinear and nonparametric in na-
ture. Here “nonlinear” means that our model class will not be restricted to linear
input—output maps. And “nonparametric” means that our models do have param-
eters, but in a quantity that is not a priori fixed, but fully depends on the data;
consequently, convergence issues and quality of fit cannot be assessed in terms of
the involved parameters, but rather more globally in terms of the global behav-
ior. “Nonlinear and nonparametric” thus will be our general perspective through-
out this chapter. Although this setting may appear quite technical, more familiar
and even some exotic ones will also be covered, such as neural networks [2-4],
wavelets [5, 6], and fuzzy models [7]. A typical form of the kind of model class
that we shall consider is the popular single hidden layer neural network for static
systems:

Fa@) =) cio@lx + 1) +co, (1)

i=1

where o is the sigmoid function, x € RY is the input, n is the number of neurons,
and the (c;, a;, t;)’s are the adjustable parameters. This is clearly nonlinear in x,
and the size n of the network is to be tuned on the data. In addition, in this case,
the model is also nonlinear in the parameters.

Such models have gained increasing interest, as reflected, for instance, in the
articles [2—4]. This is due to their ability to encompass truly nonlinear behaviors,
including those involved in classification and, more generally, decision proce-
dures. Referring to Ljung’s practical problem setting given previously, the follow-
ing practical questions must be investigated when using nonlinear nonparametric
models such as (1):

e How can good nonlinear nonparametric models extrapolate or predict be-
haviors outside the range of data used for their identification, fitting, tuning, or
training? Predicting behaviors is one of the main purposes of system identifica-
tion. It is not usual to ask such a question about linear system identification, be-
cause good linear model fitting generally also provides good prediction for truly

! These are more or less equivalent words used by different communities; we shall use any one of
these indifferently.
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linear plants. However, this is of primary concern in our case, because nonlinear
systems are in essence not easily predictable outside the range of available obser-
vations. This question is also related to that of the appropriate choice of inputs for
identification.

e How can nonlinear nonparametric models be used for system monitoring
and diagnostics ? Such models are, in principle, good candidates for system mon-
itoring, because they are able to describe systems behaviors at all operating points
simultaneously, thus preventing confusion between changes in operating point
and changes in systems behavior. However, it is not clear how changes could be
interpreted using such models, that is, how diagnostics could be performed.

Then the user is faced with a second question, namely how identification should
be performed:

o How should data be used to fit a nonlinear nonparametric model? Though
different situations can occur, we shall mainly investigate the classical situation
in which noisy input—output measurements are available.

e How can one take advantage of any kind of prior knowledge for some partial
tuning or pretuning of the model? Such a coarsely tuned model is sometimes suffi-
cient, and sometimes used as an initial guess for system identification. Also, prior
information can be critical for diagnostics. Again, linear systems engineering can
serve as a guide for us: response times, resonant modes, delay, and others are typ-
ical qualitative information that engineers may have from experience about their
plants, and they know how to reflect this prior knowledge into linear models. For
nonlinear nonparametric models, no obvious alternative seems to exist: what kind
of prior knowledge is relevant for such models, and how does one express it? Thus
it seems that the engineer must entirely rely on fitting from data, without taking
advantage of some prior knowledge he or she may have; we shall see that fuzzy
models and their rules may be good candidates to express such prior knowledge.

o What kind of software support is available for doing the tasks?

Moving one step further toward a mathematical formulation of our problems, we
may translate some of these questions into the following more technical ones:

e How does one assess the quality of approximation? Given a true system f
and an approximation f of it, how does one measure the quality of approxima-
tion? No parametric distance can be used. And because nonlinear systems are
considered, the usual operator norms from linear system theory cannot be con-
sidered. In the second part of this section, based on a few examples, we shall
introduce the distance measures we shall use throughout this chapter. These will
mainly be L ,-type norms involving f — f and possibly some derivatives of it.
Note that using such distance measures involves some kind of prior knowledge,
namely the assumption that the system under consideration belongs to the consid-
ered space, and this is a smoothness prior information.
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e How does one measure the quality of fit from noisy data? This is really as-
sessing the quality of system identification. We shall naturally use figures of merit
of the form E|| f — fw ||, where || - || denotes a norm such as discussed previously,
fN is the estimate of f based on an N-sample record, and E is the expectation
with respect to all kinds of uncertainties (input, output, and noise).

o What plays the role of “Cramer—Rao bounds,” and what does it mean for
an estimator to be “optimal”? Such criteria are important in assessing the relative
performance of estimators, especially because of the very large variety of models
and identification procedures proposed so far.

o How efficient are identification algorithms really in terms of computational
cost and quality of conditioning? Because our model classes often are nonlinear in
the parameters, tuning procedures may be of prohibitive cost and may further be
ill-behaved (cf. the well-known “backpropagation” algorithm for neural network
training).

e What kind of coarse or qualitative property can be asserted about the mod-
els we consider, apart from smoothness prior information such as discussed pre-
viously?

These are some of the issues that we shall discuss throughout this chapter. The
chapter is organized as follows. The remainder of this section is devoted to the two
applications we selected for a more detailed discussion. Then we discuss some
basic mathematical problems relevant to our nonparametric setting, and justify,
by the way, the use of some specific distance measures between systems and their
estimates.

In Section II, the classical background of nonparametric estimation is visited.
First, so-called “linear” estimators (be careful that systems and models are nev-
ertheless nonlinear) are presented and discussed: kernel, piecewise-polynomial,
and projection estimators are typical instances. Then the issue of selecting the
“model order” is discussed and generalized cross validation is introduced. In a
second subsection, convergence rates and performance criteria are analyzed, and
it is shown that classical linear estimators perform poorly for systems with sparse
singularities—such nonlinear systems frequently occur in practice. Some existing
nonlinear estimation techniques which provide spatial adaptation are briefly dis-
cussed in the last subsection; these include sigmoid-based neural networks and
an interesting alternative proposed by Leo Breiman, namely the “hinging hyper-
planes” which are, in fact, piecewise linear models such as used in control by
Sontag in the early 1980s [8]. Such nonlinear estimators with spatial adaptation
are not supported by satisfactory mathematical analysis, however. This motivates
investigating wavelets.

Wavelets are introduced in Section III and their contribution to function
approximation theory is briefly reported. In particular, orthonormal bases of
wavelets for L2-type spaces are presented. The importance of Besov spaces of
functions is emphasized, for modeling smooth systems with sparse singularities.
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Besov spaces are closely related to the more usual Sobolev spaces. The optimality
of wavelet expansions in Besov spaces of functions is discussed. The central role
of Besov spaces for wavelets was pointed out by Yves Meyer.

How wavelets can be best used for estimation is the topic of Section IV. We
report on and discuss the simple and elegant method of “wavelet shrinking” as
introduced by David Donoho and co-workers.

Building orthonormal bases of wavelets, for even medium-large-dimensional
input spaces (say, >10), becomes prohibitive in terms of memory requirements.
Thus an alternative method is proposed in Section V, which is still based on
wavelets, but in a different manner. This method is suitable for sparse training
data sets, that is, data sets whose cardinality does not grow exponentially with the
dimension of the input space.

Now, the question of how to practically express available prior knowledge for
nonparametric models is still open. In Section VI, we discuss a proposal toward
achieving this, which is based on fuzzy models and their associated rules. An
extension of the usual fuzzy models is proposed to capture the multiresolution
aspects of wavelet-based estimators.

The experimental results of some of these methods are reported in Section VII.

Finally, both the practical and the mathematical aspects are summarized and
discussed in Section VIIL.

A. TWO APPLICATION EXAMPLES

1. Modeling a Gas Turbine System:
An Example of Identification of a Static Nonlinear System

Here we briefly present the case study of a gas turbine system, as an example
of identification of a static nonlinear system. Results and experiments will be
reported in Section VII. Gas turbines are power motors, typically used in electrical
power generators and aircraft. Usually a gas turbine system is composed of a
compressor, one or several combustion chambers, and an expansion turbine. The
compressor produces high-pressure air which is then mixed with the fuel. This
mixed gas is burned in the combustion chambers to increase its temperature and
pressure. The burned gas is then forwarded to the expansion turbine. The pressure
of the gas drives the rotor of the expansion turbine, which, in turn, drives the
compressor. The residual energy can then be used for producing electricity, and
the gas is rejected at the exhaust of the expansion turbine.

One of the purposes of our joint study with European Gas Turbine SA, Belfort,
and Alcatel-Alsthom-Recherche, Marcoussis, was to develop a monitoring and di-
agnostics system for the joint system (combustion chambers, expansion turbine).
Monitoring is based on the measured pressure in the compressor, the rotation ve-
locity of the turbine, and measurements from the thermocouples available at the
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exhaust of the expansion turbine. Thus no direct observation is available on the
status of the combustion chambers. Hence a semiphysical model has been devel-
oped that predicts the profile of the temperature at the exhaust of the expansion
turbine using the pressure in the compressor, the mean temperature at the ex-
haust of the expansion turbine, and the rotation velocity of the turbine {9, 10].
This model consists of two parts: first the unknown temperature profile within the
chambers is modeled as a linear regression involving one parameter per chamber;
then, based on basic thermodynamics, a relation between this profile and the tem-
perature profile at the exhaust of the expansion turbine is given. Because the gas
flow rotates within the turbine during its expansion, a phase shift between the two
input and output temperature profiles is exhibited. Therefore, some phase shift
parameter appears in the model which makes it strongly nonlinear. This model
is semiphysical and inaccurate because the input temperature profile uses as a
regression function some waveform based on qualitative knowledge, and very
simplified thermodynamics is used for gas diffusion in the expansion turbine.

This semiphysical modeling was for the purpose of monitoring the turbine
system. Despite its inaccurate nature, the model has been successfully used for
developing a monitoring system of the combustion chambers; see [10]. Unfortu-
nately, this model is not entirely satisfactory for some other purposes, such as the
monitoring of the thermocouples installed at the exhaust of the expansion turbine.
The purpose of this discussion is to compare results from this semiphysical model
with some alternative nonparametric identification method based on wavelets, and
to discuss the two questions of the respective accuracy of fit and explicative power
of these two styles of models.

2. Modeling the Hydraulic Actuator of a Robot Arm:
An Example of Identification of a Dynamic
Nonlinear System

Now let us consider the modeling of the actuator of a robot arm.? It is a hy-
draulically driven arm. By controlling the position of a valve, the oil pressure in
the transmission circuit is regulated. The oil pressure drives the motion of the arm.
What we want to model is the relationship between the position of the valve and
the oil pressure, both quantities being measured. In fact, the valve directly regu-
lates the oil streams injected in the transmission circuit. Hence variation of the oil
pressure depends not only on the position of the valve, but also on the quantity of
the oil accumulated in the transmission circuit, which, in turn, is reflected by the
oil pressure. Clearly this is a dynamic system: variation of its output (oil pressure)
depends on both its input (the position of the valve) and its state (reflected by the

2This application has been borrowed from Link&ping University, while Q. Zhang was visitor at the
Automatic Control Group.
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oil pressure). We tried to model this dynamic system with linear autoregressive
exogenous (ARX) models, but the results were not satisfactory. Therefore, we de-
cided to apply some nonlinear nonparametric model and see if we could improve
the performance of the modeling.

3. Prediction of Glycemic Variations: An Example
of Identification of a Dynamic Nonlinear System
with Imprecise and Incomplete Data

Glycemic variations depend on several factors which are not easily quantifiable
and, moreover, may vary with time. Diet, physical activity, stress and emotions,
and proximity of meal have effects that doctors know how to qualitatively assess.
For a healthy person, glycemic regulation is ensured via the secretion of insulin
by the pancreas. In the case of organic deficiency, for diabetic persons, insulin
must be artificially injected. Deciding the amount for injection is very difficult,
because morphology, future physical activity, time of meal, glucide richness of
meal, present glucose concentration, and results of the previous day have to be
taken into account. Moreover, injected insulin acts with delay, and its efficiency is
reduced as glucose concentration becomes higher. Lastly, hypoglycemia is almost
always followed by hyperglycemia. For optimum glycemic control, it would be
better to anticipate before the glucose level rises, as it occurs for endogenic insulin
secretion in healthy persons. To summarize, we have to deal with a nonlinear,
unstable system, with time delay.

Doctors have devised empirical rules allowing diabetic persons to approxima-
tively compute for themselves the insulin level for injection. For diabetic persons
using a pump, the insulin injection rate has two parts: the basic flow rate, denoted
B,(t), and providing about 50% of daily insulin needs, and a variable part, the
bolus, denoted B,(¢), which is a flash injection to assimilate a recent meal.

Nevertheless, despite the doctor’s experience, it is very difficult to manually
obtain a more or less constant glycemic level, in part because a good control
should take into account up to six input variables, which is far beyond human
control capability. This motivated us to propose a predictive glycemic model, as a
basis for automatic injection control. This model uses as a basis the empirical rules
of doctors, and takes into account the qualitative nature of the available data. For
this proposal, we have several “self-supervision notebooks,” that is, daily support
to control the context and the treatment of insulin-dependent diabetic patients
under pump operation. Thus each day the diabetic writes in his notebook 1/time
and actual glycemia, 2/time, importance, and quality of his meal, 3/activity, and
4/insulin injection. The experimental results on this case study are reported in
Section VIIL.C.
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B. BASIC MATHEMATICAL PROBLEMS

Here we establish the general framework of the nonparametric regression we
shall use throughout this chapter, and we justify the use of particular distance
measures between a true system and its estimate in the sequel.

Problem I (Nonparametric regression). Let (X, Y) be a pair of random vari-
ables with valuesin X = R4 and )Y = R, respectively. A function f: X — Y is
said to be the regression function of Y on X if

E(Y|X) = f(X). (2)

A typical case is Y = f(X) + e, where e is zero mean and independent of X.
For N > 1, fN shall denote an estimator of f based on the random sample
O{V = {(X1, 1), ..., Xy, Yn)} of size N from the distribution of (X, Y), that
is, a map

fu: OV > f(0F,), 3)

where, for fixed O{V , X > fN (OV, x) is an estimate of the regression function
f(x). The family of estimators fy, N > 1, is said to be parametricif fy € F for
all N > 1, where F is some set of functions which are defined in terms of a fixed
number of unknown parameters. Otherwise the family of estimators fN, N=>1,
is said to be nonparametric.

For the sake of convenience, we shall often refer to X and Y as the input and
output, respectively (although they do not need to be such in actual applications).
Our objective in this section is to give a short overview of some basic instances of
nonparametric regression. Two typical problems are considered in the statistical
literature, namely the

e nonparametric regression with random design (or sampling), where it is
assumed that the variables X; are random, independent, and identically
distributed on [0, 1]¢ with density g(x), and the

e nonparametric regression with deterministic design (or sampling), where it
is assumed that the input variables X; are nonrandom; the simplest case of
deterministic design is the regular design, where the inputs X; form a
regular grid (for instance, f: R — Rand X; = i/N).

In the remainder of this section, we consider the random design only, although
the observations (X;, ¥;) are allowed to be dependent.
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Nonparametric Regression for Static Systems

This is the simplest case. The considered system has the form
Yi = f(Xi) + e, i=1,...,N, @)

where f(x): R — R, and, for the sake of simplicity, we assume that e; are

independent Gaussian random variables with Ee; = 0 and Eei2 = aez.

Adaptive Classification and Density Estimation

The problem of classification (discriminant analysis or statistical pattern recog-
nition) is usually formulated as follows. Let X be a random variable with values
in R4, and let the label Z denote a random variable which takes values in some
finite set Z = {z3, ..., zp}; the symbol z shall denote a generic element of this
finite set. We want to guess the value of Z when X is observed. We consider the
case in which the random vector X has probability density f(x) and conditional
densities f(x|z) given that Z = z; the general case is handled similarly. We call
a solution any measurable function g: X — Z, and P(g(X) # Z) is the corre-
sponding error probability. The distribution of the pair (X, Z) is defined by the
distribution u of X and the regression functions

_ v — o D@D f(x]2)
pGelx) =P(Z=z|]X=x) = TR

where Bayes’ rule has been used for the second equality, and p(z) = P(Z = 2).
The functions f(x|z) are also called a posteriori densities. The solution g*(x) is
called Bayesian or maximum a posteriori (MAP), if

P(e*(0)f(xlg*(x) = maxp@) fxl2)  ae. x. 5)

e RY,

The Bayesian solution g* minimizes the error probability, that is,
A .
Lr= ngnP(g(X) #2) =P@Eg"(X) # 2), ()

and L* is called the Bayesian error probability.

In adaptive classification, we want to minimize the error probability when the
true p(z) and f(x|z) are unknown and a training sample (’){V = {(X1, Zy),...,
(Xn, Zy)} of N independent observations distributed as (X, Z) is available. We
assume that the training sample (’){V and the test sample (X, Z) are independent.
The estimate gy (X) of Z is now a measurable function of X and OV, and the
following conditional error probability is a quantity of interest:

Ly =Pgn(X) # Z|OY). @)

3In this section we follow the presentation of [11, Chap. 10].
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In particular, we search for a sequence of estimates gy such that
Ly — C* almost surely. (8)

Referring to (5), the Bayesian solution can be approximated by the function gy
characterized by

Plen () f(xlgn(x)) = max p(2) f(x12), ©)

where f (-|z) are estimates of f(-|z) based on Op. There is a simple way to mea-
sure the conditional error probability £y for the adaptive classifiers which satisfy
(9): Devroye and Gyorfi [11] have shown that, if the random vector X is dis-
tributed with some density f and gy is defined via (9), then

O<Ly-£<y / IP@) f(x12) - B@) F (x12)] dx.

€2

Different versions of this result were proved in [12-14], among others. This re-
sult implies that the classification error can be bound using the L;-norm* of the
estimation error of the density p(z) f (x|z). Thus we have related the problem of
adaptive classification to that of estimating the density of a random variable in the
Li-norm. Other advantages of considering the averaged Li-norm are discussed
in [11]. Alternative distance measures for densities are often considered, for ex-
ample, the averaged Lj-norm (often used, because it seems to be the easiest to
estimate) or Lo-norm.

Nonparametric Regression with Dynamics
Consider the following dynamical system:
Yi = f(®i) +ei, i=1,...,N,

where ¥; € R and ®; € R? are observed, and ¢; is a white noise as before. We
assume that

®; = i-1,..., Yiem; Uiy ..., Uip), (10)

where U; € R denote the inputs (m + p = d). For example, if ®; = (¥;_1, ...,
Y;_4), then

Yi = f(Yi-1,...,Yi—a) +ei. (1)

In analogy with the corresponding parametric model, we call this system a
nonparametric autoregression or a functional autoregression of dimension d

4Recall that for a function g: R? —> R the L p-norm is defined for 0 < p < oo: figlp =
(f 1g(0)1Pdx)!/P, and for p = co: |iglloo = ess sup, |g(x)!.
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[FAR(d)]. As an interesting application, we can consider a simple controlled FAR
model for adaptive control:

Yi=f(®)+ U +e, (12)

where ®; = (Y;_1, ..., Yi_n), and U; is the control. The following question can
be considered: how does one choose the control (U;) for the system (12) to track
some reference trajectory y = (y;), or, at least, how does one choose U; in order
to minimize EY,.2, or, simply, to stabilize the system (12)? If the function f(®)
was known, we could use the control

Ui = = f(®)

to obtain ¥; = ;. Clearly, this is a “minimum variance" control, since EYi2 >
ol = Eeiz. If f is unknown, a possible solution consists in performing nonpara-
metric “certainty equivalence control”: compute an estimate fy of the regression

function f based on the observations of the input—output pair (®;, ¥; — U;), and
then take

Ui = — fi(®y). (13)

To analyze the certainty equivalence control (13), let us consider the control cost

_lNYZ__l_N o — (a2 1N2
QN—N;: S DRUCORIACH) +N§ei.

i=1
It is easily checked that
E(fi(®:) — f(®))> >0  wheni — 00 (14)

implies EQy — ae2, and ﬁ-(d>,-) — f(®;) — Oa.e. implies Oy — aez a.e. Thus
condition (14) is instrumental in analyzing this problem, and we shall informally
discuss how it can be guaranteed.

Denote by <I>6_1 = (®g,..., D;—1)T the vector of all available inputs up to
time i —1, and by goé_l = (g0, .-+, <p,~_1)T the corresponding vector of integration
variables. Let P denote the distribution of the vector sequence (®;) when driven
by the unknown “true” model (12)—(13), let Pq);')—l (-) be a distribution of <I>6_1,

and let p¢i|®i)—1 () be a conditional density of the distribution of ®; given d>6_1
(we assume that such a density exists). We have

Bl fi(@) - f@nf ~ / £ = £ o -1 () dx P (dg ™).

Note that, if the closed-loop system (12)—(13) is stable, one wouldAreasonably
take equal weights for the observations ®g, ..., ®; in the estimate f;. In such a
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case the estimate f,-(tb) is asymptotically (as i — 00) slowly varying, that is,
fi ~ fi—1. Thus we can write informally

Elﬁ(¢,-)—f(<l>,~)|2~/ o1 (40 flf, 1) — £ gy g1 () .

The latter integral can be bound in several ways. For instance,
2 2
/ | fi-1) = £ Py i1 (6) dx

< sup| fi-1(x) - f(x)|2/p¢i|¢8_1(x)dx

= sup| fi—1(x) -
which yields the bound
E|fi(®:) — f(@)[* < Esup| fimix) — )| =E|| fie1 — £]%,

On the other hand, if the conditional density is bounded, that is, Py, @i < Cp,
then

IA

/ [ fi-10) = F )Py i1 (D dx < Cp f | fiz1(r) = f 0] dx

= Cp”f:'—l - f"i

Thus, as a conclusion, in any case, the crux in analyzing this adaptive minimum
variance nonlinear control consists in getting bounds for the error in estimating the
unknown function f. Hence, in addition to proving consistency for the estimates,
getting such bounds is an important question.

Discussion
This section about basic mathematical issues can be summarized as follows:

1. Nonparametric estimation of regression functions is instrumental in
various problems such as adaptive identification, classification, and
control.

2. The averaged L ,-norms of estimation error for various p’s are natural
candidates as a figure of merit. We shall see later that error measures also
involving derivatives of f and f will be useful, so that smoothness of
estimates can also be guaranteed.

3. Having bounds for the estimation error is of paramount importance. This
has been illustrated by the adaptive control example. However, we shall
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see later that some estimators can exhibit arbitrarily poor performance for
some “bad” systems, so that having error bounds is really needed to
prevent the user from getting bad results.

II. “CLASSICAL” METHODS
OF NONLINEAR SYSTEM IDENTIFICATION

Throughout this section, Problem 1 is considered. We first discuss some esti-
mators that are linear, that is, that satisfy f/—i-\g = f + g; note that the functions
f+ g, and their estimates, are generally nonlinear as functions of their input x. Lin-
ear estimators build the folklore of nonparametric estimation; kernel estimators
and projections on linear subspaces of functions are typical instances we shall
describe. We shall then discuss, both practically and theoretically, some severe
practical limitations of linear estimators. Roughly speaking, linear estimators are
suitable for systems with “uniform smoothness”; systems with sparse singulari-
ties (e.g., hard limiters, quantizers, some mechanical systems) are poorly handled.
This motivates the search for new nonlinear estimators; neural networks and some
related methods are candidates we shall briefly scan.

A. LINEAR NONPARAMETRIC ESTIMATORS

All estimators presented in this subsection are linear ones, that is, they have a
common general form

N
W@ =) YiWnix), W) =Wrile X1, .., Xw), (19)

i=1

where we recall that (’){V = {(Xy1, Y1), ..., (Xn, Yy)} is the given random sample
observation, and the weights Wy ; (x) only may differ.

1. Some Linear Nonparametric Estimators
Kernel Estimators for Regression Functions and Densities

Kernel estimators were first proposed by Nadaraya and Watson in 1964 [15,
16]. The Nadaraya—Watson kernel estimator is an interpolation procedure. It is
given by

SN YK ((x — Xi)/ k)

N , (16)
ie1 K((x — Xi)/ hw)

v =
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where (hy) is a sequence of positive numbers, Ay — 0as N — oo,and K is a
function on R satisfying

Jim ] K @)l =, /Oo |K (u)| du < oo,

ol a7
sup |K (u)| < oo, / K@) =1.
ueR —00

The positive number hy is called the bandwidth and the function K satisfy-
ing (17) is called a kernel; in fact, hy is better interpreted as a scaling factor.
Clearly, the Nadaraya—Watson estimator is linear, and has the form (15). Typi-
cal examples of kernels are K (1) = (1/2)1{4<1) (rectangular window kernel),
K@) =1/ V27) exp(—|u|2/2) (Gaussian kernel), etc. Usually K is chosen to
be an even function.

The idea of kernel estimation is simple. Let us explain it for the case of the
rectangular kernel in one dimension. In this case the estimator (16) is a simple
moving average with equal weights: the estimate at point x is the average of ob-
servations Y; corresponding to X;’s belonging to the “window” [x — Ax, x + An].
If hy — 00, then the estimator tends to N1 Zi Y;, the average of all observa-
tions, and thus for functions f which are far from being constant, the bias be-
comes large. If iy is very small (say, smaller than the pairwise distance between
sample points X;), then the estimator reproduces the observations: fN =Y.In
this extremal case the variance of the error becomes high. Thus increasing Ay
tends to increase the bias of estimator, while reducing Ay leads to a larger vari-
ance. The optimal choice for Ay corresponds to an equal balance between bias
and variance.

Also closely related to estimator (16) is the Parzen—Rosenblatt kernel estimator
for densities. Let X1, ..., X be independent and identically distributed random
variables with common density f(x), x € R?. The Parzen—Rosenblatt estimator
of density f(x) is a suitably smoothed histogram. It is defined as [17, 18]

\ 1 L /x—X;
fN(x)=WZK< - ) as)

N =1

where d is the state-space dimension of X and X is a kernel as in (17). Kernel
estimate (16) can be easily derived from the Parzen—Rosenblatt one. Recall defini-
tion (2) of the regression function, take the Parzen—Rosenblatt estimator (18) for
the joint density f(x, y) of (X, Y), and denote it by fN (x, y). Then, replacing, in
the following formula

_ [yf&xndy

T = e dy
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f(x) and f(x, y) by their corresponding Parzen—Rosenblatt estimates, yields ker-
nel estimate (16).

We now state a sample of results about the properties of kernel estimates for
the d-dimensional case. Assume that it is known a priori that f belongs to the
ball C*(L) in the so-called Holder space: for s and L positive, let C*(L) be the
family of functions f (x), x € [0, 1]¢, defined by>

Ci(L) = {f: If(k)(x) — f(k)(x')| < Lix — x'* ¥ for any x, x’ € [0, l]d},
k=ls]. (19)

Note that this is a smoothness prior of the kind we discussed in our introduction.
If s > 1 is an integer, then C*(L) contains continuous functions having Lipschitz
(s — Dth derivative. We can now give a result on the rate of convergence of the
kernel estimate. We acknowledge Rosenblatt [19] for the first two statements of
it, though it probably belongs to the earlier folklore of nonparametric statistics.

THEOREM 1 (Rosenblatt [19]). Let fN be a kernel estimate with bandwidth
hy such thathy — 0 and Nhy — oo, with kernel K satisfying ffo(x) dx =

0for j = 1,...,k. Here, xJ denotes any product of the form x{‘x{z cex)
where ji1 + jo+ ---+ ja = j and x1, ..., xq are the coordinates of x. Assume

that the observations X; are independent and identically distributed on [0, 1]%
with density g(x) > ¢ > 0, g € C°(L), and that the noise satisfies Ee; = 0 and

Ee? < 02 < 00. Then

1. Uniformly over f € C*(L) and x € [0, 114, we have the pointwise bound

2
A 2 g
E|fv(x) — fx)|° < c(ﬁh?& + N;d ) (20)
N
The optimal value of hy which minimizes the right-hand side of (20) is
given by
o2 1/(2s+d)
hy = (L; ) . 21

For this value of hy,
A 5 o2\ 25/2s+d)
E[fn(x) = f0)|" = CLZ/(‘”ZS)(F'?) _

2. Ifwe consider instead the global error measure E|| fN —f [I%, using again
the same optimal value (21) for hy, yields the same bound, uniformly over

f e C5(L).

5 |5} denotes the maximal integer k < s.
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Comments

1. As expected from the preceding informal discussion concerning the
rectangular kernel, the bound for the estimation error variance given on the
right-hand side of (20) is decomposed into bias and variance terms. And,
as expected, the optimal choice of Ay in (21) exactly balances these two
terms.

2. Note that we have both pointwise and global bounds, which reflects the
local nature of kernel estimates.

3. The properties of the Parzen—Rosenblatt algorithm of density estimation
are identical when the unknown density f satisfies f € C*(L). Note that,
because supp f < [0, l]d, the Lj-norm of the error (restricted to the
[0, 1]%) is dominated by the Ly-norm. So we get from the second
statement of the theorem

. 5 5 o2 25/(2s+1)
Elfy — fI? < cL¥@+ ~‘>(73-) ,

provided Ay is chosen as in (21).
4. Often the following recursive version of the kernel estimator is considered
[20, 21]:

folx) = { @ Thoo YK (52)) i Tat) #0,
0 if Ta(x) =0,

Fa®) = fo1@) + TN ) (Yn - h;"K(" ;_X”)fn_l),

S x —X;
Ta(x) = Y b dK( = g
i=0 :

or

n

Tp(x) = Thoy(x) + h;dK(x ; X”). (22)

In this form the algorithm resembles very much the recursive least squares
algorithm for estimating the parameters of linear models. When the
bandwidth is such that #; = hi~* for some 0 < « < 1, the properties of
the algorithm (22) in the static regression problem are essentially the same
as those of the “off-line version” (16). In {20-22] this algorithm was used
to identify stable nonparametric autoregression models of the form (11),
and the convergence of this estimator was proved. Furthermore, the same
algorithm was used to provide the estimates of f,, in the closed-loop
system (12)—(13), and the stability of such an adaptive control scheme was
proved—([21] and [22] consider essentially the one-dimensional case, and
in [20] the general multidimensional case is studied.
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Piecewise-Polynomial Estimators

Another nonparametric regression estimator which is commonly used is the
piecewise-polynomial one. The idea is the same as for the kernel estimator, though
the averaging is made over bins (i.e., small cubes) of fixed size 8y rather than in
the iy-neighborhood of the current point x. It is also closely related to radial-
basis function (RBF) networks with rigid location for the radial functions; see
[2, 23]. The simplest example of this method is the piecewise-constant estimator
or regressogram. The value of the estimate fy in each bin equals the average
of observations Y; such that corresponding X; belong to the bin. For the sake of
clarity, we consider the one-dimensional case.

The piecewise-polynomial estimator can be formally defined in terms of the
following optimization problem. Let 55 — 0 be a positive sequence, and as-
sume that 8;,1 = M is an integer. Define u; = 6y, | = 0,..., M, and di-
vide the interval [0, 1] into M cubes (bins) of the form U; = [0,u;), Uy =
[u1,u2),...,Uq = [up-—1,1], so each bin has length éy. Set F(x) =
(1, x,x2/2, ..., x*/k)T and, foreachbin Uy, [ =1, ..., M, solve for 8 € Rkt1
in the least squares sense the system of equations

Xi —u-

Yi =9TF<’—“”), X; €U, (23)
Y

and denote by 6y the corresponding solution. Then the piecewise-polynomial

estimate fy of order k in each bin Uj is expressed as

Fvx) = é,@,F(%}‘:’—‘i), x el 4)
The value 8y is called the binwidth. As for the bandwidth ky of the kernel es-
timate, the binwidth tunes the smoothness: larger §y leads to a higher bias, and
smaller &y results in a higher variance. In order for the least-squares problem in
(24) to be nondegenerate, we require that the number of points X; in each bin be
larger than &k + 1.

Stone [24] has proved a result similar to Theorem 1 for this type of estimate
[see (19) for the definition of the Hélder space C°(L)]. We state this result in the
general d-dimensional case. Assume that the observations X; satisfy the assump-
tions of Theorem 1. Let fN be a piecewise-polynomial estimate of order k = |s],
with binwidth §y — 0 and N§y — oo as N — oc. Then statement 1 of Theo-
rem 1 holds with binwidth 5y substituted for the bandwidth hy.

Comments

1. Note that, unlike kernel estimates, piecewise-polynomial estimates compute
projections on the fixed set of functions F ((x — u;—1)/dn), x € Uj (the Ith bin).
The same remark holds for the projection estimate to follow.
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2. As can be seen, piecewise-polynomial and kernel estimates have the same
asymptotic accuracy when N — oo.

3. If f is a smooth function (i.e., s > 1), the optimal number of bins is
ng ~ 8;,1 which is much less than the number of observations (n; ~ N1/3 for
s = 1). This number is equivalent to the memory size required to implement the
algorithm: to reconstruct the estimate, k = |s] coefficients are necessary. Thus,
if N is large, this algorithm offers a significant advantage, in terms of memory
requirements, over kernel estimates in which all measurements should be kept to
reconstruct f(x). Also, computing (23)—(24) is of lower computational burden
than computing (16). These two points make the piecewise-polynomial estimate
more attractive.

4. Unfortunately, there is no reasonable recursive version of the estimate fn.
Although one can use the recursive least squares algorithm to compute linear re-
gression coefficients OAN,I in (24), the derivations quickly become messy, because
the number M of bins depends on N, and so does the number of equations in the
algorithm.

Projection Estimates

Another class of function estimates was introduced by Cencov [25], who called
them projection estimates. The idea consists of expanding the unknown function
into its “empirical” Fourter series. Consider the set Wj (L) of functions f(x), x €
[0, 1)¢, defined as follows. Each f can be represented by its Fourier series

o0
fE =Y ¢, (25)
ljl=1
where j = (ji, ..., jg) is a multi-index, x = (xl, .. .,xd)T,

®;(x) = @j, (x") x -+ x j, (x9),
01 = 1, @u(x) = v2sin(2rkx), and @oip1(x) = v2cosQ@rkx), k=1,....
Suppose that the following condition is satisfied:

oo
Dl + 1) < L2 (26)
j=1

In fact, we have 332, |c;|2(1 + | j|*) < C||f)12,, where || f |52 is the norm of
the Sobolev space W3 of functions with all derivatives up to order s being square
integrable. Note that this is again a smoothness prior. We assume that input X is
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uniformly distributed.® We construct the estimate fy as follows:
m
vy =) Vo), @7
j=t

where m is the “model order,” and the empirical estimates 69’ of Fourier coeffi-
cients

N
. 1
&) =5 D Yi®;(Xi) (28)

i=l1

are substituted for the true ones ¢, j = 1, ..., m. Note that the assumption that
X is uniformly distributed has been used. Note also that the estimate (27)—(28) is
linear [cf. (15)] with weights given by

21
W) =) (0P (Xo).
j=1

Cencov [25] has proved the following counterpart of statement 1 of Theorem 1:
Let fy be a projection estimate. Then, uniformly over f € W;j(L) and x €
[0, 114,

F 2 2 a5, Oom’
ElfnG) — f0llz < C(L m~= 4+ ET> (29)
The optimal order m of the model is

|50

It balances bias and variance error estimates, and yields the bound

R 5 2 das o2 2s/(2s+d)
El fv(x) — f(0)I3 < CLY@+ S’(W") : 31)

The following result, due to Ibragimov and Khas’minskij [26], provides a global

uniform bound. Take
N 1/(2s+d)
m = —
v

6See Section IV for a thorough discussion of this assumption.
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for the model order [note that this is slightly different from (30)]. Then, uniformly
over f € C*(L) [the class C*(L) is defined in (19)], it holds that

InN > 2s/(2s+d)

Elfv — flI% < O(T (32)

Comments

1. Projection estimates have the same rate of convergence (up to a constant)
as kernel or piecewise-polynomial ones.

2. The bound (29) for the quadratic error of the algorithms appears rather nat-
urally if we consider the following argument: when we approximate f € W us-
ing m terms of its Fourier decomposition, the approximation error is O (m~25/4),
Furthermore, the stochastic error in each term is of order O(N~!). This sim-
ple calculus can be repeated for any nonparametric estimate. Obviously, it is be-
yond our capabilities to reduce the stochastic component of the error. On the con-
trary, the bias part depends on the method we choose to approximate the function
(piecewise-polynomial, trigonometric series, etc.), and this choice of approximant
is of primary importance.

3. From the computational point of view, projection estimates are more attrac-
tive than piecewise-polynomial estimates, because they use an orthonormal basis
of functions (the Fourier basis), which dramatically simplifies the computation of
the least squares estimates ¢; of the Fourier coefficients c¢;; cf. (28).

2. Practical Implementation of the Algorithms:
Adaptation and Tuning of Their Various Design
Parameters, Generalized Cross Validation

As we have seen, the convergence of the estimates strongly depends on the
choice of the bandwidth iy for the kernel estimator, the model order m for the
projection estimator, and the binwidth 8y (or, equivalently, the “model order”
M = 61 for the piecewise-polynomial estimator. These design parameters de-
pend on the parameters of the smoothness class C*(L) or Wy (L), which are a
priori unknown—see definition (19) of this class and the use of parameters (s, L)
in Theorem 1 and corresponding results for the other estimators. Even if some
information about the smoothness parameter s is available, the knowledge of
the value L is of importance when the data sample is of bounded length. Let
us illustrate this with the following example, where input x is a scalar. Con-
sider the problem of estimating a function f(x) in additive white noise e, with
03 = 1. Assume that f has support [0, 1], that all its derivatives are continu-
ous, and that f(1/2) = 1, f(0) = f(1) = 0. Note that in this case, typically,
sup, | £ (x)| & s%; that is, higher-order derivatives become very large in uniform
bound. In this case the bounds in Theorem 1 are of order ay (s) = (s/N)%/@s+1D
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when the parameter is selected for the smoothness s. Assume that the size of the
observation sample is N = 10000, then ay(2) = 0.0110, ax(3) = 0.0095,
but we already have ay(4) = 0.0122 [the value of s which minimizes ay is
s ~ 3.4814 with ay(s) =~ 0.00946]. This illustrates the fact that the tightest
bound is not obtained by taking the largest possible s, but rather by selecting the
most favorable pair (s, L), which is obviously much more difficult.

Given that we only have in practice samples of finite size N, we shall not try
to estimate the most favorable pair (s, L), but we shall proceed differently. The
model order (or bandwidth, or binwidth, depending on the different estimates)
shall be estimated from data using a procedure usually referred to as the general-
ized cross validation (GCV) test. GCV procedures were studied for kernel (see,
e.g., [27, 28]), spline (e.g., [29, 30]), and projection estimates (cf. [31, 32}). Let
us consider, for instance, the procedure for the projection estimates.” To make
the model order explicit in formula (27), we shall write f,,,, ~ instead of fN. Set
S2 v = NUYN 1Y — fun(Xi)|% As for the prediction error variance
estlmate in parametric prediction error methods, S v 18 a biased estimate of the
error. Thus one cannot minimize 52 N with respect to m directly: the result of
such a brute-force procedure would give a function fm ~,N(x) which perfectly
fits the noisy data; this is known as “overfitting” in the neural network literature.
The solution rather consists in introducing a penalty which is proportional to the
model order m; that is, we search for my such that

2 2
my = arg min (52 s ‘;i,m) (33)

This technique is clearly equivalent to the celebrated Mallows—Akaike criterion
[33, 34]. The following result, due to Polyak and Tsybakov [31], shows the con-
sistency of this procedure. Assume that the Fourier coefficients of f in expansion
(25) satisfy |cj| < ¢j, Z?‘;l £;j < 00, (jg&j) is nonincreasing, and aez is known.

Set Vv = || fAm, N—f ||%. Then for the estimate (27), (28), and (33), it holds that

VmN,N

— 51 a.e.as N — oo.
min,, VN

B. PERFORMANCE ANALYSIS
OF THE NONPARAMETRIC ESTIMATORS

The performance analysis of nonparametric estimation algorithms and/or iden-
tification procedures is much more difficult than for parametric estimation. In fact,
the following specific issues are important:

7In fact, a similar result holds for the spline or piecewise-polynomial ones.
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1. What plays the role of the Cramer-Rao bound and Fisher information ma-
trix in our case? Recall that the Cramer-Rao bound reveals the best performance
one can expect in identifying the unknown parameter 6 from sample data arising
from some parametrized distribution pg, ¢ € ©, where © is the domain over
which the unknown parameter 6 ranges. In the nonparametric case, lower bounds
for the best achievable performance are provided by minimax risk functions. We
shall introduce these lower bounds and discuss associated notions of optimality.

2. For lower bounds, the class of systems on which the best achievable perfor-
mance is considered, is another important issue. For nonparametric representa-
tions of linear systems, L2, L, H2, Hoo, With their associated norms, are typical
spaces to work with. For (even static) nonlinear systems, however, the choice is
much wider. How wide should be the class F of the systems under consideration;
what kind of smoothness should be required? Are we interested in the behavior of
the estimate at one particular point x of interest, or are we interested in the global
behavior of the estimate? Different distance measures should be used in these two
different cases.

1. Lower Bounds for Best Achievable Performance

To compare different nonparametric estimators, it is necessary to introduce
suitable figures of merit. It seems first reasonable to build on the mean square de-
viation (or mean absolute deviation) of some seminorm® of the error; we denote it
by || fN — fII. The following seminorms are commonly used in nonparameteric re-
gression: || fIl = (f fP(x)dx)!/?, 0 < p < 00 (Lp-norm), || {1 = sup, | f(x)]

(uniform norm, C- or Loo-norm), || || = | f(x0)| (absolute value at a fixed point
x0). Then we consider the risk function
2 1y 2 2
Ray(fv, ) =E[ay I fv — £I]", (34)

where ay is a normalizing positive sequence. Letting ay decrease as fast as pos-
sible so that the risk still remains bounded yields a notion of a convergence rate.
Let F be a set of functions which contains the “true” regression function f. Then
the maximal risk rg,, ( fN) of estimator fN on F is defined as follows:

raN(fN) = sup RaN(fN3 f)
feF
If the maximal risk is used as a figure of merit, the optimal estimator f; v is the
one for which the maximal risk is minimized, that is, such that’

ran (f3) = min sup Ray (fv, f).
N feF

8 A seminorm is a norm, except it does not satisfy the condition: || f|| = 0 implies f = 0.
9To properly understand the statement to follow, the reader should pay attention to definition (3)
of an estimator.
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We call f; ~ the minimax estimator and the value

min sup Ry (N, f)

IN feF
the minimax risk on F. The construction of minimax nonparametric regression
estimators for different sets F is a hard problem. Today, it is only solved asymp-
totically (for large samples) for some special cases (see, €.g., [35-37}). How-
ever, letting ay decrease as fast as possible so that the minimax risk still remains
bounded yields a notion of a best achievable convergence rate, similar to that of
parametric estimation. More precisely, we state the following definition:

DEFINITION 1 (Lower rate and minimax rate of convergence).

1. The positive sequence ay is a lower rate of convergence for the set F in
the seminorm || - || if

liminfray (f%) = liminfinf sup E[ay'llfv — fI] = Co  (35)
N—ooo N—oo fn feF

for some positive Cg. The inequality (35) is a kind of negative statement
that says that no estimator of the function f can converge to f faster than
ay. This notion can be refined as follows.

2. The positive sequence ay is called the minimax rate of convergence for the
set  in seminorm | - |, if it is a lower rate of convergence, and if, in
addition, there exists an estimator f; achieving this rate, that is, such that

lim sup g, (fA,T,) < 00.
N—>oo
Thus, a coarser, but easier approach consists of assessing the estimators by
their convergence rates. In this setting, by definition, optimal estimators reach the
lower bound as defined in (35) (recall that the minimax rate is not unique: it is
defined to within a constant).

Some Negative Results

We state first a negative result, due to Devroye and Gydorfi [11, 38], which
expresses that no convergence rate exists if no smoothness assumption about the
unknown regression function f is stated.!® Consider the following classes of func-
tions on R:

F*: the class of all functions f such that f(x) =O0forx > 1 orx < 0, and
| f(x)| < C forx € [0,1].
JF§: the class of all continuous functions f € F*.

10Note that convergence can sometimes be proved without any smoothness assumption {39].
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F%: the class of all functions f € F* having all continuous derivatives on
[0, 1) (be careful that the interval is right open).

Let fy be an arbitrary estimate of f. Then for the classes F*, o»and F5, defined
previously (we denote them generically by F)

1
suplimsupElia,T,l/0 |fN(x) - f(x)ldx] =00

F N-ox

for any positive sequence ay — 0.

There is also a similar result for the adaptive classification problem: consider
the classification problem of Section I.B and the notation therein. Suppose that
there are only two classes, thatis, M = |Z| = 2. Let ay be any positive sequence
such that ay — O and A € [0, 1/2). Let gx be an arbitrary estimator. Then there
exists a distribution of the pair (X, Z), with X uniformly distributed on [0, 1],
such that

lim supag,l(ELN — L = oo,
n—oo
where Ly is associated with gy through (7).

Thus, no convergence rate exists for any of the preceding classes F*, F;, and
F%,. In other words, the convergence can be arbitrary slow, depending on the
unknown function or density f to be estimated! It is a natural consequence of
the fact that the preceding classes F*, Fj, and Fj, are too rich: they contain
functions which are extremely difficult to approximate. In other words, to obtain
any interesting rate of convergence, smoothness conditions should be imposed.

Some Positive Results

Let us now concentrate on the case of deterministic uniform design; that is,
the input data X are uniformly sampled in the considered interval. The following
result in the case of regular design can be attributed to [26] (for the random design
case, see [24, 40]).

THEOREM 2. Let us consider the Holder class CS (L) on [0, 11%; see (19) for
the definition of C°(L). Consider

» 1/p
gl = (/ F{63] dx) ., O0<p<oo,

or

lgll = |g(xo)l.
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Then N=/@5+4) s q lower rate of convergence for the class C*(L) in the semi-
norm || - |l. Furthermore, (N/In N y=s/ @s+d) s q lower rate of convergence for
the class C*(L) in the norm ||g|| = sup,¢(o,1718(x)!.

Note that to obtain the correct rate of convergence for the distance at a fixed
point xp, the corresponding Lipschitz property is required at xo only. Similar re-
sults hold when the class C*(L) is replaced by the class Wf, (L), p = 2, where
WIS, (L) is the set of k-times differentiable functions f on [0, 1]¢ such that

Iflzst, [rPc+m-rP0|, < Linl*,
O<a<l, s=k+all

Then N—5/@s+4) js also a lower rate of convergence for this class in the L p-norm
of the error.

2. Discussion
Criticizing the Minimax Paradigm

Let us compare the lower rates of convergence of Theorem 2 and the upper
bounds obtained in this section for different estimators. One can see that the es-
timators considered are optimal on the classes W; and C° in the sense that they
reach the minimax optimal rate of convergence.'? Despite many impressive tech-
nical achievements in the preceding work, the general reaction within the statistics
community has not been really enthusiastic. For example, according to Donoho,
“...alarge number of computer packages appeared over last fifteen years, but the
work on the minimax paradigm has relatively little impact on software” [41]. One
of the arguments supporting this skepticism about methods based on the minimax
paradigm—Xkernel estimators, spline methods, or orthogonal series—is that they
are spatially nonadaptive, whereas real functions exhibit a variety of shapes and
spatial inhomogeneities. To illustrate this point, let us look at the following ex-
ample. Consider the function f(x) = l{o<x<qa) for some 0 < a < 1. The Fourier
coefficients of this function are

ﬁsinz(nka), Cort = V2 sin(rka) cos(nka)'

wk wk
Hence the condition in (26) is not verified for s > 1/2. Thus we conclude from
(32) that the rate of convergence (31) for the projection estimate (27), (28) will
not be better than N~1/2, Furthermore, because f does not belong to the Sobolev
space W fors > 1/2, this rate of convergence is minimax. On the other hand, one

co=a, %k =

11 Although defined in a different way, this Wy (L) space coincides for p = 2 with the space
introduced in formula (25) and subsequent ones.
127he projection estimates are also minimax on Wf, (see [26, Theorem 4.3]).
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naturally expects that a procedure to detect the edges of f can be designed which
would have a rate of convergence “close” to N —1 Indeed, the linear methods
fit very well functions which are, say, “uniformly smooth” or “uniformly nons-
mooth.” Facing the problem of estimating a function with sparse singularities, the
projection method will infer erroneously that the function is “uniformly smooth,”
but with a pessimistic smoothness parameter.

The minimax paradigm as discussed before does not seem to provide methods
with convergence rates of order N~! for the preceding example. Thus the authors
of [41] argue that one should construct methods (heuristically, if necessary) which
address the “real problem,” namely spatial adaptation. This point of view has had
considerable influence on software development and daily statistical practice, ap-
parently much more than the minimax paradigm. Interesting spatially adaptive
methods include all sorts of neural networks, projection pursuit [42], classifica-
tion and regression trees (CARTSs) [43], multivariate adaptive regression splines
(MARS) [44], variable bandwidth kernel methods [45], and others. These meth-
ods implicitly or explicitly attempt to adapt the fitting method to the form of the
function being estimated, by ideas like recursive dyadic partitioning of the space
on which the function is defined (CART and MARS) and adaptively estimating a
local bandwidth function (variable kernel methods). Citing again David Donoho,
one could say that “the spatial adaptivity camp is, to date, a-theoretical, as op-
posed to anti-theoretical, motivated by the heuristic plausibility of their methods,
and pursuing practical improvements rather than hard theoretical results which
might demonstrate specific quantitative advantages of such methods. But, in our
experience, the need to adapt spatially is so compelling that the methods have
spread far in the last decade, even though the case for such methods is not proven
rigorously” [41]. To conclude, a deeper investigation is needed to find the proper
framework.

Adequate Answer: Besov Spaces and Wavelets

This short analysis reveals the crux in the route to both practical efficiency and
mathematical support of the methods. It consists of finding a parametrized family
of functional classes which

1. fits our prior knowledge about the smoothness of the function to be
estimated (in particular, that f is smooth everywhere, except at a sparse
set of points), and

2. has associated with it an estimation technique which is minimax within
these classes.

It was the merit of Donoho and Johnstone [46] to recognize that Besov spaces,
which play a central role in Meyer’s mathematical theory of wavelets [S], provide
an adequate answer. They are perfectly suited to nonlinear systems which have



Wavelets in Identification 341

sparse singularities and otherwise are smooth. This material will be the topic of
Section IV.

However, before discussing wavelets and their use in identification, we briefly
scan some popular nonlinear estimates. They all provide the kind of “spatial adap-
tation” that we advocated before. Some of them are supported by efficient soft-
ware. And some of them have become extremely successful and their names are
now buzzwords widely known beyond the scientific community.

C. NONLINEAR ESTIMATES

Starting in the early 1980s, a variety of techniques have been proposed in
the statistics literature, which exhibit this desirable feature of “spatial adaptiv-
ity.” Among them are the projection pursuit algorithm developed in [42] (a very
good review of these results can be found in [47]), recursive partitioning [43, 48],
and related methods (cf., e.g., [44] with discussion). These methods are derived
from some mixture of statistic and heuristic arguments and give impressive results
in simulations. Their drawback lies in the almost total absence of any theoretical
results on their convergence. We refer the reader to the previous references for
additional information.

Surprisingly enough, the artificial intelligence (Al) literature has proposed in-
dependently and at the same time different techniques with the same feature of
“spatial adaptivity.” These include various forms of neural networks [3]; see the
other tutorial [49] by Ljung. We shall briefly describe these. In addition, we shall
sketch a recent technique due to Breiman [50], which practically combines some
advantages of neural networks (in particular, the ability to handle very large di-
mensional inputs) and of constructive wavelet-based estimators (the availability
of very fast training algorithms).

Relationship with Neural Networks: Barron’s Result

The following result, which was recently published in [51], is the most accurate
theoretical result about neural networks available today. Let o (x) be a sigmoidal
function [i.e., a bounded measurable function on the real line for whicho (x) — 1
as x — oo and o(x) - 0 asx — —o0]. Consider a compactly supported
function f with supp(f) < [0, 114, and assume that

C;= /Rd Il f @) de < 0, (36)

where f (w) denotes the Fourier transform of f. The main result of [51] can be
roughly stated as follows: there exists an approximation f;, of the compactly sup-
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ported function f, of the form

@) =) cio(alx+1)+co (37
i=1

(note that f,, is not compactly supported), such that
" (fn — f)l[O,l]d “2 < 2«/3Cfn_1/2. (38)

This result provides an upper bound of the minimum distance (in the Ls-norm)
between any f satisfying condition (36) and the class of all neural networks of
size not larger than n. In the same article, this upper bound is compared with the
best achievable convergence rate for any linear estimator in class (36). It is shown
that a lower rate for linear estimators is n /¢, compared with the much better rate
n~1/2 for neural networks, especially for large dimension d. No result is available
which takes advantage of the possible improved smoothness of the unknown sys-
tem f. An iterative algorithm for the construction of the approximation (37) is
also proposed. The true problem of system identification, that is, that of neural
network training based on noisy input—output data, is not addressed in this paper.
Also, neural networks need the backpropagation procedure for their training, a
stochastic gradient procedure which is known to be of prohibitive cost. In turn,
neural network training works even for very large dimensional input data.

Breiman’s Hinging Hyperplanes

We now briefly discuss a recent technique due to Breiman [50], which prac-
tically combines some advantages of neural networks (in particular, the ability
to handle very large dimensional inputs) and of constructive wavelet-based esti-
mators (the availability of very fast training algorithms). Breiman’s technique is
a very elegant and efficient way of identifying piecewise linear models based
on data collected from an unknown nonlinear system; see [8] for the use of
such models in control. Following [50], we call a hinge function a function
y = h(x), x € R?, which consists of two hyperplanes continuously joined to-
gether, that is, an open book; see Fig. 1.

If the two hyperplanes are given as

y=(B%, %)+, y={B"x+5,

where (-, -) denotes a scalar product in Euclidean spaces, then an explicit form for
the hinge function is either

h(x) = max((8™, x) + B5, (B7, x) + By ),

or

h(x) = min((B*, x) + B, (B, x) + By).
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Figare 1 Hinge function on R2. On each side of the corner, the best fit is just performed via linear
least squares.

It is proved in [50], using the methods of Barron [51], that there is a constant C
such that for any n there are hinge functions A1, ..., h, such that

n
’f = hilp e

i=1

< Cn12 (39)
2

for any f such that

f |w|?| f(@)] dow < oo
Rd

that is, Breiman’s hinge model is as efficient as neural networks for the L;-norm.
An iterative projection algorithm is proposed to compute the approximation. The
interesting point about this iterative approximation technique is that it converges
with a magnitude order faster than back propagation does. To understand why
this can happen, consider the simplest case where x is of dimension 1, f itself
is a hinge function, and we try to fit a single hinge approximant [i.e., n = 1 in
(39)]. Thus we have to estimate the four unknown parameters (8%, ﬂg:). This is
done iteratively as follows. First, guess the corner of the hinge (i.e., the x where
both arguments in the “max” or “min” are equal); call it x (0). Selecting only those
x > x(0) with corresponding y’s, a first estimate for, say, (87, ,B(')’r ) is obtained
by ordinary linear least squares fit, and similarly for x < x(0). Thus we now have
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a first hinge f (1), which yields a new corner x (1), and so on. This converges ex-
tremely rapidly. In contrast there is no such fast procedure for a single neuron with
adjustable parameters to estimate an unknown single neuron, because the stochas-
tic gradient must be used even in this case. A method based on nested iterations of
the preceding kind is proposed in (39) to fit general f’s. Reported experimental
results show the efficiency of this technique. These experiments show that practi-
cally the approximation obtained is much more accurate than is suggested by the
estimate in (39). On the other hand, note that a superposition of hinge functions
is not smooth, because it is piecewise linear. Also the use of the superposition of
hinge functions is especially advocated in (39) for large-dimensional x’s. How-
ever, as indicated at the beginning of this section, no convergence rate is given
for models identified from noisy data [the bound (39) is not a convergence rate
for identification, but only a rate of approximation of a given function by some
finitely parametrized class of approximants].

ITII. WAVELETS: WHAT THEY ARE, AND THEIR
USE IN APPROXIMATING FUNCTIONS

Warning. Throughout this section, the notation ¢(w) denotes the Fourier
transform of the function ¢(x), and not the estimator of ¢.

A. CONTINUOUS WAVELET TRANSFORM
The continuous wavelet transform and inverse transform of a function f are,
respectively, given by Eqs. (41) and (42). These transforms use two functions

¥ (x) and ¢(x) € Ly(R?), both radial (i.e., depending only on |x|), known as the
analysis and synthesis wavelets:

THEOREM 3. Let i and ¢ be radial functions satisfying
o0
Vo € R%: f a~'¢(aw)¥ (aw)da = 1, (40)
0

where we recall that §(w) denotes the Fourier transform of the function ¢(x).
Then for any function f € Lo(R%), the following formulas define an isometry

between Ly (R?) and a subspace of Lo(R4 x R}) [6]:
u(a, ) = a"'l/z/f(x)'/f(a(x — 1)) dx, (41)

f@&x) = / u(a, typ(ax —1))a*"*dadt. 42)
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Here,a € Rt and ¢ € R? are, respectively, the dilation and translation fac-
tors. Note that the integral (40) does not depend on @ # 0 because the functions
¥ and ¢ are radial. For this integral to be properly defined, it is sufficient that,
for example, ¢(w)¥(w) = O(lw|); this happens if ¢(x) and (1 + |x|)¥ (x) are
in L1(R%) N Ly(R?) and ¥ has zero integral. Once the integral (40) is well de-
fined and finite, a simple normalization leads to a pair (g, ¥) which satisfies the
assumption.

Examples

One can verify that the following pairs v, ¢ satisfy the assumption:
¥(x) = V2(d - IxP)exp(=IxI/2), o) = v2exp(—Ix[*/2),

V) = ox) = %(d — x?) exp(=IxI2/2)

and, in the one-dimensional case:

1— x|
3
Y(x) = —l—1<x<—1/2) + Y=1/22x<1/2) — 11222 <1}s

o(x) = A~ exp(—Ix[*/2),

with A = —0.03527343656 ... and 1y, is the indicator function of the set A.
The choice of possible pairs v, ¢ is very large. In particular, pairs (¥, ¢), with ¢
nonsmooth but ¢ smooth, are allowed.

Y(x) = —sign(x) x| <1}, o(x) = Lgix| <1}

Time—Frequency Localization

Even this simple construction provides a very interesting property: roughly
speaking, the behavior of the function u(a, t), when the scaling factor a is fixed,
measures the smoothness of f in the neighborhood of point ¢. This focusing effect
is called “time-frequency localization” (see the discussion in [6, Chap. 2]). It is
not provided by the Fourier transform [the behavior of the Fourier transform f (w)
reflects the global smoothness of f]. Unfortunately, these localization properties
of the continuous wavelet transform cannot be used for estimation, because there
is no associated algorithm to compute this transform. For practical purposes, the
reconstruction formula (42) has to be discretized:

f&) =) uiplaix —1); (43)

this point will be discussed in Section III.B and in the following sections.
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B. DISCRETE WAVELET TRANSFORM:
ORTHONORMAL BASES OF WAVELETS
AND EXTENSIONS

Multiresolution analysis introduced by Mallat and further developed by
Daubechies provides orthonormal bases of Lz(R) of the form ;i(x) =
{24/ 21//(27 x — k): j,k € Z}, that is, each element of the basis is a translated
and dilated version of a single wavelet yr. For a function f € Ly(R), the inner
product ( f, ¥; ) performs zooming on f over an 0(2~7) width interval centered
at point 2/ k. Thus large j corresponds to checking the function f at fine scales.
This implies that a local singularity of a function f will affect only a small part of
its coefficients in this wavelet basis. This is the main difference with the Fourier
basis: a local singularity of f would affect the whole Fourier representation.

1. Definition and Construction of Orthogonal Wavelet Bases

To begin, we first discuss the scalar case, that is, that of functions defined
on R. Otherwise explicitly stated, all results in this subsection are borrowed from
monograph [6].

DEFINITION 2 (Multiresolution analysis). A multiresolution analysis (MA)
consists of a function ¢, [l¢ll2 = 1, and a sequence (V;) j<z of spaces defined by

ek = 2Pp2Ix —k),  jkel,
V; = Span{gji, k € Z},

with the properties:

(MAO) (¢ok)kez is an orthonormal family;
(MA1) ez Vi = (0}
MA2) Ujez V}. = L2(R);
(MA3) V; C V4.
Property (MA3) is equivalent to the existence of a square integrable sequence (hx)
such that

9(x) =V2) hip2x — k). (44)

We call such a function the scale function (also known as the father wavelet [5)).
Theorem 4 to follow is the basis of the theory; it shows how, starting from a
multiresolution analysis and its scale function ¢, we can construct very simply an
orthonormal basis of L, (R).
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THEOREM 4. Assume that conditions (MAQ)-(MA3) are satisfied. Ser!3

Y =v2Y ame@x—k), &= DR,
Vi = 29292 x — k),

Wj = Span(wjk, ke Z). (45)

Then
L. Viqin=V; @ Wj and {(¥i: j, k € Z} is an orthonormal basis in L (R);
2. LR =VoeWoeW & and{pow, ¥jr: j 20,k eZ}isan
orthonormal basis in L(R).

The function yr(x) defined in (45) is often referred to as the “mother wavelet.”

Multiresolution analysis and orthonormal wavelets are depicted in Fig. 2.
Then Theorem 5 gives the basic tool for building scale functions.

THEOREM 5. Let mgo(w) be a trigonometric polynomial
1 & .
mo(w) = — Z hye e
V2%
such that
(QMF1) mo(0) = 1;

(QMF2) my(w) # 0 ifw € [-7/2, 7/2];
(QMF3) |mo(w))® + Imo(@ + )|> = 1.

UUUL Yo
LT

Figure 2 Haar basis (left side) and a wavelet basis (right side). The first row shows the scale function
¢ and the subsequent rows show wavelets ¥ at two successive scales.

137 denotes the complex conjugate of h.
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Then the function ¢, with Fourier transform given by

$(@) = [[mo2 o),

j=1
satisfies assumptions (MAOQ)~(MAD3) and supp(p) C [K, L].

Examples of polynomials satisfying assumptions (QMF1)-(QMF3) are given
in [6] and the smoothness properties of ¢ and y are studied. Links with multirate
digital signal processing and quadrature mirror filter (QMF) banks are discussed
in [52]; see the next subsection.

‘We now move on to discuss the multidimensional case. There exist two main
types of constructions of the wavelet basis with dilation factor 2 in R¢ [6, 10.1].
A first guess simply consists of taking tensor product functions generated by d
one-dimensional bases:

Wi ke ks (B) = ¥k (1) X - X Wy ke, (XD, (46)

This construction has the drawback of mixing different resolution levels j;. Al-
ternatively, if such a mixing is not desired, we proceed as follows. Introduce the
scale function

D(x) = p(x1) X -+ X p(xg) 47

and the 2¢ — 1 mother wavelets \Il(’)(x), i=1,...,29 -1, obtained by substitut-
ing in (47) some ¢(x;)’s by ¥ (x;)’s. Then the following family is an orthonormal
basis of Ly (R%):

d_ .
{@ok(), ¥ ), ..., w5 P}, jeNo, k=(ki.....ka) €Z¢, (48)

where Ngp = N U0, and

Dji(x) = 242020 x) —ky, ..., 2 xq — k),
w00 = 24290 @iy — k..., 2% — ka).

Note. As formula (48) shows, constructing and storing orthonormal wavelet
bases become prohibitively costly for large-dimensional d. This is the main limi-
tation for using the otherwise very efficient techniques which rely on orthonormal
wavelet bases (and their generalizations).
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2. Orthogonal Wavelet Bases and Quadrature Mirror Filters

For the sake of simplicity, we only discuss the one-dimensional case. Equations
(44) and (45) imply that,!4 for f € Lo(R),

ajk = (f, 0jk)s Bjk = ([, ¥ji) (49)
satisfy!
ojr = Zﬁl—zkajﬂ,l. (50)
I
Bik = Zgl—ZkaH—l,l- 1)
I

Introduce the polynomial filters

H@) =Y mz™* G =) sz, (52)
k k

where the coefficients hg, g are as in (44) and (45). Also denote by ¢(2) the
decimation of a signal by a factor of 2:

3P (xn) = (x20).

Thus, if we consider « jx as a signal indexed by k and denote it by a;, relations
(51) translate into

aj=\P Hajr1, B =1?PGajp

and property (QMF3) expresses that the pair (H, G) is QMF [52, 53]. Equations
(50) and (51) are used to compute recursively from fine scales to coarse scales
the orthonormal wavelet decomposition. Assume that, in addition, the scale func-
tion ¢ is selected so that the computation of the inner product (f, ¢ ;) in (49) is
performed efficiently for some scale j. Then formulas (49)—(51) together build
a highly efficient procedure for computing the wavelet decomposition of f. As
pointed out at the end of the preceding subsection, orthonormal wavelet bases be-
come prohibitively costly to store for large-dimensional d, however. Scale func-
tions ¢ are proposed in [6], with vanishing moment conditions, for which

(frop) = FQ 7T+ 0(2~M) (53)

holds, where the integer M is related to the number of vanishing moments (such
scale functions are often referred to as “coiflets”). Note that the preceding approx-

14Recall that {-, -) denotes the inner product in L;.
15Recall that & denotes the complex conjugate of A.
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imation is at the same time good and very easy to compute. Alternative techniques
to get simple approximations similar to (53) are proposed in [54, 55].

Because QMF pairs are known to allow exact reconstruction of filtered-and-
decimated signals [52, 53], Egs. (50) and (51) can be “inverted” to yield the syn-
thesis equation

Ajp = th—Zlaj—l,l + gr—uBj-1,. (54)
]

For f € Vj,, we have, by definition of this space,
£= ajkjoks (55)
k
and, because V;, = Vo o Wo & W1 & --- © W),

= oo+ Y_ Birvk. (56)
k jk

Formulas (50) and (51) allow us to switch from representation (55) to represen-
tation (56). The latter one is generally much more compact because, when f is
smooth, most B are negligible. In the multidimensional case, f € Lo(R9), for-
mula (56) generalizes as follows:

241
f= Zaqu’Ok + Z >y ﬂ(’)‘l’;lk).
j=0kezd I=1
% = (f, ®; @ v 57
a]k - (f’ jk)i ﬂjk = <f ) ( )

where the ®g’s and \IJ;lk)’s are the basis functions defined in (48).

C. WAVELETS AND FUNCTIONAL SPACES

We first state a result [5, 56] concerning functions that satisfy Holder-type
conditions. This result then motivates introducing Besov functional spaces. Recall
that a function f is called Holder continuous with exponent s at point xp, written
f €G3, if there is a polynomial P of degree at most |s] such that!®

| f(x) — P(x —x0)| < Clx — xol°.

16Recall that Ls] denotes the largest integer < s.
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If f is Holder continuous, with exponent s at xg, then there exists C < oo such
that, for j > 0,

max  (f, yj) < C27I6TA/D, (58)
{k: xoesupp ¥k }

Conversely, if (58) holds and f is known to be Cio for some ¢ > 0, then

| f(x) = P(x — x0)| < Clx — xo/* log :
|x — xol

This result states that local smoothness of Holder type can be characterized
with the vanishing rate of the wavelet coefficients in the neighborhood of this
point. This property is specific to the wavelet transform, and does not hold for
other orthogonal bases. This remark also motivates introducing Besov spaces of
functions.

1. Besov Spaces as Spaces of Smooth Functions
with Localized Singularities

Smooth functions with sparse singularities are typically encountered in nonlin-
ear systems, for example, in mechanical and chemical systems. As we shall see,
Besov spaces are spaces

e of smooth functions with possibly localized singularities,
¢ in which norms are easily evaluated using wavelet coefficients.

For the sake of clarity we consider only compactly supported functions
f: supp f < [0, 1%, though all of the following definitions can be general-
ized for the noncompact and multidimensional case (we recomend [57, 58] as
extremely complete presentations of the current state of the theory of functional
spaces).

For f € Ly and M € N we define the local oscillation of order M (or M-
oscillation for short) at the point x € [0, 1] by

1
oscy f(x, 1) 2 inf |7 - P()| dy, (59)

lx—y|<t

where the infimum is taken over all polynomials P of degree less than or equal
to M. This quantity measures the quality of the local fit of f by polynomials on
balls of radius ¢.
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Select p,g > 0, s > d(p~! — 1), and take M = |s]. The following set of
functions:

By, = [f € Liap: I fllBs, = IIf1lp

00 1/q
+ (Z(2”||osch(x, 2—f)||p>q) < oo] (60)

j=l1

(with the usual modification for p or g = 00) is identical to the Besov spaces of
functions [59], and it is shown in [57] that | - || B, is equivalent to the classical
Besov norm.

Comments

1. The triple parametrization using s, p, and g provides a very accurate
characterization of the smoothness properties. As usual for Holder or Sobolev
spaces, the index s indicates how many derivatives are smooth. Then, for larger
p \f ”szq is more sensitive to details. Finally, the index ¢ has no useful practi-
cal interpretation, but it is a convenient instrument that serves to compare Besov
spaces with the more usual Sobolev spaces W;, as indicated next. It is interesting
to notice that the indicator functions of intervals belong to the spaces Bj—loo for
all s > 0, this illustrates our claim in the title of this subsection.

2. It can be shown that (cf. [57]) fors > 0, 0 < p,q < oo:

o The family of Besov spaces includes some more classical spaces. For s
noninteger, Holder classes C* = B, and Sobolev spaces W} = B},;
B, C B;/,q, ifp’ > p, ¢ 2q,s <s—d/p+d/p (strict inequality if
p = 00);
ng CL,C ng, whereq =2 A pandqg’ =2V p;
BZ,P C Wg, C Bg,z for p £ 2;

pZCWpCBppforp>2.

In particular, if s > d/p, then B}, C C.

2. Approximation in Besov Spaces: Some General Results

We consider the d-dimensional case and supp f C [0, 11%. Free-knot spline
approximations have been analyzed in [60, Theorems 7.3 and 7.4] using Besov
spaces. Recall that a function f;, is called the spline function on [0, 1] of order &
with n knots if f, € C*2 and there exist points (knots) 0 = xp < x; < xp <

« < Xp—1 < x, = 1 such that f, is an algebraic polynomial of degree k — 1
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in each interval (x;_1, x;). Therefore, a spline is a smooth piecewise-polynomial
function. One can also consider a d-dimensional spline which is the natural gen-
eralization of the one-dimensional one.

We now state the so-called Jackson inequality for spline approximations. Con-
sider f € B;q, p,q > 0. Then there exists a spline function with n free knots f,
such that the following bound holds:

1 fo = Fllu < CGs, 2, @n 411 £l B3 (61)

where u satisfies s — d/p + d/u > 0. The converse bound is provided by the
Bernstein inequality: Forany f € Ly, s ~d/p+d/u=0, u < oo,

11, < Cts, p, (147 inf £ = k),

where the infimum ranges over the set of spline functions f, of order k > s + 2
with n free knots. A similar result holds for n-order rational fraction approxima-
tions; see [60, Theorem 8.3].

In contrast, linear approximations perform poorly in Besov spaces. Consider
some increasing family (L) of n-dimensional linear subspaces of L,, u > p.
Let fu denote the linear projection of f € B3, on £, using the Ly-norm. Then,
for any such family (L), there exists a least favorable f such that the following
lower bound holds:

1f = fall = Cn™ " fligy (62)

where s’ = s — d/p + d/u. Consider again the example of the indicator func-
tion f(x) = l{ozx<a} Recall that f € B},  foranys > 0. On the one hand,
(61) shows that f is approximated using rational fractions with an L,-error of
order O[exp(—C./n)], where n is the order of the rational fraction [60]. Thus
rational approximations are very efficient for such a function, and the same is true
for splines with free knots. On the other hand, by (62), linear approximations of
the same function have an L,-error of order O(n~'/*), where n is the dimension
of the linear subspace, which is extremely poor for large 1. This remark would
make rational approximations or splines with free knots very attractive for ap-
proximation in Besov spaces. Unfortunately, such approximations are very hard
to compute, for example, the optimal positioning of the knots of the spline ap-
proximation is very hard to find. It is amazing that wavelet approximations are as
good as spline or rational ones, but are much more easily constructed. We discuss
this next.
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3. Wavelets and Besov Spaces: Mathematically Efficient
and Practically Effective

Let ¢ be a piecewise-continuous scale function satisfying the following condi-
tions:

Ja > 0: suppy € {|x| < a}, (63)
Ir > 51 ¢ € B 64)

We have the following result (cf. [61, Theorem 4]):

THEOREM 6 (Besov norms and wavelet decompositions). Lets > d(1/u —
1) and let ¢ be a scale function satisfying conditions (63) and (64). For any f €

Bi, 7 define

1/p o 1/q
”f”qu = (Z |Olk|p) + (Z [2_](S+d/2——d/17)”ﬂj'”p]‘I) (65)

k j=0

and [1B;.1l, = (X4 1B1P)1/7; see (49) and (57) for the definition of coefficients

o = agr and ,B( ) Then (65) is equivalent to the norm of Besov space B3¢ g that
is, there exist constants C1 and C,, independent of f, such that

Cillfllsy, = 1 fllspg < C2ll fliBs, - (66)

Theorem 6 states that norms in Besov spaces are suitably evaluated using or-
thonormal wavelet decompositions. This fact can be used to obtain very efficient
approximations.

We now indicate how such a wavelet approximation of f can be constructed.
Consider the full wavelet decomposition of f:

291
F@) =Y aoeoc(x) + Z 3 Y Qe 67
keZ j=0kezd I=1

1. Keep the projection of f on the subspace Vp; this corresponds to the
leftmost sum in (67). When f and & are both compactly supported, this
requires computing only a fixed amount of coefficients, say m.

2. Select in the second (triple) sum those coefficients 8,, A = (i, j, k), with
largest absolute value; denote by A the set of the n — m so selected
wavelet coefficients.

3. Add n — m detail terms 8, ¥, to the sum taken in step 1.
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This procedure yields the approximation

291
{
Wn (x) = Za0k<1>0k<x) +Z DI :I78 37462 (68)
j=0kezd 1=1
m coeffs. £0 keep the largest n—m coeffs.

(f,® compact. supp.)
and the following theorem provides corresponding approximation bounds.

THEOREM 7 (DeVore et al. [62]). Consider f € B;,p, s,p > 0ands —
d/p+d/u > 0. Let w, denote the approximation (68) of f. If the scale function
satisfies conditions (63) and (64), then

If = wall < CGs, 01| f 1By,

holds. If, in addition, u satisfies s —d/p +d/u = 0, u < oo, and it is a priori
known that f € L,, then the following converse bound holds:

1£11Bs, < C(s, p, @) (1 + 1)1 f — wall).

This result is very interesting to us. It implies that, in the wavelet decompo-
sition of a function f € qu, p < 2, only a small number of coefficients are
important, and the other ones can be neglected. Consider once more our example
f(x) = ljo<x<q). Consider the wavelet decomposition of this function using a
compactly supported wavelet v (x) such that [ ¢ (x) dx = 0. It is evident that the
coefficient B vanishes for any wavelet ¥ (x) which does not cross the (local)
singularities of f. Thus, if we consider the projection of f on the subspace V;,
only O(j) coefficients of the decomposition significantly differ from zero (among
2/ potential candidates).

Discussion

At this point, we have the requested background for understanding how to per-
form wavelet-based estimation. Roughly speaking, the crux is the following. The
function f € By, to be estimated can be approximated using the expansion w, in
(68) with n terms. This is achieved with a rate of O (n~*/4). Then the coefficients
ay and B, in (68) are estimated via empirical means based on N noisy observa-
tions, exactly as for the projection estimates in Section II, formula (28). The mean
square error on the estimate of each coefficient is O(1/N). Thus the total mean
square error of the estimate will be, as usual, the sum of the stochastic part and
of the bias due to the approximation error: this yields O(n/N) + O(n~2/%). The
optimal choice for n balances these two terms: n = N1/2s+4)_This choice for n
yields a quadratic error of order N~2/(25+9) (independent of p, ). As we shall
see, this is the typical minimax rate of convergence on Besov spaces. Thus we
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might be ready to deduce that wavelet estimators are minimax optimal in Besov
spaces. Unfortunately, the set A of “important” coefficients in truncation (68) is
not known a priori when noisy data sets are at hand for estimation. Thus some
kind of hypothesis-testing problem must be solved to obtain the optimal approx-
imation. This adds to the estimation problem a nice stochastic flavor. We address
this point in the next section.

IV. WAVELETS: THEIR USE
IN NONPARAMETRIC ESTIMATION

‘We consider here some simple results concerning the estimation of a regression
function or a density f: R? — R, and we assume f to be compactly supported
(supp f € [0, 119). For the sake of simplicity, we measure the estimation error in
the Ly-norm. Similar results were proved for a general d-dimensional case and a
variety of error measures, which includes, for instance, L ,-norms for0 < p < oo
(see the references at the end of the section). We successively discuss the problems
of nonparametric regression and density estimation.

A. WAVELET SHRINKAGE ALGORITHMS

Nonparametric Regression

Assume an N-sample of input—output observations of the following system are
available:

Yi = f(Xi) +wi,

where (X;) and (w;) are i.i.d. sequences of random variables, X; is uniformly dis-
tributed on [0, l]d ,and Ew; =0, E wl.2 < 03,. These assumptions are introduced
for the sake of simplicity. They can be weakened, in particular, the (unusual) as-
sumption that X is uniformly distributed can easily be relaxed; see [63]. This
would introduce additional burden to our presentation, however.

For f € L, recall the wavelet expansion

29_1

FO =Y b +y_ Y ¥ R, (69)

keZ j=0 kezd I=1

where

ook = f Ff(x)Por(x)dx  and /3](.2= / f(x)WJ(Q(x)dx. (70
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To construct an estimate of f, a first idea consists of using the law of large num-
bers and replacing, in expansion (69), the coefficients ox and ﬂ;lk) by their empir-
ical estimates

N
&Ok(N>=§,-ZY,-¢0k<Xi> and  BR(N)= ZYW‘”(X) (71)

Note that the assumption that input X is uniformly distributed has been used at
this point.

Density Estimation

Assume independent observations X1, ..., Xy of some random variable X
with unknown density f(x) are available. Again f can be expanded using (69)
and (70). However, it turns out that

ook = / Fx)Por(x) dx = Ef P (X;),

where E ¢ denotes expectation with respect to density f, and the same holds for
the B’s. Thus empirical estimates of the wavelet coefficients o and 8 are given

by

N N
. 1 !
Gor =) Po(X) and B = Z v xy). (72)
j= i=1
Thus both nonparametric regression and density estimation are faced with the
same issue: in formulas (71) and (72), there may not even be available X;’s within
the support of many of the ®’s and ¥’s! We shall now discuss this key point for
the case of density estimation.

Obviously, to compute the empirical coefficient ﬁ;.l), we need that at least sev-
eral observations X; hit the support of \Il;lk) (x). Statistical laws of loglog type
guarantee that this would generically hold for scales that are not too fine. More
specifically, for j < jmax, where

L < 2dlmax < — 2N

InN — InN’

Thus, using brute force, we set ,351) = 0 for j > jmax. At this point, we have
built an estimator of the linear projection type, as in the case of Fourier series in
Section I1.A. Because these estimators are linear, we cannot expect them to be
efficient for Besov spaces [64].
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First Proposal

Our first attempt to construct an “interesting estimate” is, following the intu-
ition at the end of the previous section, to keep a properly chosen number of co-
efficients with largest absolute values and set the others to zero. More precisely,
let us consider the set A, of pairs A = (j, k) corresponding to the n estimated
wavelet coefficients ﬁ; k) with largest absolute values. We construct the estimate

fN as follows:

291
fnx) = ZaOk%k(X) +Z Y Y AQuRw. (73)
j=0kezd =1
m coeffs. 0 keep the largest n—m coeffs.

(f,® compact. supp.)

The following result can be proved about estimate (73) [see (60) for the definition
of the Besov spaces]:

THEOREM 8. Let f € BS, withs > d/p, ||fllc < 00. Ifn = N5+ js
selected in (73), then

InN 25/(2s+d)
1 ) . (74)

Ellfy - fIi} = 0( =

The idea of the proof of Theorem 8 is quite intuitive and typical for wavelet
estimators. We follow the argument at the end of the previous section with the only
following difference: because no information is available about the distribution of
the error | ﬁA — Balford € Kn, we take a cautious upper bound for it:

InN
() 1
Elf - Al 1{ﬂ¢0}<ES“pI’B() el _O(T)’

which explains the extra logarithmic factor in (74).

Final Solution

Note that # in Theorem 8 depends on s, which is generally unknown. Hence,
to complete the estimation algorithm, we need a method to estimate our model
order n. Though generalized cross-validation techniques could be used, we prefer
a somewhat different estimation approach developed by Donoho et al. (see the
following references). It uses simple thresholding rules!”

50 _ 504
B = Bkl ypizapy (75)

17We consider here the so-called “hard thresholding”; meanwhile, other rules can also be studied,
for example, “soft thresholding” [65]. See also the discussion in [66].
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where A ; is a threshold parameter, so we set

pL

fo = Za0k¢0k(x)+22 2 Bl g0 YR®. (6

J=0kezd I=1

In other words, in expansion (69), we keep those empirical estimates of wavelet
coefficients which exceed some properly selected threshold. How this threshold
should be selected is provided by the following result:

THEOREM 9 (Donoho et al. [41,67]). Let f € By withs > d/p, | flleo <
o0. Select Aj =& = ,/CInN/N, with an appropriate C < 00. Then

Ellfy - 1} = 0( 5

The constant C in the expression for the threshold parameter A is a sort of a
“hyperparameter” of the procedure, which can easily be estimated; see [66, 67]
for related discussions. Note that the estimator fN is adaptive because it does not
require prior knowledge of the regularity parameter.

Discussion

e Theorem 9 has the following intuitive explanation. As already mentioned,
Besov classes B, for p < 2 have a special structure: a relatively small number
of “important” wavelet coefficients are sufficient for obtaining a good function
approximation. In the wavelet decomposition (G, ﬁ](lk)) using noisy data, all coef-
ficients are “contaminated” by noise. A central limit theorem argument suggests
that this noise is approximately Gaussian with zero mean and variance O(1/N).
Thus loglog law implies that the maximal error in the estimates has magnitude

given by
0 [6)) 2InN
njlax |,8 /3 ~ L/ N

Thus, when small (according to the threshold A in Theorem 9) coefficients are
shrinked to zero, noise is canceled with very high probability. On the other hand,
coefficients exceeding this threshold are likely to be significantly different from
zero. This property of thresholding explains another useful feature of the estima-
tor: the estimate fN has the same regularity as the unknown function f to be
estimated (cf. the discussion in [41]).

o Let us now consider again our example of estimating the regression func-
tion or density f(x) = 1{o<r<q). Theorem 9 states that the mean square rate of

convergence of the wavelet estimator for any bounded function f € B;—loo is
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very close to O(N 1), which is nearly as good as the “parametric” rate of con-
vergence, though the function we estimate is not even continuous. Let us compare
the preceding results with the lower rate of convergence for this problem obtained
in [68]. Using Comment 2 of Section III.C.1, the following lower bound is a di-
rect corollary of the results of [68] which were originally formulated in terms of
Sobolev spaces:

inf sup E|lfy — flla = CN~2/@+) an
IN feBy,

for any estimator fN. As compared to (77), there is an extra logarithmic factor
in the upper bound of Theorem 9. In the more subtle construction presented in
[46], this logarithmic factor is eliminated (and even a precise minimax constant
is obtained) in the case of Gaussian noises and deterministic design (observations
arex; =i/N, i =1,..., N).In [69] a cross-validation procedure is proposed to
adapt the optimal algorithm to unknown smoothness. Finally, in [66] the authors
of this paper showed that properly selecting the threshold A for shrinking pro-
vides the optimal rate of convergence (without a logarithmic factor). An adaptive
version of this algorithm is developed in [70].

B. PRACTICAL IMPLEMENTATION
OF WAVELET ESTIMATORS

‘We now move to the practical implementation of wavelet estimators. We pro-
pose two versions of it which differ in the way the empirical estimates of the
wavelet coefficients @i and B jx are computed. The first one, called it direct real-
ization, is based on the explicit formulas (71) and (72) for empirical coefficients.
The second one, called the fast realization procedure, relies on the quadrature
mirror filters (QMFs) presented in Section III.B.2.

Direct Wavelet Estimation Procedure for an N-Sample Length
(Put Y; =1 for Density Estimation): The Wavelet Shrinkage
Algorithm Procedure

(Recall that the assumption that X is uniformly distributed is required for the
case of regression.)

1. Select jmax scales for the wavelet expansion, where

N 2N

- <2djmax < —

InN ~ ~InN’
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2. For j < jmax, compute the empirical estimates

N N
. 1 1 1
=D hidaX),  By=< Z vRx). a8
- =
3. Shrink these estimates according to
g) _ aM)
ﬂjk =ﬁjk1{[ﬂ(l)|>k i (79)

where A is a properly selected threshold (cf. Theorem 9).
4. The final estimate is given by

fux) = Z e Pok(x) + Y BRWR(x). (80)

i,J.k

This procedure for nonparametric regression can be extended to the case in
which X is not uniformly distributed over [0, 114, and has density g(x). In this
case, we have

1 N
b= 5 S 10w ~ [ F)00gtdr = [1f51000utr) dx
i=1

and similarly for the ﬁ(l ’s. Thus applying the WSA to estimate the regression
function f (with the Y, in the empmcal estimates) as if X was uniformly dis-
tributed yields, in fact, an estimate [ fgly of [ fgl. From this remark the following
procedure follows:

1. apply the WSA to estimate the density g (without the ¥; in the empirical
estimates); this yields g;

2. apply the WSA to estimate the regression function f (with the ¥; in the
empirical estimates) as if X was uniformly distributed; this yields funiform;

3. the final estimate is f = funiform /8.

Comment

The preceding direct estimate has some drawbacks (we consider only the com-
putational aspect for a moment). First, we know that there is no closed form for
the scale function ® or wavelet W. Thus, to compute & and B ik, we would
have to compute and store the values of ¢ and W on a fine grid, which is pro-
hibitive. Second, we would like to take advantage of the fast QMF algorithms of
Section IIL.B.2 for computing orthonormal wavelet decompositions. We cannot
apply these algorithms directly on the data, because the available observations
X1, ..., Xn are randomly sampled and do not form a regular grid. To circumvent
this difficulty, we preprocess the observations to obtain the empirical coefficients
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O jmax,k @t the finest resolution level jmax; then we can apply the QMF algorithms
of Section II1.B.2 to compute the coefficients at coarser scales. The proposed pro-
cedure is close to the empirical wavelet transform or hybrid transform, studied
in [71, Sect. 5]; mathematical details can be found in [55]. We assume that the
function f is supported on [0, 11¢.

Fast Wavelet Estimator (X Does Not Need to Be
Uniformly Distributed)

1. Preprocessing. Select again jpyax such that

N 2d]max < N

InN — InN’
Letk = (ky, ..., kd)T be a multi-index, and consider the bin
Ay = [27Imaxfey, 27 Imax (kg + 1)] x + -+ x [27mexky, 27 mex (g + 1)].

For density estimation, we first take the empirical probability of bin Ay (recall
that Ay has volume 2~%/max); this yields

N
~ 1
—_ d}max____
=20 ; lix;ear
and then
B jngek = 202 fy .
For nonparametric regression, similarly, compute
N
fN P = Zi:l Yilix;ean
k= N
=1 1xiean

and then
A djmax/2 7
B e e = 29m/2 fy g

At this point, we have constructed synthetic input—output pairs, where the input
is the considered bin and the output is the associated &, x estimate. Getting the
full wavelet expansion is then performed by applying to these synthetic data the
QMF fast formulas (50) and (51).

2. QMF filtering. Use the multidimensional version of filters (50) and (51) to

compute &, ,Bj(lk) J=0,.. ,jmx—11=1,. 24 1

Qi = Z hiok@jt1,i,

(1)
]k = Z 8i—2kOj+1,i-
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3. Shrink the estimates ﬁj(lk) according to
50 _ ay
Bk = Bixlyp0iza;p

where A; is a properly selected threshold (cf. Theorem 9).
4. Use the “inverse” filter (54) to obtain &, x:

- . 53
@jk = E Ri—2iQj—1,i +gi_2,-ﬂj(-ll,,~~ (81)
il

5. Finally, set
fN (2—Jmaxk) é fN,k — 2“djmax/2&jk'

In this way we obtain estimates of f(2~/msxk). If this accuracy is not sufficient,
it is possible to interpolate f at a finer grid by applying upsampling (81), using
the filters that are biorthogonal to those associated with the Haar basis (see [6,
Chap. 8, 71]).

V. WAVELET NETWORK FOR PRACTICAL
SYSTEM IDENTIFICATION

The estimation procedure described in the previous section may not be ef-
fective for X of higher dimension and for sparse input data sets for training. In
this section we attempt to cope with highly dimensional problems and bad data
sampling using an alternative technique of wavelet estimation. We present here a
method for constructing estimators with nonorthogonal wavelets; the correspond-
ing software is available [72]. We investigate Problem 1 of Section I.B in the
case of additive noise; that is, we suppose that the pair of random variables X, Y
satisfies

Y= f(X)+e, (82)

where f(x): R? — R and e is some noise of zero mean and independent of
X. We want to estimate f based on a sample of size N that we shall refer to
as the training data set: (’)f’ = {(X1, Y1),..., (XN, YNn)}. We are particularly
interested in training with sparse data sets. Sparse data often occur in classification
problems and in the modeling of control systems, where available data can be
relatively few as compared to the dimension of input X. Throughout this section,
¢ shall denote a radial wavelet as defined in Theorem 3; thus we are not using
orthonormal wavelets.
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A. ADAPTIVE DILATION/TRANSLATION SAMPLING

We present here a result which can be regarded as a theoretical justification of
the techniques in this section. Note that in the orthonormal wavelet expansion

f&xy=)_ando(x)+ Y ﬂ;lk)‘l’yk)(x),
k

Ljk

the dilation and translation parameters —2~%/ and k do not depend on the function
to expand and only the linear weights oz and ,Byk) depend on f. Suppose that
we construct a wavelet “basis” with dilations and translations depending on the
function f. The wavelet expansion of f using these basis functions is expected
to use less wavelets, and thus we expect it to be more convenient for estimation
purposes. To obtain such a basis, we discretize the continuous wavelet transform
(42) (see Section III.A).

We first recall the following algorithm proposed in [73]. Consider the continu-
ous wavelet transform (42), which we rewrite as

fix) = /u(a, Delax —1)a® 2 dadt
= / e(a(x — 1)sign(ua, )a®"Y"?u(a, )| dadt

- é/‘p(“(’c — 1))sign(u(a, N))w(a, 1) da ds,

where we have renormalized u(a, t) by a constant factor C so that the function
w(a,t) = Ca“=D/2)y(a, )| can be considered as a probability density. Then
we draw n independent random samples (a;, #;)i=1,...,» from the distribution with
density w(a, t). Then we build

1 .
Fax) =~ Zafi/ 20(ai(x — 1)) sign (u(ai, 1)), (83)
i=1
which, owing to the law of large numbers, converges to the true wavelet transform.
Some faster implementations of this algorithm are given in {73]. Improving this
estimate by some “bootstrapping” technique yields the following approximation
result:

THEOREM 10 (Delyon et al. [73]). ¢ is any radial wavelet function such
that there exists a related radial function  which satisfies condition (40). Let
D, i, 1, p be real numbers satisfying

-1
- 11
1<p<(1—£—d—l) s u:nﬂn(l—;,i)
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and let f be a function of the Sobolev space Wf (R?); then, for any n > 0, there
exists a function fy, of the form

fo®) =Y wig(ai(x — 1)) (84)
i=1

such that

1fn = fllwe < Cn7# 0 fllyye
In particular, if p > d /2 then

Ifn — flla <n™V2CU£1] .

Comment

Theorem 10 provides us with an upper bound for the rate of approximation
when adaptive dilation/translation sampling is used to discretize the continuous
wavelet transform. We should compare this rate with rates of convergence for ap-
proximations based on fixed dilation/translation sampling. For example, the fol-
lowing theorem is proved in [73]:

THEOREM 11. Let p = 2 and p = d/2 + ¢, &€ > 0. For a collection
hi,..., hy of basis ﬁmcz‘ions,18 consider the error

Vo= inf sup|f —span{hy,...,ha}l2,
Bisehn | f)
where span{- - -} denotes the linear space spanned by the listed functions, and
the supremum is taken over the unit ball B = {f: | flI’ < 1} of the Sobolev

space Wf . Then there exists a universal constant C such that, for any fixed basis
hla L] hn:

V, > Cn~/4,

The result of the theorem implies that for any fixed basis h1, . .., h, and any set
of oy, ..., ay, there are “worst functions” f for which a projection approximation
f,f‘ (x) of the form

fro = iaihi
i=1

180ne can take, for instance, the trigonometric basis on [0, l]d , or a truncated wavelet basis with
fixed dilation and translation sampling.
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converges much slower than the approximation (84). Note that this is not in con-
tradiction with the optimality of wavelet shrinkage procedures, because shrinking
coefficients in the wavelet expansion make the estimator nonlinear.

B. WAVELET NETWORK AND ITS STRUCTURE

Though the preceding adaptive dilation/translation sampling algorithm pro-
vides us with a good basis, its implementation using a Monte Carlo technique is of
prohibitive computational cost. We rather implement adaptive sampling in a dif-
ferent way, by combining regressor selection and backpropagation algorithms to
find good dilations and translations. The resulting estimator is called the wavelet
network. Related works have been reported in [74-76]. We refer the reader to [74]
for heuristic comparisons between neural and wavelet networks. For any wavelet
function ¢: R? — R, the wavelet network is written as follows:

Fox) =) miglai x (x — 1)), (85)
i=1

where u; € R, a; € R?, 1; € R?, and “+” denotes the component-wise product
of two vectors. Note that we could have used scalar dilation parameters a;, but we
prefer vectorial dilation parameters because they considerably increase the flexi-
bility of network (85) at a reasonable price. The structure of the wavelet network
is depicted in Fig. 3.

In this section we present an efficient comprehensive method for wavelet net-
work training. The following is an outline of this method:

1. Construct a library W of dilated/translated versions of a given wavelet ¢.
This library W is adapted to the available training data set, by selecting a
subset from all dilated/translated versions of ¢ on a regular grid. This
technique makes it feasible to build the library W even for significantly
large input dimension when the training data are sparse.

2. Not all wavelets from library W are useful in fitting f from noisy data,
however. This leads to the problem of selecting the best wavelet regressors
among W. Three heuristic methods will be proposed for this. When the
regressors are conveniently selected, fitting model (85) amounts to
identifying the u; coefficients, which is a standard least squares estimation
problem.

3. Steps 1 and 2 yield a fast training procedure. The result can still be further
improved by subsequently applying an iterative backpropagation algorithm
with steps 1 and 2 as fast initialization. In fact, because initialization was
good, a faster Newton procedure can be used.

More details of each step are given in the following discussion.
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x-

X- 1,

a wavelon

Figure 3 Wavelet network. A wavelon is shown, which corresponds to one term ¢(a; * (x — ;).
Dashed arrows figure output connections to other wavelons.

C. CONSTRUCTING THE WAVELET LIBRARY W

First, we should build a library W of wavelets which will be considered as
candidates of regressors. We have to restrict ourselves to a finite set of regressor
candidates, in order to apply regressor selection algorithms. Naturally W is cho-
sen to be a subset of the continuously parameterized family {g(a(x — 1)): a €
R™, ¢t € R?). The choice of W is in principle the same problem as discretizing
the continuous wavelet reconstruction (42) to obtain the discrete reconstruction
(43). The standard discretization is a regular lattice:

{q)(a(')’x —mig):nel me Zd}, (86)

where ap, fp > 0 are two scalar constants defining the discretization step sizes
for dilation and translation, respectively. Typically we take a dyadic lattice. Now
the countable family (86) should be truncated into a finite set. Usually we only
want to estimate f(x) on a compact domain D C R? and the wavelet function
@(x) is chosen to have compact or rapidly vanishing support. Therefore, we can
replace in (86) m € Z¢ by m € S, with a finite set §; C Z¢; on the other hand,
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n € Z should be replaced by n € S; with a finite set S, C Z corresponding to the
“desired” resolution levels of the estimation. In practice, four or five consecutive
dilation levels are usually sufficient, with the largest wavelet scale corresponding
to the size of D, the compact domain on which f is to be estimated. After such a
truncation is performed, the family (86) is replaced by

{go(a(')’x —miy):ne€S,;, me S,(n)}. €YD

Note that the cardinality of this wavelet library grows exponentially with the di-
mension d. The following procedure is used to overcome this curse of dimension-
ality when the training data are sparse: scan the training data set Of’ ; for each
sample point in OV, determine the wavelets in (87) whose supports'® contain
this data point; and add these wavelets to W if they have not figured in it. With
this method, the dimension d is not a critical factor of complexity, because the
family (87) does not need to be actually created. For a sparse training data set,
this method allows us to handle problems of relatively large input dimension d.
In particular, if the supports of the wavelets are approximated by hypercubes in
R?, this method is easily implemented. From now on we denote by W the result-
ing library of wavelet regressor candidates. For computational convenience, we
normalize the wavelets and get the library W composed of the wavelets:

9i(x) = aip(ai(x — 1)), i=1,...,L,

N -1/2
o = (Z[‘P(“i(xk —ti))]2> ,

k=1

where L is the number of elements in W, a;,; correspond to the dilation and
translation parameters a;; and a,, "mty of the wavelet ¢;, and o; is the normalizing
factor. The numbering order with i is arbitrary.

D. SELECTING THE BEST WAVELET REGRESSORS

The problem of regressor selection is to select a number M < L of wavelets,
which are the “best” ones from W for building the regression

@) = uigi(x), (88)
iel
where I is an M-element subset of the index set {1, 2, ..., L}. This is a classical

problem in regression analysis [77]. Let Zys be the set of all the M-element subsets
of {1,2, ..., L}. Forany I € Ty, the optimal linear weights u; of (88) are found

9For noncompactly supported but rapidly vanishing wavelets, the term “support” should be inter-
preted in an approximative way as some domain around the center of the wavelet.
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using the least squares method. Then the question is how to choose I € Z)s which
minimizes the averaged square residuals

I
JU)= min % (Yk — > uioi (Xk))

iel

2
. (89)

Determining the optimal number M should be performed using generalized cross
validation; cf. Section II.A.2. For given M, selecting the M optimal regressors
from W must be performed via exhaustive search which may involve massive
computations. To overcome this difficulty, three different heuristics are proposed
instead; details can be found in Section IX.

Residual-Based Selection

The idea of residual-based selection (RBS) is to select, for the first stage,
the wavelet in W that best fits the observations (’){V . Then repeatedly select the
wavelet that best fits the residual of the fitting of the previous stage. In the litera-
ture of the classical regression analysis, it is considered as a simple, but not quite
effective method, for example, in [77] where it is called the stagewise regression
procedure. For classical regressions the number of regressor candidates is usu-
ally small; hence alternative more complicated and more effective procedures are
preferred. In our situation the number of regressor candidates may reach several
hundreds or even more, the computational efficiency becomes more important,
and the simple residual-based selection should be a first choice. Recently it has
also been used in the matching pursuit algorithm of Mallat and Zhang [78] and the
adaptive signal representation of Qian and Chen [79]. This procedure is described
in Section IX.A

Stepwise Selection by Orthogonalization

The idea of stepwise selection by orthogonalization (SSO) is to select, for the
first stage, the wavelet in W which best fits the observations O{V , then repeat-
edly select the wavelet that best fits (’){v while working together with the previ-
ously selected wavelets. This method has been used in radial basis function (RBF)
networks and other nonlinear modeling problems by Chen et al. [80, 81]. This
procedure is described in Section IX.B.

Backward Elimination

In contrast to the previous methods, the backward elimination (BE) method
starts building the regression (88) by using all wavelets in W, then eliminates one
wavelet per stage, while trying to increase as little as possible the residual at each
stage. This procedure is described in Section IX.C.



370 A. Juditsky et al.

E. COMBINING REGRESSOR SELECTION
AND BACKPROPAGATION

Any of the procedures mentioned previously can be used to initialize the
wavelet network (85). This network is then further trained using a backpropa-
gation procedure. Note that in (85) we use vectorial dilation parameters a;, but
for the regressor selection procedures the dilation parameters a; in W are scalars.
Before applying any backpropagation procedure, change the scalar dilation pa-
rameters resulting from the regressor selection procedures into vectors with iden-
tical components. Standard backpropagation is a stochastic gradient procedure; a
quasi-Newton algorithm is, however, preferred for training the wavelet network,
owing to the good performance of the initialization procedures. Finally, to better
capture linear properties in regressions, we replace (85) by

fulx) = Zui(p(ai *(x — t,-)) +cTx+b, (90)

i=l1

with the additional parameters ¢ € R?, b € R. The initialization procedures are
slightly modified accordingly.

VI. FUZZY MODELS:
EXPRESSING PRIOR KNOWLEDGE
IN NONLINEAR NONPARAMETRIC MODELS

A. Fuzzy RULES AND PRIOR KNOWLEDGE
IN NONPARAMETRIC MODELS

We first begin by introducing fuzzy models such as typically used in fuzzy
control [7]. Several presentations are possible; see, for instance, [82]. The presen-
tation we give now is slightly heterodox, but is simple and consistent.

1. Input variables are scalar and are written as xi, . .., x4. Input locations are
encoded via fuzzy set membership functions, that is, functions w4 (x;) with values
in {0, 1] where the symbol A is just a label; the fuzzy set membership function
w4 is the mathematical meaning of “fuzzy set A.” Thus, for each actual value
of x;, the statement “x_3i is A” has a value equal to p4(x;), such statements
are premises of so-called “fuzzy rules.” Be careful that a typical form of such
statements is “x_1 is large,” which does not convey as much information as
formula w4 (x;) does, because the function w4 is not explicitly specified by this
statement.
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2. Fuzzy sets can be combined using the “and, or, not” operators of
first-order predicate logic. For instance,

(x_1 is A_1) and (x_2 1s A_2) ... and (x_d is a_4d)

is a fuzzy set involving the vector (x1, ..., xg). The keyword “and” is a com-
binator of fuzzy sets which must be defined formally in terms of combination of
membership set functions. Several choices have been proposed by various authors
[83]. The most widely used ones are

and(u, v) = min(u, v), or(u, v) = max(u, v),
and(u, v) = uv, or(u,v) =u-+v—uv, (2]
and(u,v) = max(0,u +v —1), or(u,v) = min(l, u + v)

(corresponding definitions for and and or are written on the same line) and
not(u) = 1—u. Then, as usual in logic, the implication “(x is A) implies
(y is B),” also written as

if x is A then y is B
is a macro which expands into?°
(y is B) or not{(x 1is A)

In the sequel, we shall encode the “ and” as the product: and(u, v) = uv, with
corresponding codings for the “ not, or.” Finally the implication is expanded
as stated previously.

3. Fuzzy rules are statements of the form

if x is A then vy is B

Note that more complex premises can be used, using and, or, not. Here we state
the mathematical translation of the classical “modus-ponens” mechanism, which
can be written as

Rule: if x is A then vy is B
Fact: X is A’
Conclusion: y is ?B

Modus ponens is a mechanism which combines membership functions and yields
a membership function. It can be viewed as a mechanism to express interpolation.
Denote by w4 (x) the membership function associated with the fuzzy set x is
A, and denote by = 5 (x, y) the membership functionof “if x is A then

20This is the point where we deviate from the usual presentation: in the fuzzy literature, implication
is often encoded as an “and,” and the modus-ponens mechanism is modified accordingly. We pre-
ferred this presentation, because it is fully consistent and in accordance with the usual predicate cal-
culus.
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y 1s B.” We now state the mathematical translation of the modus ponens [83].
It is defined as

poB(y) = proj, {par () and pa=pu, y)}

2 max {ma ) and pa=pu, y)}, 92)

where elimination of component # has been performed via maximization. We
now consider the particular case in which the fact is a crisp statement, that is, has
the standard form “x 1is x,” where x is an ordinary value. In this case, we have
nar(w) = 1if u = x, and ua () = 0 otherwise. Hence, for such a case, the
modus-ponens mechanism (92) reduces to

noB(y) = na=p(x,y) =1— pa@)(1 — us®)), (93)

where we have used the formulasu = v =vornotu = v+(1—u)—v(l—u) =
1 — u(1 — v). To conclude, because we only consider crisp facts, the fuzzy rule

if x is A then y is B

represents fuzzy set (93).
4. A “fuzzy rule basis” is a collection of fuzzy rules of the form, say,

if (x.1 is A_1_1) and (x_2 is A_1_2)

and (x_d is aA_1_d) then (y i1s B_1)
if (x.1 is A_p_1) and (x_2 is A_p_2)
and (x_d is A_p_d) then (y is B_p)

where the A ; are doubly indexed labels, i is the index of the input coordinate,
and j is the index of the rule. The mathematical translation of this rule basis is
now given. We assume that the fuzzy sets form a fuzzy partition of the space, that
1s,

way, () = L. (94)

P
= 1

d

j=1i

Then, combining fuzzy rules within our fuzzy rule basis is interpreted as taking
the “and’ of their conclusions. Thus, using the notation of item 3, the preceding
fuzzy rule basis represents the fuzzy set ?B equal to

y is ?B_1 and ... and y is ?B_p
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where the ?B_j’s are defined according to (93). Expressing the and combinator
as the product of membership functions, we get

P
uop(y) = [ | mos; ),

(-

fha;, (xi) l—ue,(y))) [by (93)]

—

i=1

~,

p
- Z (1= g, () HMA,-,,- (x:),

j=1 i=1

M\a

B, (%) HMA,,u, [by (94)] (95)
j=1 i=1

where we have used the property (94) of fuzzy partition, and approximation
l'[§’=1(1 —uj)=1- §=1 uj, which is valid for u; small and p large. Next,
we also assume that sets Bj are crisp; that is, they are of the form “y is y;”
Thus up; (y) = lif y = yj, = 0 otherwise. Hence, assuming that both the conse-
quences of the rules and the facts are crisp statements, we get for the conclusion
the fuzzy set “y is ?B,” where

P d
s =Y Ly=yp [ [ 14 0. (96)
j=1 i=1
At this point, setting x = (x1, ..., x4), formula (96) defines a function mapping

points x € R? into fuzzy sets. To get a function in the usual setting R — R, we
perform defuzzification of j195(y) in (96). That is, we replace wop by its center of
gravity, using again fuzzy partition property (94); see [7, 83]. This finally yields
the ordinary function

p d p
y= }:y,-(l‘[uA,,,-(m) 25 yjw;t), ©7)
j=1 i=1 j=1

where x = (x1, ..., x4); this defines the weights w (x). If property (94) does not
hold, that is, if our fuzzy rule basis is sparse so that the range of each coordinate
x; is not covered by a fuzzy partition, then the preceding defuzzification formula
is modified accordingly:

Y yjwi(x)
== - - 98
D SIS o9
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Usually, fuzzy set membership functions are parametrized functions of the form

pa(x) = plalx —n), 99)

where u(x) is a given function with values in [0, 1], a is a dilation factor, and ¢
is a translation factor, and the pair (a, t) encodes the fuzzy set A. Mostly used is
the piecewise-linear function g such that (1) = 1 and u(x) = 0 for x outside
the interval [0, 2], that is, a spline of order 1. In this case, the defuzzification
mechanism (97) just performs interpolation. If the fuzzy partition is fixed and not
adjustable, then we get a particular case of the kernel estimate (15). Obviously,
fuzzy models such as (97) or (98) are amenable to identification because they have
some unknown parameters for tuning, namely, the y’s, a’s, and ¢’s. Identified
fuzzy models are often referred to as “neuro-fuzzy models” in the Al literature
[84], because standard backpropagation (i.e., stochastic gradient) can be used for
their training, exactly as for neural networks. It is also proved that fuzzy models
are universal approximants {85], which is not surprising.

To summarize, fuzzy models are described by fuzzy rule bases, plus some ad-
ditional parameters which make vague statements such as “large,” “small,” etc.,
to be precise in terms of fuzzy set membership functions. The fuzzy rule basis ex-
hibits the structure of the model, plus some coarse features related to the location
of the elementary functions in the decomposition (97) or (98). Thus fuzzy mod-
els are just particular instances of the kind of nonlinear nonparametric model we
consider here, with the advantage of providing the fuzzy rules as a way to describe
some possibly available prior knowledge. In the experiments reported in Section
VIL.A.2, neuro-fuzzy modeling is used in this sense.

B. Fuzzy RULE BASES
FOR WAVELET-BASED ESTIMATORS

In this short section, we briefly discuss a proposal for blending the practical
advantages of fuzzy models with the mathematical quality of wavelet-based iden-
tification techniques. Further development of this proposal will be the subject of
future work and will be reported elsewhere.

Requirements

Formulas (94) and (97) reveal that fuzzy models can be viewed as interpolation
procedures: interpolation is performed between points where the set membership
function takes value 1, with associated y value. Thus fuzzy models cannot reflect
hierarchical or multiresolution approximations of a function such as performed by
wavelet-based identification techniques. So the following natural question can be
considered: how does one provide fuzzy rule bases for wavelet-based estimators?
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Thus what we need is to abstract wavelet networks, say, of the form (85), in the
form of syntax similar to fuzzy rule bases. Such syntax would not specify the
considered wavelet network exactly, but should capture some essential features of
it. Objectives would be to use such a syntax for a rough but easy description of
a wavelet network based on some qualitative prior knowledge on the system, or
to use it as an initial guess for some iterative identification procedure based on
recorded data from the system.

Reflecting the notion of multiresolution or hierarchy within rules calls for a
syntactic notion of context. For instance, in the context “x is large,” we
may want to write “x is small” to express that x is not too large, and
“x is large” again to insist that x is very large indeed. This calls for logics
handling context-dependent statements. Such logics are studied under different
frameworks independently in the AI and theoretical computer science commu-
nities. The notion of a “conditional object” proposed and studied by Dubois and
Prade [86] in the Al community is a candidate model for such “context-dependent
rules.” In [86] various definitions are investigated for such “conditional objects,”
based on some reasonable requirements accepted as axioms. On the other hand,
“structured operational semantics” (SOS) was introduced by Plotkin [87] in theo-
retical computer science. SOS rules describe the legal transitions of a considered
program for a given context. SOS rules are used to specify primitives as well as
the various combinators for program contruction. We shall not elaborate any fur-
ther on possible theoretical models for the kind of context-dependent statements
we shall take the liberty to write in the sequel.

Let us propose the following syntax we call hierarchical fuzzy models.

1. Standard fuzzy rules are hierarchical fuzzy rules. Thus we can still write

if (x_1 is A_1l) and (x_2 is A_2)
and (x_d is A_d) then (y is B)

with the same mathematical meaning as before.
2. Let us give names to the fuzzy rule bases, for example,

RULE_BASE 1is
if (x_1 is A_1 1) and (x_2 1is A_1_2)
and (x_d 1is A_1_d)
then (y is B_1)
if (x_ 1 is A_p_1) and (x_2 is A_p_2)
and (x_d is A_p_d)
then (y is B_p)
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Then the following statement:

if (x_1 1is C_1) and (x_2 is C_2)
and (x_d is C_d) then RULE_BASE applies

is a hierarchical fuzzy rule. Its premise is an ordinary fuzzy statement
(x_1 1s C_1) and (x_2 is C_2) ... and (x_d is C_d)

as before. The second part of this statement, namely, “then RULE_BASE ap-
plies,” has “then” and “applies” as keywords and RULE_BASE as a pa-
rameter. This hierarchical fuzzy rule has the following interpretation:

(a) The reference space for input x, which was, say, [0, l]d , 1s now stretched
down, to enforce validity of the statement

(x_1 is C_1) and (x_2 is C_2)
and (x_d is C_d)

Thus all premises of RULE_BASE are stretched down accordingly.
(b) Since RULE_BASE was a standard fuzzy rule basis, our new rule is a
hierarchical fuzzy rule.

3. Collections of hierarchical fuzzy rules are termed hierarchical fuzzy rule
bases. Hierarchical fuzzy rules can call hierarchical fuzzy rule bases; this cap-
tares multiresolution. Obviously, in doing so, the question of recursivity in the
computer science setting occurs: does it happen that a rule recursively calls itself?
Recursion may or may not be accepted. Anyway, simple syntactic constraints in
writing rule bases would prevent recursivity.

“Down Stretching” Mechanism

The key issue in this informal discussion is the precise mathematical meaning
of the “down stretching” mechanism. We assume for convenience that the default
context is [0, 1]¢. Consider a fuzzy partition satisfying condition (94), which we
recall now

p
2 ITuae =1 (100)
j=1i=1
Down stretching this fuzzy partition to a given membership function pc(x;) con-
sists of building a collection (4 5410 j = 1,..., p, of membership functions
which satisfy

d
l_[,u(A,-ﬂC)(xi) = pe(x) (101)
j=li=1
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Figure 4 Down stretching mechanism.

and, in addition, preserve the “geometry” of the original fuzzy partition. This is
illustrated in Fig. 4. A possible procedure achieving this is described now.

We first need to define the notion of a fuzzy set more accurately. A fuzzy set A
isatriple A = (4 (x), a, b), where

ua: [a, b] — [0, 1] is the membership functionand — oo < a < b < +o0.

The interval [a, b] is the context of the fuzzy set A. For example, when we define
a fuzzy set “small,” we must specify its context interval [a, b] in addition to
its membership function. This “small” label means that the ;14 membership
function is mainly concentrated on the small values of this context interval. Note
that this set may not be “smal1” within other context intervals.

Now consider a fuzzy set C = (uc(x), a’, b’). We consider its left and right
boundaries defined by

lc = inf x, rc= sup x;
pe(x)>0 rc(x)>0

that is, [Ic, rc] is the support of pc. Consider a pair (A, C) of fuzzy sets, and
define the contextual fuzzy set (A|C) as follows:

(AIC) = (a0, lc, re)s

b4 i+ a)uc(x)- (102)
rc —lc

nacy(x) = ,uA(

Hence (A|C) has the support of C as context, and its membership function is
obtained by mapping the interval [a, b] onto [Ic, r¢] and then multiplying by c.
With this definition of contextual fuzzy sets, a fuzzy partition having the default
context, that is, satisfying property (100), is down stretched to a fuzzy partition
satisfying property (101).
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Mathematical Implementation of the Hierarchy

Here we formalize what it means for a rule base to be called within a given
context. As an example, we give the meaning of the hierarchical statement

if (x_1 is C_1) and (x_2 1is C_2) ... and (x_d 1is C_d)
then (y = v_o0)

if (x_1 is C_1) and (x_2 is C_2) ... and (x_d is C_d)
then RULE_BASE applies

where RULE_BASE has been defined before. We may also rewrite this as

if (x_1 is C_1) and (x_ 2 1s C_2) ... and {(x_d is C_4d)
then (y = y_0) and RULE_BASE applies

First, we have to combine two rules, and this is performed using the general for-
mula (97). Then we must recall that RULE_BASE is called within the context of
C1 x - -+ x Cg4; hence we use definition (102) of contextual fuzzy sets. This yields
the following mathematical interpretation of the previous hierarchical rule base:

d 14 d
y= yo(l—[ltc,- (Xi)) + [Zyj(numjﬂc,-)(xi)):l- (103)
i=1 j=1 i=1

This shows that the value y, can be interpreted as a “first-order approximant,”
whereas the y;’s, j = 1,..., p, are increments corresponding to a refinement
of our modeled function. Thus truncating such an approximation is simply per-
Jormed by truncating the tree of the nested calls of rule bases.

Thus what we have at this point is a flexible way to associate syntax with
multiresolution expansions of functions. If, in addition, we carefully choose our
membership functions w4 to be derived from scale functions ¢ associated with
wavelets, we now have a way to abstract wavelet networks in the form of hier-
archical fuzzy rule bases. See Section IILA for scale functions which are non-
negative and bounded, and thus satisfy the requirements for being prototypes of
membership functions. The “call” mechanism provides some kind of genericity,
because the same rule base can be called within different contexts. This generic-
ity is expected to be useful mainly when adjustable parameters, which are hidden
inside fuzzy rules, are identified from data. On the other hand, for fuzzy models
specified based on the prior knowledge of the user, it is not expected that the same
rule base will be called under different contexts.
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VII. EXPERIMENTAL RESULTS

In this section we consider the application examples introduced in Section L A.
We provide detailed results obtained with the wavelet networks and the fuzzy
network. For the gas turbine example, we also compare them with alternative
semiphysical models which were developed in [88] for the purpose of monitoring
and diagnostics.

A. MODELING THE GAS TURBINE SYSTEM

1. Using the Wavelet Network

In the gas turbine system we introduced in Section I.A.1, the temperature pro-
file at the exhaust of the turbine is considered as the output. We need a model
which predicts this temperature profile from available measurements. For the
semiphysical model we mentioned in Section [.A.1, the temperature profile is
predicted from the mean temperature in the combustion chambers 7, the mean
temperature at the exhaust of the turbine T, and the rotation velocity of the tur-
bine N. The velocity N is directly measured, 7 is given by the average of a set
of thermocouples installed at the exhaust of the turbine, and 7, is computed from
T; and the compression rate 7 of the compressor [9, 10]. By substituting 7, the
temperature profile at the exhaust of the turbine depends on 7, 7, and N. As
suggested by this semiphysical model, we assume that the temperature measured
by each of the thermocouples installed at the exhaust of the turbine is a function of
T, m,and N, which are all measured. Therefore, we can try to construct, for each
of the thermocouples, a wavelet network with Ty, 7, and N as its input variables,
and train it to predict the temperature measured by the thermocouples.

‘We have experimented with this approach on the data taken from a gas turbine
of European Gas Turbine SA. The training data were collected during about 48
hours. We have resampled the data and kept only 1000 measurement points. This
gas turbine system is equipped with 18 thermocouples at its exhaust. For the sake
of brevity, we show only the results concerning the first thermocouple. The resam-
pled data are depicted in Fig. 5 where the plots correspond to 75, 7, and N and
y = t1 — T, where ¢ is the measurement of the first thermocouple. These 1000
measurement points, which we refer to as the training data, are used for training
models whose input vector is x = (Ts, 7, N )T . The obtained models are tested
on another set of measured data, which we refer to as the fest data set and depict
in Fig. 6.

We have chosen the radial wavelet function p(x) = (d — xTx) exp(— %xTx)
with d = dim(x). The number of wavelets used in the networks is set to 40. Note
that there are 18 thermocouples.
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Figure 7 Result with the semiphysical model on the test data set. The solid line represents the true
measurement and the dashed line represents the output of the model.

We initialize the wavelet networks with each of the proposed (RBS, SSO, BE)
procedures and train them with the Gauss—Newton procedure.

To show the performance of the resulting models, we compare their results
with those of the semiphysical model and a third-order polynomial model. In
Figs. 7 and 8 the results obtained with the semiphysical model and the third-order
polynomial model are, respectively, shown. The results obtained with the wavelet
networks initialized with procedures RBS, SSO, and BE, and the results after 10
iterations of the Gauss—Newton procedure are given in Figs. 9-11. In Table I we
list the mean of square errors (MSE) of these models on the training data set as
well as on the test data set. For each of these networks, we give the result of its
initialization (init. MSE) and the result after 10 iterations of the Gauss—Newton
procedure (final MSE). The time of computation for building these models is also
listed in Table I, based on our programs in MATLAB 4.1 language executed on
a Sun Sparc-2 workstation. Because the execution time of the programs is per-
turbed by other processes on the workstation, another figure of merit is provided,
namely the the MATLAB’s Flop which measures the computational complexity of
a program.
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Figure8 Result with the third-order polynomial model on the test data set. The solid line represents
the true measurement and the dashed line represents the output of the model.

The following observations can be made:

e The semiphysical model performs quite poorly in predicting the output of
the system.

e The system is truly nonlinear; in addition, the results obtained with the
polynomial model are quite poor.

e The wavelet networks do improve the performance on prediction. Recall,
however, that we get in turn increasing computational complexity and loss
of the physical meaning of the model parameters.

2. Using the Fuzzy Network

We also applied the (classical) neuro-fuzzy network as briefly introduced in
Section VI for modeling the gas turbine system. Similarly to the wavelet network,
we train the fuzzy network using the training data set, and then evaluate it on the
test data set.

To build the network, we have taken a fuzzy partition of the state space using
triangular membership functions (i.e., first-order splines); this divides the varia-
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Figure 9 Results with wavelet network initialized by procedure RBS (top) and after 10 iterations of
the Gauss—Newton procedure (bottom). The solid lines represent the true measurement and the dashed

lines represent the output of the model.
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Figure 10 Results with wavelet network initialized by procedure SSO (top) and after 10 iterations of
the Gauss—Newton procedure (bottom). The solid lines represent the true measurement and the dashed

lines represent the output of the model.
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Figure 11 Results with wavelet network initialized by procedure BE (top) and after 10 iterations of

the Gauss—Newton procedure (bottom). The solid lines represent the true measurement and the dashed
lines represent the output of the model.
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Table I
Performance Evaluation of the Models

Models RBS net SSO net BE net Semiphysical  Polynomial
Train. init. MSE 1.2656 1.0453 1.0381
Train. inal MSE 05395 0.4239 0.4503 3.5268 2.8438
Test. init. MSE 1.2368 1.1229 1.1576
Test. final MSE 1.1886 1.2348 1.0898 2.8914 2.1135
Init. flops 2.0718 x 107 4.3714 x 108 7.5143 x 107
Train. flops 1.5365 x 10° 15365 x 10° 1.5365 x 10° 9.8041 x 108 4.7056 x 10°
Init. time (s) 41.6 251.2 87.2
Train. time (s) 2461.8 2383.8 2456.5 2265.0 1.5362

tion domain of each input into five equal parts. Following Section VI, the math-
ematical translation for both conjunction and implication operators is taken to be
the product.

Before learning, we have initialized the network using a simple interpolation
procedure. Consider the “defuzzification” formula (97) which we recall now:

14 d 14
y = Zyj(l'[u,{j,i<xi)) 23 yjwic, (104)
j=1 i=1 j=1

where the index j labels the rules. For each rule j, select the training input data
point X, closest to the center of the corresponding fuzzy set, that is, wj(x) is
maximal for x = X, i Then take y; = Y,; where Yy, is the output value corre-
sponding to X,;. Results of this procedure are shown in Fig. 12.

The second stage consists of performing a least squares fit of the parameters
8; in the function fy(x) = Z;’___l fjw;(x), where 8 = (61,...,6,) based on
the whole training data sample O{" = {(X1,Y1),..., (Xn, YN)}. A brute-force
implementation of least squares would be difficult, due to the need for inverting
the Hessian of the least squares functional. Thus an iterative stochastic gradi-
ent procedure has been preferred instead, using the preceding simple initializa-
tion technique. Training was stopped after only three successive scannings of the
learning set.

The identified fuzzy network is then evaluated on the test data set. The output
of the identified fuzzy network is plotted in Fig. 12, and is compared to the actual
one. The solid line represents the true measurement and the dashed line represents
the output of the model. The mean of square errors (MSE) on the test data set
is 1.5860.
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Figure 12 Results with the initialized (top) and trained (bottom) neuro-fuzzy networks on the test
data set. The solid lines represent the true measurement and the dashed lines represent the output of
the model.
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B. MODELING THE HYDRAULIC ACTUATOR
OF THE ROBOT ARM

Let us denote by u(#) and p(¢) the position of the valve and the oil pressure at
time ¢, respectively. A sample of 1024 pairs of (u(z), p(t)) was registered.21 We
divide it into two equal parts for training and testing the models. The training data
are depicted in Fig. 13, and the test data in Fig. 14.

We first tried to model this system with linear autoregressive exogenous (ARX)
models. More precisely, we tried to use models of the following form:

p) = aip(t — 1) +arp(t =2) +--- +anp(t — n)
+bhiuG—t—D+but—1—-2)+ -+ bpu(t — v —m) +e(t),

where the pure time delay 7 is assumed to be an integer and e(¢) is some noise
independent of u(#) and past values of p(r). After the identification of the model
parameters a;, b, T, we plot the output of the following system to visually evalu-

_

1 1 L - - ) — i ]
0 50 100 150 200 250 300 350 400 450 500

_4 1 i 1 i 1 L 1 ) 1 I
0 50 100 150 200 250 300 350 400 450 500

Figure 13 Training data: the input u(t) (top) and the output p(¢) (bottom).

21we gratefully acknowledge Jonas Sjoberg and Svante Gunnarsson from Linkoping University for
providing the data.
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Figure 14 Test data: the input u(¢) (top) and the output p(¢) (bottom).

ate the quality of the model:

p) = a1pt — ) +axpt —2) + -+ anp(t —n)
+bhiu@t -1t -D+bou(t—1—-2)+--+ buhu(t — v — m).

We processed the data with Ljung’s System Identification Toolbox, Version 3.0a.
It turns out that the ARX model that gives the best simulation result on the test
data set has the model order with n = 3, m = 2, t = 0. This result is shown
in Fig. 15. It does not seem to be satisfactory. The wavelet networks as defined in
(90) are then considered as candidates of nonlinear models.

In analogy with the linear ARX model, we build models of the following form:

pty = f(pt — 1), p(t = 2), p(t = 3), u(t = 1), u(t — 2)) + e(2),

where the nonlinear estimator f is a wavelet network composed of six wavelets,
and e(t) represents the modeling error. To train the network, compose its input
and output vectors with the training data {u(¢), p(?)}:

() = [p(t = 1), pt = 2), pt = 3),u(t = 1), ut - 2)]",
@) = p().
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Figure 15 Result with the linear ARX model on the test data set. The solid line represents the true
measurement and the dashed line represents the simulated output.

Then apply the initialization algorithms and the Gauss—Newton procedure. Again
we take

p(x) = (d — x"x)exp(—1xTx),

with d = dim(x) as the wavelet function. It happens that for this example the
Gauss—Newton procedure does not significantly improve the performance of the
wavelet models, so we only show the results obtained with the initialized net-
works.

We then simulate the output p(¢) on the test data set with the wavelet models,
in a similar way as with the linear ARX model:

) = F(pt = 1), pt —2), pt — 3), ut — 1), u(t — 2)).

The simulation results obtained with the wavelet networks initialized with algo-
rithms RBS, SSO and BE are depicted in Figs. 16-18.

Clearly, the wavelet models significantly improve the results of the simulation.
Although the results obtained with initialization algorithms SSO and BE are very
similar, the result of algorithm RBS is obviously not as good.
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Figure 16 Result with the wavelet network initialized with algorithm RBS. The solid line represents
the true measurement and the dashed line represents the simulated output.
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Figure 17 Result with the wavelet network initialized with algorithm SSO. The solid line represents
the true measurement and the dashed line represents the simulated output.



Wavelets in Identification 393

-2

-3

_4 1. 1 1 Il 1 1 I 1 1 1
0 50 100 150 200 250 300 350 400 450 500

Figure 18 Result with the wavelet network initialized with algorithm BE. The solid line represents
the true measurement and the dashed line represents the simulated output.

C. PREDICTIVE FUZZY MODELING
OF GLYCEMIC VARIATIONS

1. Variables of Interest and Their Qualitative Labels

Diabetologists’ knowledge is expressed under the form of “rule of thumb” ad-
vice. We have used this knowledge to build a two-hour-ahead predictive model of
glycemic variations. This predictive model will be subsequently used in a control
system. We have restricted our model to six inputs as shown in Table II (current
instant ¢ is omitted for simplicity).

The ouput is the predicted variation of glycemia at time ¢ + 2 hours, DG (t+2)
€ {PVB, PB, PM, PS, Z, NS, NM, NB, NVB}, where P means “Positive,” N “Neg-
ative,” S “Small,” B “Big,” etc. Figure 19 shows the membership functions of
glycemia, where the (gi):."=0 parameters must be determined by learning because
their optimal value depends on the patient. Membership functions have been rep-
resented by simple first-order splines with free knots.
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Table I
Fuzzy Variables for Glycemic Variation Modeling

Item Symbol Fuzzy values
Glycemia Gl Very Low Low Normal High Very High
(VL) () ) ®) (VH)

Basis insulin Ba Low, Normal, High

injection rate
Flash insulin Bo Low, Normal, High

injection rate
Elapsed time Dr Far Before, Near, Just After, Far

since previous meal
Diet Nr Fiber, Normal, Glucidic
Expected future activity ~ Ac Low, Normal, High

Our method follows the following two steps:

1. start with an initial guess of the model, based on available (qualitative)
prior knowledge;

2. tune this model to the particular patient under consideration, by
performing learning from data.

2. Expressing Prior Knowledge

Combining all possible qualitative values for the different inputs yields 1620
different cases, corresponding to the same amount of candidate fuzzy rules. In
fact, only 50 rules were considered for our prior model, thus reflecting the actual
domain for the input variables where meaningful knowledge exists. Example of
such rules are

if (GL(t) is VL) and (Nr(t) is N) then DG(t+2) 1is PB
if (GL(t) is L) and (Ba(t) is L) then DG{t+2) is NS

8g g1 By B3 9

Figure 19 Fuzzy partition for glycemia.
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Figure 20 Prior model: two-hour-ahead prediction (dashed line) vs. actual (solid line) glycemia.

Figure 20 shows predicted glycemia at ¢ 4 & from glycemia at time ¢, with § =
2 hours, before learning, that is, with only use of the prior model. The solid line
shows the actual glycemia and the dashed line the predicted one. The doctor’s
rules are quite efficient in predicting the effect of insulin injections. Still some
spikes occur in the prediction error. The prediction error has mean p© = —0.20
and standard deviation o = 0.38.

3. Tuning the Model for Each Patient

Using data from the patient’s notebook, we divided the data file into two parts,
one for learning and the other for generalization (i.e., testing). Figure 21 shows
predicted glycemia at ¢ + 2 from glycemia at time ¢, after learning, that is, sub-
sequent learning of the g; parameters on the data. A simple stochastic gradient
was used. The prediction error has mean 4 = —0.0003 and standard deviation
o = 0.29. Some improvement is seen; note that such an improvement is likely to
be patient dependent. The errors around time steps 700 and 800 are due to catheter
changes (as marked in the notebook) which usually lead to the injection of more
insulin than expected.
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Figure 21 Model after learning: two-hour-ahead prediction (dashed line) vs. actual (solid line)
glycemia.

4. Comments and Conclusions about This Example

The following conclusions can be drawn from this case study:

e Fuzzy rules turned out to be a convenient way to express prior knowledge
from doctors, in part because this prior knowledge is mainly qualitative. It is im-
portant to notice that this fuzzy rule basis was far from being equivalent to an
exhaustive table describing the input—output map, because about only a few per-
cent (50/1620) of this table was described by the rules. This restriction is by itself
a useful prior information about the range of validity of the modeling.

e Subsequent tuning of the prior model was performed while preserving the
structure of the model; that is, the fuzzy rules were not modified, only the g;
parameters hidden in the splines were adjusted. It would also be possible to use
our prior model as an initial guess but allow other “rules” (i.e., additional splines)
to be introduced via learning; corresponding experiments are under progress.

e Another advantage of describing the model via fuzzy rules is the possibility
to “decompile” the model after learning, again in the form of fuzzy rules, for
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return to the user (doctor or patient). Returning a mathematical model would be
of little use for the average user having no training in mathematics.

¢ In this application, high accuracy was not a key point. For other cases where
model accuracy is more important, replacing fuzzy membership functions in the
form of first order splines by more efficient wavelets could be easily performed.

e On the practical side, on can notice from both Figs. 20 and 21 that human
control of glycemia injection performs quite poorly. The desired range would be,
say, about 1 £ 0.3, which is far from being accessible to human control. Thus
nonlinear fuzzy control design is now under progress for this application.

VIII. DISCUSSION AND CONCLUSIONS

In this chapter we have discussed the wide area of nonparametric nonlinear
estimation from the point of view of system identification. We have seen that a
huge amount of work has been pursued in the statistics community. We also know
from numerous press releases that, in parallel, the AI community revitalized the
same area by advertising neural networks, fuzzy models, and neuro-fuzzy mod-
els. In addition, Al scientists and engineers packaged these techniques with user-
oriented software and even hardware. It is not until recently that the Al community
become interested in the mathematical developments and algorithms from statis-
tics. At the same time, statisticians became involved in the mathematical study of
the methods advertized by the AI community and engineering practice. In paral-
lel, the control community recognized those models and estimation algorithms as
possible candidates for nonlinear black-box system identification. In this chapter
we have tried to put together material—both classical and very modern—from
different areas, and have discussed both mathematical and practical issues. Here
is a summary of our tentative conclusions and suggestions for future work.

Practical Issues

e Models for prediction and simulation. As reflected by the reported exper-
iments, our experience has been that nonlinear nonparametric models are very
good at predicting behaviors, provided that the training data set reflects all actual
operating conditions that can occur. This is especially true for models that are
multiresolution in nature, for example, wavelet-based models. More interesting,
prediction is still efficient even for a sparse training data set—a situation which
is almost unavoidable for high-dimensional input data. The quality of prediction
can rapidly vanish outside the range of the training data set, however, but this is
not really surprising.
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e System monitoring and diagnostics. The reported experiments on the gas
turbine case study show that the data fit is much better for our wavelet network
(and even for the neuro-fuzzy network) than for our semiphysical model. Accord-
ingly, one may expect a better performance in change detection and diagnostics
by using the wavelet network. Designing a change detection procedure based on
the wavelet network can be performed by applying the general asymptotic local
approach discussed in [10, 89]. However because the parameters of the network
have no useful interpretation, diagnostics would require learning the failure modes
from training data sets: this is unrealistic because real data corresponding to fail-
ure modes are (fortunately) seldom. Thus diagnostics requires a combination of
data and prior knowledge, preferably in the form of a (semi)-physical model: data
are the current data (from safe or failure mode), and the model is used to describe
prior knowledge about failure modes. In fact, gas turbine monitoring and diagnos-
tics were successfully performed using our seemingly poor semiphysical model;
see [10, 88] for an account of the results.

o Describing prior knowledge. Fuzzy models and their associated rules can be
used to describe prior knowledge for nonlinear nonparametric models. Now if it is
desired to blend the style of fuzzy rules with the mathematical quality of modern
nonparametric models, we are faced with the need for a notion of “multiresolu-
tion” or “hierarchical” fuzzy rule bases. We have discussed a possible proposal
toward this objective. This has to be further explored. In addition, it would be
interesting to develop statistical methods checking for violation of a particular
subset of fuzzy rules; this would blend methods from artificial intelligence and
statistics model-based diagnostics.

e Software support. Our current experience can be summarized as follows.
There are three different kinds of needs for nonlinear black-box identification:
low-dimensional input (say, 1, 2, 3), medium-dimensional input (in the range of
tens), and large-dimensional input (in the range of hundreds or thousands). The
first case typically corresponds to curve fitting and is useful in signal or im-
age processing and sometimes in control. High-performance algorithms based
on wavelets are available today, which outperform others in both accuracy and
computational cost (see Section IV), and software is available, such as Taswell’s
WavBox in the Matlab language [90]. The second case has its main applica-
tions in system identification and control. There, RBF (radial basis function) net-
works, which provide fast noniterative training procedures, are preferred; theoret-
ical studies and experiments suggest that wavelet networks [72], such as discussed
in this chapter, are likewise more efficient candidates. Finally, sigmoid-based neu-
ral networks with their iterative backpropagation algorithm, both simple and time
consuming, are still effective for very large dimensional cases such as encountered
in some pattern recognition applications. We have seen that alternative models
with much more efficient iterative training procedures can also work well, such
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as Breiman’s hinge functions [50]; Breiman’s hinging hyperplane algorithm fits
piecewise-linear models on nonlinear systems in a very efficient way.

Mathematical Issues

o Assessing the quality of an approximation. What is the convenient figure of
merit for the estimation error || f — f||? We have emphasized in this chapter the
central role played by Besov spaces: this is a triply parametrized family of spaces
of functions that are generally smooth but may have sparse singularities. Being
smooth outside localized singularities is a common feature of most of the nonlin-
ear systems encountered in practice; thus Besov spaces are suitable to assess the
quality of an estimator.

e Quality of fit from noisy data, and “Cramer-Rao bounds.” Maximal risks
and lower rates of convergence provide adequate frameworks; they have to be
used in combination with Besov spaces. And we have shown that wavelet-based
estimators are optimal for systems in Besov spaces.

o How efficient identification algorithms really are in terms of computational
cost and quality of conditioning. When orthonormal wavelet librairies can be ef-
ficiently built (this is feasible for low-dimensional input, say, up to 4 or slightly
more), wavelet estimators from Section IV are the fastest ones. For very large di-
mensions, wavelet librairies cannot be built today, and standard sigmoid-based
neural networks are preferred; Breiman’s hinging hyperplane models are very
promising alternative candidates. In the medium-range situation, wavelet net-
works using partial wavelet librairies seem to be efficient alternatives to RBF
networks.

Research Directions

Based on the material of this chapter, we can suggest the following three major
challenges for future research.

e Providing wavelet-based identification methods for higher-dimensional
inputs. The central question here lies in the efficient construction of
wavelet librairies in higher dimensions.

o Taking advantage of multiresolution in both time and space is a major
challenge for dynamical system identification. Functional nonlinear
autoregressions of the form ¥, = f(Yx—1, ..., Yx—p) + e, or their
state-space counterparts, are naturally used with both neural and wavelet
networks. These models do not allow playing with multiresolution for time,
however, because discretization is fixed and rigid. Thus a new framework
would be needed for this purpose.

e Investigating the interplay between the syntax of fuzzy modeling and
modern nonparametric models certainly is a topic of major practical
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interest. It would provide the user with ways of describing prior knowledge
within nonparametric models.

IX. APPENDIX: THREE METHODS
FOR REGRESSOR SELECTION

Recall that W = {¢;: i = 1,..., L} is the library of the wavelet regressor
candidates. Introduce the following notation:

@i (x1)
v = : , (105)
@i(xN)
where ¢; € W and x1, ..., xy are input observations in the training data set

oY ={G1,y0), ..., vy YN}
@; has been normalized so that v; is unitary:
v =1, i=1,...,L.
Now collectallthe v;, i =1,...,L,inaset V:
V={v,...,vL}. (106)

We also define the output observation vector

34
y=|: | (107)
YN
where yi, ..., yn are output observations in (’)f’ .

Let span{v;: i € I} be the space linearly spanned by the vectors v;, i € I,
and let Zjs be the set of all the M-element subsets of the index set {1,2,..., L}.
Using this notation, selecting I € Ty so that the corresponding M wavelets in
W minimize the mean square residual J () in (89) is equivalent to selecting the
M vectors v; from V which minimize the Euclidean distance from the vector y to
the space span{v;: i € I}. Such an optimal solution requires an exhaustive exam-
ination of all the M-element subsets of W, which may not be feasible in practice,
because of its massive computational burden. Some suboptimal and heuristic so-
lutions have to be considered. Here we present three heuristic procedures.
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A. RESIDUAL-BASED SELECTION: DETAILS

Define the initial residual yo(k) = w, k& = 1,..., N, with y; the output
observations in (’){V . Set fo(x) =0.

Atstagei, i =1,..., M, search among W the wavelet ¢; that minimizes
1 N 2
TP = 1; (yi-1(6) — uj0;(xe))",
where

N ) -1~
uj = ( ((p](Xk)) ) prj(xk))’i—l(k)
k

=1 k=1

and y;-1(k), k =1,..., N, are the residuals of stage i — 1. Note
L = in J{p;).
i =arg min (¥5)

Then g, is the wavelet selected at stage i. Update f; and y;:

filkx) = fis1(x) +uy; 1, (x),

Yitk) = yi—1(k) — w9, (xx), k=1,...,N.
This procedure can be more conveniently described with the aid of vectorial no-
tation as follows. Define the initial residual vector yp = y with y as defined in
(107) and set fo(x) = 0. Atstagei, i = 1,..., M, search among V the vector
v; that minimizes

J()) = (vie1 — uj9)T (yie1 — ujvj),
with
uj = @] v)) "] vie1 =] vt

where the last equality is due to the normality v}" vj =1
Substituting u; into J(v;) yields

Jwj) = (yi-1 — UJTVi—lvj)T(yi—l - UJTVi—lvj) (108)

=y o1 + ] vim)?0] vy - 2(11,?)’1'—1)2 (109)

= yF i — (0T wo)™ (110)

It turns out that minimizing J(v;) at stage i is equivalent to maximizing

(vJT ¥i-1)%.
The algorithm is summarized as follows.
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Regressor Selection Algorithm for Residual-Based Selection

Step 0. Set yp = y and fo(x) =0.

Stepi, i =1,.... M. Letl; ={j: j=1,...,Land j # I1,...,l;i—1}.
Find

T 2
l; = argmax (v; Vi—
i ngIi ( IRL 1)
and set

u, = v[{)’i—]s
Jfi(x) fi—l(x) + uy (x),

Yi = Vi—1 — W, vy;.

It is easy to prove (see [78])
2
vivi = v o = (] vie1),

s0 yiT y; monotonically decreases as i increases. It also means that the ith term
added to fuy(x) has a contribution to the minimization of yAleM measured

by (o] vi-1)%.

B. STEPWISE SELECTION
BY ORTHOGONALIZATION: DETAILS

At stage i of this procedure, assume that the i — 1 already selected wavelets cor-

respond to the vectors vy, ..., vj,_,. To select the ith wavelet, we have to compute
the distance from y to the space span(vy,, ..., v;,_;, vj) foreachj =1,..., L and
j #11,...,1li—1. For computational efficiency, we orthogonalize the later selected
vectors vj to the earlier selected ones. Assume that vy, ..., v,_, are already
orthonormalized and renamed as wy,, ..., wy_,, then span(vy, ..., v;_,, vj) =
span(wy,, ..., wy;_,,v;). Foreach j =1,...,Land j #11,...,[;-1, compute

pi = vj — (W] wywy, + -+ @ wy_wy,_,), (111)

T —1/2
q; = (pT pj)~*p;. (112)

Then we should search the v, or equivalently the g;, that minimizes
J(vj) = J(gq;)
~ - - T
= [y = (@yw, +-- - +iig_ywi,_, +i5q5)]
X [y — @wyy + - i wy, + 'zjqj)]
= [y - W;U,1 Iy - W,;Ujl,
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with the matrix W; = (wy,, ..., wy_;, q;) and the vector
~ ~ ~ -1
Uj =Gy, ... dg_. )" = (W W;)" Wiy=W]y, (113)

where the last equality is due to the orthonormality of wy, ..., wy,_,, gj. Continue
the computation:

Jwj) =yTy+ U W wW;u; —20T W]y
=yTy+UTu;—20TwTy.
By (113) we have U; = W].T y. Therefore,
Jj) =y'y+UJU; -2U] U;
=y'y-uly;
= yly - (@}, +- - +itj,_, +ii5).

Consequently, minimizing J (v;) is equivalent to maximizing f‘lzl +-- -+ﬁl2i_1 +ﬁ3.
By (113) we have

i =wly, k=1,...,i-1,

ij=4qjy,

SO 11121 + .4 ’212;_1 is independent of g;. We conclude that minimizing J(v;) is
equivalent to maximizing 12? =] y)2.
After M iterations, the values of [j,...,Iy are determined, as well as

i, ..., iy, . We still need to determine the values of uy,, ..., uj,, in
M
) = uye;x).
i=1

By the definitions of w; and #;,
y=[wy, ..., wi iy, .-, dp)" +yu-
On the other hand,
y=lvy, ..., vy, .. .,uzM]T + M.
Therefore,
(Wi« Wi ALy - ooy ity 1T = [ty v vty Dttty -y iy 17 (114)
In (111) and (112) let j = I;. Then combining them yields
v = ((vlfwll)wll +-+ (vl,rwh_l)wz,-_l) + py;

= (f wiwy, + -+ 0 w,_Dwi_,) + (o] o) 2an



A. Juditsky et al.

404
T T T 1/2
= ((vli wydwy +- -+ (Uli wli_l)wl;_l) + (Pli Pli) wy;
= (owy, + - +o—iwy_,) + o wy,
with
ak,-=vlT,w1k, k=1,...,i-1,
12
i = (Pz, Pt,) /
Consequently,
[wi, .o, wiy A = [y, ..., o], (115)
where A is the triangular matrix
[ o1 a2 a3 e ay |
0 ap oy - M
0 0 aszs .- a3p
A= _
0 0 -+ 0 amama omam
| O o ... 0 amMM |

Then u;, can be obtained by solving the triangular system of equations obtained
by combining (114) and (115):

Alugy, . un )T = [y, .. . dig, 17 (116)

Let us summarize the algorithm as follows.

Regressor Selection Algorithm for Stepwise Selection

by Orthogonalization
Step 1. Find
Iy = ar, ax (v7y)%
1 =arg max, (vy)
Set
Uy = v,le, wy, = vy, ajp =1

Stepi, i=2,...,M. Letl;={j: j=1,...,Landj#1,...,li_1}.For

each j € I;, compute
- ((Urwll)wh +--- (vjrwli-l)wli—x)’
1/2

pj=v
qf=(p,p)
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Find
2
l; = ax (g7
¢ = argmay (4j¥)
and set
izl,‘ = ql{y,
wy;, = qi;,
akizv,{wlk, k=1,...,i—1,
12
ai = (] pi,)'"%.

Step M + 1. Solve (116) to obtain u;;, i = 1,..., M, and build

M
fu(x) =) uye;(x).
i=1

C. BACKWARD ELIMINATION: DETAILS

The regression with all the wavelets of W is written as

L
L) =) uwigi(x),

i=1
where u; are determined by the least squares algorithm:
@iy eeu)T = [, o) T @1 @ e Ty (A17)

Note that inverting the matrix (vq, ..., vL)T(vl, ..., UL) may cause a prob-
lem when it is singular. This situation rarely occurs with the set V of vectors
corresponding to the wavelet library W. Whenever it happens, the two previously
presented regressor selection algorithms should be used.

The residuals

yL(k) = yk — fr(xx), k=1,...,N,
can be written in their vectorial form as
ve=y—i,...,o0)ui,...,u)’. (118)
Combining (117) and (118), we get
vive =y"y" =y Vo (V§ Vo 7y v,

where the matrix Vo = (v1, ..., v7).
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If we remove one wavelet, say ¢;, from f7(x), the same computation can be
repeated to get a similar result

-1
ve_ivi—1 =y yT = yTCw;IVo)(Cw;|Vo)T C(v;|V0)) ™ C(w;1Vo) y,

where the operator C means the complement of a matrix; that is, if a matrix
U = [U,, U, Us), then C(Uz|U) = [U1, Us]. Hence the increment of the sum of
square residual caused by removing ¢; from fL(x) is

Jp) = vi_yvi-1-viwn
Y VoV Vo) VT y — yT Cvj1Vo)
-1
x (C;|1V0)T Cw;| Vo))~ C(u;1Vo)T y. (119)

i

Removing from f1 (x) the wavelet ¢; that minimizes (119) yields f7-1(x).
Repeat the same procedure to remove another wavelet from f7,_1(x), and so on.
This results in the following algorithm.

Regressor Selection Algorithm for Full Backward Elimination

Step 0. Set Vo = (v1,...,vL).

Stepi, i =1,...,L—M. Letl;={j: j=1,....,Landj#1,...,li_1}.
Find

L = argf;lg’.‘yTC<vj|v,-_1>(C<v,-|w_1)TC<vj|w-ﬂ)“C(vlef—l)Ty-
Set V; = C(v;|Vi-1).

Step L—-M+1. Letlp.pyr1={j:j=1,....,Land j #11,...,1L—m}).
Build

@ =Y ujpjx),

JelL—m+1

with uj the components of the vector u given by

w=(V_yViem) " VL .

The computation required by this procedure is quite heavy. For instance L —
i + 1 matrices need to be inverted at step i. The computation for inverting the
matrices can be reduced in the following way.
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For any matrix U = [Uy, Us, Us] where Uy, Us, Us are subblocks of U,

vlu, vlv, Ulus
vtu=| vlfv, vlv, Ufus
vifu, vlv, Ulus

Assume (UT U)~! is already calculated and partitioned in the same way as U7 U

" Air A A
(U Ty ) = A An An
A1 Az Az

Then the following formula can be easily verified:

UgUl U3TU3
|: Al An

_ vTu, ulus 17
(U1, UsIT (U1, Us)) 1=[ e 3}

A
—A7 | TP | lAn Ax). (120)
A3l Aszz A3

In this way only VOT Vo needs to be actually inverted using the conventional
method. Using (120), (C(v lei)TC (v j|V,-))‘1 can be obtained from subblocks
of (VIV)~L

This procedure can be further simplified as follows.

Assume that f7 (x) is built with all the wavelets of W as before. Now elim-
inate one wavelet from f7(x), say ¢;, but keep the values of u; unchanged,
! =1,..., L. The residual becomes

yi—1(k) = yi — (frL ) —ujoj(x)) = yo (k) + uje;j(xz), k=1,...,N,
SO
YL-1 =YL +Ujvj.
Then
Vivi-1=vivi+ uﬁvaj +2ujy] v
=yln +u§ +2uyf ;.

The last term of this equation can be neglected under the assumptions that y, is
close to zero mean and independent of v;. Therefore,

T T ~ 1,2
YL—1YL-1 — YL VYL ~ Uj.
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This means that removing ¢; from fz (x) will cause an increment of the sum of
square residuals approximatively equal to u?. Repeating the same reasoning on
fr-1(x), fr-2(x), etc. yields the following procedure.

Regressor Selection Algorithm for Backward Elimination
Step 0. Set Vo = (vy,...,vL).

Stepi, i=1,...,.L—-M. Letl;={j: j=1,...,Land j #11,...,li_1}
and compute

u= VL vien Vi,
where u is a vector composed of u;, j € I;. Find

L= argminuzu
jel Y

Set Vi = C(v;j|Vi-1).

Step L-M+ 1. Letlp_pn ={j: Jj= 1,...,Landj *1U,....0L-m).
Build

x) = Z upj(x),
JelL—m+1

with u; the components of the vector u given by

u= (VI s Ve-m)" Vi_py.

Note that Eq. (120) is used for inverting V7 V;, i > 0; only V{ V is inverted
using the conventional algorithm. Alternatively, if the mother wavelet function ¢
is chosen to have compact support, then the matrices V; and ViTV,- are sparse.
ViTVi is symmetric and usually has diagonal dominance. In such situations, and
for large matrices V,.T V;, instead of directly computing

u= (Vi) vy,
iterative methods [91] should be used for solving
(VI Viu=V[y.

The preceding RBS, SSO, and BE algorithms have been implemented in the
Matlab 4.1 language. The full BE algorithm has not been implemented due to its
high computational cost.
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