Solutions to B Problems

CHAPTER 2

B-2-1. £(t) =0 t<0
=t et t >0
Note that
-1
&[] = L

s
Referring to Equation (2-2), we obtain

F(s) = J, [£(e)) = [ [t e2t] = 1

(s + 2)2
B-2-2
(a) fl(t) =0 t <0
= 3 sin(5t + 45°) t =0
Note that
3 sin (5t + 45°) = 3 sin 5t cos 45° + 3 cos 5t sin 45°
s, ST 3
= —=— sin 5t + —= cos 5t
T2 JZ
So we have
3 5 3 s
F_(s) = [£.(t)] = +
1 e 1 JZ &2+ 52 > g2 4 52
=t B *S
J2 s2 + 25
(b) £5(t) =0 t<0

0.03(1 ~cos 2t) t>0

Fp(s) = J, [£5(¢)] = 0.03 - -0.03 8 . 012

s2 + 22 s(s? + a)




n

B-2-3. f£(t) =0 <0

t%eat ¢ >0

Note that
L [t2] = L
g3

Referring to Equation (2-2), we obtain

F(s) = of; [£(t)] = [ [t%eat] = —2
(s + 3)3

]

B-2-4. £(t) = 0 t <0

]

cos 2wt cos 3wt t >0

cos 2wt cos 3wt = %(cos 5wt + coset)

F(s) = L I£(t)] = [ [4(cos 5wt + cos wt)]

el e, o tglaal (s2 + 13w?)s
2 \s?2 + 252 s2+ w? (2 +25W2)(s2 + @)

B-2-5. The function f(t) can be written as
£(t) = (t - a) 1(t - a)

The Laplace transform of £(t) is

—
¢

F(s) = o, [£(t)] =, [(t -a) IL(t -a)] == 3

B-2-6. f(t) =c 1(t -a) - c 1(t - b)
The Laplace transform of f(t) is

-as ~-bs
F(s) = c es -c es = ‘53 (e@S _ g~bs)




B-2-7. The function f(t) can be written as

£(e) = =3~ - 132 1 - + 231t - a)

So the Laplace transform of f£(t) becomes

F(s) = 5 [£(t)) =22 1 _ _12.5 —1—e-<a/5>s+.2_-§_1_e—as
a

2 2
B S a s s

it

L (10 - 12.5 e (@/5)s | 5 5 g-as)

325

As a approaches zero, the limiting value of F(s) becomes as follows:

10 - 12.5 e=(a/5)s 4 5 5 o-as

lim F(s) = lim
a—=0 a—»0 azs
d
d - -(a/5 =
oy da (10-125e (a/5)s + 2.5 g=as)
a=>0 d_a@_ ads
= i 22588 e=(a/5)s _ 5.5 5 o-as
a=0 2as

d =
- (2.5 e (a/5)s = 9.5 e~as)

= 1lim
a—-0 d
— 2
da "
=0 ~-(a/5)s -as
= Iih [ s e > + 2.5 s e”¢
a-0
= 0.5 58 + 2.5 s - _28 e
2 2

B-2-8. The function £(t) can be written as

£t) =24 ¢ - 24 3(e--2y_ 24 (¢ -a)i(t-a)
a3 az 2 33

So the Laplace transform of f(t) becomes

28 §- .= 24 e
pis) =44 Ly - 2. %as'—aa——gz—‘

_ 24 1 _ _a g-kas _ e—as)
- a3 g2 s )



The limiting value of F(s) as a approaches zero is

24(1 - as e—%aS — g-as)

lim F(s) = 1im

a-»0 a=0 3.332
a'g' 24(1 - as e-%as - e-as)
= lim —=
a—=>0 _d.. a332
da
2
24(-s e~ S 4 ___2_as e 5aS + g g™as)
= lim P
a0 3a2s?
4 g(- ¢~ + 88 e~:s 4 ¢735)
= lim da F
a—=>0 Ay =3
32 oS
B|-S-e%5 S oYas ,a8(8) Has _ go-as
3 2 2\ 2
= 1lim
2l 2as
_ 1
da (4 e BS _ a5 o7 P8 _ 4 o725
= lim
a—=+0 -
da
1 1
-28 @ 5 _ g 7928 4 ag -g— e 85 4 45 o738
= lim
a—=0 !
=28 -85 +4s =5
B-2-9. f(ee) = 1im f(t) = 1im sF(s)
t-—->00 s->0
= 1k sb(s+2) _ 5x2 .30
50 s(s + 1) 1
B-2-10. £(0+) = 1im f£(t) = 1lim s 2(s + 2) =
t—>0+ S+ S(5 +1)(s +3)




B-2-11. Define L
¥ =T&
Then -

y(0+) = x(0+)
The initial value of y can be obtained by use of the initial value theorem
as follows:

y(0+) = 1im sY(s)

S 00
Since .
| ¥(s) = 4 [y(£)] = o, [X(£)] = sX(s) - x(0+)
we obtain
y(0+) = lim sY(s) = 1im s[sX(s) - x(0+)]
s> ® S— o
= lim [82%X(s) - sx(0+)]
S0

B-2-12. Note that

& [a% f(t)] = sF(s) - £(0)

X (_QE f(t)] = s27(s) - s£(0) - £(0)

at2
Define
a2
t) = — f(t)
g(t) ae2
Then
..g..a_f(t) = - = - 0
£ [dt3 L | 3¢ 98| = s8(s) - g(0)
= s[s2F(s) - s£(0) - £(0)] - £(0)
= s3F(s) - s2£(0) - s£(0) - £(0)
' b
B-2-13. T st |®
S £(t) et gt = S ae®tas =afo
-s
0 0 0




Referring to Problem A-2-12, we have
it |l
£(t) eSt at
F(s) = -2 _2aQ1 - ePS)
1 - e-Ts s(1 - e7Ts)

B-2-14. v= e+
g £(t) e e S‘é‘(t) e St gt =1
‘_
o_-

Referring to Problem A-2-12, we obtain

= 1
F(S} 1 S e'Ts

B-2-15 .

(a) L #ye) =S e

c+1)(s+3) s+i1ts+3

Fl(s) can thus be written as

2 1

s + 1 s + 3

Fl(s) =

and the inverse Laplace transform of Fl(s) is

£ () = 2 a B gmit
(b)
v.(s) =382 . %1, %2
2 s(s +1)(s + 2) s s +1
where
e 3(s + 4) = 3%
17 (s+1)(s + 2) 2
S -
a = 3!8 + 41 = 3x3
2 s(s + 2) (-1) x 1
s -




a=3!s+4[ = 3x2=3
3 s(s +1) (-2)(-1)
= s = =2
Fz(s) can thus be written as
F(s)=-& __3_,_3
2 s s+1 s+ 2
and the inverse Laplace transform of FZ‘S) is
£,() =6 -9 et + 372
B-2-16.
=88 +3 _ 6 3
(a) Fl(s) 52 = +-;T
The inverse Laplace transform of Flfs) is
f (t) =6 + 3t
i
(b) F (s) 55 + 2 a b, b,
8) = =
2 (5+l)(5+2)2 g8+ 1 (5+2)2 s + 2
where
58 + 2 =9+ 2 = -3
Lol <ommyi= 12
+ 2
(s ) S
=355 +2 =10 + 2 _
b, =t - 5 8
b=_d(53"'2) _5(s+1) - (5s +2)
1 ds\ 8 +1 2
8 = =2 (s + 1) 8= <D
= 5(-1) - (=10 + 2) _ 3
12
Fz(s) can thus be written as
-3 8 3
FZ(S) = + +
s+1 (g+2)2 s5+2



and the inverse Laplace transform of szs) is

fz(t'.) =-3et+8re?t szt

B-2-17.
_ 282 +48 +5 _o,.._2 5
F(s) = s(s + 1) s +1 % s(s + 1)
=2+ 2 BT e D % + 3
s +1 s s +1 s +1 s

The inverse Laplace transform of F(s) is

£(t) =2 8(t)-3e P45
B-2-18.
e l:.(S)_s+25+*‘-i 142 5 4
s2 B s2
The inverse Laplace transform of F(s) is
£(t) = S (t) + 2+ 4t -
B-2-19. ol s " T
s2 + 2s + 10 (s +1)2 + 32
- s+1 " 3
(s +1)2+32 (s+1)2+ 32
Hence
£(t) = et cos 3t - —;— e-t sin 3t
B-2-20.
2
F(s)=5+2§+5za2+b+ <
52(s+l) S s s + 1
where
2 s2 + 2s + 5 =5
8 %+ 1 ot il



p={28+2)(s+1) - (s2 + 25 +5) =2-5_

= = -3
(s + 1)2 1
) s=0
& sz+gs+5 s s B B
s2  §
s = =1
Hence
F(s) = 2. =3 - 4
s2 s s +1
The inverse Laplace transform of F(s) is
f(t) =5t -3+ 4et
B-2-21. <
F(S)= 2s + 10 = a " + c
(s + 1)2(s + 4) (s+1)2 s+1 s+4
where
a=-28+10 _-2+10 8
s +4 3 3
s = -1
b =-2(s+4) - (2s + 10) =8=8 _=2
(s + 4)2 32 9
s=-1
o= 28410 _=8+10 __2
(s +1)2 9 9
s = -4
Hence
8 - 1 2 1 2 1
F = - +
(8) 3 (s+ 1)2 9 s+1 9 s+4

The inverse Laplace transform of F(s) is

f(t) = _8_. te—t == _2.. e-t + L e—4t
3 9 9




B-2-22.

1. 1 1 1
F(s) = = ( ] )
52(52 = w?-) 32 52 +w2 w2

The inverse Laplace transform of F(s) is

£(t) = —2— (t - - sin cot)
w? w
B-2-23. - b
F(s) ) (1 - e@8) i a>o0

The inverse Laplace transform of F(s) is

f(t) = ct - c(t - a)l(t - a) - b 1(t - a)

B-2-24. A MATIAB program to obtain partial-fraction expansions of the
given function F(s) is given below.

nmum=[0 0 0 0 1]
den=[1 3 2 0 0];
[r,p,k] = residue(num,den)

r=

-0.2500
1.0000
-0.7500
0.5000

10



From this computer output we obtain

1 -0.25 1 -0.75 0.5
F(s) = = = o + +
54 + 333 + 252 s + 2 s + 1 s 82

The inverse Laplace transform of F(s) is

f(t) = -0.25 e—2t + e-t - 0.75 + 0.5t

B-2-25. A possible MATLAB program to obtain partial-fraction expansions
of the given function F(s) is given below.

mm=[0 0 3 4 1j;
den=[1 2 5 8 10];
[r,p.k] = residue(num,den)

r=

0.3661 - 0.4881i
0.3661 + 0.4881i
-0.3661 - 0.0006i
-0.3661 + 0.0006i

p‘.:

0.2758 + 1.9081i
0.2758 - 1.9081i
-1.2758 + 1.0309i
-1.2758 - 1.0309i

From this computer output we obtain

3s2 + 45 + 1

F(s) =
s + 283 + 582 + 8s + 10

11



0.3661 - j0.4881 3 0.3661 + j0.4881
s - 0.2758 - j1.9081 s - 0,2758 + j1.9081

-0.3661 - j0.0006 4 -0.3661 + j0.0006
s + 1.2758 - j1.0309 s + 1.2758 + j1.0309

Since the poles are complex quantities, we may rewrite F(s) as follows:

F(s) = —0:7322s + 1.6607 . -0.7322s - 0.9329
(s - 0.2758)2 + 1.90812 (s +1.2758)2 + 1.03092

_ _0.7322(s - 0.2758) + 1.9081 x 0.9762
(s - 0.2758)2 + 1.90812

+ =0.7322(s + 1.2758) + 1.0309 x 0.001204
(s + 1.2758)2 + 1.03092

Then, the inverse Laplace transform of F(s) is obtained as

0.7322 €0.2758t o5 1.9081t
+ 0.9762 €0-2758t gin 1.9081t
0.7322 e-1.2758t cos 1.0309t
0.001204 e-1.2758t gin 1.0309t

£(t)

+

B-2-26. X +4x = 0, x(0) = 5, %(0) = 0
The Laplace transform of the given differential equation is
[s2%(s) - sx(0) - X(0)] + 4X(s) =0
Substitution of the initial conditions into this last equation gives
(s? + 4)X(s) = 5s

Solving for X(s), we obtain

Ss
s +4

X(s) =

The inverse Laplace transform of X(s) is

x(t) = 5 cos 2t

This is the solution of the given differential equation.

12



B-2-27. X + aanx =, x(0) = 0, x(0) = 0
The Laplace transform of this differential equation is

) Rl el
2X(s) + W _“xX(s) = =

Solving this equation for X(s), we obtain

The inverse Laplace transform of X(s) is

x(t) = " (t - - sina)“t)

This is the solution of the given differential egquation.

B-2-28. X +2x+x=1, x(0) =0, x(0) = 2
The Laplace transform of this differential equation is

2[s%X(s) - sx(0) - %(0)] + 2[sX(s) - x(0)] + X(s) = _i_

Substitution of the initial conditions into this equation gives

2[s%(s) - 2] + 2[sX(s)] + X(s) = =

or

(282 + 25 + 1)X(s) = 4 + %.

Solving this last equation for X(s), we get

4s + 1
5(232 + 25 + 1)

X(s)

4 + 1
282 + 2s +1  s(28% + 25 + 1)

n

2 A 0.5

(s + 0.5)2 +0.25 s[(s + 0.5)2 + 0.25]

I

13



- ___4x0.5 L1 _ _(s+0.5) +0.5

(s + 0.5)2 + 0.52 8 (s + 0.5)2 + 0.52

The inverse Laplace transform of X(s) gives
x(t) = 4 793 gip 0.5t +1 - e 0-3t cos 0.5t - e 0+3t sin 0.5t

1+3 e'O'St sin 0.5t - e’O'St cos 0.5t

B-2-29. 2X + 7% + 3x = 0, x(0) = 3, x(0) = 0
Taking the Laplace transform of this differential equation, we obtain
2[s%X(s) - sx(0) - %(0)] + 7[sX(s) - x(0)] + 3X(s) = O
By substituting the given initial conditions into this last equation,
2[s2X(s) - 3s] + 7[sX(s) - 3] + 3X(s) = 0
or
{232 + 78 + 3)X(s) =6s + 21

Solving for X(s) yields

68 +.21 o 6s + 21
252 + 7s + 3 (25 + 1)(s + 3)

X(s) =

7.2 06 __3.6 ' 0.
282+1 8+3 s+0.5 8+ 3

Finally, taking the inverse Laplace transform of X(s), we obtain

e -

x(E) = 3.6 0.6 e

B-2-30. X + x = sin 3t, x(0) = 0, x(0) =0

The Laplace transform of this differential equation is

s2(s) + X(s) = —>—

s2 + 32
Solving this equation for X(s), we get
X(s) = 3 o3 1 . 3
(s2+1)s%+9) 9 2+1 B g2ao

14



The inverse Laplace transform of X(s) gives

x(t) = —— sin t - - sin 3t
8 B

15



CHAPTER 3

B-3-1. J=%mr? =% x 100 x 0.52 = 12.5 kg-m>

B-3-2. Assume that the body of known moment of inertia J0 is turned
through a small angle 6 about the vertical axis and then released. The
equation of motion for the oscillation is

JDB = - k8

where k is the torsional spring constant of the string. This equation can
be written as

Jo
or
e+ 28=0
n
where
k
w = [X-
n 3,

T, _._2x _ 2’1 (1)
Wy g8
Jo

Next, we attach a rotating body of unknown moment of inertia J and measure
the period T of oscillation. The equation for the period T is

2% (2)
fL

J
By eliminating the unknown torsional spring constant k from Equations (1) and
(2), we obtain

=

27C J3, 2T
T, T

0

2
0
(To)

The unknown moment of inertia J can therefore be determined by measuring the
period of oscillation T and substituting it into Equation (3).

16



B-3-3. Define the vertical displacement of the ball as x(t) with x(0) = 0.
The positive direction is downward. The equation of motion for the system
is

mX = mg

with initial conditions x(0) = O m and %(0) = 20 m/s. So we have

X=g
x = gt + x(0)

x=5gt2+:::(0)t+x(0)=’:gt2+20t

b
Assume that at t = t. the ball reaches the ground. Then
1 JOO m
100 = ¥ x 9.81 t12 +20 t,
from which we obtain
t., = 2.915 s

1

The ball reaches the ground in 2.915 s.

B-3-4. Define the torque applied to the flywheel as T. The equation of
motion for the system is

Je =T, 8(0) = 0, 8(0) =0

from which we obtain

= _ T
0 =——t
J

By substituting numerical values into this equation, we have

20 x 6.28 = —L_x 5

50
Thus
T = 1256 N-m
B-3-5. JE =T (T = braking torque)
Integrating this equation,
6=- Lt 8(0),  6(0) = 100 rad/s

Substituting the given numerical values,

20=-—§—x 15 + 100

17



Solving for T/J, we obtain

i
J
Hence, the deceleration given by the brake is 5.33 rad/sz.

= 5.33

The total angle rotated in 15-second period is obtained from

2 5 .
a(t) = - -%L--g_ + 8(0)t + 8(0), 8(0) = 0, 8(0) = 100

as follows;

2
8(15) = - 5.33 x 12 + 100 x 15 = 900 rad

B-3-6. Assume that we apply force F to the spring system. Then
F = klx + kz(x -y)
kz(x -y) = k¥
Eliminating y from the preceding equations, we obtain

g i(k2 + k3) + kzka
]{2 + k3

F

k1+

1
1 1
—— + —
ky K3

Hence the equivalent spring constant keq is given by

B-3-7. The equations for the system are
F= kz(x -y) '3 %,
kz(x -y) = kIY ¥

Eliminating y from the two equations gives

18



The equivalent spring constant k is then obtained as

3

1
&
1 2

Next, consider the figure shown below. Note that A ABD and ACBE are
similar. So we have

or

0C(0B + % OA) = OA(OB - % 0C)

Solving for 5(:-, we obtain

= = l :k

pel )
3

oc

]
=lig)
o
ol f®
[
+ =
-
I

€q

1 K

B-3-8.
(a) The force f due to the dampers is

£=by(y - X) + by(y - X) = (by + by)(y - %)

In terms of the equivalent viscous friction coefficient beqs force
f is given by

e £ = beg(¥ - X)
beg = by + b
(b) The force f due to the dampers is
£ =Dby(z - X) = by(y - 2) (1)

where z is the displacement of a -puuit wfiween damper by ana aamper
by.  (Note that the same force is transmitted through the shaft.)
From Equation (1), we have

(by + bz)é = bz)'r + b]_}:’.

1
by + by

v
z =

(byy + byx) (2)

19
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In terms of the equivalent viscous friction coefficient beq, force £
is given by
= beq(Y - x)
By substituting Equation (2) into Equation (1), we have
= ’ ] _ - 1 . "
f =Dby(y - z) = byly - —bl ¥ (boy + byx)]

blbz . »
W e (7= 13E)
bl + b2
Thus, 5 " . bbby E
f = beg(y - x) = ba(y - 2) " hin ¥
2
Hence,
b; by ]
W by +b 1 2
by by

B-3-9. Since the same force transmits the shaft, we have

f=by(z -X) = by(y - 2) + b3(y - 2) (1)

where displacement z is defined in the fiqure below.

by <
'-: — L,

In terms of the equivalent viscous friction coefficient, the force f
is given by

£ = beg(y - X) (2)
From Egquation (1) we have
or

Fl l . L]
= 3
z = by + by + bs [bix + (by + b3)y] (3)

By substituting Equation (3) into Equation (1), we have

20



f=bl(é-;{)=b1{ [blj"(+(b2+b3)§]—;c}

. bz + b3
1 b1+b2+b3

b; + by + b3

(y - %) (4)

Hence, by comparing Equations (2) and (4), we obtain

. ( b2+b3 \= 1

g

by + by + b3/ S TR

by + b3 by

B-3-10. The equation for the system is

1] = _ + "

mx (kl kzlx k3x
or

mX + (k +k +k)x=0
((l 5 3)

The natural frequency of the system is

k. + k. +k
1 2 3
W =/-——————

n m

B-3-11. The densityf of the liquid is
m

= e—

LA

where A is the cross-sectional area of the inside of the glass tube. The
mathematical model for the system is

mk = - p Ag 2x
or
X + 29 x=0
L
The natural frequency is

21



B-3-12. ‘For a small displacement x, the torque balance equation for the
system is

nnc"(Za) = - k(% X)a
or
- k E oy
mx + 2 x=0

= 14.01 rad/sec

e
-
]

W] =]
]
Al
] =

O
=

9.81
B-3-13.
(a) Jé‘o + béo + kB, = k6
(b) m1§1 - bla'cl + (k) + k)% = kox,
mz'fcz + bzfcz kx, = kx
(c) mlEl + blil + (k) + k)X = kox,
mXx, +kx =kx

B-3-14. A modified diagram for the system shown in Figure 3-55 is
given below.

A mathematical model for the system is given by the following two
equations:

J131

-k10; - kz(el - 92)

k2(8; - 82)

Jigz

22



3"3_15 -

The following two equations describe the motion of the system
and they are a mathematical model of the system.

m1; “k3(x = y) = by(x - y) + p(t)

(0

moy

“koy - ki(y - x) - by(y - %)

Rewriting, we obtain

mX + bk + k1X = by + K3y + p(t)

mpy + b1y + Kyy + Koy = byx + kyx

B_3'_16 -

or

A mathematical model for the system is

mx = —klx - bl;c - kzx . bz;!

mk + (by + bp)x + (k; + kp)x = 0

B-3-17.

The equations of motion for the system are

J9=(T1-T2)R
mx=—T1
My=..]qr+Tl+T2

Noting that x = 2y, Re =X -y = Y, andJ=55MR2,
the three equations can be rewritten as

Eliminating T, from the preéeding equations gives

1 25 = L wn® = =
—Z——MRQ- 5— MRY (Tl T2)R

Mi?+1cy=Tl+T2

_]2_-_p.1§+p-ﬁf+ky=2'rl=-2nﬁi

By changing y into x,

or

-

M-_X_+ Kk
2

L0

= = 2mx

3 X
2 2

(mq-%l*{);z-l-—}—)ﬂ(:o

23
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The natural frequency is

- 2k
wn_ 8m + 3M

If mass m is pulled down a distance X, and released with zero initial
velocity, the motion of mass m is

= 2k
x(t) X, cos = t

B-3-18. Referring to the figure below, we have

m = -T (1)

where T is the tension in the wire. (Note that since x is measured
from the static equilibrium position, the term mg does not enter the
equation.) For the rotational motion of the pulley, we have

J6

~ko(y + RzB)Rz + kz(y - Rzﬁ)Rz + TR; - KjR1x
or -
76

-koR228 - koRp28 + TR} - kyRpx (2)
Eliminating T from Equations (1) and (2), we obtain

J.é - 2k2R229 + leic' + kKiRix = 0

Since x = Ry8, we have Wf/ﬁ///ﬁ
J6 + 2kpRp20 + mR 28 + kyR128 = 0 I

or
(3 + mR12)8 + (2ksRp2 + kyR12)8 = O ?\ ;
or ‘
e + 8 =0 / }
J + mRy2 5
This last equation is a mathematical model i t
of the system. The natural frequency of [ = s
the system is s 3h b3
w j 2koRp? + k1R1? 1
n - 2 _
L 77777 7 7 7

24



B-3-19. The equation of motion for the system is
mX + bx + kx = 0

Substituting the given numerical values for m, b, and k into this equation,
we obtain

2X +4% + 20x = 0 (1)
where x(0) = 0.1 and X(0) = 0. The response to the given initial condition
can be obtained by taking the Laplace transform of this equation, solving

the resulting equation for X(s), and finding the inverse Laplace transform of
X(s). The Laplace transform of Equation (1) is

2[s%X(s) - sx(0) - %(0)] + 4[sX(s) - x(0)] + 20 X(s) = O
By substituting the given initial conditions into this last equation, we get
2[s%(s) - 0.1s] + 4[sX(s) - 0.1] + 20 X(s) = 0

Solving this equation for X(s) gives

X(S) = 0523 + 0.4 = 0.1 + 0-1(§_+ 1)

25 + 45 + 20 (s~t-1)2+32

The inverse Laplace transform of this last equation gives

x(L) = 0.1(—;*—- et sin 3t + et cos 3t)

B-3-20. The equation of motion for the system is
mX = F cos 30° - B

where F, = M, (mg - F sin 30°). Rewritting this equation,

mX = 0.866 F - 0.3(mg - 0.5 F)

For a constant speed motion, X = 0 and the F
last equation becomes 30"
Fs | x
1.016 F - 0.3 mg = 0 7777 //1{////////;”//;/
or mg
1.016
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B-3-21. The equations of motion for the system are — X
. M. T T
Mk = T - p Mg B
. 777777777778 {1
m =mg - T T
Elimination of T from these two equations gives
-t + -y ot — ‘.
BSE T ERDR S g /ukMg " 3

By substituting M = 2, m = 1, and /tk= 0.2 into this last equation, we get
3 =1 x9.81 - 0.2 x 2 x 9.81 = 5.886
or
X =1.962
Noting that x(0) = 0, we have
x(t) = 1.962 t + x(0) = 1.962 ¢

n

2
x(t) = 1.962 -;_ + x(0)

Assume that at t = tl, x(tl) - x(0) = 0.5 m. Then

2
or

tl = 0.7139 s

Thus, the velocity of the block when it has moved 0.5 m can be found as

%(0.7139) = 1.962 x 0.7139 = 1.401 m/s

B-3-22. The equations of motion for the system are
mX = - kx - F
J6 = FR

where x =R and J = % mR%.  So we obtain

rr13§=—lcx--—‘%=-bc—35nﬁ.c
or
S mE+kx =0
2



The natural frequency of the system is

=/21c
a"n 3m

B-3-23. Assume that the direction of the static friction force F is to

the left as shown in the diagram below. The
equations for the system are

mx = F - Fg (1)
J8 =FR + F R
s

where J = % mRZ.  Since the cylinder rolls without
sliding, we have x = R8. Consequently,

1 28 o

or

mx = 2(F + Fs) (2)

By eliminating mX from Equations (1) and (2), we have

2(F + FS) =F - Fs
or
_ 7

F. =- -2

s 3
Since Fy is found to be equal to -(1/3)F, the magnitude of Fs is one third
of F and its direction is opposite to that assumed in the solution.

B-3-24. The equation of motion for the system is
mx = F - mg sin m'—/;lewgcos 30°, x(0) = 0, x(0) =0
By substituting the given numerical values into this equation, we obtain

F-1x9.81 x0.5-0.2x1zx 9.81 x 0.866

b
L}

or

F - 4.905 - 1.699

"
Il

and
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x(t) = (F - 6.604)t

tZ
x(t) = (F - 6.604) e

Assmlethat.at.t=t.x(bl)=6mand:l.:(tl)=5m/s. Then

1

6 = (F - 6.604) -;— t,?
5= (F - 6.604) tl
From the last two equations, tl and F are found to be
tl = 2.40 s, F=8.69 N
Therefore,
Work done by force F = F X 6 = 8.69 x 6 = 52.14 N-m
Work done by the gravitational force =-mg sin 30° x 6
=-9.81 x0.5x6=-29.43 N-m
Work done by the sliding friction force
=-0.2xmg cos 30° x 6
= =1.699 x 6 = = 10.19 N-m
B-3-25. Torque = T = 50 x 0.5 = 25 N-m

Te = 25 x 100 = 2500 N-m/s = 2500 W

%f

B-3-26. The kinetic energy T is
£
=1 Mf262 .1\ m g2,2 L s m_y 5232

The potential energy U is (
Mg /(1 - cos 8) + S;—%-g;(l—cos ) dg

U

"

(M +-—g-—)g.f(l - cos 8)
Since the system is conservative, we have (
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T+U =50+ 22+ 4+ g /(1 - cos 6)

= constant

Noting that 4(T + U)/dt = 0, we obtain
M+ L) £%66 + (m +—2)glsin 0 8 =0
or
[0+ 29228 + 4 + 2y zsin 6] 6 = 0
Since 8 is not identically zero, we have
o+ B L% 4 (o 2)gfsin 6 = 0

Rewriting,

"?—Sil'IG:O

For small values of 6,

o M+T

4
+
wl=
~

So the natural frequency is

w =

n

o [
3

B-3-27. The kinetic energy T of the system is
T = Jlélz + % 3,8,2

and the potential energy U of the system is
u=% klelz + k(8 - 92)2 + % K,9,2

Using the law of conservation of energy, we have

. * 2
T+U=%06%+%002+%K6,2+%Ky6, -6,)

2
iy k 8 =
% 277 constant

29



Noting that d4(T + U)/dt = 0, we obtain
9508 T 00 SR 8- 00 =) R 0.6, =
or
L1 + kL . - r _ - =
[Jlal k191 + Icﬁ(e1 92)] 91 + [JZBZ + k292 ko(el ezJ] 92
Since él and éz are not identically zero, we must have

Jlel + klel + ko(Bl - 92) =0

L}

Jzez + k292 + Ko(Bz - 81) 0

B-3-28. At t =0 (the instant the mass M is released to move) the kinetic
energy T1 and the potential energy U1 of the system are

T =0
A

Ul mgx

The potential energy is measured relative to the floor.

At the instant mass m hits the floor the kinetic energy 'I‘2 and the
potential energy U2 of the system are

2 41 2 o 2
T 35Mv2 + %, +9;J02

2

U2=0

where v, is the velocity of the hanging mass m and 82 is the angle of rota-
tion of the pulley both at the instant the mass hits“the floor; rez =V,

and J = % mprz.
Using the law of conservation of energy, we obtain
Tl # Ul = ’I‘2 + U2
or
= 1 25 2
mox = % Mvy2 + % mv,2 + & mr28,
By substituting réz =V, into this last equation,

-~ 2 P R 2
mgx %Mvz +’5mv2 +.arnpv2
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Solving this equation for v2

2 {mg —_

v, = X
2 VoM + 2m + m j
P
B-3-29, The force F necessary to move the weight is
p=-0d _ 1000 x 9.81 = 1962 N
5 5
The power P is given by
- dW_
PR
where W = mgx. So we obtain
P=—d-(5;ﬂ)—=n'|g)'c=9810x0.5=4905w

B-3-30. From the figure shown to the right, we obtain

7F

mg + 2
or

mg=7F -2=7x5-2=33N

To keep the bar AB horizontal when pulling the
weight mg, the moment about point P must balance.

Thus,

4Fx - 2F(0.15 - x) - F(0.3 - x)
+ 2(0.15 -x) =0

Solving this equation for x, we obtain

t 2.? !
X = 53— = 0.0818 m

B-3-31. Note that
T w, = T,W

where

&P
Y

w1=60x27t=1207¢: rad/s
Gear ratio = 1/30
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= -L:
LJ2 60 x 27T x 55 47 rad/s

Since the power Tla)l of the motor is

T &, =1.5 kW = 1500 W

R |
the torque T, of the driven shaft is
w
A 1 _ 1500 _
T2 T1 3] AT 119.4 N-m

B-3-32. Assume that the stiffness of the shafts of the gear train is infi-
nite, that there is neither backlash nor elastic deformation, and that the
number of teeth on each gear is proportional to the radius of gear. Define
the angular displacement of shaft 1 and shaft 2. as Bl and 92, respectively.

By applying Newton's second law to the system, we obtain for the motor
shaft (shaft 1)

3,0, 40, =T (1)
where = is the torque developed by the motor and T, is the load torque on
gear 1 due to the rest of the gear train. For shaft 2, we have

J,8, = T, (2)
where T, is the torque transmitted to gear 2. Since the work done by gear 1
is equal to that of gear 2,

T8 =T.20O

13 22
or
8 n
T =Ty en,
e n
1 2

Since 62/61 = nl/'n2 » Equation (2) can be written as

n - n
g, 18 =—2m
n n
2 i
or
2
I'll_ e
(n—) J291 = Tl (3)
2 :
Substituting Equation (3) into Equation (1), we get
- nl 2 '
‘1191 + ( nz ) Jzel = 'I‘Itl
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or

nl 2 -
Ji +(n2 ) Jz]alzrrm

The equivalent moment of inertia of the gear train referred to the motor

shaft is
n, 2
2

Notice that if the ratio nl/nz is very much smaller than unity, then the

effect of Jz on the equivalent moment of inertia Jeq is negligible.

B-3-33. The equivalent moment of inertia. J of mass m referred to the motor
shaft axis can be obtained from

In X = Torque = mxR
where of is the angular acceleration of the motor shaft and X is the linear

acceleration of mass m. Since or = X, we have

Jmu( =mol rR

or

Jm=er

The equivalent moment of inertia Jb of the belt is obtained from

- o 2
Jbo( -mbxr-mbo(r
or

= mbrz

Since there is no slippage between the belt and the pulleys, the work done
by the belt and the right-side pulley ('rlel) and that by the belt and the

left-side pulley (T292) must be equal, or
T16; = T20;

where Tl is the load torque on the motor shaft and 'I'2 is the torque trans-

mitted to the left-side pulley shaft, 8, is the angular displacement of the
motor shaft, and 6, is the angular diaplacement of the left-side pulley
shaft. Since the two pulleys are of the same size, we have 61 = @,. Hence



For the motor shaft, we have

{Jr + Jp +J, + Jb)Bl + T1'= s

Also, for the left-side pulley shaft, we have

Since T ='I‘2, we have

(Jlr +

Since 81 62, this last
(Jr -

The equivalent moment of
shaft axis is

=)
Il

Jpez =T,

Jp +J, + Jb)Sl + JPBZ =Ty
equation becomes

20, +dp + Jp)8) = Ty,

inertia J eq of the system with respect to the moto:
Jr"'ZJp"'Jm"'Jb

2
Jr+2Jp+er+r%r




CHAPTER 4

From the right side diagram we obtain the

10 i, + 20(11 - i3)

20 iz

100 13 + 10(12 + 13) = 20(11 -1

35

- 10(5.2 + 13)

B“"4-1. 1
R = = = JL
BT 504, RAC 30 + 50 = 80
100 100
E 12
1 ==—lg———= 015 A
Rac 80
So we obtain
Eo=eBC=iRBC=O.15x50=?.5v
B-4-2.
Lokl Ry +R3 + Ry
Rap R, "Ry + Ry R, (R, + Rs)
3 R (R2 + R3)
AB Rl + RZ + R3
A e Ao
R
R R 3
1 3 R.'I.
B Be R
.
B-4-3. Figure 4-55 can be redrawn as shown below.
: S T
< 20 AN A——
20 $ e i, 20 D 10 4viy
B
D 10 - E

following equations:

E

E

3)




which yield

12 .
1 11 2° 3 13 2

So we obtain

= 120 12 | ==

Solving for :12. we get

i,="3 E
Thus,
PR e E o E _ 340 _
RAB_il + 1, (1_2+1)i 7 T T Sl
11 2 11 *340
B_4—4- -A
SR,
| B
:: R, y £
c
Figure (a) Figure (b) Figure (c)

From Figure (a) above we find Rl = 2R2. Referring to Figure (b) above, we
get

i - + 3T 40 + R,
Rm R2 40 40 R2
o i 1 O 9.6 _,
RB: 40 Rz 2.4
40 + R,
So Rl is obtained as
160 Ry
B e T

2

By substituting R, = 2R, into this last equation, we obtain

Rl = 80.0_ ’ Rz = 40—{2.
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Then, from Figure (c) above, current i is obtained as

e S .
i= R, 5o~ = 0-15 A

B-4-5. When switch S is open, resistance between points A and B is 160.Q0
and we have

o S
1o = 160

When switch S is closed, resistance between points A and B is

1 g 100 R
Ot T, L -%9*300 +r
100 R
So we have
2i, = E
9 + —100 R
100 + R
Consequently,
2E E
160 ~
60 + —100 R
100 + R
Solving for R, we obtain
R =250

B-4-6. From the circuit diagram we obtain

di

1
L +Ri +R(1 -1 =e
oty TR )

dt 2

g e L -
R.i +—-—-g:.2dt-.+R2(12 11) 0

20 CZ
or
dil
E > - (Rl + R2)11 - 12212 = @a

- R, I X3k -
R211+(R2+R3)12+ c2512dt 0
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Each of the preceding two sets of equations constitutes a mathematical model

for the circuit.

B-4-7. From Figure 4-55, we have for t > 0
Rli1 + R2(11 - 12} =0
-—é——S i,dt +Ry(1, - 4,) =0
Taking Laplace transforms of Equations (1) and (2), we get
Rlll(s) + RIL (8) - IL(s)] =0

(s) i —lfO)
1 1 5 2 S
C [ N s ]+R2[12(S) - 11(5)] =0

where 12-1(0) is given by

12"1(0) = S i,(t) at

t=0
= q(0) = eOC
From Equation (3) we have
R +R
1 2
12(3) 32 ¥

Then Equation (4) can be rewritten as
e

(—"ég + Rz) 12(5) = Rle(S) - TO

Substituting Equation (5) into Equation (6) we obtain

R. + R e
o’ 1 2 ~ e
( Cs i RZ) RZ Il(s) Rzll(s) s

or
eORZC

R1+R2

EilR) ==
1 + RIRZCS

L 1

R

R, + R
R ik
R R.C
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The inverse Laplace transform of this last equation gives

" e
NOEE 'i?f exp[-(R; + Rp)t/(RiRoC)] £ >0

Referring to Equation (5) we have

(Rl + Ry )eo

R.R

iz(t) = -
T2

exp[-(R; + Ry)t/(RR,C)]  t>0

B-4-8. At steady state (t < 0) we have

i =—=L
0 R, + R,
and
R
R R TR
1 2
For t = O the equation for the circuit is
ai+—l-Sidt=E (1)
1 e

By differentiating this last equation, we obtain

d . 1

R
1 gt c

i=0

The Laplace transform of this eguation is
Rl[sI(s} - i(0)] + -é_ I(s) =0

where
d . E
i(0) =i =—"—
0
Rl + R2
Hence
. B
(Rls + C)I(s) Rl R+ R
1 2
or
E 1
I(s) =
Rl + Rz s o (0]
Rlc

The inverse Laplace transform of I(s) gives
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B-4-9. The equations for the system are
di

3 a —
Ryi, + L, = te =e, (1)
de
¢! 1
L i
;. 98 . (3)
ik —L=7 =,

where Jggq is the equivalent moment of inertia of the system referred to the
motor rotor axis and be%his the equivalent viscous friction coefficient of
the system referred to same axis.
By taking Laplace transforms of Equations (1) and (2), we obtain
(Ra K Las)Ia(s) + Eb(s) = Ea(s)
E (s) =K
b( ) sol(s)

b
Elimination of Eb{s) from the above two equations yields

(Ra + Las)Ia(s) + Kbselts) = Ea(s) (4)

The Laplace transform of Equation (3) is

Jeqszel(sj + beqselfs) = KI_(s)
Hence

J sz-l-b s
I(s) == = =d_ o, (s) (5)

By substituting Equation (5) into Equation (4), we obtain

2
[(Ra o Las) JeqS }': l'-’eqs 5 Kbs] gl{s) - Ea(sJ
or

Sl £ (6)

E,(s) ; (R, + Las)(Jeq52+ beqs) + KK s

The numerical values of the equivalent moment of inertia Jeq and equivalent
viscous friction coefficient beq are, respectively,
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3

1%x10 + (0.1)% x 4.4 x 10

oy
]

N, 2
eq Jr U -ﬁz) JL

N, \2
eq = Pr ¥ N, By,

Substituting these numerical values into Equation (6), we get

5.4 x 1072 1bf—ft~32

(0.1)2 x 4 x 10~2

o
I

4 x 1074 lbf—ft/rad/b

8,(s) 6 x 1072

E8)  0.25.4%x10°2 +4x10%) +6 %10 x 5.5 x 10%

_ 6
1.08s2 + B.33s

= 0.72
s(0.1296s + 1)

Since 82/91= Nl/l\l2 =n = 0.1, we have the transfer function 02(5)/Ea(s) as
follows:

8,(s) n&y(s) o072
E(s) E/(s) s(0.129s + 1)

B-4-10. From the circuit shown to
the right, we obtain

) € - ey
11 = Rl

» €a

19 =

2 Ry

: €A — €p
ity i

-
14 =C at (eA — ED)

ie =
) Ry
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Since

i) =iz + is
we have
ej - § e 2
d _ & 4 0 (1)
Ry R2 Ry
Also, since
ig + i3 = i5
we obtain
d €A - %o €
c -2 3 = 2
at (EA Eo) * R3 R4 ( )

Equation (1) can be written as

Ei e
(L Ly v 2
H R Ry Rq

Laplace transforming this equation and simplifying, we get

Ej(s) Eo(s) 1 1
Ry By ( Ry Rz)E“(S) &
Laplace transforming Equation (2), we obtain
cs[Ea(s) - Eg(s)] + —%5 [Ep(s) - Eg(s)] = -%M E,(s)
from which we obtain
R3R4Cs + R3 + Ry
E = 4
a(s) Ra(Rats + 1) Eq(s) (4)
By substituting Equation (4) into Equation (3), we have
Ei(s)  Eg(s) =( R; + Ry ) R3R4Cs + R3 + Ry E (s)
Ry Ry R1R2 R4(R3Cs + 1) 2

from which the transfer function E,(s)/Ej(s) can be obtained as

Eo(s) RoR4(R3Cs + 1)

E;j(s) [RiRR3 + (Ry; + Rp)R3R4]Cs + RyRy + (R; + Rp)(R3 + Ry)
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B-4-11. From the circuit diagram shown, we obtain
Ej(s) - Ba(s)
I;(s)
EA(S) = 1 °_£"—/UU%U\ A- ‘—,— ‘v‘?:‘v‘v o
I>(s) Cs fzi e
e(1) c 2R e,(0)
Ea(s) - Eqo(s) ‘,‘
=R X o
I3(s) i
Eg(s)
—— =R
Ig(s) 2
Since
i) =iy + i3
we have
Ei(s) - Ep(s) E o ;
i = CsEp(s) + a(s) - Eg(s)
Ls Ry
or
E;(s) Es(s)
1 = ( 1 _ Cs + -J-'—)EA(S) o — (1)
Ls Ls Rl Rl
Also, since
iz = iy
we get
Ea(s) - Eols) _ Eg(s)
Rl Rz
Thus, Ry
Ea(s) = |1 + Ry Eo(s) (2)
Substituting Equation (2) into Equation (1) and simplifying, we obtain

Ej(s)
- 1 1) 1 1
+08 + 2= IRy [=— 4 == ). L.
Ls [(Ls R; l(Rl+ R, Ry ol(s)
R RyC
=( 1 + Cgi+ A 1-° + =1 Eq(s)
Ls LRys Ry R

Hence the transfer function Ey(s)/E;(s) is given by
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EO(S) Rz

Ej(s) L(R; + Rp)Cs? + Ls + Ry + Ry

B-4-12. The transfer function

Eo(s)/Ej(s) can be given in terms Z;
of complex impedances Z; and 2, as [ ,;_"'
follows: _°

Eg(s) Zp
~ Ej(s)

°
o

Z1 =R
Lok ;e = LtECs
Zy Ls Ls
Hence
Ls
Bo(s)  1ps2 43
E;j(s) R+ —02>LS
1cs? + 1
L Ls
LRCsZ + Ls + R

B-4-13.

Z. =R R2

=R, + Z, = R

171" T Rcs 2 ® %3
Hence

Eo(S] _ Zz

Ei(s) Zl + 7:.'2

- 2
R
R, + 2 _ +R

1 1 + R,Cs 3

Ra{Rﬁ +1)

R2(R1 + R3)05 + Rl + R2 + R3
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B-4-14.
= - TR - RCs + 1
Zl = Ls, 22 i i Cs R
Hence
EO(s) _ Zy
E; (s) Z, + 2,
R
Ls + —R Les?2 + s +1
RCs + 1 R
B-4-15.
Z = r Z =
1(s) =R 2(s) Cs
Hence
Eo(s) Z5(s) 1
Ei(s)  Zy(s) RCs
B-4-16. Note that Z5 ]
WP | z, &
=s * e all
21(5) R], [ _”i l L A Ry
Hence ol 4{ _
Rl ' ""v‘v‘ - b,
Z1(s) = ———M8— e i |
RIC]_S + 1 S
Similarly, 3 El
R2 %
Zy(s) =

RoCos + 1

The transfer function E,(s)/E;j(s) can be given by

45




Eo(s)  Zp(s) Ry RyC3s + 1

Ej(s) Z1(s) Rl RoCys + 1

B-4-17. Define the voltage at point A as ea-

Then
Ep(s) _ 1 A
Ej ¢
i(s) ‘ RiCs + 1 5
Define the voltage at point B as eg.
Then AL
= k() " BT
Eg(s) = Ry * B3 ols
Noting that for==n
[Ea(s) - Eg(s)IK = Ey(s) =
and K 3> 1, we must have
Ea(s) = Eg(s)
Hence
Eal8) = ke Bi{a) = Bale) = =t Ba(a)
A RiCs + 1 1 o Ry + R3
from which we obtain
Eo(s) Ry + R3 3
Ei(s) R3 RiCs + 1
B-4-18. The voltage at point A is
- it
&, =2 (ei + eo)
or
Ep(s) = —1- [E;(s) + E_(s)]
The voltage at point B is
e
= Cs - 1
EB(S} = S E, (s) Rcs + 1 Ei(s)
2
Cs
Since
[Ey(s) - E,(s)]K = Ey(s), R>1

we must have
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EA(S) = EB(S)

Thus, equating Equations (1) and (2) we obtain

- iy = 1 .
= [Ei(s) + EO(S)] = m Ei(S)
or

EOIS) _ ROs -1

0
E; (s) R,Cs + 1

B-4-19. Define the displacement of midpoint between k3 and b as Xqe
Then the equations for the system are

mx +kx + kz(xl - xz) th l::"_(x1 - x3) = p(t)
myX, + blX, = X3) + ky(x, - X)) = 0

b(:'{3 - xz) = k3(xl -x.)

3
Using the force-voltage analogy, the preceding equations may be converted to

o 1 1 _ 1 L "
qu]_ + 'C—l' ql + '—'q (ql q2) + —é_j—(ql Q3) e(t)

. - . 1 .
L2q2 * R{qz - qa) + _E; (qZ = ql) =0
- = L] - 1 b

The last three equations can be modified to

dil 1 1 1 : t)

diz %

n

0

M sl 55 = _1_ . oo
R(l3 12) c S(ll 13)dt

From these three equations we can obtain
the analogous electrical system as shown
to the right.
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B-4-20. Define the cyclic current in the left loop as i, and that in the
r1gm; loop as 12. Then the equations for the circuit are

di
Ll dtl o 2 S(i - 12) dat + R(ll - 12) + -"-—- j]_ldt =0
% |
Lo—+——\i,dt +R(i, - - - =
dt C3 2 R(l i ) L (1 il) dt 0
which can be rewritten as
Q. + - - S o IS = -
Ligy + c, (@) - ay) +R(q; - q,) + c. q =0
LSS
a 1 I. - Q a1 - -
Lyq, + o R(q, - q;) + - (@ -q;) =0 |
3 £ £ 3
Using the force-voltage analogy, we can convert the
last two equations as follows: m,
X + - +b{x -x)+ k =0 3 J
" TR ) tRE SRR fa3 $b X
% +kx +b(x -%) +k(x, -x) =0 o
Mot NN Y O TR g ]
£
From these equations an analogous mechanical system g %
can be obtained as shown to the right. -
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CHAPTER 5

B-5-1. By substituting the given numerical values into

R, = dh _ 12841
bde g pf
we obtain
-6
R, - _128 x 1.004 x 10 'g’—4=3 2594 x 104 s/m2

9.81 x 3.14 x (4 x 10 )

B-5-2. We shall solve this problem by using two different approaches:
one based on the exact method and the other based on the use of an average
resistance.

(1) Solution by the exact method. For the liquid-level system we have

CdH = (0 -Q)at
By substituting C = 2 m2, Qi = 0.05 m3/5, and Q = 0.02 jﬁ into this last
equation, we obtain

2 dan = (0.05 - 0.02 JH) at

or
2

0.05 - 0.02 Ju &

dt

il

let /JH=x. Then H = x% and dH = 2x dx. So we have

ae = —== x'dx
5 - 2x

5 -2

Assume that at t = t the level reaches 2.5 m. Then, tl is obtained as

n

t Sdt-S 200—l+5"2x)dx

200xlﬁ+1000 S————
/ : 5 - 2x

7
= - 200( /235 - 1) + 1000 (-—3-) 1n(5 - 2x)

/

= - 200 x 0.581 - 500(1n 1.838 - 1n 3)
= - 200 x 0.581 - 500(0.6087 - 1.0986)

= 128.8 s
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(2) Solution by use of an average resistance. Since Q = 0.02 JE, the

average resistance R is obtained from

dg 0.03162 - 0.02
e i i 9, h/R For the liquid-level

Cdh = (g, -q)dt
i [6)
or

= h
at 91 "% 9 TR
which can be rewritten as

dh
CR = +h = q;R
dt i

Substituting C = 2 mz. R = 129 s/m?, and q; = 0.05 - 0.02 = 0.03 m3/s into
this last equation yields :

dh
258 =— + h = 3.87 h(0) =0
ac ' (0)

Taking Laplace transforms of both sides of this last eguation, we obtain

258[sH(s) - h(0)] + H(s) = 281

or

(258s + D)H(s) = 22

Solving this equation for H(s),

3.87
s(258s + 1)

1 258
3.87 -
( s 258s + 1)

The inverse Laplace transform of this last equation gives

H(s)

h(t) = 3.87(1 - e~ TF b)

Assume that at t = tl' h(tl) = 1.5. The value of tl. can be determined from

/
1.5 = 3.87(1 - e~ 757 ©1)

Rewriting,
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e~ 77 &1 = 0.6124

or

= 0.49
258 .

So we have

tl = 0.4904 x 258 = 126.5 s

This solution has been obtained by use of an average resistance.

B-5-3. The equations for the liquid-level system are
Cidh, =(Q+g-Q-gqdt -
Cydh, = (Q + g, - Q- q,)dt

Since R, = hl/ql and R, = hz/qz, the system equations can be rewritten as

&y h

Cla—-q-q1=q——RI (1)
dh h h
B s S

3 s TR LR (2)

From Equations (1) and (2) we obtain

dh dh h
1 2 2
C p—r + C — = - ——
1 gt Zae o R, (3)

By differentiating Equation (2) with respect to t, we get

d2h2+1dh2=1dh1

c (4)
- e R, dt R, dt

By eliminating dhl/dt from Equations (3) and (4), we obtain

da%n, dhy
—_— e — + .
R101R2C2 dt2 + (Rlc1 + chz) = 2 9

Substitution of h2 = Ryq, into this last equation yields

2
d q2 dc;r2
R\CR G o (RiC; + RC)) = *+ 9,

n

q

Hence the transfer function of the system when g is the input and q; is
the output is given by
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Q2(s) . 4
Q(s) (R1C3s + 1)(RpCos + 1)

B-5-4. The equations for the system are

]

Clt:ll'l1 qldt

Cdhy = (g - q, - q))dt

]

=
b R,

Thus, we have

—1 (1)
e dt Ry
dn h,~h h,-h
“2% "% R TR =
1 2
WS 4 AL (3)
3dt R
2 Ry
From Equation (1) we obtain
CysHy(s) = —%I [Hy(s) - Hy(s)]
or
Hy(s) = Hp(s) (4)

RiCis + 1
From Equation (3) we get

C3R Ha( =3 Ho(s) =3
H int = —— - —
3R3sH3(s) 3(s) Ry 2 s R Ha(s)
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or
Ha(s) . (RaC g

8) smi—— (R + 1 +
2 Ry | (3C38 Ry

By adding Equations (1), (2), and (3), and taking the Laplace transform
of the resulting equation, we obtain

)H3(B) (5) »

CysHy(s) + Cpsty(s) + CasHz(s) = 0(s) - —%3- Hy(s)  (6)

By substituting Equations (4) and (5) into Equation (6), we get

Cqys R
RiC1s + 1 R

R
: )(R3C3s +1+ Rz ) + (C3s + ;3 )]H:;(S) = Qi (s)

Since H3(s) = R30p(s), this last equation can be written as

[(Cl + Cp)s + RyC;Cps?

RiC1s + 1 (R3R2C3s + Ry + R3) + (R3C3s + 1)] Qo(s) = Qj(s)

from which we obtain

Qo(s) RiCys + 1

Qi(s)  [(C + Cy)s + R)C1Cps2](R3RyC3s + Ry + R3) + (R3C3s + 1)(RyCys + 1)

This is the transfer function relating Qp(s) and Q4(s).

B-5-5. For this system

_ = = 2 = [-H)?
CdH = -Q dt, H = 3r, C=req (3)76
Hence
H \2
(—;—)ﬂ:au:-e.oosﬁdt
or

l.5 . g
H = =), — L
dH 0.005 T d

Assume that the head moves down from H = 2m to X for the 60 second period.

Then
5 60

#l+5 gy = -0.005 —,2_- dat

or

% (x2+5 = 22.5) = -0.01432(60 - 0)
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which can be rewritten as

or

Taking logarithm of both sides of this last equation, we obtain

x2:5 - (1.4142

x2*3 = 5.6569 - 2

13)5 = - 2.1480

.1480 = 3.5089

2.5 1 x=1 3.5089
%0 “10
or
X =1.652m
B-5-6. From Figure 5-32 we obtain
o a (1)
— —_ q
15 -9
dhp
Cyr —== - (2)
2 s 91 - 92
h
q = (3)
Ry
h
R

Using the electrical-liquid-level analogy given below, equaticns for
an analogous electrical system can be obtained.

Electrical systems

Liquid-level systems

e (voltage)

q (charge)

i (current)

C (capacitance)
R (resistance)

q (flow rate)
h (head)

dh/dt

R (resistance)
C (capacitance)

Analogous equations for the electrical system are

Rjig = e - e

Roigp = e; - ea

a8y =

S il dt
Cy

(5)
(6)

(7)



et

C2

2= (8)

Based on Equations (5) through (8), we obtain the analogous electrical
system shown below.

B-5-7. The equations for the liquid-level system of Figure 5-20 are

c ﬂ=q-q (1)
dhp
C2 el A (2)
hy - hy
i
1 Ry (3)
hy
q2=_§2_ (4)

Using the table of electrical-liquid-level analogy shown in the solution
of Problem B-5-6, we can obtain an analogous electrical system. The
analogous electrical equations are

Rlil =€ - 8y (5)
Rpipg =e; - e (6)
S(il - ip) dt
e =
1 - (7)
S ip dt
QY = == (8)
C2

Based on Equations (5) through (8), we obtzin the analogous electrical
system shown on next page.
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B-5-8. PV = mRyi,T

In this problem
7 X 10° + 1.0133 x 105 = 8.0133 x 105 N/m2 abs

ko)
]

273 + 20 = 293 K

The mass m of the air in the tank is

pv 8.0133 x 105 x 10
m= = = 95.29
RairT 287 x 293 kg

If the temperature of compressed air is raised to 40°C, then T =
273 + 40 = 313 K and the pressure p becomes

MRy T
alr
p = = -20:29x BT x N3 _ g 560 x 105 N/m?2 abs

\ 10

7.547 x 105 N/m? gage = 7.695 kge/cm? gage

n

109.4 lbf/in.2 gage

B-5-9. Note that

Cdp, =qat

where g is the flow rate through the valve and is given by

_Pj = Py
q= -
Hence
dpo _Pj =By
c -
dat R
from which we obtain
Po(s) ~ 1

Pj(s) RCs +1

For the bellows and spring, we have the following equation:

56



Ap, = kx

The transfer function }c(s)/f'i (s) is then given by

x(s) X(s) Bfs) .
Pl(s) P_(s)p; (s) k RCs +1

B-5-10. Note that
5 2 = 5 2
0.5 x 10° N/m” gage = 1.5133 x 10” N/m“ abs

Py

P, 0 N/m2 gage = 1.0133 x 10° N/m? abs
If pp > 0.528p;, the speed of air flow is subsonic. So the flow
throughout the system is subsonic. The flow rate through the inlet valve is

9 =KVp -Pp,
The flow rate through the outlet valve is
=K -

q2 2 I;)2 p3

Since both valves have identical flow characteristics, we have K =K
The equation for the system is

]
=
.

c <:’.p2 (ql - qz)dt

dp
Cgt—z Kyp, -2, -K[p, - P,

At steady state, we have dpz/dt = 0 and this last equation becomes

K /Py -p, =K[p, -

or

or
P, =P, =P, - P,
Hence :
_Pp *P3 5 5133 x 10° + 1.0133 x 10°
i 2

]

1.2633 x 10° N/n abs = 0.25 x 10° N/u° gage

i
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B-5-11. For the toggle joint shown in Figure 5-37, we have

_E._=.‘£2_
¥4
Hen
oe [1
F=2-=—=R
B-5-12.
Q= 0.1/H = £(H)
= £(F) + 8 - - =
_f(H)+dHH=ﬁ(H—H)+__ZTEI?§ _H-®2 4+ ...

H=H
Neglecting the higher-order terms, a linearized equation for the system
can be written as

Q - £(H) = a(H - H)
where
£(H) = £(4) = 0.2

e = 0.1

Thus, a linearized eguation becomes

Q - 0.2 = 0.025(H - 4)

B-5-13. z = 5x% = £(x)
=f(i)+§x§(x—i)+-—;—=—§%(x-i)2+---
A linearized equation for the system is
z-2z=a(x-X)
where X = 2, z = 20, and
a=g§- b x.=2,z=20=2‘:J

XxX=2,2z=20
Thus, a linearized equation becomes
z =20 = 20(x - 2)

or
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z - 20x = - 20

B-5-14. z =x2 + 2xy + 5y2 = f(x, y)
A linearized mathematical model is

2f =y L 9F . =
E,x(x x) +"3y (y - y)

zZ-2=

where X = 11, y = 5, z = 356, and

of ‘
——= 2%+ 2 =22+ 10 = 32
ox lx=11.y=5

2L & 5% + 20y =22 +50 =72
2y x=1l,y=5

Thus, the linearized equation is
z - 356 = 32(x - 11) + 72(y - 5)
or

32x + 72y - z = 356

B-5-15. Define the radius and angle of rotation of the pinion as r
and 8, respectively. Then, relative displacement between rack C and

pinion B is re.

% ¢ pabidag
(&= '
&

J;7;7777/777;é7?/1 ot

Relative displacement between rack A and rack C is 2r® and this must
equal displacement x. Therefore, we have

2r6 = x

Since x = r® + y, we obtain
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2 Ay
PZ‘_Al_Plf e X
2

B-5-17. The heat balance equations for the system are

Clde:l (u - qlldt-. (1)

c,ae, = {ql - qz)dt. (2)

Noting that

ql = Gcelr q2 = GCBZ

Equations (1) and (2) can be modified to

o del
— =1u - Gclé 3
1 3% 1 (3)
d92
C2 35~ = 6B - Geh, (4)

from which we get

C,s8,(s) = U(s) - Ge®, (s)

C,58,(s) =GB, (s) - God,(s)

By eliminating sl(s} from the preceding two equations, we obtain
S o
(Cs + Ge)o,(s) Cps + 6o U(s)
or

(Cls + Gc){Czs + Gc)az(s) = Gcl(s)

Thus the transfer function 82(5)/0(5) can be given by

92(5) Ge

u(s) (c;s + Ge)(C,s + Ge)




CHAPTER 6

B-6-1. Define the current in the circuit as i(t), where t > 0. The
equation for the circuit for t > 0 is

X (
R + -_ =
( > R2)1 + c, idt=E

Since the capacitor is not charged for t < 0, the Laplace transform of this
equation becomes

R. + R.)I(8) + —X- 1(s) = -E_
( 1 2 (s) oys (s) :
Hence
EC
I(s) = s 3 éz(R+R2
R, +R, - 1 ¥ RyICs +1
2
Since
= —
EO(S) = (RZ * Czs)I(S)
we obtain
L RZCZS +1 EE32
Eo(s) = === (R, +R,)C
2S Rl 2)Cys + 1
salad. o Coky ]
i s (R1+ RZ)C2S 1
[i R
) A . 1 1
s 1*R 1
L. (R, +R,)C,

The inverse Laplace transform of Eo(s) gives

R
= - a2 _=t/AIR, *R,)C,]
eo(t) E{l R1+R2e 1 27%2 X

B-6-2. The equation for the circuit is

di s 1 - —
L dt+R1+ C Sldt—E

or
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2
Lg%i.nﬂ.pi.ng
dt dt 64

Since q(0) = 0 and i(0) = q(0) = 0, the Laplace transform of this last equa-
tion gives
Ls20(s) + RsQ(s) + —- Q(s) = -

or
E

s(Ls? + Rs + _é_)

Q(s) =

Since the current i(t) is dqg(t)/dt, we have

I(s) = s0(s) = E

Is2 + Rs + —L_
C

The current i(t) will be oscillatory if the two roots of the characteristic
equation

]
o

s2+-R 54
L

&l

are complex conjugate. If two roots are real, then the current is not osci-
llatory.

Case 1 (Two roots of the characteristic equation are complex conjugate):

For this case, define

Sfal - R
Wn LC 5 2

wn2
2

2

Gl

I(s) = EC

The inverse Laplace transform of I(s) gives
: Wy -sw t 2
i(t) = BC ——=——=—= ¢ n” sin(w J1 - ¥4 t)
J1=g2 .

= E—‘E-————l———- e >%nt sin(w_J1 - ¢2t) (tz0)
L i -2 n
The current i(t) approaches zero as t approaches infinity.

Case 2 (Two roots of the characteristic equation are real):

For this case define
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sz+—%_s+wl-=(s+a)(s+b)
Then
I(s) = E 1

L (s +a)(s+Db)

The inverse laplace transform of I(s) gives

. E 1 _
1) =t BT _ 238
Notice that
B . B g)"’-_:;_, b=-B - [[RN2 1
2L 2L) " 1c 2L, 2L) - I
Hence
. R S E
L b~
e

The current i(t) can thus be given by

E 1
(5 + /) -4 )
—————={exp
2 [(-B) - L e
) e
_13_ = =
expl - ZL ( ) g )t] (t20)
B-6-3. Referring to the circuit diagram Z
shown to the right, we have !_R,—I
” = = e
z]. Rl ' Zz R2 + o P =3
2 | Ry 3 ]
Hence 3 i . i e
' Z

: 2, +3 ,
El(s) 1 2 (Rl + RZ)CZS +1

Next, we shall find the response e, (t) when the input e, (t) is the unit step
function of magnitude E: . Since
R2C28 i Ei

E (s)
(o]
(Rl “ Rz)Czs +1 s

1 ’Cy

By (R, +R)Cs +1
" q ¥ Nplias
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the inverse Laplace transform of Eo(s) is

K R1  t/[(R, +R,)C
eo(t) — Ei [ “ETR_ZE 1) 2) 2]

which gives the response to the step input of magnitude Ei'

B-6-4, The system equations are

kl(xi - Y) = bl(}.' o io)
bl(i’ B io) =%

which can be rewritten as

L] -
by + Ky =kx; +bx,

X + Kk = by
X bly

blxo 20

Noting that x (0-) = 0 and y(0-) = O, by taking the ,;_ transform of these
two equations we obtain

(bls + kl)Y(s) = klxi(s) + blsxo(s)
(bls + kz)Xo(s) = ble(s)
By eliminating Y(s) from the preceding two equations, we get

e L bls + k2
(bys + 1) -b_xo(S) = klxi(s) + blsxo(s)

B
Simplifying;
[(k, +Xk;,)bys + kjk,] X (s) = k, b, SX; (s)
or
by
s
xo(S) klbls '—lq

!
|-

Xi(s) Oy +kpdbys +kpky (1 bs +1

The response of the system to xi(t) = xiltt) can be obtained by taking the

inverse Laplace transform of

(b, /k,)s X
—— 42— )bs+1 °
(kl 1{2) 1
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_ KXy 1

G e 1
L
—— 4+ ==\ p
as follows:
k X
%, (8) = —i—exp fe/1( L + Lm0 £20
ky + ko 1 2 1

B-6-5. The eguations of motion for the system are
kl(xi . xo) s b2(xo - Y)

bz(:v:[J -y) = kzy

Rewriting these equations,

]

b.x +k

+ -
o ¥ Ryl =% Ry

by + kpy = byX,

Noting that x(0-) = 0 and also y(0-) = 0, o _ transforms of these two equations
become

(bzs + kl)xo(s) = klxi(s) + bst(s)
(bzs + }cz)Y(s) = bzs]{o(s)

Eliminating Y(s) from the last two equations, we obtain

bzsxo(sl

b.8 + Kk

(bzs + kl)xo(s) = klxi(s) + b25 x :

which can be simplified as

[(k1 + k,)b,s + klkzlxo(S) =k, (bys + k)X, (s)

X (s) _
xi(S) “{1 + kz)bzs + klkz

kl(bzs + k)

Since the input xi(t.) is given as
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n

xi(t) Xi 0<t<t1

=0 elsewhere

et
—t e e—t]_s)

X, (s)
i s

]

The response xo(s) is then obtained as

k. (b,s + k.,) %
X (s) = 1 _2 Z L (1 -et8)
o (kl + kz)bzs % ](1’(2 s
Since by
. s st U i ]
(k; + kp)bys + Kjkp s e i
1 2 ) L " + b,s + 1
1 ko
we have
o k, (bys + kz} 7 i K, 3 y
&b | T oy G
(kl + kz)bzs + kK ky Ky 2 1 2
Hence
x (t) =X |1 ——k—z—expl-t/[(l— + 2 )b ]]'
s 11
=% |1 - e - - LG+ m face - k)
1 2
B-6-6. First note that
RCs +1
-%—=—é—+cls; Zz-—Rz"'l =22
1 1 CZS C.s
2
Then
EO(s) 1 Z, ) (chzs + 1)(Rlcl_s + 1)
E; (s)
i z1 + Zz Rlczs + (chzs + 1)(R1013 # 1)
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E (s) (R,C;s + 1)(R,C,8 + 1)

E (s) 2 .
i Rlcleczs + (Rlcl + R202 + Rlcz)s + 1

Since Rz = 1.5 Rl' 02 = cl' and Rlcl = 1, we obtain )

RJ.CZ = Rlcl =1, Rz('.‘2 = 1.5 Rlcl = 1.5

and the transfer function Eo(s)/Ei(s) becomes

EolS) | (s +1)(1.5s+1) _ (s +1)[s + (2/3)]
E,(s) 1:5.6% 3.5s + 1 (s + 2)[s + (1/3)]

Since the input e;(t) is given by

ei(t)=Ei @it < tl
=0 elsewhere
we have
e;(t) = E;[1(t) - 1(t - tl)]

Hence, the response eo(t) can be obtained as follows:

B (s) ={s+lls+ QAN (L__l_e-—stl)

(s + 2)[s + (1/3)] s s

Since

oC-’—(E”'HE* (2/3)] =°C—! 0.4 __04 .1
(s + 2)[s + (1/3)]s s+2 s+ (1/3) s

=0.4e2t _o.ge /3,

we obtain the response eo(t,) as follows:
e, (t) = E; (0.4 e2t _ 0.4 &~(1/3)t 4+ 1)
- E, [0.4 e 2(t = t)) _ g 4 e-(t - t)/3 1

1(t - tl)

67



logarithmic decrement = 1n

1]
y
3
=
SR
L}
v

or

Solving for § ,

=

_l_ln.._..xg
*n

I i iRt e
a7?+ [—;— (1,, %):lz

By substituting n = 4 and xo/x4 = 4 into this last equation, we obtain

o iIn 4
C = = -
2
472 + [_1_ (1n 4)]
4 .
1 x1.386
- 4 e 0.3466 = 0.055

\/ 39.48 + 0.12  6-293

Noting that oun =y\/k/m and 2 _S'a)n = b/m, we find

wn=/k = /500 . 23.36 rad/s
m \[ 1

and

b=2 ;‘conm = 2 x 0.055 x 22.36 x 1 = 2.46 N-s/m

B-6-8. The system equation is
(m+2)5§+h:'c+kx=p
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Substituting the given numerical values m = 20 kgand p =29 =2 x 9.81 N
into this last equation, we obtain

22X + bX + kx = 2 x 9.81
At steady state

kxss =2 x 9.81

From Figure 6-48 (b), x__ = 0.08 m. Thus

sS
Xeg = 2 xk9.81 = 0.08
Solving for k, we obtain
k= —2E3BL = 245 N/m
Since
wn=E3=J2—2-4—g¥3.34md/s, 2¢w =2
we obtain

b=23’a)nx22=2x0.4x3.34x22=58.8N—8/m

B-6-9. For the x direction, the equation of motion is

2 2
ml%x+m2_d_2.(x+fsin9) = - 2kx
dt dt

For the rotational motion of the pendulum,

2 2
m, [—9-5 (x +[sin 9)]1(203 8 + m, [.d_z (-f cos 8) fsin 6 = - ng’sin e
dt dt

Rewriting the preceding two equations,

mln'c' +m2(;E -Isin 2] éZ +fcos © .9-) = - Zkx
m2{$€ - Lsin 6 82 +{ cos 6 8)f cos 6
+ mzf(cos 6 62 + sin 0 8) £sin 6 = - 2g,{’ssi.n e

Simplifyingf
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=0

- mz .[ -k mz ! . 2]{
+ m

sin992+—-——x
s

mzi cose+m2[c0529§+m2fsin295+m2g sin 8 =0

Thus the equations of motion for the system are

e

8+2 cos0+-9sine=0

£ A

B-6-10. The equation of motion for the system is
mx + kx = p(t)

where m = 1 kg, k = 100 N/m, p(t) = 10 &(t) N, x(0-) = 0.1 m, and x(0-) = 1
m/s. By substituting the given numerical values into the system equation,
we obtain

¥+ 100 x =10 d(t)

Taking the .;C__ Cor. EAL e W T At gL b ———
[s%(s) - sx(0-) - x(0-)] + 100 X(s) = 10
or
(s2 + 100)X(s) = 10 + 0.1s + 1 = 11 + O.1s
Solving for X(s) gives
11 + 0.1s
xln) = —==—==_=t=
32 + 102

The inverse Laplace transform of X(s) gives

x(t) = 1(1) sin 10t + 0.1 cos 10t

B-6-11. When mass m is set into motion by a unit impulse force, the system
equation is

mX + kx = O (t)
Let us define another impulse force to stop the motion as Ad(t - T), where

A is the undetermined magnitude of the impulse force and t = T is the un-
determined instant that this impulse is to be given to the system. Then,
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1_:.he equation of motion for the system when the two impulse forces are given
is

mX +kx = S(t) +Ad(t - T), x(0-) = 0, x(0-) = 0
The [ _ transform of this last equation gives
(ms? + K)X(s) = 1 + A e ST

Solving for X(s),

X(g) = +

Vim s2 + £ fim &2 + K

o]
3

=
3

The inverse Laplace transform of X(s) is
1 . k A % k
x t = e— s t o — (I 2 — =
(t) T s:m,/ i sml" (t T)] (t - T)

If the motion of mass m is to be stopped at t = T, then x(t) must be iden-

tically zero for t > T.

Note that x(t) can be made identically zero for t 2> T if we choose
v,

t
T = .3 ' & ' E_.._
m m m

Thus, the motion of mass m can be stopped by another impulse force, such as

A=1,

f =es

. 3= _.5x
S(t M), d(t N d(t 7=

B-6-12. The system equation is

mX + bx = J(t), x(0-) = 0, x(0-) = 0

]

The ,[,_ transform of this equation is
(ms2 + bs)X(s) =1
Solving for X(s), we get

X(s) = —2 ] 1_=1(1_1>
ms2 + bs ms(s+_%_) b \ s b

The response x(t) of the system is
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x(t) = == [1 - e~(M/mt)

The velocity x(t) is
A(t) = L o~(B/m)t

x(0) =
m

The initial velocity can also be obtained by use of the initial value theorem.

> 2
x(0+) = 1im szx(s} = 1im < =L
S 0o g >00 msZ + bs m

B-G6-13. I'he moment of inertla of the pendulum about

the pivot is J = mf2. The angle of rotation of the

pendulum is @ rad. Define the force that acts on X =
the pendulum at the time of sudden stop as F(t). /
Then, the torque that acts on the pendulum due to the

force F(t) is F(t)£ cos 6. The equation for the yA
pendulum system can be given by 6

m 028 = F(t) £ cos 6 - mg Lsin 8 (1)

angle 8 is small. (Although @ = 20° is not quite

We shall linearize this nonlinear equation by assuming F(f-)-'i——-

small, the resulting linearized equation will give an l
approximate solution.) By approximating cos 8 = 1
and sin © £ 6, Equation (1) can be written as -1'13

m P28 = F(t)f - mg /e
or

mf8 + mg® = F(t) (2)

Since the velocity of the car at t = 0- is 10 m/s and the car stops in
0.3 s, the deceleration is 33.3 m/s2.

By assuming a constant acceleration of magnitude 33.3 m/s2 to act
on the mass for 0.3 seconds, F(t) may be given by

F(t) = mx = 33.3 m[1(t) - 1(t - 0.3)]
Then, Equation (2) may be written as

mf8 + mgd = 33.3 m [1(t) - 1(t - 0.3)]
or
0 +—L9=-33(10¢) - 1(t - 0.3)]
£ £
since £ = 0.05 m, this last equation becomes
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6 + 196.2 0 = 666 [1(t) - 1(t - 0.3)]

Taking Laplace transforms of both sides of this last equation, we obtain

(s2 + 196.2)8(s) = 666 (—,13— L LS e-0-35) (2)

where we used the initial conditions that 6(0-) = 0 and 8(0-) = O.
Solving Equation (3) for @(s).

o(s) = ——566 (1 - e=0.3s)
s(s? + 196.2)
1 s 666
= - _ e-0.3
(s 2 + 195.2) 3963 =)

The inverse Laplace transform of @(s) gives
8(£) = 3.394 (1 - cos 14t) - 3.394 {1(¢ - 0.3) - [cos 14(t - 0.3)J1(t - 0.3)§
(4)
Note that 1(t - 0.3) = 0 for 0 £ t < 0.3.

Let us assume that at t = ty, 6 = 20° = 0.3491 rad. Then by ten-
tatively assuming that t; occurs before t = 0.3, we solve the following
equation for t;:

0.3491 = 3.394(1 - cos 14t,)

which can be simplified to

cos 14t1 = 0.8971 I ————

The result is

t, = 0.0327 s

Since t; = 0.0327 < 0.3, our assumption was correct. The terms involving
1(t - 0.3) in Equation (4) do not affect the value of t;. It takes
approximately 33 ms for the pendulum to swing 20°.

B-6-14. The equation of motion for this system is
(M + 2)X + bx + kx = 29

By substituting the numerical values for M, b, k, and g into this equation,
we obtain

12X + 40X + 400x = 2 x 9.81
By taking the Laplace transform of this last equation assuming zero

initial conditions, we obtain
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12s2x(s) + 40sX(s) + 400X(s) = _ggggg_

or

19.62
X(s) =
s(12s2 + 40s + 400)
- 1.635
s(s2? + 3.3333s + 33.3333)
. 0.03s + 0.1
= 1.635 (0 03 _
s s2 + 3.3333s + 33.3333
1 s + 1.6666
= 0.04905 =
s (s + 1.6666)2 + (5.5277)2

5.5277
- 0.3015
(s + 1.6666)2 + (5.5277)2

The inverse Laplace transform of X(s) gives

x(t) = 0.04905(1 - e~1-6666t cos 5.5277t - 0.3015 e-1-6666t gin 5.5277t)

Next, we shall obtain the response curve x(t) versus t with MATLAB.

Note that X\ mqr e i

1.635
X(s) 1

s2 + 3.3333s + 33.3333 S

Now define
num=[0 0 1.5635]

den = [1 3.3333 33.3333]

A possible MATLAB program to obtain the response curve is given below.

% ***** MATLAB program to solve Problem B-6-14 *#**#*

num=[0 0 1.635];
den=[1 3.3333 33.3333);
step(num,den)

grid

title("Response x(t))

xlabel('t sec')

ylabel("x(t)")
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The resulting response curve x(t) versus t is shown below.

0.07

0.06

0.05

0.04

()
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B Ol e NETE © N N

B-6-15. The equation of motion for the system is
mx + b1i+(k1+k2)x=0

By substituting the numerical values of m, kj, kz, and by into this
equation, we obtain

X+ 4% + 16x = 0
Laplace transforming this equation, we get
[s2X(s) - sx(0) - x(0)] + 4[sX(s) - x(0)] + 16X(s) = 0
or
(sZ + 4s + 16)X(s) = sx(0) + x(0) + 4x(0)
Solving this equation for X(s),

sx(0) + x(0) + 4x(0)
s2 + 4s + 16

X(e) =

"

Since x(0) = 0.05 and x(0) = 1, X(s) becomes

0.05s + 1.2

X{s) =
sZ + 4s + 16
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0.05(s+2)  _ 0.3175x243
(s +2)2+ (23)2 (s +2)2 + (2/3)2

The inverse Laplace transform of X(s) gives

x(t) = 0.05 e=2t cos 2 /3 t + 0.3175 e=2t sin 23 ¢

This equation gives the time response x(t).
The response curve x(t) versus t can be obtained easily by use of
MATLAB. Noting that X(s) can be written as
0.05s2 + 1.2s 1
s2 +4s + 16 s

X(s) =

we may define
num = [0.05 1.2 0]

den=[1 4 16]

and use a step command. The following MATLAB program will generate
the response curve x(t) versus t as shown below.

%o ***** MATLAB program to solve Problem B-6-15 *****

num = [0.05 1.2 0];
den=[1 4 16];
step(num,den)

grid

title('Response x(t)")
xlabel('t sec')
ylabel("x(t)")

Response x(t)
02 T ! T T | T

015

01

x(t)

Rse

0.05F—-

|
|

0 0.5 1 15 2 25 3 3s e
sac
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.B__.B;l..s_' P . v "
X+ 2x + 10x = u + 5u, x(0-) = 0, x(0-) =0

The transfer function of the system is
X(s) s+ 5

u(s) s2 + 25 + 10

Since u(t) is a unit-step function, we have U(s) = 1/s. Hence

X(s) = § +5 g
s2+2s+10 S

The following MATLAB program will generate the response curve x(t) versus
t as shown in the figure below.

% ***** MATLAB program to solve Problem B-6-16 *****

num=[0 1 5]
den=[1 2 10];
step(num,den)
grid
title('Response x(t)")
xlabel('t sec')
ylabel('x(t)")
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B-6-17. 1In this system F is the input and x5 is the output. From
Figure 6-57, we obtain the following equations:

bl;‘l + lcl(xl - x2) =F
kj(x; - x2) = b2).c2 + KoX2o

Laplace transforming these two equations, assuming zero initial conditions,
we obtain

(b1s + k1)X;(8) = k1Xp(s) = F(s)
kiX1(s) = (bps + k3 + k2)Xa(s)

By eliminating X;(s) from these two equations, we get

(bls + k1) et s Xs(s) - kyX2(s) = F(s)
k1

Simplifying this last equation, we get

[blbzsz + (bjk; + biky + boki)s + Kijkp]X2(s) = k;F(s)
from which we obtain

X2(s) kK1

F(s) b1b252 + (blk]_ + biky + byky)s + kiko

By substituting numerical values for Ky, k2, by, and by into this last
equation, we obtain

Xa(s) 4
F(s)

10s2 + (4 + 20 + 40)s + 4 x 20
0.4

s2 + 6.4s + 8

Since the input F is a step force of 2N, we have F(s) = 2/s. X>(s) can
be obtained from

0.4 2

I

Xs(s)
s2+6.4s +8 s

= 0.8
(s + 4.6967)(s + 1.7033)s

0.1 - 0.0569 N -0.1569
s s + 4.6967 s + 1.7033
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The inverse Laplace transform of X»(s) gives
xp(t) = 0.1 + 0.0569 e~4-6967t _g 1569 e-1.7033t

The response curve x(t) versus t can be obtained with MATLAB as
follows: First note that

0.8 1
s2 + 6.4 +8 S

Xa2(s) =

Then, define

nm=[0 0 0.8]

den = [1 6.4 8]
and use a step command. The following MATLAB program will yield the

response curve x»(t). The resulting response curve is shown in the
figure below.

% ***** MATLAB program to solve Problem B-6-17 **#*##*

mum=[0 0 08];
den=[1 64 8],
step(num,den)

grid

title('Response x(t)"
xlabel('t sec’)
ylabel('x(t)")

0.1 T T ——

]

0.09

0.08f - —

0.07 -

Z0.05¢

»x

|
|
1
|
0.06} 1 B i
I
]

o= l - . e S VRS
i

0.021

L o a—

79



B-6-18. Referring to the figure shown to the
right, we have

g, [ _J
1 =L 4 Cys, Z7(s) =Ry + 1 ol e i
Z;(s) R2 C1s + 0—4H
T
Hence L- .__/‘Cz rRI !
R
Z]_(SJ = 2 .' Zz(s) - RJ_CIS + 1 € ' ! o
RC2s +1 Cc1s | €
Z, _-p
Thus o— o
Eo(s) Z3(s)
Ei(s)  21(s) + Zy(s)

(R1Cys + 1) (RpCos + 1)

R2C1s + (R1C3s + 1)(RoCors + 1)
(RiC3s + 1)(RyCs + 1)
RCIR2C282 + (RiCy + RyCy + RoCp)s + 1

By substituting the given numerical values for Ry, Ry, C;, and Cp, we
obtain

En(s) (0.5s + 1)(0.05s + 1)
Ei(s) 0.025s2 + 0.8s + 1

When ej(t) = 5 V (step input) is applied to the system, we have

0.025s2 + 0.55s + 1 &
0.025s2 + 0.8s +1 S

1]

EQ(S)

552 + 110s + 200 1
s2 + 32s + 40 s

The response curve e,(t) versus t can be obtained by entering the following
MATLAE program into the computer.

% ***** MATLAB program to solve Problem B-6-18 ***+*

num=[5 110 200];
den=[1 32 40];
step(num,den);

v=[0 5 0 6]; axis(v);
grid

title(Response eo(t))
xlabel('t Sec")
ylabel('eo(t)")
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The resulting response curve e,(t) versus t is shown below.

e Response eofl)
5 .___,_,_—F
//
4\/ - - ST
=T
2. - i
1 — A N I—
% os 1 15 2 25 3 as a4 45 5
t Sec
Note that
% 552 + 110s + 200 1
8) =
Fo sZ + 32s + 40 s
1.7010 17010 _ 5
s + 30.6969 s + 1.3031 s

Hence

Notice that the response curve is a sum of two exponential curves and
a step function of magnitude 5.
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CHAPTER 7

B-7-1.  The equation of motion for the system is
mX + kx = p(t) = P sin wt

where x(0) = 0 and %(0) = 0. The Laplace transform of this equation is

(ms2 + K)X(s) = P ——2
: 2+ Wl

By substituting the given numerical values of m, k, P, and &J into this last
equation, we obtain

(s2 + 100)X(s) = —%
=1

Solving for X(s),

%(é) = 10 T S T
(s +100)(s® +4) 92,4 962, 100

The inverse Laplace transform of X(s) gives the response x(t).

x(t) = "'E;SE (sin 2t - % sin 10t)

B-7-2. The equation of motion for the system is
mX + bx + kx = p(t) = P sin wt, x(0) = 0, x(0) =
By substituting the given numerical values into this equation, we get

2X + 24x + 200x = 5 sin 6t
or

X + 12% + 100x = 2.5 sin 6t

Taking the Laplace transform of this last equation, we obtain
(s + 12s + 100)X(s) = 2.5 -——7
8 Th

Solving for X(s),

15
(s® + 125 + 100)(s> + 36)

X(s) =

82



9 15 s =
__ IS *1s ., "3a>t 39
52+128+10'0 32+36

3
_232 x 8 3 6

= _
(s + 6)% + g2 29X552+35

X 8 + 727 (s + 6)

9 s

464324-36

The inverse Laplace transform of X(s) gives

O 9 -6t s 9
X(E) = 1856 © sin Bt + 264 € cos 8t + 58 sin 6t 464 Cos 6t

B-7-3. =

EO(S) - - C8 - 1

Ei(s) R + ___]_E RCs + 1
Hence

E(jw)
3

G = o - R

(je ) Ei(jw) RCjew +1
Thus

1 f : -1
G(jw = —_——, G = - tan = RC&/
l 2 )l RC2w? + 1 o)

For the input ei(t) = E, sin & t, the steady-state output eo(t) is given by

i

E;

————=——— sin(@Wt - tan~! RCW)
R%C?w?2 4,

eo(t) =

B-7-4.  The equations of motion for the system are

m X, + b(xl - xz) + kxl + k(xl - xz] = p(t)

By Hblig = &) ¢ Kb - 5) =0
which can be rewritten as

mX +hk +2kx =bx +ke +p(t)
153 1 1 2 2

mX_ +bX_ +kt =bx +

5 s B Sl T
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Since we are interested in the steady state behavior of the system, we can
assume that all initial conditions are zero. Thus, by assuming zero initial
cglégiitions and taking the Laplace transforms of the last two equations, we

o n

{m132 +bs + )X, (s) = (bs + k)X,(s) + P(s) (1)

(m,s% + bs + k)X, (s) = (bs + k)X (s) (2)

From Equation (2) L= + = T ===~

e

Xi(s) = —BB K ___ o (3)
2 ms? + bs + k 1)

Substituting Equation (3) into Equation (1) and simplifying. we obtain
[(m152 + k)(mzsz +bs +k) + (bs + k)m.zsz]}{l(s)
= (m252 + bs + k)P(s)

The transfer function Gl(s) between xl(s) and P(s) can thus be obtained as

X (s) m252+bs+k

1 P(s) L (m152 + k)|[m252 + bs + k) +‘(bs + k)m232

Hence
—mzwz-r jwb + k

@
—
.
&
S

|

(-m e0? + k) (-myw? + jwb + k) + (bjew + K)m, (- @)

(k - mzaﬂ) + jWb

(k - m @)k - mye’) - wm, + 3@ [bk - (my +m)bw’]

from which we obtain

J(k - ﬁzszz + wp?

[0 - m w?)(x - myw?) - wim,)? +w% bk - (m, +m,)bar?)?

2
bk - (m + TR Lk | A\
fGI (jw) = tan™t —‘y—b—f) - tan
k -m,u (k - mlmz)(k - mzwz) -a.)zkmz

The steady-state output xl(t) can, therefore, be given by

xl(t) = IGl(jw)l P sin [wt + fGlfjW)]
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Next, referring to Equation (3) we have the transfer function G (s)

between x (s) and P(s) as follows:

o xz(s)
G =
2> = Tp(s)
3 xz(s) xl(s)
xl(s) P(s)
___bs+k X, (s)
m232 + bs + k P(s)
= bs + k
(mlsz + k)(mzsz +bs + k) + (bs + k)m232
Hence
Gz(jw) . bjaw + k

The magnitude and angle of Gz(jw) are given by

\{k +];z'2*5")2

(k - m}_wz)(k - mzwz) -w%cmz + jw[bk - (‘H + mz)bwzl

}Gz(jw‘)|

V16 =m0 - my0?) ~wPmy 12 + Pk - (g + m WP T

2
o 6,0w) = tan™" b—;-') - tan'lz w [Dk = (m + mz)zw ] 3
(k - mlwz)(k - myw ) - &) '“"2

The steady-state output X, (t) can be given by

x,(t) = lc (jw)l P sin [aJt +ZG (j(d)]

e
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B-7-5. tension = iuwzr = 0.1 X (-3.282 X1=3.949N

The tension in the cord is 3.94 N. The maximum angular speed can be ob-
tained by solving the following equation for & .

10 = 0.1 XP X 1
The result is

w= Jlﬂﬂ = 10 rad/s = 1.59 Hz

The maximum angular speed that can be attained without breaking the cord is
1.59 Hz.

B-7-6. From the diagram shown below, we obtain

centrifugal force _ ma?r = 0.15

gravitational force mg 0.2598
or -
2 0.2598
wr
m wr
$ 0.15
Solving for &, we obtain
mg
0 = Jo 5774 X 9.81 _ ¢ 145 raa/s
0.15
B-7-7. The equations of motion for the system are

M;c.+tn°c+}oc=mw2r sinw t
£(t) =b}'<+k;x

If 10 % of the excitation force is to be transmitted to the foundation, the
transmissibility must be equal to 0.1. Thus

B 1+ (258)3
Va-pH2 s+ 23p)

Since & is desired to be 0.2, we substitute ¥ = 0.2 into this last equation.

1+ (0.4ﬁ)2

(1 -p4% + (0.ap)?

™ =

= 0.1

= 0.01

or

"
(=]

ﬁ“-n.ax;pz-

Solving forpz, we find
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32 = 22.28 or -4.443

Noting that g >0, ve must have p? = 22.28. Then

_Ix K &) _ 62.8
_/_=f__._ =& 828 _ [55 28 = 4.72
e M Y100 g W [k

100
So we obtain
Jx =228 - 133
4.72
or

k=17.7x 10:3 N/m

The amplitude of force Ft transmitted to the foundation is

lFt,= (ma?c)(TR) = 0.2 x 62.8% x 0.5 x 0.1 = 39.44 N

B-7-8. The equation of motion for the system is
mx + b(x - y) + k(x -y) =0
Rewriting,
mX - ¥) + b(k - ¥) + k(x-y) =~ my
By substituting x — y = z into this last equation, we obtain
mz + bz + kz = - my

The Laplace transform of this eguation, assuming zero initial conditions, is

(ms? + bs + k)Z(s) = - ms2¥(s)
or
_E(E)_ = _j_- msz .
Y(s) ms + bs + Kk

For the sinusoidal input y = Y sing t,

; - 2
2(jw) _ m w2 3 w
Y(jag) - ma)z +bjw +k  -@?+ 2;mnjw + a}nz
The steady-state amplitude ratio of z to y is

' Z(jw) |= m 2 2 ?

Y(3w) Yk - nw?)? + BPw? \/-(.wn2 ~wh? + 23w w)?
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Ifw>» &)n:

wz
Thus, the amplitude of sinusoidal displacement y of the base is equal to the

amplitude of the relative displacement z.
5 o w(’(’td ; We have
n

=1

Y(Jw)

So the acceleration } of the base is proportional to z.

B-7-9. Define the displacement of spring k2 as y. Then the equations of
motion for the system are

m + b2(:'c -y) + k x = p(t) (1]

bz(x -y) = k¥ (2]

The force f(t) transmitted to the foundation is

f(t) = klx S (3)

By taking Laplace transforms of Equations (1) and (2), assuming zero initial
conditions, we obtain

(ms? + b,s +k )X(s) = b,s¥(s) + P(s)
bzsx(s} £ (bzs + kz)Y(s)

By eliminating Y(s) from the last two equations and simplifying, we get

X(s) _ bos + kp
P(s) 2
(ms® + kl}(bzs + kz) + bzkzs

The Laplace transform of Equation (3) is

bzkzs
F(s) = k. X(s) + k,Y(s) = k _X(s) + ——=— X(s)
1 2 1 bzs + k2

ﬁbzs + klk + bzl-:2

bys + k;

X(s)

So we have
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B(s) _ P, t KBS + kK,

= — —_—

X(s) b,s + k,
and
0O WS ) T B o e
P(s) X(s) P(s) (mg? 4+ K )(b,s + k) + bk,s

The force transmissibility TR is

(ky +k;)byja + kyko
2

™ =

(- mw + X )(k + sza)) + b ](Zja)

2

\[(kl + kz)zbz w? + Kk %,2

\/(k - mp )21<2 + [b 2w+(k —m{d)ba}]z

The amplitude of the force transmitted to the foundation is

,F(jw), - \/(kl + kz)zbgw + ki kg -
Vo, - nw))i,” + [bje,w + (k) - ma?)b )

B-7-10. Define the displacement of the top end of spring k as z. Then
the equations of motion for the system are

m;t."'bz(;c-é) +k (x - p) =
b2(5c -2) = k,(z - p)

where p = P singy t. Rewriting these equations,
mx + b2:°c +kx = bzi +k,p
bzi +kp =Kz + b2£

Laplace transforming these two equations, assuming zero initial conditions,
we obtain

2 :
(ms¢ + bzs + kl)).(s) bst(s) + lclP(s)

bzsx(s) + kzp(sJ (sc2 + bzs)z(s)

Eliminating Z(s) from the last two equations and simplifying gives
2 3 = : + b
[(ms< + kl)(kz + bzs) + kzbzs]x(S) bzkzsP(s) + klP(:a:)(k2 zs)
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So the transfer function X(s)/P(s) is obtained as

X(s) _ biks + kK, * kbss
P(s) 2
(ms< + lcl)(bzs - kz) + bzkzs

The motion transmissibility TR is

P AL B 22
\/(k_1+kg)_b2w + %, 2,

=l x(iw)

P(jw) l=
\/kzz(kl - nruuz)2 + [bzkzw + bzw(kl - mmz)]2

The vibration amplitude Ix( jw)| of the machine is
|xCGw) | = p.m=

2 02 2

P J(kl + kg_)zb2 W+ klzkz

2 2.2 DL 2
- b b - mw
sz (k1 ma ) + [ 2k2w+ zw(kl mo )]

BaT=T11. The equations of motion for the system are

mk + bk + kx + k,(x -y) =p =P singJt
my + ky(y - x) =0

Laplace transforming these two equations, assuming zero initial conditions,
we obtain :

(ms2 + bs + k + k,)X(s) = k,¥(s) + P(s)

(rrlas2 + ky)Y(s) = k X(s)

Eliminating Y(s) from the last two equations and simplifying, we obtain

X(s) _ ms” + kg
#(p) (lms2 + bs + k)(ruas2 +3y) + makasz
Hence
x(Gw) ky = m, 02
P(jw)

2 y 2 2
(k = m@w™ + bjw)(ky - mye)”) - mak , &

Note that if yk,/m, =@, then X(jw) = 0. Since
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we have

Y(jw) _ Xa
P(jw) (k - mUZ + bja))(ka - mafdz) - mak, @

2

By substituting 1%/11'% =w?into this last equation, we get

i) Ka 1

P(jw) = '“aka wz = n%a)z

Hence

)| =

|
o
[
W
o
"
Ky I-u

The amplitude of vibration of mass m, is P/ka.

B-7-12. Assuming small angles 6. and 92 the equations of motion for the
system may be obtained as follows:

- - xa2(8 -
mlf el mlgjel kr:\(B1 82}

29 =- - ka2(e. -
mzj e, ngf 8, - ka (92 8,)
Rewriting these equations, we obtain

2a s a2
m, 91+mlgfel+!-cael-k392

2 25 o
m,f° 6, + ng.!e2 + ka0, = ka8,
which can be simplified to
= 2 2
el+(—;’|-+ﬁi)el =tae, (1)
- i L2
8 +(_g— ! 2)82 s (2)
£ mzf mzl

To find the natural frequencies of the free vibration, we assume the motion
to be harmonic. That is, we assume
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91=Asint.dt., 92 =B sinat

1 -sz singJ t, 82 = -Ban sinw t

Substituting the preceding expressions into Equations (1) and (2), we obtain

e

]

-Aw2+(—f—+—2-) ]‘322.3 singt =0
L mlz ]
o b2 9. + mae ka?_ |
- Bw B - -

Since these equations must be satisfied at all times and sinw t cannot be
zero at all times, the quantities in the brackets must be equal to zero.
Thus

2 2
- w?a-12 =0 (3.
( 4! m £ “ m f
1 1
ka2 kaz 2
SR AR A T ). (4)
For constants A and B to be nonzero, the determinant of the coefficients of
Equations (3) and (4) must be equal to zero, or
g, }caz - 2 s kaz
7~ @ 2
1 mll mll
=0 (5)
2
_ _ka N @)=
2 Z 2
mzl mz,e

This determinant equation determines the natural frequencies of the system.
Equation (5) can be rewritten as

2 2 2 2
_g_ 200 g ka o 2)|_ ka ka =0
(t +m112 “))(z Y ‘”)

LSS

or
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This last equation can be factored as follows:

2" sufle a? 2_al-o¢
£ mllz y4
or
- =
o) 7 W 7 mfz m2[2
Thus

= --g—-' = g kaz I'lT:l2
“1 V £ 2 Jl +m (2+m2[2

The first natural frequency is W, (first mode) and the second natural fre-
quency is u.) (second mode). -

At the flrst natural frequency & = @, =/g/f , we obtain from Equation
(3) the following expression:

ka2
A = _1'12 =CY
B . R
o SRR, e I
7 4 ml,[z L

[Note that we obtain the same result from Equation (4).] Thus, at the first
mode the amplitude ratio A/B becomes unity, or A = B. This means that both
masses move the same amount in the same direction. This mode is depicted in
Figure (a) below.

At the second natural frequency @ = t/, we obtain from Equation (3)

w2
2
A _ m, £ 1) %
B g .t g . B m,
1z m1[2 V4 mllz m212

[We obtain the same result from Equation (4) ] At the second mode, the
amplitude ratio A/B becomes - m /m or A= (mz/ml)B. This means that

masses move in the opposite direction. This mode is depicted in Figure (b)
shown below.

LLLL LA LLLL S s

Figure (b)

Figure (a)
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B-7-13. The equations of motion for the system are
m = - (x +[1sin 9)k1 - (x -12 sin E))H:2

L

Je = - (x +Ilsin B)Iclllcos B+ (x -Izsin B)kzlzcos 8

For small angle 6, we have sin 8 + 8 and cos © £ 1 and the preceding two
equations become

mx + (k; + ky)x + (1) - £5k5)0 = 0 (1)
36 + (fy%k) + £,%K5)0 + (£yk; - fk,)x = O (2)

Notice that if ¢ J.kl = [2k2, then the coupling terms become zero and two

equations become independent. However, in this problem

= 1.5 m, = 2 m; k = — 104
4y Wt 2o > gt SRAAOT

Lk, = £k, == 0.5x4x10% #0

Therefore, coupling exists between Equation (1) and Equation (2).
To find the natural frequencies for the system, assume the following

harmonic motion:
X =Asinwt, 8 =Bsinat
Then, from Equations (1) and (2) we obtain
2 L
(k; + %, ~m@w )A + (!1](1 -£k,)B =0 (3)

(£yk, =L k0B + (£ 5 +2,%, - 3 w?)B =0 (4)

For amplitudes A and B to be nonzero, the determinant of the coefficients of
Equations (3) and (4) must be equal to zero, or

ky +kp - m@w? hxy - 15%;
=0 (5)

: 2 _ 2
L1k =2 %, L%k, + L%, - dw

This determinant equation determines the natural frequencies of the system.
Equation (5) can be rewritten as

(k1 +k, -m wz)dlzkl +122k2 - Jq)z) - (Ilkl -121:2)2 =0

mie? - [0, + 1,03 + (L%, +2,%k,)mlw? + kK, (L +4,)% = 0
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which can be simplified to

- _("1 ks +112"1 *lzzkz)wz +k1k2d1 +/2)2=

m J mJ

0 (6)

Notice that this last equation determines the natural frequencies of the
system. By substituting the given numerical values for 11,,(2, K., kz’ m,
and J into Equation (6), we obtain 1

w? - 140 w? + 3020 = 0
Solving this equation for a)z, we get

w? = 33,695 or  101.305

@, = 6.2205, ), = 10.065

The first natural frequency is a)l = 6.2205 rad/s and the second natural
frequency is wz = 10.065 rad/s.

To determine the modes of vibration, notice that from Equations (3) and

(4) we have
—Hﬂﬁﬁr‘l%ﬁ'b‘gr%_&“;-_ s
2
B k) +k, - mw J ¥y =4 1%y

By substituting the given numerical values into this last equation, we obtain

- 0.25wW?2 -
A _ 2 2=25 0.25 . )
B 8 - 0.2 w 2

For the first mode of vibration ( «_= 6.2205 rad/s) the amplitude ratio A/B
becomes as follows: 1

AL 2 _ 25 - 0.25 x 6.2205>
B 8- 0.2 x 6.2205° 2
ol ABTE L

Notice that the ratio of the displacements of springs kl and kz are

x+l,6 A+LB _ _(7.663 + 1.5)B _ 9.163B

The first mode of vibration is shown in Figure (a) on next page.
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For the second mode of vibration (td

ratio A/B becomes as

A

n

2

10.065 rad/s) the ampli-t-.ude

25 - 0.25 x ].0.(3.'652

B 8- 0.2 x 10.0652

=—2

_ =0.32625

_'12 -

261 2

2

. Hence the ratio of the displacements of springs kl and k,, becomes

x+(10 p.-l-

The second mode of vibration is shown in Figure (b) below.

,(213 (-0.1631

4B = (-0.1631 + 1.5)B _

- 2)B

=2./63/B Q

"
e—2./63/ >

£3365™

Figure (b)

=

-
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B-7-14. The system shown in Figure 7-50 is a special case of the system
shown in Figure 7-32 (Problem A-7-14). By defining

ki =k, kp=2, k3z=k, m=m mp=m

Equations (7-40) and (7-41) become as follows:

A _ 2k o 2k

- 2 i 2 (2)
B -m@}- + k + 2k -m@Ww< + 3k
A _ —mg'2+2k+k " -mw?2 + 3k (2)
B 2k 2k

2Also, )2 that satisfies Equations (7-38) and (7-39) becomes as follows:

ey
;33 %l (k+21{ 3 2k+k)+jl K+ 2 _ 2k+k)+4k2
2 m m Y 4 m m m2
o JE_ FEdun kel A
m T m m m
Define " -
w2=-2%, w2 = 2K

m

By substituting «,2 into Equation (1), we obtain

'-'—'Al = 2k = 2k = -1

By -m(k/m) + 3k 2k

Similarly, by substituting @W,? into Equation (1), we aet

ﬂ_ 2}: b : A

= = &b =g

By -m(5k/m) + 3k -2k

[We get the same result if we substitute wlz or &)22 into Equation (2).]
Hence we have

A A2
— R el O
By By

which means that in the first mode of vibration (with frequency ¢J;), the
masses move in the same direction by the same amount. In the second
mode of vibration (with frequency w ;), the masses move in opposite
directions by the same amount. Figures (a) and (b) shown on next page
depict the first mode of vibration and second mode of vibration, respect-
ively.
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B-7-15. The equations of motion for the system are
MK + k1(x - y) + kox = 0
my +ky(y -x) =0

Substituting the given numerical values into these two equations and
simplifying, we have

X+1lx-y=0 (1)
y + 10y - 10x = 0 (2)

To find the natural frequencies of the free vibration, assume that the
motion is harmonic, or

X=Asin&t, Yy =Bsinw t

X = -A w2 sinw t, ;; = =B wz sinw t

If the preceeding expressions are substituted into Equations (1) and
(2), we obtain

(-2 w2 + 11A - B) singyt = 0
(B2 + 10B - 102) sin@Wt = 0

Since these two equations must be satisfied at all times and sinw t
cannot be zero at all times, we must have

AWw?2+11A-B=0

-BW?2 + 10B - 10A = 0
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Rearranging,
(11 -w2)A-B=0 (3)
~10A + (10 =W 2)B =0 (4)

For constants A and B to be nonzero, the determinant of the coefficient
matrix must be equal to zero, or

11 - L2 =y
_ =0
-10 10 ~w 2
wvhich yields
(11 - w?2)(10 ~w?2) -10=0
or

W9 -21w24+100 =0
which can be rewritten as

(w2 - 7.2985)( w2 - 13.7016) = O
HE!ICE,

W12 = 7.2985, @y2 = 13.7016

W, = 2.7016, W, = 3.7016

The frequency of the first mode is 2.7016 rad/s and the frequency of the
second mode is 3.7016 rad/s.
From Equations (3) and (4), we obtain

A _ 1 A __10 -w?

B 11 - w2 B 10

By substituting ()72 = 7.2985 into A/B, we obtain
A 1 10 - 7.2985

= = = 0.27016 > 0
B 11 - 7.2985 10 2

Similarly, by substituting &,2 = 13.7016 into A/B, we get

e 1 =20 =13:.7016_ . 4.37016 < 0

B 11 - 13.7016 10

Hence, at the first mode of vibration, two masses move in the same direction,
while at the second mode of vibration, two masses move in opposite direc-
tions.

99



Next, we shall obtain the vibrations x(t) and y(t) subjected to the
given initial conditions. Laplace transforming Equations (1) and (2),

[s2X(s) - sx(0) - x(0)] + 11X(s) - ¥(s) = 0
[s2¥(s) - sy(0) - y(0)] + 10¥(s) - 10X(s) = 0

Substituting the given initial conditions into the preceeding two equations
we get

(s2 + 11)X(s) = 0.05s + Y(s) (5)

(s2 + 10)Y(s)

10X(s) _ (6)

Eliminating Y(s) from Equations (5) and (6),
10

X(s)
s2 + 10

(s? + 11)X(s) = 0.05s +
which can be simplified to
0.05s(s2 + 10)

X(s) =
g4 + 2152 + 100

Similarly, we can obtain Y(s) as follows:

0.5s
s4 + 2182 + 100

Y(5) =

To obtain the responses x(t) and y(t) to the given initial conditions,
we rewrite X(s) and Y(s) as follows:

0.05s9 + 0.552 1 Y(5) = 0.5s2 1

r

s4 4+ 21s2 + 100 S s4 + 21s2 + 100 s

X(s) =

Possible MATLAB programs to plot x(t) and y(t), respectively, are given
next. The resulting plots x(t) versus t and y(t) versus t are shown on

next page.

% ***** MATLAB program to obtain vibration x(t) *****

num=[005 0 0.5 0 0]

den=[1l 0 21 0 100];

t=0:0.05:30;

X = step(num,den,t);

plot(t,x)

grid

title("Vibration x(t) due to initial conditionds")
xlabel('t sec)

ylabel("x(t)")
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Vibration x(1) dua lo inilial condilionds

0.05
0.04 : = e f el e il s
0.03 - / 1} il
0.02 . £ ety | O
0.01}H - ! . |
£ o0
-0.01}
I TR BT u o |.r_1'P'D?" 1 1 1 '
-0.03| J U Sl
-0.04|- || - : . AR | PO 1
-0.05
0 5 10 15 20 25 30
t sec
% ***** MATLAB program to obtain vibration y(t) *****
mm=[0 0 05 0 0];
den=[1l 0 21 0 100];
t = 0:0.05:30;
y = step(num,den,t),
plot(t,y)
grid
title("Vibration y(t) due to initial conditionds")
xlabel(t sec')
ylabel('y(t))
35 Vibration y(t) due lo inilial conditionds

vl

-0.2
0 S 10 15 20 25 30
tsec
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B-7-16. All necessary derivations of equations for the system are
given in Problem A-7-16. The equations for the system are

(282 + 50)X(s) = 2sx(0) + 10¥(s) (1)
(s2 + 10)Y(s) = sy(0) + 10X(s) (2)
Referring to Equation (7-54) we have

(s? + 10)sx(0) + 5sy(0) ) (3)
s4 + 3582 + 200

X(s) =

Case (a): For the initial conditions
x(0) = 0.2807, x(0) =0, y(0) =1, y(0)=0
Equation (3) becomes as follows:

(s2 + 10) x 0.2807s + 58
s4 + 35s2 + 200

X(s) =

0.2807s(s2 + 27.808)
(s2 + 27.808)(s2 + 7.1922)

0.2807s
s2 + 7.1922

0.2807s2 i)
s2 + 7.1922 s

(4)

By substituting Equation (4) into Equation (2) and solving for Y(s), we
obtain

2.8078s l
s2 + 7.1922

¥(s) = —1—[sy(0) .
s2 + 10
" substituting y(0) = 1 into the last equation and simplifying, we get

1 s(s2 + 10)
s2 + 10 s2 + 7.1922

]

Y(s)

= S
s2 + 7.1922

52 1
g2 + 7.1922 S

To obta.lin plots of x(t) versus t and y(t) versus t, we may enter the
following MATLAB program into the computer. The resulting plots are
shown in Figure (a).

102



numl = [0.2807 0 O];
num2=[1 0 0];

den=[1 0 7.1922];

step(numl,den)

hold

Current plot held

step(num2,den)

text(2,-0.5,'x(1)")

text(3,0.3,'y(t)")

title('Responses x(t) and y(t) due to initial conditions (a)")
xlabel ('t sec')

ylabel ('x(t) and y(t)")

% ***** MATLAB program to obtain x(t) and y(1), case (a) *****

Responses x{t) and y(1) due 1o initial condilionds (a)

L

0.8

06

04}

02

x(t) and y(t)
& &
Y M [=]

=]
@

0.8/

16 18

Case (b): For the initial conditions

20

Figure (a)

x(0) = 1.7808, x(0) =0, y(0)=-1, v(0) =0

we obtain the following expressions for X(s) and Y(s):

X(s) = —1:7808s  _  1.7808s2 1
s2 + 27.808 s2 + 27.808 S
2
Y(s) = - 5 L B s 1
s2 + 27.808 s2 + 27.808 s
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A MATLAB program for obtaining plots of x(t) versus t and y(t) versus
t is shown below. The resulting plots are shown in Figure (b) below.

numl =[1.7808 0 0];
num2=[-1 0 0];
den=[1 0 27.808];
step(num1,den)

hold

Current plot held
step(num?2,den)
text(1.7,1.5,'%(1)")
text(3.5,-1.5,'y(t)")
title(Responses x(t) and y(t) due to initial conditions (b))
xlabel ('t sec')

ylabel ('x(t) and y(t)')

% ***** MATLAB program to obtain x(t) and y(t), case (b) *****

. Responses x(t) and y(t) due 1o initial conditions (b)

15 x{t) \

x(t) and y(t)
o

-}
o
-‘--M‘-‘-‘"—-—_

-1.5}¢ yit)

T 1 2 8 a7t
I sec
Case (c): For the initial conditions

x(0) = 0.5, x(0) =0, y(0) = -0.5,

we obtain the following expressions for X(s) and Y(s):
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(s2 + 10)sx(0) + 5sy(0)

X(s) =
s4 + 35s2 + 200
_ _(s2 + 10)s(0.5) + 55(=0.5)
s4 + 3582 + 200
_ 0.583 + 2.5s
s4 + 3552 + 200
o 0.5s4 + 2.582 1
s4 + 3552 + 200 S
sy(0 10¥X(s
Y(s) = y(0) Y (s)
sZ + 10 s2 + 10
1) 0.5 s3 + 2553 + 150s

s2 + 10 s4 + 3582 + 200

0.5s(s2 + 15)
s4 + 3552 + 200

0.584 + 7.5s2 1
s? + 3582 + 200 S

A MATLAB program to obtain plots of x(t) versus t and y(t) versus t is
shown below. The resulting plots are shown in Figure (c).

% ***** MATLAB program to obtain x(t) and y(t), case (c) *****

numl =[0.5 0 25 0 0]
num2=[-05 0 -75 0 0];
den=[1 0 35 0 200];
t=0:0.02:5;

x = step(num1,den,t);
plot(t,x,'0)

hold

Current plot held

y = step(num2,den,t),
plot(t,y,'x")

text(1.6,0.5,'x(t))
text(1.1,-0.3,'y(1)")
title('Responses x(t) and y(t) due to initial conditions (c))
xlabel ('t sec")

ylabel ('x(t) and y(t)")
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Figure (c)

Responses x(t) and y(1) due o inilial conditions (c)
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CHAPTER 8

B-8-1. Simplified block diagrams

are shown to the right. 'The R
transfer function C(s)/R(s) is G+G,
G, +G
b
e 1 * (Gl 2 GZJ(G3 - G4)
_R__._ G.-l' +&=
/+ (6: e 61)(4’3"‘6')

B-8-2. Simplified block diagrams for the system are shown below.

/A
92
R G
——@——& Ci: +X +X 6& ¥ GJ =
y =28
Hy
Pt

H;
R ey (Gs+ #,) G, C
— (Sl I+ GgHy + G}GJ”, + Gy M, M,
R G, Gy (G +H,) C

I9GN f._@ Wy Gy M Hy "‘G; G tG il
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The transfer function C(s)/R(s) is

c(s) G1G3(GZ + Hl)

-— — —

R(s) B 1 = + +
G2H2 G263H3 G3H1H3 + GIGZG3 4 G].G3H1

B-8-3. Define the input impedance and feedback impedance as Z_ and Z_,
respectively, as shown in the figure below. ¥ F

Rq
—0
eﬂ'
o O
Then o
R-C. 8 <+ 1
Zl Rl r Zz RZ + CZS = 025

Since e' $ 0, Laplace transforms of voltages e,(t) and e(t) are obtained as

Ei(s) = ZlI(s) = RlI{s)

RCS + 1

B(S) = - 221(5) = - —Lg.._.__ I{S)
Czs
Hence
RCs + 1
E(s) _  "2%
Ei(s) R,Css
Also,
EO(s) 3] R,
E(s) Ry
Therefore,
E
O(s) ) R, chgi+ 1 ; R,R, e o \
Ei(S) Ry R,Cs R,R, chzs

The control action is proportional plus integral.
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1

U(s) _
1 TJ_S
Ko 1+Ty8 1+ Tys

E(s)
1+K(

K |

K
1 Tys

K 1
KO 1+ Tys 1+ Tos

|| =

Ko(l + Tys)(1 + Tps)
Tls
= K (1 o )(1.+ T
0 2s)
Tis
K gl 2 X T 72
= — e 8 o ——
0 Tls 2 T]_
Ty + T 1
= Kp 1 2 50 + __T1T2s
Ty (Ty + T)s Ty +Ty
Let us define displacements e, X, and y as shown in the figure

B-8-5
below.
I
]' /.3,1 b
. <]
/=
\
ik e w5t
o

8
£
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From the block diagram we obtain the transfer function Y(s)/@(s) as followws:

b K
¥(s) _ a+b s
@(s) 1+_5.._. el
s a+bhb

Since in such a system |Ka/[s(a + b)]l is designed to be very large compared
to 1, Y(s)/8(s) may be simplified to

v(s) = Ib a+tb_ b
8(s) “a+b a a

We see that the piston displacement y is proportional to deflection angle ©
of the control lever. Also, from the system diagram we see that for each
small value of y, there is a corresponding value of angle ¢§. Therefore, for
each small angle ® of the control lever, there is a corresponding steady-state
elevator angle #.

B-8-6. If the engine speed increases, the sleeve of the fly-ball governor
moves upward. This movement acts as the input to the hydraulic controller.
A positive error signal (upward motion of the sleeve) causes the power piston
to move downward, reduces the fuel valve opening, and decreases the engine
speed. Referring to Figure (a) shown below, a block diagram for the system
can be drawn as shown in Figure (b) on next page.

a2, a;

y Engine
Fuel
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_..—‘k —
s

a,+a,

a, bs

q'fal E b.;"'*

Figure (b)

From Figure (b) the transfer function Y(s)/E(s) is obtained as

I(s) _ 6’ —5“

E(s)  a)+a, v R s
s al+a.2bs+k

Since such a speed controller is usually designed such that

K i bs
s a1+a2 bs + k > 1

the transfer function Y(s)/E(s) becomes

Y%s; 8 Mt bk — 1+ K
E(s a1+a2 a.l bs a’l bs

Thus, the control action of this speed controller is proportional-plus-integ-
ral.

sll=

B-8-7. For the first-order system

8(s) __1
6. (s) 15 +1

the step response curve is an exponential curve. So the time constant T can
be determined from such an exponential curve easily. From Figure 8-99 the
time constant T is 2 s.

If this thermometer is placed in a bath, the temperature of which is
increasing at a rate of 10°C/min = 1/6°C/s, or

0, =5t +a

where a is a constant, then the steady-state error can be determined as
follows: Noting that

E(s) = Qb(S) - 8(s) = eb(s) [1 _ _8(s) ]

Ob(s)
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= 1 2s
= s){l - —) =@
p(s)(1 - o) = 0 (s) 22—
we obtain
2
g w lim sE(s) = lim 2s 0. (s)
s=+0 s»0 25 +1 b
where
—— a 1 + aas». 4 LY B 1 &
-------'""""'1%?!7'!'1:'5535+-——-=
s s 6s
Therefore,
8. =didn 262 1+ éas _ 2 1 _ 1 o
SR 1 6 3

Thus, the steady-state error is 1/3°C.
For a second-order system:

8(s) _ 1
8, (s) (Ty8 + 1)(Tys + 1)

A typical response curve, when this thermometer is placed in a bath held at
a constant temperature, is shown below.

Temperature response 68(t)

0 t

B-8-8. The closed-loop transfer function of the system is

C(s) _  10(s + 1)
R(s) s2 + 10s + 10
10(s + 1)

(s + 1.1270)(s + 8.8730)

For the unit-step input, we have

10(s + 1)
(s + 1.1270)(s + 8.8730) s

eisl) =
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i . 0.1455 1.2455
s s + 1.1270 s + 8.8730

Hence
c(t) = 1 + 0.1455 e-1.1270t _ 1 1455 ¢-8.8730t
B-8-9. Since Hp is specified as 0.05, we have
_ St

HP =e {f7-35t = 0,05

or
Vi—st

Rewriting,

(5 7)? = (2.995)°(2 - 12

Solving for the damping ratio § we obtain

g = 0.69
The settling time ts is specified as 2 seconds. So we have
L= - = 2
8 swn
or
Sw, =2
Therefore,

Wl N0 N
Gl)n- - = 0.6 - 2.90 rad/s

B-8-10. The closed-loop transfer function of the system is

C(s) 100
R(s) s3 + 282 + 10s + 100

100

(s + 4.5815)(s - 1.2907 + j4.4901)(s - 1.2907 - j4.4901)

This system is unstable because two complex-conjugate closed-loop poles .
are in the right half plane. To visualize the unstable response, we may
enter the following MATLAB program into the computer. The resulting
unstable response curve is shown in the figure on next page.

To make the system stable, it is necessary to reduce the gain of the
system or add an appropriate compensator.
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num=[0 0 0 100];

den=[1 2 10 100];

t=0:0.1:5;

step(num,den,t)

grid

title('Unit-Step Response of Unstable System')
xlabel('t sec’)

12K bafipiitramy

Unil-Step Response cf Unslable System

2005 0.5 1 15 2 28 3 35 4 45 5
I sec
B-8-11. C(s) - 16
R(s) sZ + (0.8 + 16k)s + 16

From the characteristic polynomial, we find

W, =4, 25Wn=2x0.5x4=0.8+ 16k

Hence
k = 0.2
The s i e Ao bl e kO
N~
O e e
Wy
Since

Wag=Wy, J1-%2=4 f1-o.25=3.4s
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W
ﬁ = gin~1 a5 = sin-1 0.866 = -?E
Wy 3
we have
-3
3.46

The peak time tp is obtained as
o8 3.14
= = = 0.907 s
T s

The maximum overshoot Mp is
FR.S A5 X3 ¥
= e- = = o= ————t = o-1.814 _ .
MP e Ilf"'—;" e PR e 0.163
The settling time tg is

ts= 4 = 4 =28
Sw, 0.5x4

B-8-12. The closed-loop transfer function for the system is
C(s) _ K 0.5K

R(s) 2s? + 5 + KRps + K . s2 + 0.5(1 + KRp)s + 0.5K

From this equation, we obtsin

Wh = 0.5, 23wy = 0.5(1 + Key)
Since the damping ratio ¥ is specified as 0.5, we get
&p = 0.5(1 + KRp)

Therefore, we have
0.5(1 + Kky) =,/0.5K

The settling time is specified as

- &, 4 __ 16
£ Xah 0.25(1 + KKy) 1 + KRy $£2
Since the feedforward transfer function G(s) is
P
G(s) = 25 + 1 : § . K 1
KK s
e R 28 + 1 + s
2s + 1 “n
the static velocity error constant K, is
! K
Ky = lim sG(s) = 1im s B -
s20 s>o0 28 +1 + KKy, s 1 + KRp
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This value must be egual to or greater than 50. Hence,

K
50
l+KKh2

Thus, the-conditions to be satisfied can be summarized as follows:

0.5(1 + KKp) = _[0.5K ) (1)

15 ___ g5 (2)
1 + KKy

K > 50 (3)
1 + KRp

0 <Ry< 1 (4)

From Equations (1) and (2), we gwt

B$1+mh=ﬁ

or

32< K

From Equation (3) we obtain
or

If we choose K = 5000, then we get

1+KKh=’2K=100
or

Ry =

= 0.0198
5000 :

Thus, we determined a set of values of K and Ky as follows:
K = 5000, Ry = 0.0198

With these values of K and Ky, all specifications are satisfied.
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B-8-13.
e ] c(s) K (L + Tys)

2
R(s) Js + Kp(l + Tys)

Since R(s) = 1/s2, the output C(s) is obtained as

S 3.0 N 1
S)_J52+KT5+]{ 82“52 2 KTd K
pd o) g + ? - JE
Since the system is underdamped, C(s) can be written as
C(s) = l2 = : . )
s (s+ hpTd )2+ KE_ KP Td
2J J 2
Ly
.
K
J - Kp Ta
- ks J f+J2
2 .
s o 2 T & )2
K K T K.T K KT
J__E O L N RS v T () (8, W e
J 2 2J J 2
4J L4
The inverse Laplace transform of C(s) gives
L
_ kT K
clt) = t - 4 "7 “sin [=R - 24 ¢
e Al g%
5. 5T
J 4J2
The steady-state error s for a unit ramp input is
€ss = lim [r(t) - c(t)] = 1im [t - c(t)]
t>w t>00
22
_k% R &
= 1im 1 _e23tsinJJ‘p-pdt=0
te0 K K ZT 2 HJZ
B gE i
dJd QJZ

The steady-state error can also be obtained by use of the final value
theorem. Since the error signal E(s) is

Ky(1 + Tys)

C(s) .
E(s) = R(s) - C(s) = R(s) |1 - =—=511- >
R(s) s Js” + Kp(l + Tda)
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we obtain the steady-state error e g as

2
€eg = lim e(t) = lim sE(s) = lim 5 —EB Js =0
tee s=+0 s=+0 s (Js° + Ky + Tdea)

B-8-14. The characteristic equation is

K
s(s + 1)(s + 5)

+ 31 =0
or
s3 + 652 + 5s +K=0

The Routh array for this equation is

1 5

6 K
30 - K
—— 0

6

K

For the system to be stable, there should be no sign changes in the first
colum. This requires

30 - K >0, K>0
Hence, we get the range of gain K for stability to be

30>K >0

B-8-15. Since the system is of higher order (5th order), it is easier
to find the range of gain K for stability by first plotting the root loci
and then finding critical points (for stability) on the root loci.

The open-loop transfer function G(s) can be written as

K(s2 + 25 + 4)
s(s +4)(s +6)(s2 + 1.45 + 1)
K(s? + 2s + 4)
s9 + 11.45% + 3953 + 43.6s2 + 24s

G(s)

The MATLAB program given on next page will generate a plot of the root
loci for the system. The resulting root-locus plot is shown also on next
page.
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nmum=[0 0 0 1 2 4];
den=[1 114 39 43.6 24 0];

rlocus(num,den)

Warning: Divide by zero
v=[-8 2 -5 5], axis(v); axis('square’)
grid

title('Root-Locus Plot (Problem B-8-1 5))

Rool-Locus Piot (Problem B-8-15)

i 7

L]
|
|
|
——————

-
.
Q

5|

I i \\ o\
a1 (7
e

)
|

o =
P

Real Axis
Based on this plot, it can be seen that the system is conditionally stable.
All critical points for stability lie on the j¢ axis.

To determine the crossing points of the root loci with the j) axis,
substitute s = jw into the characteristic equation which is

s + 11.45% + 3953 + 43.652 + 245 + K(s2 + 25 + 4) = 0

(Gw)> + 11.4(jw)4 + 39(jw)3 + (43.6 + K)(jw)2 + (24 + 2K)jw
+4K =0
This equation can be rewritten as

[11.4 w2 - (43.6 + K)w?2 + 4K] + jlw5 - 3943 + (24 + 2K)@W] = 0

By equating the real part and imaginary part equal to zero, respectively,
we obtain '
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11.4 )4 - (3.6 +RK) w2 + 4K =0 (1)
W3 -39w3 + (24 + ZK)W=0 (2)
Equation (2) can be written as
W =0
or
W3 -39w2+244+2k=0 (3)
From Equation (3) we obtain
- -4 +3vw2 - 2 (4)

2
By substituting Equation (4) into Equation (1), we get
11.4 w9 - [43.6 + 5(- w4 +30wW2 - 20)Jw?2 - 24
+ 78?2 - 48 =0
which can be simplified to
WO -20.2w9+92.8wW2_096=0

The roots of this last equation can be easily obtained by use of the MATLAB
program given below.

a=[1 0 202 0 928 0 -96];
roots(a)

ans =

3.7553
-3.7553
2.1509
-2.1509
1.2130
-1.2130

The root-locus branch in the upper half plane that goes to infinity crosses
the jw axis at w = 1.2130, @ = 2.1509, and @ = 3.7553. The gain values
at these crossing points are obtained as follows:

-1.21304 + 39 x 1.21302 - 24
2

K = = 15.61  for &) = 1.2130
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R = —=2:15099 + 39 x 2.15092 - 24 _ ¢ &5, for W = 2.1509
2

K = —=3.75534 + 30 x 3.75532 — 24
2

= 163.56 for &/ = 3.7553

Based on the K values above, we obtain the range of gain K for stability as
follows: The system is stable if

15.61 2K > 0
163.56 > K> 67.51

B-8-16. A MATLAB program to plot the root loci and asymptotes for the
following system

K
s(s + 0.5)(s2 + 0.6s + 10)

G(s)H(s) =

is given below and the resulting root-locus plot is shown on next page.
Note that the equation for the asymptotes is

K
(s + 0.275)4

Ga(s)Hy(s)

n K
s4 + 1.183 + 0.4538s2 + 0.08319s + 0.005719

num=[0 0 0 0 1];

den=[1 1.1 103 5 0]
numa=[0 0 0 0 1]

dena=[1 1.1 04538 008319 0.005719];
r = rlocus(num,den);

plot(r,-")

hold

Current plot held

plot(r,'o")

rlocus(numa,dena);

v=[-5 5 -5 5], axis(v); axis('square)
title('Plot of Root Loci and Asymptotes')
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Plot of Rool Loci and Asymploles

7

Imag Axis
=]

B-8-17. The open-loop transfer function G(s) is

s+ 1 2
s+ 5 52(5 + 2)

n

G(s) = K

K2(s + 1)
s + 783 + 10s2

The following MATLAB program will generate a root-locus plot. The
resulting plot is shown on next page.

num=[0 0 0 1 1J;

den=(1 7 10 0 0];
rlocus(num,den)

v=[-6 4 -5 5], axis(v); axis("square’)
grid

title('Root-Locus Plot (Problem B-8-17))

From the plot we find that the critical value of gain K for stability
corresponds to the crossing point of the root locus branch that goes to
infinity and the imaginary axis. Hence, we first find the crossing
frequency and then find the corresponding gain value.

The characteristic equation for this system is
s+ 753 + 10s2 + 2Rs + 2K = 0
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Root-Locus Piol (Problem B-8-17)

3,,._. i - R —_— e —

Imag Axis
=)
3
el
o

By substituting s = jw into the characteristic equation, we obtain
(Gw )+ 7 w)3 + 10(j )2 + K(jw ) + &K =0
which can be rewritten as
(w?-10W2+ 2&K) +jw (<72 + 2K) =0

By equating the real part and imaginary part of this last equation to
zero, respectively, we get

wid-10w2+2k=0 (1)
W(-7&2+ 2k) =0 (2)

Equation (2) can be rewritten as
W =0
or
TwW2+ 2k =0 (2)
By substituting Equation (3) into Equation (1), we find
Wi-1W0w2+74W2=090
or

Wi4-302=90

which yields

‘;/:0: f-'(/=0; w=J_3-a w=-f;
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Since cv =4/ 3 is the crossing frequency with the j &/ axis, by substituting
w =J3 into Equation (3) we obtain the critical value of gain K for
stability.

K=3.5w2=3.5x3 = 10.5
Hence the stability range for K is

10.5>K >0

B-8-18. The angle deficiency is
180° - 120° - 120° = - 60°

A lead compensator can contribute 60°. ILet us choose the zero of the
lead compensator at s = -1. Then, to obtain phase lead angle of 60°,
the.pala ~F thmiemsator-his7 Cesese located at s = -4. Thus,

8+ 1

Gcl8) =R o33

The gain K can be determined from the magnitude condition.

g4l 1
K “———4——"—2 =1
s + s
8 =-1+ jJ—B
or
2
K = (s + 4)s =8
s+ 1
s==-1+j {3
Hence the lead compensator becomes as follows:
G~(s) = 8 —-5_+__].'._
o(s) T
The feedforward transfer function is
Bs + 8
Ga(s)G(s) =
e s3 + 4g2

The following MATLAB program will generate a root-locus plot. The
resulting plot is shown on next page. :

num=[0 0 8 8],

den=[l 4 0 0];

rlocus(num,den)

v=[-6 2 -4 4] axis(v); axis('square’)
grid

title('Root-Locus Plot (Problem B-8-18)")
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Roct-Locus Plot (Problem B-8-18)

Note that the closed-loop transfer function is

c(s) 8s + 8

R(s)  s3+4s2 + 8s + 8

The closed-loop poles are located at s = -1 + j 5 and s = -2.

B-8-19. The MATLAB program given below generates a root-locus plot
for the given system. The resulting plot is shown on next page.

num=[0 0 0 1IJ;
den=[l 5 4 0];

rlocus(num,den)
v=[-6 4 -5 5], axis(v); axis('square’)
grid

title('Root-Locus Plot (Problem B-8-19))

Note that constant-Z points (0< $<1) lie on a straight line having
angle 8 from the j@ axis as shown in the figure below.
From the figure we obtain W
gwﬂ = -g MSM T

5 S Line Ly

sin 8 =

Note also that ¢ = 0.6 line can be defined by

Lo il

—ow
s = -0.75a + ja SWa

125



Rool-Locus Pilol (Problem B-8-19)

|
30‘— ¥ “-:
E
cali = s —
22 I T (D e )
‘3. - p———- -—
4 : e L RURE O | __\
65 -4 -2 0 2 4
Real Axis

where a is a variable (0 <a <og). To find the value of K such that the
damping ratio ¥ of the dominant closed-loop poles is 0.6 can be found
by finding the intersection of the line s = -0.75a + ja and the root locus.
The intersection point can be determined by solving the following simul-
taneous equations for a.
s = -0.75a + ja (1)

s(s+1)(s+4) +K=0 . (2)

By substituting Equation (1) into Equation (2),
(-0.75a + ja)(-0.75a + ja + 1)(-0.75a + ja + 4) + K =0

which can be rewritten as

(1.8281a3 - 2.1875a2 - 3a + K) + j(0.6875a3 - 7.5a2 + 4a) = 0

By equating the real part and imaginary part of this last equation to zero,
respectively, we obtain

1.8281a3 -2.1875a2 —3a + K = 0 (3)
0.6875a3 - 7.5a2 + 4a = 0 C(4)
Equation (4) can be rewritten as
a=20

or
0.6875a2 — 7.5a + 4 = 0
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which can be written as

a2 - 10.9091a + 5.8182 = 0
or

(a - 0.5623)(a - 10.3468) = 0
Hence

a = 0.5623 or a = 10.3468
From Equation (3) we find

0.5623

K = -1.8281a3 + 2.1875a2 + 3a = 2.0535 for a

K = -1.8281a3 + 2.1875a2 + 3a = -1759.74 for a = 10.3468

Since the K value is positive for a = 0.5623 and negative for é = '10.34-6.8:
we choose a = 0.5623. The required gain K is 2.0535.

Since the characteristic equation with K = 2.0535 is

s(s + 1)(s + 4) + 2.0535 = 0
or
s3 + 582 + 45 + 2.0535 = 0

the closed-loop poles can be obtained by use of the following MATLAB
program.

p=[1 5 4 20535];
roots(p)

ans =

-4.1565
-0.4217 + 0.5623i
-0.4217 - 0.5623i

Thus, the closed-loop poles are located at
s = -0.4217 + jO.5623, s = -4.1565

The unit-step response of the system with K = 2.0535 can be obtained
by entering the following MATLAB program into the computer. The resulting
unit-step response curve is shown on next page.

mum=[0 0 0 2.0535];
den=[l 5 4 2.0535];

step(num,den)

grid

title('Unit-Step Response (Problem B-8-19)")
xlabel('t Sec") h
ylabel('Output’)
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Unit-Step Response (Problem B-8-19)

| |
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B-8-20. The closed-loop transfer function of the system is

C(s) K(s + a)(s + b)
R(s) s(s? + 1) + K(s + a)(s + b)

K(s2 + as + bs + ab)
s3 + s + K(s? + as + bs + ab)

Since the dominant closed-loop poles are located at s = -1 + jl1, the
characteristic equation must be divisible by

(s +1+ jil)(s+1-31) =82+ 25 + 2
Hence
s3+K52+(1+aK+bK)5+abK=(52+25+2)(s+o()

where s = -o¢ is the unknown third pole. By dividing the left side
of this last equation by s? + 2s + 2, we obtain

s3 + Ks2 + (1 +aK + bK)s + abk = (s2 + 25 + 2)(s + K - 2)
+ (aK + bK - 2K + 3)s + Kab - 2(K - 2)
The remainder of division must be zZero. Hence we set

ak + bK - 2K + 3 = 0

Kab - 2(K - 2) =0
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Since a is specified as 0.5, by substituting a = 0.5 into these two
equations, we obtain

bK = 1.5K - 3 (1)

0.5kb - 2(K - 2) =0 (2)
By substituting Equation (1) into Equation (2), we have

0.5(1.58 - 3) - 2(K-2) =0
or

K =2

Then, by substituting K = 2 into Equation (1), we get

2b=1.5x2-3=0

Hence
hi=0

The PID controller with K = 2 and b = 0 becomes

(s + a)(s + b) (s + 0.5)s

Go(s) = K - =K 5 = K(s + 0.5)

Thus, the controller becomes a PD controller. The open-loop transfer
function becomes

K(s + 0.5)

Ga(s)e(s) =
s2 + 1

The closed-loop transfer function (with b = 0 and K = 2) becomes as
follows:

C(s) 2(s + 0.5)

R(S) g2+ 25+ 2

2s + 1
(s+ 1+ 3j1)(s +1 - j1)

The root-locus plot for the designed system can be obtained by enterring
the following MATLAB program into the computer.

num=[0 1 0.5];

den=[1 0 1J;

rlocus(num,den)

v=[-2 1 -1.5 1.5]; axis(v); axis('square)
grid

title('Root-Locus Plot (Problem B-8-20)")

The resulting root-locus plot is shown on next page.
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Rool-Locus Plot (Problem B-8-20)

1.5 T I
1} /”__ﬁ e e )
0.5 e
0
0.5 ) SusvilEsEs— e .=
At » e e o
b\-._._/
“YiBhe———
-2 1.5 -1 -0.5 ) 0.5 1
Real Axis

130



CHAPTER 9

B.g-l -
Bode Diagram (Problem B-8-1)
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B-9-3. A Bode diagram of the PI controller is shown in Figure (a).

Bode Diagram (Problem B-9-3: PI Conlroller)
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Figure (a)

A Bode diagram of the PD controller is shown in Figure (b).

Bode Diagram (Problem B-8-3: PD Controller)
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B-9-6. The equation of motion for the system is

b(x - £8) = x /8

,(é+—';—la-—i

The ;. transform of this equation, using zero initial conditions, gives

(fs + —';—z)s{s) = sX(s)
Hence

8(s) _ 1
X(s) £ s+ (k)

Notice that this system is a differentiating system.
For the unit-step input X(s) = 1/s, the output ®(s) becomes

8(s) = 1L 1
s + (k/b)

The inverse Laplace transform of 8(s) gives

8(t) = 1_ ~(k/Db)t
(t) 7 ¢

Note that if the value of k/b is large, the response 8(t) approaches a pulse
signal as shown in Figure (a) below.

Since
Gljw) =80¥) - 1 j&
XGw) g G+ (),
we obtain 17 ;
. oW
c(jw) | = L
1 \/ k ) 2 " 2
( b « 0 '
and Figure (a)
/6(jw) = 90° - tan™ *QT):Q
The steady-state output Oss(l-,) is therefore given by
o__(t) = = “.3 sin(w t + 90°- tan~t &’_2)
as L k \2 2 k
Tt

Next, substituting / = 0.1 m, k = 2 N/m, and b = 0.2 N-s/m into G(jw)
gives
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jw

G(jw) =10 ————
jw + 10

A Bode diagram of G(j&)) is shown below.

Bode Diagram (Problem B-9.8)
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B-9-7. Noting that
. W2
G(iw) =
(jw)? + 23&p(jw)) + &p?
§ 1
@ \2 @
] — +:2 j — |+ 1
(J q’)“) S(J wn)
we have
. i1 el
G(jw = =
(3@n) -1+2%5+1| op

B-9-8. A possible MATLAB program for obtaining a Bode diagram of the
given G(s) is shown on next page. The resulting Bode diagram is shown

also on next page.
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num=[0 0 0 320 640];
den=[l 9 72 64 0]

w = logspace(-2,3,100);
bode(num,den,w)

subplot(2,1,1);

title('Bode Diagram (Problem B-9-8))

Bode Diagram (Problem B-9-8)
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B-9-9. A possible MATLAB program to obtain a Bode diagram of the given
G(s) is shown below. The resulting Bode diagram is shown on next page.

num=[0 20 20 10];

den=[1 11 10 0]

w = logspace(-2,3,100);
bode(num,den,w)

subplot(2,1,1);

title(Bode Diagram (Problem B-9-9)")
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Bode Diagram (Problem B-9-9)
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579—10. A.possible MATLAB program for obtaining a Nyquist plot of the
given G(s) is shown below. Note that to plot G(j&) locus only for
w > 0, we use the following command:

[re,im,w] = nyquist(num,den,w);

plot(re,im)

The resulting Nyquist plot is shown on next page.

mum=[0 0 0 1];

den=[1 08 1 0]

w=0.1:0.1:100;

[re,im,w] = nyquist(num,den, w);
plot(re,im)

v=[3 3 -4 2J;axis(v); axis('square")
grid

title('Nyquist Plot (Problem B-9-10)")
xlabel('Real Axis")

ylabel('Imag Axis')
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Nyquist Plot (Problem B-9-10)

Since none of the open-loop poles lie in the right-half s plane and the
G(jW ) locus encircles the -1 + jO point twice clockwise if Gljw)
locus is plotted from @ = - 0 to &/ = ®o , the closed-loop system

is unstable.

B-9-11. A possible MATLAB program for obtaining a Nyquist plot of the
given G(s) is shown below. The resulting Nyquist plot is shown on next
page.  Since none of the open-loop poles lie in the right-half s plane
and from the Nyquist plot it can be seen that the G(jW) locus does not
encircle the -1 + jO point, the system is stable.

num=[0 0 0 20 20]

den=[1 7 20 50 O]

w=0.1:0.1:100;

[re,im,w] = nyquist(num,den,w);

plot(re,im)

v=[-1.5 1.5 -2.5 0.5]: axis(v); axis('square')
grid

title('Nyquist Plot (Problem B-9-11)")

xlabel('Real Axis')

ylabel('Imag Axis')
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Nygquist Plol (Problem B-9-11)
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B-9-12. A possible MATLAB program for obtaining a Nyquist plot of the
given G(s) is shown below. The resulting Nyquist plot is shown on next

page.

num=[0 1 2 1],

den=[1 02 1 1];

w=0:0.005:10;

[re,im,w] = nyquist(num,den,w);
plot(re,im)

v=[3 3 -3 3] axis(v); axis('square)
grid

title('Nyquist Plot (Problem B-9-12)")
xlabel('Real Axis')

ylabel('Imag Axis')

From the plot, it is seen that the G(jW) locus encircles the -1 + jo
point twice as «' is varied fromw = - 00 to @ = O to w =00. Refer-
ring to the Nyquist stability criterion (see page 497), we have

N = number of clockwise encirclement of the -1 + jO point = -2

P

"

number of poles of G(s) in the right-half s plane = 2

Note that there are two open-loop poles in the right-half s plane, because
s3 +0.252 + s + 1

= (s + 0.7246)(s - 0.2623 + j1.1451)(s - 0.2623 - j1.1451)
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Z = number of zeros of 1 + G(s) in the right-half s plane

N+P==2+2=0

Thus, there are no Closed-loop poles in the right-half s plane and the
closed-loop system is stable.

B-9-13. A closed-loop system with the following open-loop transfer
function

JH(s) = . (Ty >0) (1)
G(s)H(s) = sz(Tls . 1) |

is unstable, while a closed-loop system with the following open-loop
transfer function is stable.

R(T7s + 1)
Ge) s2(Tys + 1) 4

Nyquist plots of these two systems are shown on next page. Note that

G(jw JH(jew) loci start from negative infinity on the real axis (e = 0)

and approach the origin (&« =00). The system with the open-1loop

transfer function given by Equation (1) encircles the -1 + jO point

twice clockwise. The system is unstable. The system with open-loop oL
transfer functigm.ciyrm hjmGakioha(2) does not encircle the -1 + jU '
point. Hence, this system is stable.
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- Im 4
G(s)H(s) = (Unstable)

SZ(T]_S + 1) \

3¢ -
=1 0 Re
K(Tzs +1)
c(ajH(s) & ———Sul— (Stable)
s2(Tys + 1)
(To>1y> 0
B-9-14. For this system
—j&
Gliw) = K —=2
jad + 1

By setting K = 1, we draw a Nyquist diagram as shown below. Note that

f e-J¥ = _z (rad) = - 57.3%
jw L_!

=) 0.8
@=]
! ]
-/ ~asff w=2 0O
Wels
"'j".’
LY
Y seg ¥EAS

--j"

The Nyquist locus crosses the negative real axis at ("= -0.442. Hence
for stability, we require

1

—=—3>K>0
0.442 ° ¢

or

2.262> K >0
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The same result can also be obtained analytically. Since

» Re—J« K(cosw - jsing) )(1 - j& )
G(jw) =s————— =
jw +1 1+jw)1-ja)
- ma. [(cosw —wsina) ) + j(sind + & cos &/ )]
1+ @2 ]

by setting the imaginary part of G(jw) equal to zero, we obtain

sinw+ & cosd =0
or
& = -tan @/
Solving this equation for the smallest positive value of w , we obtain
& = 2.029
Substituting w = 2.029 into G(jw ) yields

K
1+ 2.0292

(cos 2.029 - 2.029 sin 2.029)

I

G(j2.029)

-0.4421 K

The critical value of K for stability can be obtained by letting G(j2.029)
= -1, or

Thus, the range of gain K for stability is

2.262 >R >0

B-9-15.
K | 0.25K
s(s2 + s + 4) s(0.2582 + 0.25s + 1)

G(s) =

The quadratic term in the denominator has the undamped natural frequency
of 2 rad/s and the damping ratio of 0.25. Define the frequency corres-
ponding to the angle of -130° to be @;.

[GGiwy) = - [jwy - /1 -0.250,2 + j0.254)

0.254/);
1-0.25w,2

= -130°
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Solving this last equation for &W;, we find &/7 = 1.491. Thus, the
phase angle becomes equal to -130° at &= 1.491 rad/s. At this fre-
quency, the magnitude must be unity, or IG(j&Jl) | = 1. The required
gain K can be determined from

0.25K
(j1.491)(-0.555 + j0.3725 + 1)

|etir.a0m)| = | = 0.2800k

setting |G(j1.491)| = 0.2890K = 1, we find
K = 3.46

Note that the phase crossover frequency is at W= 2 rad/s, since

/6(32) = - /j2 - /-0.25 x 22 + 0.25 x j2 + 1 = -90°- 90°= -180°

The magnitude |G(j2)| with K = 3.46 becomes

0.865
(j2)(-1 + jO.5 + 1)

= 0.865 = -1.26 dB

|G(j2)| =

Thus, the gain margin is 1.26 dB. The Bode diagram of G(j«w) with
K = 2.46 is shown below.

"~ 7

~ 1264

= 1
¢ -——‘K

- N

"\%\ \\ F

—
*"-J — ,?‘9

6.l o2 e+ 04 [/ 2 4+ & 0 2 40 4o o0
& M‘/{f.@
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B-9-16. Note that

jw + 0.1 10 N 2K(10j W + 1)

jw+ 0.5 jwW(w+1) & (2j@+1)(L+1)
We shall plot the Bode diagram when 2K = 1. That is, we plot the Bode
diagram of

10j&/ + 1
jed (2jew + 1)(ja)+ 1)

G(jw) =

The diagram is shown below. The phase curve shows that the phase angle
is -130° at @ = 1.438 rad/s. Since we require the phase margin to be
50°, the magnitude of G(j1.438) must be equal to 1 or 0 dB. Since the
Bode diagram indicates that|G(j1.438)| is 5.48 dB, we need to choose 2K =
-5.48 dB, or

K = 0.266

Since the phase curve lies above the -180° 1line for all &/ » the gain
margin is + 0o dB.

40
\\u.
By
=
20 o _"‘--._,__:‘.‘
\th‘
New 0 dB line T4pd8
dB 0 +
N
: Rl
-20 : <
:
-40 — 0’
....---"‘.'" e b .E _90,
50° T 80'
00) aer 0% o/ o2 04 06 / K 2 4 « ”-J.
@ rzd/s
B-9-17. Let us use the following lead compensator:
2 Ts + 1 5+ =
Ge(s) = R = K¢
XTs + 1 & 4 =1
X T

Since Ky is specified as 4.0 s=1, we have
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s + 1
Ry = 1im sKs & B = KoK = 4
S0, XTs +1 s(0.1s+ 1)(s + 1)

A
Let us set K = 1 and define Koo¢ = K. Then

”~
K =4
Next, plot a Bode diagram of
4 Ly 4
s(0.1s + 1)(s + 1) 0.1s3 + 1.1s2 + s

The following MATLAB program produces the Bode diagram shown below.

num=[0 0 0 4]

den = [0.1 1.1 1 0O}

bode{num,den)

subplot(2,1,1);

title(*"Bode Diagram of Gis) = 4/[s(0.1s+ 1)(s+1)]')

Bode Diagram of G(s) = 4]s{0. 18+ 1)(s+1)]
50 :
T —
g ° =y
E Eaz
£
@ 50 \ —
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0
5‘ B e
o -.“"--.
'-\_‘-
E-wc <R
‘-&-.,__‘_‘_----‘-'
270 -
10" 10’ 10' 10°
Frequency (radfsec)

From this plot, the phase and gain margins are 17° and 8.7 dB, respectively.
Since the specifications call for a phase margin of 45° 1let us choose
Bm = 45" - 17° + 12° = 40°

(This means that 12° has been added to compensate for the shift in the gain
crossover frequency.) The maximum phase lead is 40°. Since
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sin%:l;L

1 +0o¢

X is determined as 0.2174. Tet us choose, instead of 0.2174, o¢ to be
0.21, or

(Zn = 40°)

o = 0.21

Next step is to determine the corner frequencies & = 1/T and &= 1/(xX T)
of the lead compensator. Note that the maximum phase-lead angle

occurs at the geometric mean of the two corner freguencies, or o= 1/(JXT).
The amount of the modification in the magnitude curve at /= 1/(J/&T) due
to the inclusion of the term (Ts + 1)/(«¢ Ts + 1) is

1 + J‘b"l‘

1
L+jwxT |, 1
YK T
Note that

= 2.1822 = 6.7778 JB

) - 1

X Jo.2z1
We need to find the frequency point where, when the lead compensator is
added, the total magnitude becomes 0 dB. The magnitude IG(jw)| is

-6.7778 dB corresponds to & = 2.81 rad/s. We select this frequency to
be the new gain crossover frequency &’.. Then we obtain

_é_. =[a e =/0.21 x 2.81 = 1.2877
A De Ll 6.1319
« T v Jo.21
Hence
S = s + 1.2877
cls) = Ke =76 1310
and A
K 4
o = 0.21
Thus
s + 1.2877 I 0.7766s + 1

Gc(s) -

0.21 s + 6.1319 : 0.16308s + 1

The open-loop transfer function becomes as

4 0.7766s + 1 3
0.16308s + 1 s(0.1s + 1)(s + 1)

Ga(s)G(s)

3.1064s + 4
0.01631s4 + 0.2794s3 + 1.2631s2 + s
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The closed-loop transfer function is

c(s) _ 3.1064s + 4
R(s) 0.01631s4 + 0.2794s3 + 1.2631s2 + 4.1064s + 4

The following MATLAB program produces the unit-step response curve as
shown below.

mm=[0 0 0 3.1064 4]
den=[0.01631 02794 12631 4.1064 4];

step(num,den)

grid

title('Unit-Step Response of Compensated System (Problem B-9-17))
xlabel('t sec')

ylabel('Output c(t)')

Unit-Step Responee of Compensated System (Problem B-8-17)

14

1.2}

-

0.2} -

0
0 05 1 15 2 25 3

I sec

Similarly, the following MATLAB program produces the unit-ramp response
curve as shown on next page.

num=[0 0 0 0 31064 4];

den=[0.01631 02794 12631 4.1064 4 O]

t=0:0.01:5;

¢ = step(num,den,t),

plot(t,c.t,t)

grid

title('Unit-Ramp Response of Compensated System (Problem B-9-17)")
xlabel('t sec') '
ylabel("Unit-Ramp Input and System Output c(t)")
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Unil-Ramp Response of Compensated Sysiem (Problem B-8-17)
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B-9-18. To satisfy the requirements, try a lead compensator G.(s) of the
form _

1
St o Ts + 1 S+
s) = _=
E X T rL © s ik
Define T

K

Gl(s) = RKG(s) = —s—(s—+1-)--

vhere K = Ko X .  Since the static velocity error constant K is given as
50 s~1, we have

+
Ky = 1im sGa(s)G(s) = lim § —=* 1 K =k =50
s3>0 s»0 XTs+1 s(s+1)

We shall now plot a Bode diagram of

50

Gy(s) = =G

The following MATLAB program produces the Bode diagram shown on next page.

num=[0 0 50];

den=[1 1 0]

w = logspace(-1,2,100);

bode(num,den,w);

subplot(2,1,1);

title('Bode Diagram of G1(s) (Problem B-9-18)")
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Bode Diagram of G1(s) (Pioblem B-9-18)
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From this plot, the phase margin is found to be 7.8°. The gain margin
is +90 dB. Since the specifications call for a phase margin of 50°,
the additional phase lead angle necessary to satisfy the phase margin
requirement is 42.2°  We may assume the maximum phase lead required
to be 48°. This means that 5.8°% has been added to compensate for the
shift in the gain crossover frequency. Since

&=
sinfa = T rw

#m = 48° corresponds to & = 0.14735. (Note that « = 0.15 ‘corresponds
to gy = 47.657°.) Whether we choose @, = 48° or gy = 47.657 ° does not
make much difference in the final solution. Hence, we choose &« = 0.15.

The next step is to determine the corner frequencies @’ = 1/T and
&) = 1/(X T) of the lead compensator. Note that the maximum phase
lead angle g, occurs at the geometric mean of the two corner frequencies,
or w = 1/(VxT). The amount of the modification in the magnitude curve
at @ = 1/(J&XT) due to the inclusion of the term (Ts + 1)/(XTs + 1) is

L] l + J‘ —
1+ jWT 3 k| _ 1
1+ jewar [, 1 x S o
X T X
V&
Note that
1 3
—_— = = 2.5820 = 8.239 dB
v 4f0.15

We need to find the frequency point where, when the lead compensator
is added, the total magnitude becomes 0 dB. The frequency at which
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the magnitude of Gj(jw) is equal to -8.239 @B occurs between < = 10
and 100 rad/s. From the Bode diagram we find the frequency point where
|G1(jw) | = -8.239 6B occurs at @ = 11.4 rad/s. Noting that this fre-
quency corresponds to 1/(Jx T), or

W, = —=1
CJZT

we obtain

1
ok J& = 11.4 [0.15 = 4.4152

¥ W A S
XT Jo( J0.15
The lead compensator thus determined is
P
aabe) P s + 4.4152
8) = *
& s g s + 29.4347
. X T
where K- is determined as
K _ 50 _ 1000
ke =% = 70.15 3
Thus,
1000 s + 4.4152
G =
c(s) 3 s + 29.4347
] 0.2265s + 1
0.03397s + 1

The following MATLAB program produces the Bode diagram of the lead com-
pensator just designed. It is shown on next page.

1 num=11.33% S0

den =[0.03397 1];

w = logspace(-1,3,100);

bode(num,den,w);

subplot(2,1,1);

title(Bode Diagram of Ge(s) = 50(0.2265s + 1)/(0.03397s + 1))

The open-loop transfer function of the designed system is
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Bode Diagram of Gofs) = 50(0.2265s + 1)/(0.03397s + 1)
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The following MATLAB program produces the Bode diagram of G.(s)G(s)
which is shown on next page.

num=[0 0 1000 4415.2];

den=[3 913041 883041 O]

w = logspace(-1,3,100);

bode(num,den,w);

subplot(2,1,1);

title('Bode Diagram of Ge(s)G(s)= 1000(s + 4.4152)/[3(s + 29.4347)s(s + 1)])

From this Bode diagram, it is clearly seen that the phase margin is appro-
ximately 52°, the gain margin is + o0 dB, and Ky = 50 s~1; all specifications
are met. Thus, the designed system is satisfactory.

Next, we shall obtain the unit-step and unit-ramp responses of the
original uncompensated system and the compensated system. The original
uncompensated system has the following closed-loop transfer function:

c(s) 1
R(S) ~ g2 441

The closed-loop transfer function of the compensated system is
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Bode Diagram of Ge(s)G(s) = 1000(s + 4.4152)[3(s + 29.4347)s(s + 1l
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c(s) 1000(s + 4.4152)
R(s) 3(s + 29.4347)s(s + 1) + 1000(s + 4.4152)

1000s + 4415.2
3s3 + 91.3041s2 + 1088.3041s + 4415.2

The closed-loop poles of the compensated system are as follows:

s = -11.1772 + j7.5636, s = -8.0804

The MATLAB program given below produces the unit-step responses of the
uncompensated and campensated systems. ‘The resulting response curves

are shown on next page.

num=[0 0 1];

den=[1 1 1];

numc=[0 0 1000 4415.2];

denc=[3 91.3041 1088.3041 4415.2];
t=0:0.01:8;

cl = step(num,den,t);

c2 = step(numc,denc,t);

plot(t,cl,t,c2)

title('Unit-Step Responses of Uncompensated and Compensated Systems')
xlabel('t Sec")

ylabel('Outputs")

text(1,1.25,'Compensated system’)

text(2,0.5,'Uncompensated system")

152



Unit-Step Responses of Uncompensaled and Compansaled Systems
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The MATLAB program given below produces the unit-ramp response of the
uncompensated system and compensated system. The response curves are

shown on next page.

mum=[0 0 0 1]

den=[1 1 1 0],

numc=[0 O 0 1000 44152]; .
denc=[3 91.3041 1088.3041 44152 O0]; : o
t=0:0.01:8;

cl = step(num,den,t),

c2 = step(numc,denc,t);

plot(t,cl,t,c2,t,t)

title('"Unit-Ramp Responses of Uncompensated and Compensated Systems’)
xlabel('t Sec')

ylabel('Unit-Ramp Input and System Outputs')

text(1,5,'Compensated system')

text(4,1.5,'Uncompensated system')

Notice from the unit-ramp response curves that the compensated system

follows the input ramp very closely. For the compensated system the
error in following the input can be seen for 0 < t < 0.5, but it is almost

zero for 0.5 < t. (The steady state error in the unit-ramp response is
0.02.)
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Unit-Ramp Responses of Uncompensated and Compensated Syslems
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CHAPTER 10

B-10-1. The differential equation for the system is
mi; + bly' + (kl + kz)y = U
This is a second-order system. Therefore, we need two state variables.

Define state variables Xy and X, as follows:

x1=y
x2=§
Then we obtain
iy
A X +k b
s 1 2"1‘*;;1"‘2+u

The output y for the system is simply X, . Thus,

Xy 0 1 1 ‘Jo
= + u
k. ¥k b
3 8l 2 iy S
*2 o “m || *2 1
*1

b o]

2

-—

B-10-2. The system equations are

]
{ =1

ml'y' + k(y - z)

[}
o

myz + k(z - y)
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Define

xl-—-y
x2=y
x3-z
X, =z
Then we obtain
N =55
e K
%y = mlxl+m1
x3=x4

’."‘1 i [ o 1
- k k
o5 amihes 0 L S
2 - o i |
x3 0 0
. k K
hx“ 1 L m 9 my
y] 1 0 0 0
z 0 0 1 0
-

£

ol_pll-‘o

o

B-10-2. The equations for the system are

ky(u - z) = bl(é -y)

bl(z o .Y) kzy

or

}cu+b1y

7+
1 blz k

b,z =by +k

1 1 2Y
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By taking Laplace transforms of these two equations, assuming the zero

initial conditions, we obtain
(bls + kl)z(s)

(bls + kz)Y(s)

By eliminating Z(s) from the last two

U}

ble(s) + klU(S)

L}

blsz(s)

equations,

(1)

bs +k
A 2 y(s)
bls

(bys + k) b,sY(s) + k,U(s)

or

(bys + k,)(b;s + k,)¥(s) bi s2y(s) + b sk, U(s)

which can be simplified to

[(l»:1 + kz)bls - klkzlY(s) = klblsU(s)

Hence
0
¥(s) _ i . =2 (2)
U(s) (k1 - kz)bls + klkz kl + k
kK P8 tl
1%2

Using Equations (1) and (2), 2(s)/U(s) can be obtained as follows:

klb;S
(k3 + k2)b;s + kjks

Z(s)
U(s)

Z(s)
Y(s)

¥(s) bis + kp
U(s) b;s

biks + kjk)
(k1 + k2)bys + kikp

by
g e
k2
kl <+ k2 (3)
bys + 1
kik2
Define
bl = kl + kz
k2 ; 1 = aT
Kik2
where Kl * Xy
a=
K1
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Then, Equations (2) and (3) can be written as

¥(s) Ts Z(s) Ts + 1
u(s) = aTs + 1 U(s) ~ ams + 1
Hence
aTsY(s) - TsU(s) = -Y(s)
aTsZ(s) - TsU(s) = -Z(s) + U(s)
Define
ay(s) - U(s) = X;(s)
az(s) - U(s) = Xp(s)
ihen
¥(s) = = [Xy(s) + U(s)]
Z(s) = —:— [Xa(s) + U(s)]
Equations (4) and (5) can be written as
TsX)(s) = - ¥(s) = - — [X;(s) + U(s)]
TsXa(s) = - Z(s) + U(s) = - — [Xp(s) + U(s)] + U(s)
Rewriting,
N e o
TsX;(s) = : 1(s) 5 u(s)
TsXp(s) = - == Xp(s) - == U(s) + U(s)
a a
from which we get
S| 1
i = e e
. =1
*2 = E}r_ Xt/ v
Hence
. 1 - = ~ i i
5 [ o] [
= + u
' 5 a -1
-.xz_ L 9 ). _a;i;- _xz_ oL aT o

This is the state equation.
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From Equation (6) we have

1 20
¥ a 1 a 2
From Equation (7) we get
1 X
Z ==Xy +—u
3 a 2 a
Hence
o 0 || =x L
¥ a 1 a
= + u
1 1
z 0 = 1| x2 5
This is the output equation.
B-10-4. Note that
R Zl
Z) = %5 - L™ \ =
1 RyCos + 1 e |
N | >
Hence | II_I
E z - — -
o(S) - 2 I_zk ]
Ei(S) Z, + 72, e, . R,:E C, ¥ i‘o
!
| R,C; S Zzt—q e
RZ(CI - Cz)s + 1 o —0

which can be rewritten as

Yy =
[(chl + R2C2)s ks 1]E:C.($J R ClsEi(s)

2

wvhich is equivalent to

(R, + RCyle, + e  =RCe,
or
' e
- 1 1 -
(o]
Rz(cl + Cz) Cl + CZ i

This equation can be written as

where
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5 b 1
i (c, +C,) 0 ¢ +C;
Define
x=eo—b0u, y =e_, u=ei
Then, Equation (1) becomes
X + byl + a; (x + bgu) = by
or
X=-ax- alqu
from which the state equation can be obtained as
. c
x="R{cl+c)x_ 9 g - i
e | 2 Ry(c, +C,)

Noting that y = e =% + bou. the output equation can be given by

y=X+———u ) (3)

Equations (2) and (3) give a state space representation for the given system.

B-10-5.

Method 1: The system differential equation can be written as
Y + 18y + 192y + 640 y = 1600 + 640u

Comparing this equation with a standard third-order equation:

y+ay+a2y+a3y bu+bu+bu+b3u

we find
al = 18: az = 192; a3 = 640
bg = 0, bl =0 b2 = 160, b3 = 640

Referring to Problem A-10-12, we obtain
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> - SYIPL e
’-xl 0 3. 0 x1 Pl
x2 = 0 0 3 x2 + ﬁz u
L ]
ol Ol Wt Y I
X
y=[1 0 0] %, +P0u
*3
where -
fo =Py =0
By =Py =% g =0

By =B AP 8 p 1

=b_-a 25 - = 640 - 18 x 160 = - 2240
F3 3 lﬁZ ZFI a3P‘-’J
Thus, the state equation and output equation are
1 0 1 0 xl 0
5:2 = 0 0 1 X, [+] 160 |u
:‘:3 -640 -192 -18 Xy -2240
*3
Y = [1 0 0] X,
X3
Method 2: Referring to Problem A-10-13, Y(s)/U(s) can be written as
Y(s) - 160(s + 4) - Z(s) ¥(s)
U(s) &3 4 1862 + 1926 + 640  U(s) Z(s)
where
Z(s) _ - 2l l ;(s) - 160(s + 4)
U(s) s~ + 18s° + 192s + 640 (s)

Then we have
Z + 18z + 192z + 640z = u

160z + 640z = y
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Define

X =2z
X, =2=%
B %, B
Then
:'c3=-s40z—1925-131-£+u
=-640)Ll-192x2—18x3+u
Also,

Y = 640z + 160z = 640):1 + 160x2

Hence, the state space representation for the system by this approach is

Xl 0 1 0 xl 0
J'cz =| 0 0 ;| X, |[+]0 [u
x3 -640 -192 -18 3 KB 3
*y
Yy = [640 160 0] x2
i
B-10-6. The equations for the circuit are
1 a, ;3 (,
L, L+
2 ) 17L
%2512‘“‘+Rz(11+12)=0 l 2 J_ -
or
. ) 1 G C, R,
Rjq, + oy el T e, 92 4 iz
AAAA—
1 2 » = R
& T2t iy * ) =0 !

Substitution of q =X 61 =Xy q, =X, into the last two equations yields
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Hence we have

; i
o ! 0 3 1 1
Xy == (= =—Xx, - + - x.)
Ly C; | 1%2 Cy X3
> 1 1
X, = —=— (-R2x2 - X.)
3 R2 c2 3
or

il-.‘-l 'l -r' -
X, 0 3 0 Xy
To P O AR S T
2] " | " L.c k. LG

1°1 - i ]
. 1

0 S S
(3] L RCo 1 3]

B-10-7. A partial-fraction expansion of Y(s)/U(s) gives
Y(s) _ 5 5 PR

U(s) e 1}2 s +1 s + 2

Define
X (8) = U(s)
1 (s + 1)2
XZ(S) = s 1 1 u(s)
» SNl
X3(8) = 255 Ule)
Notice that
B ol Y
xz(g) 8 +1

Then, from the preceding equations for xl(s), xz(s). and x3(s) we obtain

sxl(s) = - Xl(s) + xz(s)
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sX,(s) = - X,(s) + U(s)

sx3(s) == 2 x3(s) + U(s)

Y(s) =5 xl(s) -5 Xzfs) +5 x3(s)

By taking the inverse Laplace transforms of the last four equations, we get

e e
Xy ==Xy +u
i3=—2x3+u

y=5x1—5x2+5x3

In the standard state space représentation, we have

e £ o Fed
X, -1 1 0 X 0
)'(2 =10 -1 0 xz +|1]u
.x3‘ ;.0 0 -2 i _x3_ -1-
*y
SR |
5

B-10-8. The equations for the system are

LS +
xz x3 u

x3=x1-3x2+3x3+u
Y=x4

Notice that from Equations (1) and (2)

x3=x2-—u=x1-u-u

.
-
-
-

Mg = Ll -7 |

(2)

(3)

(4)



Also, from Equation (3)

;(3 X, - 3(321 - u) +3(:'r2-—u)_+u

X, = 3(x, -u) 30 -u-u)+u (5)

Thus, equating Equations (4) and (5) and simplifying, we obtain

LR} e

x1-3x1+3x1—x1=u—2u+u

Substituting x; = y into this last equation, we get

V-3 +3y-y=u-20+u

[The same result can be obtained by use of Equation (10-51).]

B-10-9. The eigenvector X; associated with an eigenvalue )\i is a vector
that satisfies the following equation:

a3 42 || *i1 X1
- =Ai
S &2 1512 Xi2
or
3%, Y% T Ay Xy,

Saiin * %2 AL %y
which can be rewritten as

(agy = Apdxg) = -2,

(g = Ag)xy, = - ayXy,
For A\ i = )\l

a
B 12

e
11 a; - A 12

An example of eigenvectors corresponding to eigenvalue A 5 is

a
[ 12
i s _
3y = Ay

X12 i
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For '\i = )\2

a
21
Xy = - ———Em—— x
22 E 21
3y " A2

An example of eigenvectors corresponding to eigenvalue )\ , is

e -
.Y
21 T
21
1
..xzz..n . ol
B-10-10. Define
Ay 1 0
- 0
p=19 A
! 0 0 )‘1J

The eigenvect{ors for this matrix can be determined by solving the following
equation for X.

e Ax
or
- T " .
)\1 1 0 X Xy
0 }\l 0 L0 Ui )\1 52
! 0 0] )\1- anJ -x3_

which can be rewritten as

e p— |
&S A Z-F"%,2
A%y = A%
which, in turn, gives
xl = arbitrary constant

x2=0

= arbitrary constant

=
w
I
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a
x=/0
b
vhere a and b are arbitrary nonzero constant. Notice that
e " o
Ol =a |o|l+b]|o
i 0 1
Note that -
[1] 0 K
0], 13y 0
0 : 0 | 1

are linearly independent vectors. The eigenvectors of matrix B involve two
linearly independent eigenvectors. &3

Next, define
Ay 0 0
g= gl Ay 08
0 0 )\1

The eigenvectors for this matrix can be determined by solving the following
equation for X.

or

_0 0 Ald x3 -x3d

which can be rewritten as

Arx, = A Xy

A¥o = A%
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A1¥3 = A%

from which we obtain

X, = arbitrary constant
X, = arbitrary constant
X3 = arbitrary constant

Hence,
-
x = b
c

where a, b, and c are arbitrary nonzero constant. Notice that

bl =a [d|+b j1]+c|o =
Thus, the eigenvectors of matrix C involve three linearly independent eigen-
vectors.

g

=10~11. -
B-10-11 Y(s) 25.04s + 5.008

U(s) s3 + 5.03247s2 + 25.1026s + 5.008

A MATLIAB program to obtain a state-space representation of this system is
given on next page. Based on the MATLAB output we get the following
state space eguations:

X1 -5.0325 -25.1026 -5.008|| x; 1

xp|=1]1 0 0 xp| +|0]|u

x3 0 1 0 x3 0
X1

y=1[0 25.04 5.008] | x7| + [0]u

X3
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num=[0 0 2504 5.008];
den=[1 5.03247 25.1026 5.008];
[A,B,C,D] = tf2ss(num,den)

A=
-5.0325 -25.1026 -5.0080

1.0000 0 0
0 1.0000 0

0 25.0400 5.0080

B-10-12. Referring to Equation (10-51), we have

Xs) _ g(g) =c(sT - A)EB + D
U(S) - - [ —
s -1 0 =110
=[1 o o]]o s -1 10| +0
600 100 s + 10 0
s2+ 10s + 100 s + 10 1
= [1 g OJ - 600 s24+10s s
s3 + 1032 + 100s + 600 2
- 600s - 100s - 600 s
|




[s2 + 10s + 100 s + 10 1]
3 > 10
s” + 10s™ + 100s + 600

0
Thus
Y(s) = 10(s + 10)
u(s) s3 + 10s2+100s + 600
B-10-13.
= ¥ s + 2 i1, e
edt = [,™ [(s1 - 2)1] = ]
-2 s+ 5
= s + 5 -1
- : 1 :
sz+75+12
s + 2
s+5 =1
(s + 3)(s + 4) (s + 3)(s + 4)
=L‘1
2z §+2
(s + 3)(s + 4) (84-3)(s+4).'J
P stk oo |
s+3 s+ 4 s+3 s+ 4
- [)‘1
2. o2 . Y
s+3 s+ 4 s+ 3 s + 4
2 &3t . 278t = e-Bt + 2 e_4t
B-10-14.

et = I [(s1 - 7]
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-1 3
where
s -1 0 -1
0 s -1
-1 3 s -3
s -1
3 s -3
) 1 i 0 -1
s(s -3)-1+3s| |l s-3
0 s
-1 3
s2 -3s + 3 s -3
= 1 3 d: S(S - 3)
(s - 1)
s -(3s8 - 1)
s2-3s + 3 s - 3
(s - 1)° -1
= 1 sgs — 3!
(s - 1)° (s - 1)°
s - 35 + 1
(5-1)3 (8-1)3
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o

T [ S 1
s-1 (s-1)2 (s-1)3 (s-1)2 (s-1)3 (s-1)
= S S T 1 - 2 1 +_L.
(s-1)3 s-1 (s-102 (s-1)3 (s-1)2 (s-1)3
£ SRS | il o e 1 . [ L)
| 6-12 (s-1)3 (s-12 (¢-1P s-1 (s-12 (s-1)3 q
Noting that

el

‘ (s - 1)

we obtain
s -1 0 2
o2t DC_I 0 s =L
-1 3 s -3
] eb - teb + & t2t te® - t2et
= 5 t2et el - teb - tZet

tet + % t2et - 3tet - et

5 t2et

tet + % 2t

et + 2te® + § t%® |

B-10-15. The solution of the state equation is
=N z

x(t) = edfx(0) + S Mt =T) py(r) a7

0
Since £(0) =0 and u(t) = 1(t), we obtain

f.
x(t) =5 ei(t' =T) Bdv

Note that ¥
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where

Hence

e = X M(s1 - 1))

(sT - a)~t =
- L)

l

s+ 5

(s + 2)(s +

-6

3)

(s + 2)(s +

3)

0

-2 e

173

+ 3 e

t t 0
x(t) =‘g ehAlt -) BdAT = eBt S e AT aT

(s + 2)(s + 3)

S

(s + 2)(s + 3)

S




- i
6

Alternate solution Referring to Example 10-9, we have for the unit-step
input the following solution:

x(t) = ex" x(0) + A1(ed® - 1)B
Since 5{0) = 0 in the present case, we have

x(t) = a1l - B

where
= = 1
0 - ot S B
- 6 6
At - -
-6 -5 1 0
and
3 o2t _ 5 o3t o2t _ 3t
eht -
-6 e—Zt 6 e—3t -2 e-zt +3 e—3t
Thus ,
(3626 _ 53t Tz g™ 0
(e}—\t - £)B =
setiget —ze®eae™* o ]2
-
o2t _ o3t
a2 e_Zt +3 e—Bt =%
and x(t) is given by
5 1 -2t _ -3t
6 76 :
x(t) =
1 0 -2e'2t+3e'3t'-1
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1 1 =2, 1 _-3t

B-10-16. The solution to the state eguation when u( v¥) = T can be given by

t
i(t) = E'A.;.EJ_("(U) + S E&(t -T) E'Td'r
0

t
= eAtx(0) -l-eﬁtj e 2T raTs
0
Note that
t v 1 ,2.2 1 .3.3 4_4
je-hrr']’d"r‘—' (I-—&'f#--z—,é”( ——é—.-é‘T +—;1I'—éq' +ees)rdT
0 ? 28 3a2 4p3 5A4.
=-—".‘—t2_—“"-t3+—“"_t4_-—2—t5+—_ 6+._.
2 : 4 51 e

Hence

I 22 3a2 4p3
x(t) e‘&tﬁ({)] + e&t(—;; t2 - =23y =4l BIL £2 + ,__) B

2 3 B 5
A 2A 3A 4A

e'x(0) + A7%HT - (1 - At + 57 222 - L= a3:3

9_41-,4 +ees)(I + AL)] P_

-

+

i

= Aty (0) + a~2eBt1 - e‘ét(i +2at)] B

»

eé.t?_c(O) - &"z[eét -I-2t]lB

e2ty(0) + [5”2(.9&"- -1) -2l

e vy

B-10-17. The equation of motion for the system is
my = b(d - y) - ky

or - - -

my + by + ky = bu

By substituting the given numerical values for m, b, and k into this last
equation, we obtain

2 + 2y +y =20
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or
y +y+0.5y =u (1)

where u is the input and y is the output.
By taking the Laplace transform of Equation (1), assuming the zero
initial conditions, we have

(s2 + s + 0.5)¥Y(s) = sU(s)
or
¥(s) _ s
U(s) s2 + s + 0.5 (2)

Since the input u(t) is specified as a step displacement of 0.5 m, we have
u = 0.5 1(+&)
With this input, Equation (2) can be rewritten as

Y(s) = s 05 L 0.5s 1
s24+s+0.5 S s2 + s+ 0.5 S5

The following MATLAB program will generate the desired response. The
resulting response curve is shown below.

num=[0 05 0]

den=[1 1 0.5];

step(num,den)

grid

title('Step Response (Problem B-10-17)))
xlabel('t Sec')

ylabel('y(t)")

Step Response (Problem B-10-17)

0.35

03

0.25)- -

0.2

£ 015}

01

0.05(f - -




Note that the response reaches zero as t increases. This is because the
transfer function Y(s)/U(s) given by Equation (2) involves s in the nume-
rator. :

B-10-18.

Unit-step response: The following MATLAB program yields the unit-step
response of the given system. The resulting unit-step response curve is
shown below.

A=[-5.03247 -25.1026 -5.008
1 0 0
0 1 0];
B =[1,0,0];
C=[0 2504 5.008];
D =[0];
[y,x,t] = step(A,B,C,D),
plot(t,y)
grid
title('Unit-Step Response (Problem B-10-18))
xlabel('t sec’)
ylabel("Output y(t)')
Unit-Step Response (Problem B-10-18)

1.4

12 weria 1) | ISR

o
@
|
1
|
|
|
1
|

Output y{t)

f

04| - . SPRE, SR SRR o

02 i okt

Unit-ramp response: Referring to pages 596 - 599, we can obtain the
unit-ramp response of the system by entering a MATLAB program similar
to MATLAB Program 10-7 into the computer. Note that '
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- =
-5.03247 -25.1026 -5.008 0
d 0 0 0
AA =
0 1 0 0
0 25.04 5.008 0
re : 0
i
LB
A I = [A zeros(2,1); C 0]
I )
[0 25.04 5.008 | 0]
_l_ -
0 B
BB = =
0 =
I—O—i .0-1

cc=[0 25.04 5.008 0]=[c 0]
DD = [0]

X4 is the output of the system and is the unit-ramp response. The follow-
ing MATIAB program produces the unit-ramp response. The resulting res-
ponse curve is shown on next page.

A=[-5.03247 -25.1026 -5.008

1 0 0
0 1 0],

B =[1;0;0];

C=[0 2504 5.008];

D =[0],

AA=[A zeros(3,1);,C 0],

BB = [B;0];

cc=[C 0]

DD = [0];

t=0:0.01:5;

[2.x,t] = step(AA,BB,CCDD, 1,¢1),

x4=[0 0 0 I1]*

plot(t,x4,t,t)

grid

title('Unit-Ramp Response (Problem B-10-18))
xlabel('t Sec")

ylabel('Input and Output’)
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Unit-Ramp Response (Problem 3-10-18)

.......
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CHAPTER 11

B-11-1. Since

sin(WkKT + 8) = sinwkT cos O + cos &} kT sin ©
we obtain

Z[x(k'r)] = cos 0 Z [sin&)kT] + sin © Z' [cosw kT]

S z;]' sinwT .
1 -2z coswT + 2z
1 - 27} coswT

+ sin 6 —= 5

1- 22" coswT + 2”

(cos 8)z~1(sinwT) + (sin 8)(1 - 271 coswT)
1 - 2271 coswT + z 2 '

- _sin 6 + z! sin(@T - 8)

1-2z71 cosiT + z"z

B-11-2. -
e x (mz® 2% x,(hr)e
m= 1 h=0 2

xl(z)xz(z)

-]
2 x (ur)x.(hr)z-® + D)
0 h=0 1 2

By defining m = k - h, we obtain

xl(z)xztz} Z. Z. x(k‘I‘ hT)x (h’I‘)z

k=h h=
00
Since x (kT - hT) 0 for k< h, the limit of summation in 2 can be
k=h
changed to Z Thus
k=0
X, (2)X._(2) = Z. Z’ x. (KT - hT)x. (hT)z X (1)
1 2 = 1 4
k=0 h=
Also,
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X(z) = 23 x(k1)z™ (2)
k=0
Since X(z) = xl(z)xz(z), by comparing Equations (1) and (2), we obtain
oo X
x(kT) = Z X1 (kT - hT)x5(hT) = hz X1 (kT - hT)xy(hT)
= =0
B-11-3
Z; [x(k)] = X(z) = 0.2z + 0.42"2 + 0.6273 + 0.82z~4
+22420 4274 ...
=0.2z71 + 0.4z272 + 0.6273 + 0.8z~4
+z50(1+2 142724 .. .)
=1 =) -3 -4 77>
=S
_(zt 4272 + 3273 v 4274 )a - 27 PR i
5(1 - z 1) 5(1 - z71)
2l 2e 53444
5(1 - z71)
_zia - 2_5[
5(1 - z71)2 '
B-11-4.
L x(x)) = 7 12X+ Z [3k] + 7 [1]
1-221 (1-2z1)2 1-27
- 2 - 2271 _ 372
(1 -2z71)(1 - z71)2
B-11-5. =
() Z e 5%(0)] = 7 (e xem)] = 25 e Mx(km)z™
k=20
(-4

2, x(KT)(2e3T)~K = x(zeaT)
k=0
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(b) Consider
[--]

X(z) = 254 x(kT)zX
X =0

Differentiating X(z) with respect to z, we obtain

(]
Lx(2) = 2 (a0x(er)zkl
£ k=0

Multiplying both sides of the last equation by -Tz gives
©o

1z 4 x(2) = 2 (kDx(em)z*
= k=0

Thus we have

"

Zo (RDx(km)z™ = 7 [KT x(k1)] = 7 [t x(t)]

K
= -1z -9 X(2)
dz
B-11-6.
X(z) _ Q1-e*) . 3 _ o
B (z-1)(z ~e3Ty 2-1 z._g°r
Hence
x(z) = 4 - __.e_-iz_
z-1 4, ._eaT
1 o

1-271 l-e 2

The inverse z transform of X(z) gives

x(k) =1 - e-aTe-ak‘I‘

=1 - e=aT(1 + k)

B-11-7. X(z) can be rewritten as

X(z) = g
(z - 1)z - 2)
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R —]
8 (z - 1)2(2 - 2) (z-1)2 z-1 z-2
or
-1
X(z) = - £ = e 1
1<) 1-zt 3.2
Hence
X(kJ'—'—k-1+2k k=0'l'2p - e
B-11-8B. Since
=T
X(Z)= (1-—-9 ]Z_;I_‘__
(z-1)(z-e ")
we have
T MONIRE C al) Cou: (SEN.
z (z-1)(z-e7) 2z-1 5_gT
or
z-1 z-e' 3.2t 3._qT?
Thus
x(k) =1 - e KT k=0, 1, 2, «o-

B-11-9. Referring to Table 11-1, we find

7,0ty - L+ ae)

(1 - az™1)3
By writing el = a, we obtain
X(z) = ——tpr ____afel _ arlQaeel-apd)
-1 -1,3 =133 -1:3
(L -e "z ) (1L - az ) (1 -az ™)
_2a%2 1 +az7l)  a%el(azt+1-1)
(1 -az1)3 (1 - e
_ a‘z7 (1 + az71) = a2t _ ggg-l
1-az??  a-ah? a-a2h?
Hence we have
2a3z71 3 a3z'1§; + gg‘l) o gzg_l
(1 - az1)3 (1-azl)® @ -azt)?
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Taking the inverse z transform of each term of this last equation, we obtain
2x(k) = ak%a"! + aka

Hence 3
k+2
x(k) = —5- (k%% 4 k1) =2 (g 4 1)
Since a = e'l, we have
ok-2
x(k) = 2 k(k""l) k'—'O' 1; 2: “e
B-11-10. The z transform of the given difference equation becomes

B
(1 - 2'1)2

Substituting the initial data into this last equation, we get

[2%X(z) - 22x(0) - zx(1)] + 2[2X(z) - zx(0)] + X(z) =

(22 + 2z + 1)X(2) = %

(z - 1)2
or
X(z) = 2
(z + 1)%(z - 1)°
Hence
X(z) _ 1 =_0.25 . 0.25 . 0.25 . _0.25
2 2 2 z4+1 2 g}
= (z +1)%(z - 1) (z+1) (z - 1)
or
0.252 + 0.25 0.25z "+ 0.25
TR} =Sy & gy e e
(L+27) 1+2 (1L -2) 1 =%

" The inverse z transform of X(z) gives

Cx(k) = 0.25 k(1) + 0.25(-1)¥ + 0.25 k - 0.25

= 0,25 [1:(-1.)":'1 + (-1)k + k -1] k=0, 1, 2, ous

B-11-11. If a # 0, then
x(1) =x(0) +1 =1
x(2) =x(1) +a=1+a

x(3)=x(2)+az=1+a+az
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x(4)=x(3)+a3=1+a+a2+a

k

x(k) =1 +a+a’+..0.+ak"l= i =.a (a#1, a#0)
-a
=Kk (a=1)
If a = 0, then
X(k) =0 k=0' l] 21' LR ] (a=0)
B-11-12. The pulse transfer function for Gp(s) including the zero-order

hold is obtained as follows:

X(z) 1-e18 s + 3
= G =
U(Z) (Z) Z[ s (S"'l)(S*z):l
(1 ~ g s+3
‘ )Z' [s(s+1)(8*2)]
-1 155 2 0.5
(l-z)z[s_s+l+s+2]

1-21 1-¢eTzl -2 ,

L}

2T

o f1.5:= 26T + 05672 )y =0 {150 s = 2n - +.058)
(z - e )z - &™)
B-11-13. The pulse transfer function for the system can be rewritten as

Y(z) . z + 2
u(z) 22 + 2z + 0.16

or

(z2 + z + 0.16)Y(2) = (z + 2)U(2)

The inverse z transform of this last equation gives

yk + 2) + y(k + 1) + 0.16 y(k) = u(k + 1) + 2 u(k)
Comparing this difference equation with the standard second-order difference
equation:
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y(k + 2) + aly(k +1) + azy(k) = bou[k +2) + blu(k +1) + bzu(k)

we find

a1=1, az=0.15, b0=0, b, =1, b, = 2

Define state variables as follows:

xl(]() = y(k) - 'hOU(IC)

xsz) = xl(k +1) - hlu(k)

Also, define
Then the state variables become

x, (k) = y(x)

xZ(k) = xl(k + 1) - u(k)

Referring to Section 11-6, the state equation for the system can be given by

-xltk s [o - -xl(k)- -hl

= + u(k)
_xz(lc + 1)_ e 2 | _x.z(k)“ )
or
[x, (0 + 1) 0 1] [ %00 1

= + ll(l'[)

x.z(k + 1) -0.16 -1 xz(k) 1

— - — - =

The output equation is

y(k) = [1 | 0]
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Note that a number of different state space representations are possible for
the system. :

B-11-14. From the given transfer function we obtain
y=-ay +u
Define a state variable x as
X=Y

(The input variable is u and the output variable is y.) Then we have the
following continuous-time state equation and output equation:

X=-ax+u
¥y =X
The discretized state equation is obtained as

x((k + 1)T) = G(T)x(xT) + H(T)u(kT)

where
(1) = AT = o2
T T
H(T) =g At gt B =S eat gt
0 0
-at |T
2 lo

Hence the discrete-time state space representation for the system is given by
x((k + 1)T) = eTx(kT) + ":T' (1 - emaT)u(kr)

y(kT) = x(kT)

The pulse transfer function for the discretized system is obtained from
Equation (11-58) as follows:

X2) . pz) =clz1 - )t + D
u(z)

(1)(z - ™2T)~1 —;-_ (1 -e3T) +0

1 - 2T 1 - 2Ty
-ar) N -aT -1,

a(z - e a(l - e "z
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B-11-15. Referring to Equation (11-58), the pulse transfer function F(z)
is given by

Xz F(z) = (2I - g}"ly" +D

u(z) - »
z-1 -1 +eT T+eT-1
=[1 0] +0
0 z-e T 1—e—TJ
z-eT 1-t=_-"T-I
o o s |
(z-1)(z-e7") 0 -1 |
T+e T -1
X
1= ey
T+eT -1
= 1 - [z Sy e"T:I
(z -1)(z-e ") 1 -eT
(z-eT)r+eT-1)+ (1-eT?

1]

(z - 1)(z - e 1)

_(r+eT_1z+1-eT+T)
(z -1)(z - e T)

B-11-16. The discretized state equation is

x((k + 1)T) = 6(T)x(kT) + H(T)u(kT)
where e Wy =

T
g(m =&, HT =(S AT dt)g
0
G(T) and ﬂ(T} can be obtained as follows:

-1
- =1 -] s -1
At = Iltst - )M =] l([o ] }
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s Ts2f |2 t
0 L. | lo 1
s
Hence
1 0-1
G(T) = 6(0.1) = e0-1A =
0 1
Since
£2]0.1
et gt = at =
0 0 |0 1 0 t o
0.1 0.005
0 0.1
we have
0.1 0 0.1 0-005 0
H(T) = H(0.1) = S Mt at -
e o
0 1 0 0.1 1
0.005
0.1
Thus, the discrete-time state equation is given by
xl((k + 1)T) 1 0.1 xl(k‘l‘) 0.005
= + u(kT)
xz((}c + 1)T) 0 1 xz(kT) 0.1
where T = 0.1 s. The output equation is
xI(kfI')
y(kT) = [1 o]
x_(KT;
2( )

Referring to Equation (11-58), the pulse transfer function for this
discretized system is given by

F(z) = C(2I - G)'H + D
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Z - 1 ﬁ 0.005
= [1 0] (z - 1)

0 1
z -1

0.1

_ 0.005(z + 1) _ 0.005(1 + 27zt
(z - 1)2 (1 - z"l)z

B-11-17. The discretized state equation is

x((k + 1)T) = G(T)x(kT) + H(T)u(kT)
where In
G(T) = AT
T
H(T) =(S eht dt) B
0

E(T) and E(T) can be obtained as follows: Since

- L -1 -1
= s -ty = I [s ]
" -y 4

3 s +
- -
s +4 i )
-1 (s +1)(s + 3) (s + 1)(s + 3)
-3 s
(s +1)(s +3) (s +1)(s + 3)
BT L 0.5 _ 0.5 |
4 s + 1 s + 3 s +1 s + 3
-105 + 1-5 _005 + _1-5
_s+1 s +3 s +1 s+3_
1.5 et - 0.5 73t 0.5 et - 0.5 e~3t
-1.5et +1.5e3t _0.5et +1.5e3¢
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we have

G(0.2) = e0-23,

22y

[1.5 &70+2 _ .5 ¢=0-6 0.5 e 02 _ 9.5 ¢0-6

&(T)

Il

[-1.5e02 41,506 _g.5¢0:2, 506

[0.9537 0.1350

-0.4049 0.4139

Also,
0.2 0.2 |1.5 et - 0.5 -3t 0.5 et - 0.5 73t
elt gt = : dt
0 0 -1.5 e~t + 1.5 -3t -0.5 e~t + 1.5 -3t
-1.5(e9-2 _ 1) +Q;T5- (€96 _ 1) _0.5(e0:2_ 1)+ 0—3-5- (e0-6 _ 1)
150070 % - gy = 1—3-—5 (a7t Sy 0:E(aT2 = 1) - -1-3—5 (a2 aa)
0.1967 0.01544
-0.04631  0.1350
Hence
0.2 0
H(T) = H(0.2) = 2t Gt
0 1
0.1967 0.01544 ||o 0.01544

-0.04631 0.1350 1 0.1350

Thus, the discretized state space representation of the system becomes as
follows:

x ((k +1)1)] [o.9537  0.1350 x, (k)| [0.01544
+ u(kT)

x,((k + 1)T) -0.4049  0.4139 [ | x, (kT) 0.1350

xl(k'l‘)-

y(kT) _1 0]
xsz'l‘)

vhere T = 0.2 s.
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Referring to Equation (11-58), the pulse transfer function is obtained
as follows:

Xz _ =1
u(z) = F(z) = E{z.l. - E) H+D
Z - 0.9537 -0.1350 | [0.01544
= [1 0] + 0
z - 0.4139 0.1350 y
L [1 0] 3 0.01544
2

2" - 1.3675z + 0.4493| -0.4049 z - 0.9537 | | 0.1350

0.01544z + 0.01183

2% — 1.3675z + 0.4493

_ _0.01544z"" + 0.01183 72

1 - 1.3675 271 + 0.4493 -2

B-11-18 The given system has no input function, but is subjected to
initial conditions. It is similar to free vibrations of a mechanical
system consisting of a mass, damper, and spring.
Consider first the following system:
¥(z) by + byzl + byz2
U(z) 1+ ajz~l + apz—2

a state space representation of the system is

x(k + 1) = 6x(k) + Hu(k)

y(k) = tx(k) + pu(k)

where

-

-y -az
G = , H
1 0

=

I}

+ C=1[by - ayby i by - azbg], D= by

o

Notice that the coefficients by, by, and by affect only matrices C and
D.

Next, consider the case where the system has no input (u = 0).

For such a case, MATLAB produces a pulse transfer function of the following
form:
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Y(z) ‘0 + 0z-1 + 0z—2

u(z) 1+ ajzl + agz—2

If the original system had an input function u such that
Y+ 2y +10y = u
MATLAB produces the pulse transfer function

Y(z) 1

U(z) 1+ ajz~l + ayz-2

The following MATLAB program will yield a discrete-time state-space
representation when the sampling period T is 0.1 s. This program will
also yield the pulse transfer function.

num=[0 0 0];

den=[1 2 10]:
[A,B,C,D] = tf2ss(num,den);
[G,H] = c2d(A,B,0.1)

G=

0.7753 -0.8913
0.0891 0.9536
H=

0.0891
0.0046

[numz, denz] = ss2tf(G, H,C, D)
numz =

0.0 0

denz =

1.0000 -1.7288 0.8187

Based on the MATLAB output, the discrete-time state equation is
x3(k + 1) 0.7753 -0.8913 xl(k)

x2(k + 1) 0.0891 0.9536 ||x2(k)
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The pulse transfer function obtained from the MATLAB output is

X(z) 0 + 0z-1 4+ 0z—2
- (1)

u(z) 1 - 1.7288z-1 + 0.8187z-2

If the original system had an input function u, the numerator becomes
nonzero. The difference equation corresponding to Equation (1) is

y(k + 2) - 1.7288 y(k + 1) + 0.8187 y(k) = 0 (2)
The initial data y(0) and y(1) are given by
y(0) = 1, y(1) = 0.9536
Note that the original differential equation system given by
¥+2y+10y=0, y(0) =1, y(0)=0

has the response curve (free vibration curve) as shown in Figure (a).

Conlinuous-Time System with y(0) = 1 and ydol(0) = 0 (Problem B-11-18)

l
|

i
a

o
8]

Output y(t) of Original Continuous-Time Syste:
Qo
|

ot
N

o5 Tt s 25 3 35 4 45 6 Figure (a)

The MATLAB program used to obtain this curve is given below.

mm=[1 2 0]
den=[1 2 10]

step(num,den)

grid

title('Continuous-Time System with y(0) = 1 and ydot(0) = 0 (Problem B-11-18))
xlabel('t Sec') '
ylabel(*Output y(t) of Original Continuous-Time System")

194



The response curve (free vibration curve) of the discretized version of
the system given by Equation (2) is shown in Figure (b).

Discrelised System with y(0) = 1 and y{1)= 0.9536 (Prob B-11-18)

as_ - sews o .- e e e — ] —

06} = = b

04 a " E e | ] — —— —

Output y(k) when Sampling Pariod is 0.1 sec

s

)
im‘;\_

i

|

047 7 Figure (b)

The MATLAB program used to obtain this curve is given below.

numl =[1 -0.7752 0];
denl =[1 -1.7288 0.8187];

u=[1 zeros(1,50)],

k = 0:50;

y = filter(num1,denl,u);

pIOt(k:y:O.’ka$'"t)

grid

title('Discretised System with y(0) = 1 and y(1)= 0.9536 (Prob B-11-18))
xlabel(’k")

ylabel('Output y(k) when Sampling Period is 0.1 sec")

B-11-19.
2 . 2

(s + 1)(s + 2) s2+ 3s + 2

G(s) =

The pulse transfer function for this system may be obtained by use of
the MATLAB program shown on next page.
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mm=[0 0 2]

den=[1 3 2]

[A,B,C,D] = tf2ss(num,den);
[GH] = c2d(A,B,0.1);
[numz,denz] = ss2tf{G,H,C,D)

numz =

0 0.0091 0.0082

denz =

1.0000 -1.7236 0.7408

The pulse transfer function obtained here is

numz 0.0091z-1 + 0.0082z-2

G(z)
denz 1 - 1.72362~1 + 0.7408z-2

0.0091z-1 + 0.0082z-2
(1 - 0.9048z-1)(1 - 0.8187z1)

This result is identical with the pulse transfer function obtained in
Problem A-11-12.

B-11-20. x(k + 2) = x(k + 1) + x(k) x(0) =0, x(1) =1

Taking the z transform of this difference equation, we obtain

z2%X(z) - z2x(0) - zx(1) = zX(z) - zx(0) + X(z)

Hence
(22 -z - 1)X(z) = z
or
z
X(z) = ———
22 -z -1 : il

The Fibonacci series can be generated as the response of X(z) to the
Kronecker delta input, where X(z) is given by Equation (1) and the Kro-
necker delta input u(k) is defined by

u(0)

i

3

u(k) 0 k=1' 2; 3; - =w
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The following MATLAB program will generate the Fibonacci series.

num=[0 1 0]
den=[1 -1 -1}
u=[1 zeros(1,30)];
x = filter(num,den,u)
x =
Columns 1 through 6
0 1 1 2 3 5
Columns 7 through 12
8 13 21 34 55 89
Columns 13 through 18
144 233 377 610 987 1597
Columns 19 through 24
2584 4181 6765 10946 17711 28657
Columns 25 through 30
46368 75025 121393 196418 317811 514229

Column 31

832040

Note that column 1 corresponds to k = 0 and column 31 corresponds to k =
30. Thus, the Fibonacci series is given by

x(0) =0
x(1) =1
x(2) = 1
x(3) u 2
x(29) = 514229
x(30) = 832040
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B-11-21.
R Y(z) 0.3205z-3 - 0.1885z~4

u(z) 1 - 1.3679z-1 + 0.3679z-2 + 0.3205z-3 - 0.1885z-4

The following MATLAB program will generate a plot of the unit-step response
up to k = 50. The resulting unit-step response is shown below.

num=[0 0 0 03205 -0.1885];
den=[1 -1.3679 03679 03205 -0.1885];
u = ones(1,51);

k= 0:50;

y = filter(num,den,u);

plot(k,y,'0")

v=[0 50 0 1.2]; axis(v)

grid

title('Unit-Step Response (Problem B-11-21)")
xlabel('k")

ylabel('y(k))

Unil-Step Response (Problem B-11-21)

; )OOOO('OOOO(LGDOOUO o0 DTOODOGLODGOGIODON
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B-11-22.
Y(z) 0.5151z-1 - 0.1452z-2 - 0.2963z~3 + 0.0528z~4

U(z) 1 - 1.8528z-1 + 1.5006z~2 - 0.6642z-3 + 0.0528z-4

The following MATLAB program will generate a plot of the unit-ramp response
of the system up to k = 16. (The sampling period is 1 s.) The resulting
plot is shown on next page.
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mum=[0 05151 -0.1452 -0.2963 0.0528];
den=[1 -18528 |5906 -0.6642 0.0528];
k=0:16;

x = [k]; L
y = filter(num,den,x);

plOt(kiy:O':k:Yl'-':k:k:l“')

grid

title('Unit-Ramp Response (Problem B-11-22)")
xlabel('k")

ylabel('y(k))

Unil-Ramp Response (Problem B-11-22)
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B-11-23. A MATLAB program to discretize the given equation is presented
below. (The sampling period T is 0.05 s.)

A=[0 1 00
20601 0 0 0
0 0 0 1
04905 0 0 0]

B =[0;-1;0,0.5];
[G,H] = c2d(A,B,0.05)

This MATLAB program produces the output as shown on next page.
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G=

1.0259 0.0504
1.0389 1.0259
-0.0006 0.0000
-0.0247 -0.0006

H=

-0.0013
-0.0504
0.0006
0.0250

(N
0 0

1.0000 0.0500
0 1.0000

From the MATLAB output, the discrete-time state equation is given below.

[x1(k + 1) [1.0259  0.0504 0 o J[xo)] [-0.0013]
xp(k + 1) 1.0389 1.0259 0 0 x2 (k) -0.0504
x3(k + 1) -0.0006 0.0000 1.0000 0.0500 ||x3(k) 0.0006
x4(k + 1)_J -0.0247 -0.0006 0 1.0000 ||=xg(x) 0.0250

— b - - — b —

The END
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