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Preface

This book 1s written at the level of the senior engineering student and is intended to be
used as a text for the first course in control systems. It presents a comprehensive treat-
ment of the analysis and design of continuous-time control systems. It is assumed that
the reader has had courses on introductory differential equations, introductlory vector-
matrix analysis, introductory circuit analysis, and mechanics.

In this third edition, MATLAB® is integrated into the text. All computational prob-
lems are solved with MATLAB. Also, design aspects have been strengthened, and new
topics, examples and problems are added.

The text 1s organized into 13 chapters and an appendix. The outline of the book is as
follows: Chapter 1 presents introductory materials on control systems. Chapter 2 gives
the Laplace transforms of commonly encountered time functions and basic Laplace
transform theorems. (If the students have an adequate background on the Laplace
transform, this chapter may be skipped.) Chapter 3 treats mathematical modeling of dy-
namic systems and develops transfer-function models and state-space models. Chapter
4 gives transient-response analysis of first- and second-order systems. This chapter in-
cludes a computational analysis of transient response by use of MATLAB. Chapter 5
presents basic control actions in industrial automatic controllers and discusses pneu-
matic, hydraulic, and electronic controllers. This chapter also discusses the response of
higher-order systems and Routh’s stability criterion.

Chapter 6 treats the root-locus analysis. The MATLAB approach to plotting root
loci is presented in this chapter. Chapter 7 presents the design of lead, lag and lag-lead
compensators by the root-locus method. Chapter 8 deals with the frequency-response
analysis of control systems. Bode diagrams, polar plots, the Nyquist stability criterion.



and closed-loop frequency response are discussed, including the MATLAB approach
to obtain frequency-response plots. Chapter 9 covers the design and compensation tech-
niques using frequency-response methods. Specifically, the Bode diagram approach to

the design of lead, lag, and lag-lead compensators is discussed in detail in this chapter.
Chanter 10 deale with the hacic and modified PID controls This chanter oives discus-
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sions of two-degrees-of-freedom controls and design considerations for robust control.

Chapter 11 presents a basic analysis of control systems in state space. Concepts of
controllability and observability are given here. The transformation of system models
(from transfer-function model to state-space model, and vice versa) by the use of MAT-
LAB is included in this chapter. Chapter 12 treats the design of control systems in state
space. This chapter begins with pole-placement design problems, followed by the design
of state observers. A design of a type 1 servo system based on the pole-placement ap-
proach is presented, including a computational solution with MATLAB. Chapter 13 be-
gins with Liapunov stability analysis, followed by design of a model-reference control
system, where the conditions for Liapunov stability are formulated first and then the
system is designed within these limitations. Then quadratic optimal control problems
are treated. Here the Liapunov stability equation is used to lead into quadratic optimal
control theory. A MATLAB solution to the quadratic optimal control problem is also
presented.

No prior knowledge of MATLAB is assumed in this book. If the reader is not yet
familiar with MATLAB, it is suggested that he or she read the appendix first and then
study MATLAB as presented in the text.

Thljoughout the book the basic concepts involved are emphasized and highly math-
ematical arguments are carefully avoided in the presentation of the materials. Mathe-
matical proofs are provided when they contribute to the understanding of the subjects
presented. All the material has been organized toward a gradual development of con-

tral thanry
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Examples are presented at strategic points throughout the book so that the reader
will have a better understanding of the subject matter discussed. In addition, a number
of solved problems (A-problems) are provided at the end of each chapter. These prob-
lems constitute an integral part of the text. It is suggested that the reader study all of

taning digriigegad
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addition, many unsolved problems (B-problems) are provided for use as homework or
quiz problems. An instructor using this text can obtain a complete solutions manual (for
B-problems) from the publisher.

Most of the materials presented in this book have been class tested in senior and
first-year graduate-level courses on control systems at the University of Minnesota.

If this book is used as a text for a four-hour quarter course (with 40 lecture hours)
or a three-hour semester course (with 42 lecture hours), most of the materials in the first
10 chapters may be covered. (The first 10 chapters cover all basic materials of control
systems normally required in a first course on control systems.) If this book is used as a
text for a four-hour semester course (with 52 lecture hours), a good part of the book
may be covered with flexibility in omitting certain subjects. For a two-quarter course se-
quence (with 60 or more lecture hours), the entire book may be covered. This book can

also serve as a self-study book for practicing engineers who wish to study basic materi-
als of control theory.

Preface



I would like to express my sincere appreciation to Professor Suhada Jayasuriya of
Texas A & M University, who reviewed the final manuscript and made many construc-
tive comments. Appreciation is also due to Linda Ratts Engelman for her enthusiasm
in publishing the third edition, to the anonymous reviewers who made valuable sug-
gestions at the early stage of the revision process, and to my former students who solved
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Introduction
to Control Systems

1-1 INTRODUCTION

Automatic control has played a vital role in the advance of engineering and science. In
addition to its extreme importance in space-vehicle systems, missile-guidance systems,
robotic systems, and the like, automatic control has become an important and integral
part of modern manufacturing and industrial processes. For example, automatic control
is essential in the numerical control of machine tools in the manufacturing industries, in
the design of autopilot systems in the aerospace industries, and in the design of cars and
trucks in the automobile industries. It is also essential in such industrial operations as
controlling pressure, temperature, humidity, viscosity, and flow in the process industries.

Since advances in the theory and practice of automatic control provide the means
for attaining optimal performance of dynamic systems, improving productivity. reliev-
ing the drudgery of many routine repetitive manual operations, and more, most engi-
neers and scientists must now have a good understanding of this field.

Historical review. The first significant work in automatic control was James Watt’s
centrifugal governor for the speed control of a steam engine in the eighteenth century.
Other significant works in the early stages of development of control theory were due
to Minorsky, Hazen, and Nyquist, among many others. In 1922, Minorsky worked on
automatic controllers for steering ships and showed how stability could be determined
from the differential equations describing the system. In 1932, Nyquist developed a
relatively simple procedure for determining the stability of closed-loop systems on
the basis of open-loop response to steady-state sinusoidal inputs. In 1934, Hazen, who



introduced the term servomechanisms for position control systems, discussed the design
of relay servomechanisms capable of closely following a changing input.

During the decade of the 1940s, frequency-response methods made it possible for
engineers to design linear closed-loop control systems that satisfied performance re-
amirements From the end of the 104“( to earlv 195(x. the root- locus method r‘nP i8]
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Evans was fully developed.

The frequency-response and root-locus methods, which are the core of classical con-
trol theory, lead to systems that are stable and satisfy a set of more or less arbitrary per-
formance requirements. Such systems are, in general, acceptable but not optimal in any
meaningful sense. Since the late 1950s, the emphasis in control design problems has
been shifted from the design of one of many systems that work to the design of one op-
timal system in some meaningful sense.

As modern plants with many inputs and outputs become more and more complex,
the description of a modern control system requires a large number of equations. Clas-
sical control theory, which deals only with single-input-single-output systems, becomes
powerless for multiple-input-multiple-output systems. Since about 1960, because the
availability of digital computers made possible time-domain analysis of complex sys-
tems, modern control theory, based on time-domain analysis and synthesis using state
variables, has been developed to cope with the increased complexity of modern plants
and the stringent requirements on accuracy, weight, and cost in military, space, and in-
dustrial applications.

During the years from 1960 to 1980, optimal control of both deterministic and sto-
chastic systems, as well as adaptive and learmng control of complex systems, were fully
investigated. From 1980 to the present, developments in modern control theory cen-
tered around robust control, H. control, and associated topics.

Now that digital computers have become cheaper and more compact, they are used

ag inteoral parts of control svstems. Recent annlications of modern control thpnry
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include such nonengineering systems as biological, biomedical, economic, and socio-
economic systems.

Definitions. Before we can discuss control systems, some basic terminologies
must be defined.

Controlled Variable and Manipulated Variable. The controlled variable is the
quantity or condition that is measured and controlled. The manipulated variable is the
quantity or condition that is varied by the controller so as to affect the value of the con-
troiied variable. Normaily, the controlied variabie is the output of the system. Control
means measuring the value of the controlled variable of the system and applying the
manipulated variable to the system to correct or limit deviation of the measured value
from a desired value.

In studying control engineering, we need to define additional terms that are neces-
sary to describe control systems.

Plants. A plant may be a piece of equipment, perhaps just a set of machine parts
functioning together, the purpose of which is to perform a particular operation. In this
book, we shall call any physical object to be controlled (such as a mechanical device, a
heating furnace, a chemical reactor, or a spacecraft) a plant.

Chapter 1 / Introduction to Control Systems



Processes. 'The Merriam—Webster Dictionary defines a process to be a natural, pro-
gressively continuing operation or development marked by a series of gradual changes

PRI ad anntha
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end; or an artifical or voluntary, progressively continuing operation that consists of a se-
ries of controlled actions or movements systematically directed toward a particular re-
sult or end. In this book we shall call any operation to be controlled a process. Examples
are chemical, economic, and biological processes.

Systems. A system is a combination of components that act together and perform
a certain objective. A system is not limited to physical ones. The concept of the system
can be applied to abstract, dynamic phenomena such as those encountered in econom-
ics. The word system should, therefore, be interpreted to imply physical, biological, eco-
nomic, and the like, systems.

Disturbances. A disturbance is a signal that tends to adversely affect the value of
the output of a system. If a disturbance is generated within the system, it is called inzer-
nal, while an external disturbance is generated outside the system and is an input.

Feedback Control. Feedback control refers to an operation that, in the presence
of disturbances, tends to reduce the difference between the output of a system and some
reference input and that does so on the basis of this difference. Here only unpredictable
disturbances are so specified, since predictable or known disturbances can always be

compensated for within the system.

1-2 EXAMPLES OF CONTROL SYSTEMS

In this section we shall present several examples of control systems.

Speed control system. The basic principle of a Watt’s speed governor for an en-
gine is illustrated in the schematic diagram of Figure 1-1. The amount of fuel admitted
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to the engine is adjusted according to the difference between the desired and the actual
engine speeds.

The sequence of actions may be stated as follows: The speed governor is adjusted
such that, at the desired speed, no pressured oil will flow into either side of the power
cylinder. If the actual speed drops below the desired value due to disturbance, then the
decrease in the centrifugal force of the speed governor causes the control valve to move
downward, supplying more fuel, and the speed of the engine increases until the desired
value is reached. On the other hand, if the speed of the engine increases above the de-
sired value, then the increase in the centrifugal force of the governor causes the control
valve to move upward. This decreases the supply of fuel, and the speed of the engine de-
creases until the desired value is reached.

In this speed control system, the plant (controlled system) is the engine and the con-
trolled variable is the speed of the engine. The difference between the desired speed and
the actual speed is the error signal. The control signal (the amount of fuel) to be applied
to the plant (engine) is the actuating signal. The external input to disturb the controlled
variable is the disturbance. An unexpected change in the load is a disturbance.

Robot control system. Industrial robots are frequently used in industry to im-
prove productivity. The robot can handle monotonous jobs as well as complex jobs
without errors in operation. The robot can work in an environment intolerable to
human operators. For example, it can work in extreme temperatures (both high and
low) or in a high- or low-pressure environment or under water or in space. There are
special robots for fire fighting, underwater exploration, and space exploration, among
many others.

The industrial robot must handle mechanical parts that have particular shapes and
weights. Hence, it must have at least an arm, a wrist, and a hand. It must have sufficient
power to perform the task and the capability for at least limited mobility. In fact, some
robots of today are able to move freely by themselves in a limited space in a factory.

The industrial robot must have some sensory devices. In low-level robots, micro-
switches are installed in the arms as sensory devices. The robot first touches an object
and then, through the microswitches, confirms the existence of the object in space and
proceeds in the next step to grasp it.

In a high-level robot, an optical means (such as a television system) is used to scan
the background of the object. It recognizes the pattern and determines the presence and
orientation of the object. A computer is necessary to process signals in the pattern-recog-
nition process (see Figure 1-2). In some applications, the computerized robot recognizes

a and nrientatinn nf aach machaniral nart hy a nattarn_rarnonitinn nrnnrace
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that consists of reading the code numbers attached to it. Then the robot picks up the
part and moves it to an appropriate place for assembling, and there it assembles several
parts into a component. A well-programmed digital computer acts as a controller.
Temperature control system. Figure 1-3 shows a schematic diagram of tempera-
ture control of an electric furnace. The temperature in the electrlc furnace is measured
by a thermometer, which is an analog device. The analog temperature is converted to a
digital temperature by an A/D converter. The digital temperature is fed to a controller
through an interface. This digital temperature is compared with the programmed input
temperature, and if there is any discrepancy (error), the controiier sends out a signai to

Chapter 1 / introduction to Coniroi Systems



Figure 1-2

Robot using a
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Actuator Controller
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the heater, through an interface, amplifier, and relay, to bring the furnace temperature
to a desired value.

Temperature control of the passenger compartment of a car. Figure 1-4shows
a functional diagram of temperature control of the passenger compartment of a car. The
desired temperature, converted to a voltage, is the input to the controller. The actual tem-
perature of the passenger compartment is converted to a voltage through a sensor and is
fed back to the controller for comparison with the input. The ambient temperature and
radiation heat transfer from the sun, which are not constant while the car is driven, act as
disturbances. This system employs both feedback control and feedforward control.
(Feedforward control gives corrective action before the disturbances affect the output.)

The temperature of the passenger car compartment differs considerably depending
on the place where it is measured. Instead of using multiple sensors for temperature
measurement and averaging the measured values, it is economical to install a small
suction blower at the place where passengers normally sense the temperature. The tem-
perature of the air from the suction blower 1s an indication of the passenger compart-
ment temperature and is considered the output of the system.

Thermometer

il Interface

Electric
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Figure 1-3
Temperature control system.
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Figure 1-4
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The controller receives the input signal, output signal, and signals from sensors
from disturbance sources. The controller sends out an optimal control signal to the air
conditioner or heater to control the amount of cooling air or warm air so that the pas-
senger compartment temperature is about the desired temperature.

Business systems. A business system may consist of many groups. Each task as-
signed to a group will represent a dynamic element of the system. Feedback methods of
reporting the accomplishments of each group must be established in such a system for
proper operation. The cross-coupling between functional groups must be made a mini-
mum in order to reduce undesirable delay times in the system. The smaller this cross-
coupling, the smoother the flow of work signals and materials will be.

A business system is a closed-loop system. A good design will reduce the manage-
rial control required. Note that disturbances in this system are the lack of personnel or
materials, interruption of communication, human errors, and the like.

The establishment of a well-founded estimating system based on statistics is manda-
tory to proper management. (Note that it is a well-known fact that the performance of
such a system can be improved by the use of lead time, or anticipation.)

To apply control theory to improve the performance of such a system, we must rep-
resent the dynamic characteristic of the component groups of the system by a relatively
simple set of equations.

Although it is certainly a difficult problem to derive mathematical representations
of the component groups, the application of optimization techniques to business sys-
tems significantly improves the performance of the business system.

1-3 CLOSED-LOOP CONTROL VERSUS OPEN-LOOP CONTROL

i

Feedback control systems. A system that maintains a prescribed relation-
ship between the output and the reference input by comparing them and using the
difference as a means of control is called a feedback control system. An example would

PR
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be a room-temperature control system. By measuring the actual room tempera-
ture and comparing it with the reference temperature (desired temperature), the
thermostat turns the heating or cooling equipment on or off in such a way as to en-
sure that the room temperature remains at a comfortable level regardless of outside

b N

conditions.

Feedback control systems are not limited to engineering but can be found in vari-
ous nonengineering fields as well. The human body, for instance, is a highly advanced
feedback control system. Both body temperature and blood pressure are kept constant
by means of physiological feedback. In fact, feedback performs a vital function: It makes
the human body relatively insensitive to external disturbances, thus enabling it to func-
tion properly in a changing environment.

Closed-loop control systems. Feedback control systems are often referred to as
closed-loop control systems. In practice, the terms feedback control and closed-loop
control are used interchangeably. In a closed-loop control system the actuating error
signal, which is the difference between the input signal and the feedback signal (which
may be the output signal itself or a function of the output signal and its derivatives
and/or integrals), is fed to the controller so as to reduce the error and bring the output
of the system to a desired value. The term closed-loop control always implies the use of
feedback control action in order to reduce system error.

Open-loop control systems. Those systems in which the output has no effect on
the control action are called open-loop control systems. In other words, in an open-loop
control system the output is neither measured nor fed back for comparison with the in-
put. One practical example is a washing machine. Soaking, washing, and rinsing in the
washer operate on a time basis. The machine does not measure the output signal, that
is, the cleanliness of the clothes.

In any open-loop control system the output is not compared with the reference in-
put.Thus, to each reference input there corresponds a fixed operating condition;as a re-
sult, the accuracy of the system depends on calibration. In the presence of disturbances,
an open-loop control system will not perform the desired task. Open-loop control can
be used, in practice, only if the relationship between the input and output is known and
if there are neither internal nor external disturbances. Clearly, such systems are not
feedback control systems. Note that any control system that operates on a time basis is
open loop. For instance, traffic control by means of signals operated on a time basis is

another example of open-loop control.

Closed-loop versus open-loop control systems. An advantage of the closed-
loop control system is the fact that the use of feedback makes the system response
relatively insensitive to external disturbances and internal variations in system para-
meters. It is thus possible to use relatively inaccurate and inexpensive components to
obtain the accurate control of a given plant, whereas doing so is impossible in the
open-loop case.

From the point of view of stability, the open-loop control system is easier to build
because system stability is not a major problem. On the other hand, stability is a major
problem in the closed-loop control system, which may tend to overcorrect errors that

can cause oscillations of constant or changing amplitude.

-
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It should be emphasized that for systems in which the inputs are known ahead of
time and in which there are no disturbances it is advisable to use open-loop control.
Closed-loop control systems have advantages only when unpredictable disturbances
and/or unpredictable variations in system components are present. Note that the out-

put power rating partially determines the cost, weight, and size of a control system.

The number of components used in a closed-loop control system is more than that
for a corresponding open-loop control system. Thus, the closed-loop control system
is generally higher in cost and power. To decrease the required power of a system,
open-loop control may be used where applicable. A proper combination of open-loop
and closed-loop controls is usually less expensive and will give satisfactory overall
system performance.

1-4 DESIGN OF CONTROL SYSTEMS

Actual control systems are generally nonlinear. However, if they can be approximated
by linear mathematical models, we may use one or more of the well-developed design
methods. In a practical sense, the performance specifications given to the particular sys-
tem suggest which method to use. If the performance specifications are given in terms
of transient-response characteristics and/or frequency-domain performance measures,
then we have no choice but to use a conventional approach based on the root-locus
and/or frequency-response methods. (These methods are presented in Chapters 6
through 9.) If the performance specifications are given as performance indexes in terms
of state variables, then modern control approaches should be used. (These approaches
are presented in Chapters 11 through 13.)

While control system design via the root-locus and frequency-response approaches
is an ensgineering endeavor system desion in the context of modern control theory
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(state-space methods) employs mathematical formulations of the problem and apphes
mathematical theory to design problems in which the system can have multiple inputs
and multiple outputs and can be time varying. By applying modern control theory, the
designer is able to start from a performance index, together with constraints imposed

tha nAt+
on the system, and to proceed to design a stable system by a completely analytical pro-

cedure. The advantage of design based on such modern control theory is that it enables
the designer to produce a control system that is optimal with respect to the performance
index considered.

The systems that may be designed by a conventional approach are usually limited
to single-input-single-output, linear time-invariant systems. The designer seeks to sat-
isfy all performance specifications by means of educated trial-and-error repetition. Af-
ter a system is designed, the designer checks to see if the designed system satisfies all
the performance specifications. If it does not, then he repeats the design process by ad-
justing parameter settings or by changing the system configuration until the given spec-
ifications are met. Although the design is based on a trial-and-error procedure, the
ingenuity and know-how of the designer will play an important role in a successful de-
sign. An experienced designer may be able to design an acceptable system without us-

ing many trials.
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It is generally desirable that the designed system should exhibit as small errors as
possible in responding to the input signal. In this regard, the damping of the system
should be reasonable. The system dynamics should be relatively insensitive to small
changes in system parameters. The undesirable disturbances should be well attenuated.
[In general, the high-frequency portion should attenuate fast so that high-frequency
noises (such as sensor noises) can be attenuated. If the noise or disturbance frequencies
are known, notch filters may be used to attenuate these specific frequencies.] If the de-
sign of the system is boiled down to a few candidates, an optimal choice among them
may be made from such considerations as projected overall performance, cost, space,
and weight,

In what follows we shall briefly present the arrangements and contents of the book.

Chapter 1 has given introductory materials on control systems, Chapter 2 presents
basic Laplace transform theory necessary for understanding the control theory pre-
sented in this book. Chapter 3 deals with mathematical modeling of dynamic systems in
terms of transfer functions and state-space equations. This chapter includes discussions
of linearization of nonlinear systems. Chapter 4 treats transient-response analyses of
first- and second-order systems. This chapter also gives details of transient-response
analysis with MATLAB. Chapter 5 first presents basic control actions and then dis-
cusses pneumatic, hydraulic, and electronic controllers. This chapter also discusses
Routh’s stability criterion.

Chapter 6 gives a root-locus analysis of control systems. General rules for con-
structing root loci are presented. Detailed discussions for plotting root loci with MAT-
LAB are included. Chapter 7 deals with the design of control systems via the root-locus
method. Specifically, root-locus approaches to the design of lead compensators, lag
compensators, and lag-lead compensators are discussed in detail. Chapter 8 gives the
frequency-response analysis of control systems. Bode diagrams, polar plots, Nyquist sta-
bility criterion, and closed-loop frequency response are discussed. Chapter 9 treats con-
trol systems design via the frequency-response approach. Here Bode diagrams are used
to design lead compensators, lag compensators, and lag-lead compensators. Chapter 10
discusses the basic and modified PID controls. Topics included are tuning rules for PID
controllers, modifications of PID control schemes, two-degrees-of-freedom control, and

design considerations for robust control.

Chapter 11 presents basic materials for the state-space analysis of control systems.
The solution of the time-invariant state equation is derived and concepts of controlla-
bility and observability are discussed. Chapter 12 treats the design of control systems
in state space. This chapter begins with the pole-placement problems, followed by

the design of state observers, and concludes with the design of type 1 servo systems.
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and design of servo systems. Chapter 13, the final chapter, presents the Liapunov
stability analysis and the quadratic optimal control. This chapter begins with the Lia-
punov stability analysis. Then the Liapunov stability approach is used for designing
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model-reference control systems. Finally, quadratic optimal control problems are dis-
cussed in detail. Here the Liapunov stability approach is utilized to derive the Riccati
equation for quadratic optimal control. MATLAB solutions to quadratic optimal con-
trol problems are included.

The appendix summarizes background materials necessary for the effective use of
MATLAB. This appendix is specifically provided for those readers who are as yet un-

familiar with MATLAB.

EXAMPLE PROBLEMS AND SOLUTIONS

A-1-1. List the major advantages and disadvantages of open-loop control systems.

Solution. The advantages of open-loop control systems are as follows:

1. Simple construction and ease of maintenance.
2. Less expensive than a corresponding closed-loop system.
3. There is no stability problem.

4. Convenient when output is hard to measure or economically not feasible. (For example, in the
washer system, it would be quite expensive to provide a device to measure the quality of the
output, cleanliness of the clothes, of the washer.)

The disadvantages of open-loop control systems are as follows:

1. Disturbances and changes in calibration cause errors, and the output may be different from
what is desired.

2. To maintain the required quality in the ou

A-1-2. Figure 1-5(a) is a schematic diagram of a liquid-level control system. Here the automatic con-
troller maintains the liquid level by comparing the actual level with a desired level and correct-
ing any error by adjusting the opening of the pneumatic valve. Figure 1-5(b) is a block diagram
of the control system. Draw the corresponding block diagram for a human-operated liquid-level
control system.

Pneumatic
valve
\ Controller
[ Desired Actual
level i level
Inflow Controller » | Pneumatic ~| Water -
— valve tank
A
- Outflow Float |~
———————————— —_—
(a) (b)
Figure 1-5
(a) Liquid-level control system; (b) block diagram
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Desired Actual
level Brain »| Muscles | Water level
and valve tank
Figure 1-6 A
Block diagram of
human-operated
liquid-level control Eyes |-
system,
Solution. In the human-operated system, the eyes, brain, and muscles correspond to the sensor,
controller, and pneumatic valve, respectively. A block diagram is shown in Figure 1-6.

A-i- Anengineering organizational system is composed of major groups,such as management, research
and development, preliminary design, experiments, product design and drafting, fabrication and
assembling, and testing. These groups are interconnected to make up the whole operation.

The system may be analyzed by reducing it to the most elementary set of components neces-
sary that can provide the analytical detail required and by representing the dynamic characteris-
tics of each component by a set of simple equations. (The dynamic performance of such a system
may be determined from the relation between progressive accomplishment and time.)

Draw a functional block diagram showing an engineering organizational system.

Solution. A functional block diagram can be drawn by using blocks to represent the functional
activities and interconnecting signal lines to represent the information or product output of the
system operation. A possible block diagram is shown in Figure 1-7.
Required
product M —-— Research || Pretiminary ‘ EMUct L Fabrication ) Product
=1 Management and Hocion -{ Experiments design and and > Testing
development e drafting assembling
Figure 1-7

Block diagram of an engineering organizational system.
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B-1-1. Many closed-loop and open-loop control systems
may be found in homes. List several examples and de-
scribe them.

B-1-2. Give two examples of feedback control systems in
which a human acts as a controller.

B-1-3. Figure 1-8 shows a tension control system. Explain
the sequence of control actions when the feed speed is sud-
denly changed for a short time.
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B-1-4. Many machines, such as lathes, milling machines,
and grinders, are provided with tracers to reproduce the
contour of templates. Figure 1-9 shows a schematic diagram
of atracing system in which the tool duplicates the shape of
the template on the workpiece. Explain the operation of
this system.
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The Laplace Transform*

2-1 INTRODUCTION

The Laplace transform method is an operational method that can be used advanta-
geously for solving linear differential equations. By use of Laplace transforms, we can
convert many common functions, such as sinusoidal functions, damped sinusoidal func-
tions, and exponential functions. into algebraic functions of a complex variable s. Opera-
tions such as differentiation and integration can be replaced by algebraic operations in
the complex plane. Thus, a linear differential equation can be transformed into an alge-
braic equation in a complex variable s. If the algebraic equation in s is solved for the
dependent varniable, then the solution of the differential equation (the inverse Laplace
transform of the dependent variable) may be found by use of a Laplace transform table
or by use of the partial-fraction expansion technique, which is presented in Section 2-5.

An advantage of the Laplace transform method 1s that it allows the use of graphical
techniques for predicting the system performance without actually solving system dif-
ferential equations. Another advantage of the Laplace transform method is that, when
we solve the differential equation, both the transient component and steady-state com-
ponent of the solution can be obtained simultaneously.

Outline of the chapter. Section 2-1 presents introductory remarks. Section 2-2
briefly reviews complex variables and complex functions. Section 2-3 derives Laplace

*This chapter may be skipped if the student is already familiar with Laplace transforms.
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transforms of time functions that are frequently used in control engineering. Section 24
presents useful theorems of Laplace transforms, and Section 2-5 treats the inverse
Laplace transformation. Section 2-6 presents the MATLAB approach to obtain partial-
fraction expansion of B(s)/A(s), where A(s) and B(s) are polynomials in s. Finally, Sec-
tion 2-7 deals with solutions of linear time-invariant differential equations by the
Laplace transform approach.

2-2 REVIEW OF COMPLEX VARIABLES

14

AND COMPLEX FUNCTIONS

Before we present the Laplace transformation, we shall review the complex variable
and complex function. We shall also review Euler’s theorem, which relates the sinu-
soidal functions to exponential functions.

Amnenlaes o Ll A . i
Complex variable. A complex number has a real part and an imaginary part, both

of which are constant. If the real part and/or imaginary part are variables, a complex
number is called a complex variable. In the Laplace transformation we use the notation
s as a complex variable; that is,

§s=0+ jw

where o is the real part and w is the imaginary part.

Complex function. A complex function F(s), a function of s, has a real part and
an imaginary part or

F(s) = F, + jF,

where F; and F, are real quantities. The magnitude of F(s) is VF 2+ F; 2 and the angle
0 of F(s) is tan—1(F,/ FI) The angle is measured counterclockwise from the positive real
axis. The complex conjugate of F(s) is F(s) = Fx — jF,.

Complex functions commonly encountered in linear control systems analysis are
single-valued functions of s and are uniquely determined for a given value of 5.

A complex function G(s) is said to be analytic in a region if G(s) and all its deriva-
tives exist in that region. The derivative of an analytic function G(s) is given by

d G(s + As) — G(s) _ .. AG

— G = lim 1
(s) = Als—>0 As A?EO As

Since As = Ao+ jAw, As can approach zero along an infinite number of different paths.
It can be shown, but is stated without a proof here, that if the derivatives taken along
two particular paths, that is, As = Ao and As = jAw, are equal, then the derivative is
unique for any other path As = Ao + jAw and so the derivative exists.

For a particular path As = Ao (which means that the path is on the real axis),

d 1‘11 L {AGX AG}'\ aGy
ds (S)_Alclglo\Aa tJ Aa} ao T80
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For another particular path As = jAw (which means that the path is on the imagi-
nary axis),

JiG(s) -~ im (AGX +],AGy\ _ _;%G. , AG,

ds jdw—0 \ JAw 7 jAw / " dw ow

If these two values of the derivative are equal,
oG, .9G, aG, oG

Jdo do ow dw
or if the following two conditions
oG, _9G, . 3G, __ G,
do dw Jdo dw

are satisfied, then the derivative dG(s)/ds is uniquely determined. These two conditions
are known as the Cauchy-Riemann conditions. If these conditions are satisfied, the
function G(s) is analytic.

As an example, consider the following G(s):

G(s) = s_:l-_l
Then
G(a+jw)=~—_1—-—=Gx+jG
o+ jo +1 Y
where
og+1 —w

and

GJ‘=(0+1)2+a)2 Gy=(0+1)2+w2

It can be seen that, except at s = —1 (thatis,o = —1,w = 0), G(s) satisfies the Cauchy-
Riemann conditions:

3G, 08G, o*— (0+ 1)

X

do v [0+ 1)+ o

3G, _ 3G, _  2w(o+1)
da dw  [(o+ 1) + 0
Hence G(s) = 1/(s + 1) is analytic in the entire s plane except at s = —1.The derivative
dG(s)/ds, except at s = 1, is found to be
d ooy = 3G, . .8G, 3G, 3G,
s V7 a0 o dw 7 ow

1
_0+'a)+12__s+12
]

Note that the derivative of an analytic function can be obtained simply by differentiat-
ing G(s) with respect to s. In this example,

Section2-2 / Review of Complex Variables and Complex Functions 15
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fi( 1 \_ 1
- 2
ds\s+1/ (s+1)

Points in the s plane at which the function G(s) is analytic are called ordinary points,

while points in the s plane at which the function G(s) is not analytic are called singular

points. Singular points at which the function G(s) or its derivatives approach infinity
are called poles. In the previous example, s = —1 is a singular point and is a pole of the
function G(s).

If G(s) approaches infinity as s approaches —p and if the function

G(s)(s + p)", forn=1,2,3,...

has a finite, nonzero value ats = —p,thens = —piscalled a pole of order n.Ifn = 1,the
poleis called asimple pole.Ifn = 2,3, ... ,the poleiscalled a second-order pole, a third-
order pole, and so on. Points at which the function G(s) equals zero are called zeros.

To illustrate, consider the complex function

K(s + 2)(s + 10)

G(s) = : — ——
os(s + D(s + S)(s + 15)°
G(s) has zeros at s = —2, s = —10, simple poles at s = 0,s = —1,5s = —5,and a double
pole (multiple pole of order 2) ats = —15. Note that G(s) becomes zero at s = . Since
for large values of s
K
G(s) ==
(s) &

G(s) possesses a triple zero (multiple zero of order 3) at s = «. If points at infinity
are included, G(s) has the same number of poles as zeros. To summarize, G(s) has
five zeros (s = —2,5 = —10, 5 = o, 5 = o, 5 = ) and five poles (s = 0,s = -1,s = -5,
s=—155=—15).

Fuler’s theorem. The power series expansions of cos & and sin 6 are, respectively,
P ,TESP

D nd nA
g & °
COSB=1—2—!+Z-—5+"'
) e o @
51119—9—54-5—%-{-"'
And so
o . Goy . 4o’ . (¢6* .,
cos@ +jsinf =1+ (jo) + Y + 3 + 2l +
Since
xx X
ef=1+x+++
2! 3!
we see that
cos @ + jsin = e (2-1)
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This is known as Euler’s theorem.
By using Euler’s theorem, we can express sine and cosine in terms of an exponen-
tial function. Noting that e~/ is the complex conjugate of e/® and that

e/ = cos@ + jsin

e/ =cosf —jsin 6

we find, after adding and subtracting these two equations, that
1 i9 —jo
cos = — (e + e /%) (2-2)
2
L o_ e
sin 8 = — (e/V — 277%) (2-3)
AT e ") \&=3)

2-3 LAPLACE TRANSFORMATION

We shall first present a definition of the Laplace transformation and a brief discussion
of the condition for the existence of the Laplace transform and then provide examples
for illustrating the derivation of Laplace transforms of several common functions,

Let us define

f(#) = afunction of time ¢ such that f(r) = Ofort <0

s = a complex variable

& = an operational symbol indicating that the quantity that it prefixes
is to be transformed by the Laplace integral [T e ¥ dt
F(s) = Laplace transform of f(z)
Then the Laplace transform of f(¢) is given by
L) = F) = [ i) = | foe
0

The reverse process of finding the time function f(7) from the Laplace transform F(s) is
called the inverse Laplace transformation. The notation for the inverse Laplace trans-
formation is £-1, and the inverse Laplace transform can be found from F{(s) by the fol-
lowing inversion integrai:

c+jo

L7F(s)] = f() = 2%[] F(s)e'ds, fort>0 (2-4)
where ¢, the abscissa of convergence, is a real constant and is chosen larger than the real
parts of all singular points of F(s). Thus, the path of integration is parallel to the jo axis
and is displaced by the amount ¢ from it. This path of integration is to the right of all
smmllar nmntq

Evaluatlng the inversion integral appears complicated. In practice, we seldom use
this integral for finding f(¢). There are simpler methods for finding f (). We shall discuss
such simpler methods in Section 2-5.
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It is noted that in this book the time function f(¢) is always assumed to be zero for
negative time; that is,

fiy=0, fort<0

Existence of Laplace transform. The Laplace transform of a function f(¢) exists
if the Laplace integral converges. The integral will converge if f(7) is sectionally continu-
ous in every finite interval in the range ¢ > 0 and if it is of exponential order as t ap-
proaches infinity. A function f(f) is said to be of exponential order if a real, positive
constant o exists such that the function

e | fir)

approaches zero as t approaches infinity. If the limit of the function e~ £ (t)| approaches
zero for o greater than o, and the limit approaches infinity for o less than o, the value o;
is called the abscissa of convergence.
For the function f(f) = Ae
lim e |Ae |
t—00
approaches zero if o > —a. The abscissa of convergence in this case is 0. = —a. The in-
tegral o f(f)e~ dt converges only if o, the real part of s, is greater than the abscissa of
convergence o.. Thus the operator s must be chosen as a constant such that this inte-
gral converges.
In terms of the poles of the function F(s), the abscissa of convergence o, corresponds
to the real part of the pole located farthest to the right in the s plane. For example, for
the following function F(s),

K(s + 3)
(s + I)(s + 2)

Hs) =

the abscissa of convergence o, is equal to —1. It can be seen that for such functions as
t, sin wt, and ¢ sin wt the abscissa of convergence is equal to zero. For functions like e~¢,
te—<t, e~<isin wt, and so on, the abscissa of convergence is equal to —c¢. For functions that
increase faster than the exponential function, however, it is impossible to find suitable
values of the abcissa of convergence. Therefore, such functions as e’ and te”’ do not pos-
sess Laplace transforms.

The reader should be cautioned that although e (for 0 < t < ») does not possess a
Laplace transform, the time function defined by
f(t)=e’2, for0=r=T <

O,

fort <0, T<t

a Lanl

a LAy

d ace transform since f(t) = e’ for only a limited time interval
0 < t = Tand not for 0 = 7 < o, Such a signal can be physically generated. Note that the
signals that we can physically generate always have corresponding Laplace transforms.

If a function f(t) has a Laplace transform, then the Laplace transform of Af(r), where

A is a constant, is given by

LlAfin] = AZ[f(1)]
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This is obvious from the definition of the Laplace transform. Similarly, if functions fi(¢)
and f(#) have Laplace transforms, then the Laplace transform of the function

fi(®) + f>(¢) is given by

Again the proof of this relationship is evident from the definition of the Laplace
transform.

In what follows, we derive Laplace transforms of a few commonly encountered
functions.

Exponential function. Consider the exponential function
flo =0, fort <0
= Ae ¥, fort=0

where A and « are constants. The Laplace transform of this exponential function can be
obtained as follows:

A
s+ a

F[Ae ] = f Ae e M dt = Af e et gt =
0 0

It is seen that the exponential function produces a pole in the complex plane.

In deriving the Laplace transform of f(f) = Ae-, we required that the real part of
s be greater than —a (the abscissa of convergence). A question may immediately arise
as to whether or not the Laplace transform thus obtained is valid in the range where
0 < —a in the s plane. To answer this question, we must resort to the theory of com-
plex variables. In the theory of complex variables, there is a theorem known as the an-
alytic extension theorem. It states that, if two analytic functions are equal for a finite
length along any arc in a region in which both are analytic, then they are equal every-
where in the region. The arc of equality is usually the real axis or a portion of it. By us-
ing this theorem the form of F(s) determined by an integration in which s is allowed to
have any real positive value greater than the abscissa of convergence holds for any
complex values of s at which F{(s) is analytic. Thus, although we require the real part of
s to be greater than the abscissa of convergence to make the [; f(#)e~* dt absolutely
convergent, once the Laplace transform F(s) is obtained, F(s) can be considered valid
throughout the entire s plane except at the poles of F(s).

Step function. Consider the step function
fvy =0, fort <0
=A, fort>0

where A is a constant. Note that it is a special case of the exponential function Ae~,

where a = 0. The step function is undefined at ¢ = 0. Its Laplace transform is given by
" Ao dt = A

s

In performing this integration, we assumed that the real part of s was greater than
zero (the abscissa of convergence) and therefore that lim/.- e=* was zero. As stated
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earlier, the Laplace transform thus obtained is valid in the entire s plane except at the
pole s = 0.

The step function whose height is unity is called uniz-step function. The unit-step
function that occurs atz = fois frequently written as 1(z — ). The step function of height
A that occurs at ¢ = 0 can then be written as f(¢) = A1(¢). The Laplace transform of the
unit-step function, which is defined by

1
I{s) =

=

=1, fort >0

is 1/s, or

@r1enl =
L))

1
5

Physically, a step function occurring at ¢ = 0 corresponds to a constant signal suddenly
applied to the system at time ¢ equals zero.

= At, fort =0

where A is a constant. The Laplace transform of this ramp function is obtained as

e

* Ae™
- f dt
0 o S

—st

S[At] = f Ate " dt = At
0

A A
=— F evdt=—
s Jo 5

-8

Sinusoidal function. The Laplace transform of the sinusoidal function

f(ny =0, fort <0

= A sin wt

, fort =0

where A and w are constants, is obtained as follows. Referring to Equation (2-3), sin wf
can be written

1 . .
sin wt = — (e/ — e7¥)
4]

Hence 4
$[A sin wtf] = = f (e’ — e )e ™ dt
% Jy

;
A 1 A 1 Aw

. s - 1 2 . 1 PORT "~
Similarly, the Laplace transform of A cos wf can be derived as follows
¥[A cos wt] = As
52 + w?
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Figure 2-1
Function f{)1(¢) and
translated function

fit = o)1t — a).

Comments. The Laplace transform of any Laplace transformable function f(¢) can
be found by multiplying f(f) by e~ and then integrating the product fromt¢ = 0tot = .
Once we know the method of obtaining the Laplace transform, however, it is not neces-
sary to derive the Laplace transform of f(¢) each time. Laplace transform tables can con-

U n B o A e o

veniently be used to find the transform of a given function f(r). Table 2-1 shows Laplace
transforms of time functions that will frequently appear in linear control systems analysis.

In the following discussion we present Laplace transforms of functions as well
as theorems on the Laplace transformation that are useful in the study of linear con-
trol systems.

Translated function. Let us obtain the Laplace transform of the translated func-
tion f(t — a)1(t — a), where a = 0. This function is zero for ¢ < a.The functions f(£)1(¢)
and f(t — a)1(t — a) are shown in Figure 2-1.

By definition, the Laplace transform of f(t — a)1(t — a) is

ZLIfit — )1t — )] = f flt — o)1t — a)e ™ dt
0
By changing the independent variable from ¢ to 7, where T = t — «, we obtain
f flt — a)1(t — a)e™ dt = f f(D)1(v)e "+ g
0 —a

Since in this book we always assume that f(#) = Ofor¢ < 0, f(t)1(z) = 0fort < 0. Hence
we can change the lower limit of integration from —a to 0. Thus

fw f(T)l(T)e‘S(rﬂz) dt = fw f(r)l(r)e—s(r+a) dt

rOO
f(m)e e “ dr

= JO

=" fw f(D)e " drv = e “F(s)
where
R = (0] = | " fe e

And so
E[f(t — a)l(t — @)] = e”*F(s), fora=0

fin 1@ fo-a)l(t-a)
A A

~ A~
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Table 2-1 Laplace Transform Pairs
fn) F(s)
1 Unit impulse 6(7) 1
. 1
2 Unit step 1(2) =
1
3 t 2
4 et (n=123,..) 1
(n - 1) 5"
!
5 f =1,2,3,..) S',f;l
1
6 e—at T+ a
—at 1
! e (s + ay?
9 _ L plem (n=1,2,3,..) 1
(n— 1! (s + a)
n!

9 t"e®  (n=123,..)) G+
10 sin wt 2 fwz
11 cos wt 2 _: )
12 sinh wt 2 iu )

s
13 cosh wt Ep
1 —at 1
(1 —e
1 a ) s(s + a)
1 —at —br 1
e —e
= b—a( ) (s +a)s+ b)
16 1 (be—bt —_ ae—at) s
b—a (s + a)(s + b)
_1_ [ 1 —at —bt —| 1
17 abL1+a—b(be — ae )J 56 A + b)
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Table 2-1 (Continued)

1
1

1
1

18 1—e - ate™ _
a’ ( ) s(s + a)?
1 1
19 —(at—1+e* _
a ( ) s:s + a)
w
—~al .3 A
20 e “sin wt (s + a)2 + o?
S+ a
—al -—_
21 e “ cos wt (s + a)2 + w?
22 _ O tentging V1-— &t @,
V1-& 8 5?2 + 2w, s + @?
1 —twt
— e "'sin (0, V1 - 21— ¢
. Vi-o ( g ) i
V1- 2 s* + 2tw,s + o,
¢ =tan 'l —————
g
1 _ )
1 — ———e % 'sin(w, V1 - g2t +
" Vi1 - g2 ( ¢ ?) w?
V1 =22 s(s? + 2law,s + @?)
¢ = tan g [ n n
o
2
w
25 -
1 — cos wt s(s’- N ,uz)
3
w
26 t — sin wt
@ @ 52(s? + 0?)
3
27 sin wt — wt cos wt — 20 ——
(s° + w)*
1 S
28 Ztsm wt (Sz N wz)z
§2 — o2
29 t I§ —
cos @ 2+ a?)
s
-+ _ 2 2
30 g w% (cos wyt — cos w,t) (w] # w3) (2 + o) (s> + cu%)
1 . 5
31 o (sin wt + wt cos wl)

[\S)
W



This last equation states that the translation of the time function f(r)1(r) by a (where
a = 0) corresponds to the multiplication of the transform F(s) by e-.

Pulse function. Consider the pulse function

fle) =

, for0<t<y,

L s

forr<0,f <t
where A and # are constants.
The pulse function here may be considered a step function of height A/ that begins

att = 0 and that is superimposed by a negative step function of height A/t beginning at
t = Ip; that is,

fy =— 1(t) - 21¢ - 1)

Iy
Then the Laplace transform of f(r) is obtained as

LA = gF 1(:)J - .s.e{é 1 — zO)J
Iy Iy

_A A .
IS 1yS
A

= — 1 — 5 2_
L= (2-5)

Impulse function. The impulse function is a special limiting case of the pulse
function. Consider the impulse function

A
g(t) = lim —, for0<r<iy,
= (, fort<0,1,<t

4+l o
L11C

ale o Ll e 2o s dla o e

DIHCC IHC llClg[ll OI l.[lC lmpumc ll.lIlLLIUIl lb A/[O d.Il(.l tne auration is Ip, (€ arca uuucx
impulse is equal to A. As the duration 5 approaches zero, the height A/fo approaches in-
finity, but the area under the impulse remains equal to A. Note that the magnitude of
the impulse is measured by its area.

Referring to Equation (2-5), the Laplace transform of this impulse function is
shown to be

ZL[g(r)] = lim [A 1 - e_S‘O)]

Thus the Laplace transform of the impulse function is equal to the area under the
impulse.
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The impulse function whose area is equal to unity is called the unit-impulse function
or the Dirac delta function. The unit-impulse function occurring at ¢ = f is usually de-
noted by d(z — ). (¢t — 1) satisfies the following;

It should be mentioned that an impulse that has an infinite magnitude and zero du-
ration is mathematical fiction and does not occur in physical systems. If, however, the
magnitude of a pulse input to a system is very large and its duration is very short com-
pared to the system time constants, then we can approximate the pulse input by an im-
pulse function. For instance, if a force or torque input f(¢) is applied to a system for a
very short time duration, 0 <t < fy, where the magnitude of f(¢) is sufficiently large so
that the integral [7 f(¢) dt is not negligible, then this input can be considered an impulse
input. (Note that when we describe the impulse input the area or magnitude of the im-
pulse is most important, but the exact shape of the impulse is usually immaterial.) The
impulse input supplies energy to the system in an infinitesimal time.

The concept of the impulse function is quite useful in differentiating discontinuous
functions. The unit-impulse function d(z — %) can be considered the derivative of the
unit-step function 1(t — t) at the point of discontinuity ¢ = fp or

ot — ty) = % 1(t — 1)

AT il s1emit_remenrilon Frimadi e o itmtnsvatad tha eaoe 1t ig thha 11mit_gtaen

CUIIVCIDCly’, iI 1€ unit- lll.l.l)l:llbc 1Uncuon U\L - LU) is uucsi alc , il c u:buu D LG ulllL'DLU}J
function 1(r — fo). With the concept of the impulse function we can differentiate a func-
tion containing discontinuities, giving impulses, the magnitudes of which are equal to
the magnitude of each corresponding discontinuity.

Muitiplication of f(f) by e~=.. If f(r) is Laplace transformable, its Laplace trans-
form being F(s), then the Laplace transform of e-«f{r) is obtained as

Lle ' f(H)] = fo i e “f(He *dt = F(s + ) (2-6)

We see that the multiplication of f(¢) by e~ has the effect of replacing s by (s + a)
in the Laplace transform. Conversely, changing s to (s + @) is equivalent to multiplying
f(r) by e~ (Note that a may be real or complex.)

The relationship given by Equation (2-6) is useful in finding the Laplace transforms

of such functions as e~ sin wt and e~ cos wt. For instance, since

—w.. ANeAiwra Sazi W Kaiike L LS. A WAL ARZAONRALNNY, Daaawe

$[sin wit] = -L = F(s), Flcos w] = % = G(s)
§° + 0t - B s+ w* e

it follows from Equation (2-6) that the Laplace transforms of e~ sin wt and e~ cos wt
are given, respectively, by
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(o]

)
(s + o) + &*

Lle*sinwt] = F(s + a) =

s+ a
(s + a) + &*

Ple* coswt] = G(s + a) =

Change of time scale. In analyzing physical systems, it is sometimes desirable to
change the time scale or normalize a given time function. The result obtained in terms
of normalized time is useful because it can be applied directly to different systems hav-
ing similar mathematical equations.

If ¢ is changed into t/a, where a is a positive constant, then the function f(¢) is
changed into f(¢/a). If we denote the Laplace transform of f(¢) by F(s), then the Laplace
transform of f(#/a) may be obtained as follows:

il
sz[f(é)] = [ Awpem dgar)

or

As an example, consider f(¢) = e~ and f(#/5) = =02 We obtain

s+ 1

E(f(n)] = Le™'] = F(s) =

Hence

()] = speva = spesy = =
L \5 /J 55+ 1
This result can be verified easily by taking the Laplace transform of e-02 directly as
follows:

1 5
s+02 5s+1

]

SB[E-G' i] —

Comments on the lower limit of the Laplace integral. Insome cases, f(z) pos-
sesses an impulse function at ¢ = 0. Then the lower limit of the Laplace integral must be
clearly specified as to whether it is 0— or 0+, since the Laplace transforms of f(f) differ
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or these two lower limits. If such a distinction of the lower limit of the Laplace integral
is necessary, we use the notations

L.[f)] = [ fleye™ dt

If f(¢) involves an impulse function at ¢ = 0, then

£, (0] # £_[f(1)]

o ~n

QIEILC

0+
e dt # 0

0_
for such a case. Obviously, if f(¢) does not possess an impulse function at ¢ = 0 (that is,
if the function to be transformed is finite between ¢ = 0— and ¢ = 0+ ), then

E[A0] = £_[f(D)]

2-4 LAPLACE TRANSFORM THEOREMS

This section presents several theorems on Laplace transformation that are important in
control engineering.

Real differentiation theorem. The Laplace transform of the derivative of a func-
tion f(r) is given by

sz[d% f(t)] = SF(s) = f(0) @-7)

where f(0) is the initial value of f(¢) evaluated at r = Q.

For a given function f(z), the values of f(0+) and f(0—) may be the same or differ-
ent, as illustrated in Figure 2-2. The distinction between f(0+) and f(0—) is important
when f(¢) has a discontinuity at z = 0 because in such a case df(r)/dt will involve an im-
pulse function at t = Q. If f(ﬂ+\ * f(ﬂ \ FEauation (7—7\ must be modified to

S5 Lsiiwvinsaiin by e b et A1 UG ML ANNIG

£, :i;f(t) = sF(s) — f(0+)

£ iﬂ\t) = sF(s) — f(0—)
dt

To prove the real differentiation theorem, Equation (2-7), we proceed as follows.
Integrating the Laplace integral by parts gives
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Figure 2-2

Step function and
sine function indicat-
ing initial values at
t=0-andt=0+.

28

FONY BiGNY
fO+)

£0-) fo- | fro +)\
pN 2

-

Y

NV

Hence

ri =1+ [ f(t)]
It follows that

r d 1
&[5 0] = ) = 70

Similarly, we obtain the following relationship for the second derivative of f{(1):

where f(0) is the value of df(¢)/dt evaluated at t = 0.To derive this equation, define

< 0 = 80
Then

d* d
ff[d—tz f(t)] = SE[“ g(f)] = sZ[g(n] — &(0)

= SEB[ f(t)J £(0)
= §’F(s) — sf(0) — f(0)

Similarly, for the nth derivative of f(¢), we obtain

d : (n=2)  (n—1)
3{@f(¢)J = §"F(s) — s"7'f(0) — s"*f(0) — - -+ — sf0) — f0)
where £(0), £0),. .., "f(%) represent the values of f(¢), df (¢9)/de, . .., dv 1f (t)/dtn—],

respectively, evaluated at 7= 0. If the distinction between £, and .§£_ is necessary,
we substitute ¢ = 0+ or ¢t = 0— into f(¢), df(¢)/dt, . .., d"=If(¢)/dt"~1, depending on

whether we take &£, or $£-.

Note that, in order for Laplace transforms of derivatives of f(¢) to exist, df(f)/dt"

(n=1,2,3,...) must be Laplace transformable.

Note also that, if all the initial values of f(¢) and its derivatives are equal to zero, then

the Laplace transform of the nth derivative of f(¢) is given by s*F(s).
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EXAMPLE 2-1

Consider the cosine function.

g(t) =0, fort<0
= COSs wt, fort=0
The Lanlace transform of this cosine function can be obtained directlv as in the case of the sinu-

apialt -- UL R LAY 232 AL e

soidal function cons;dered earlier. The use of the real dlfferentxatlon theorem, however, will be
demonstrated here by deriving the Laplace transform of the cosine function from the Laplace
transform of the sine funciion. iIf we define

) =0, fort <0
= sin wt, fort=0
then
ZL[sin wt] = F(s) = Tl

The Laplace transform of the cosine function is obtained as
\l 1

i

Z[cos wt] = Si’ri /-{i sinwt || = —[sF(s) — A0)]
Lol

N N P
w|s? + & 2 + w?

Final-value theorem. The final-value theorem relates the steady-state behavior
of f(¢) to the behavior of sF(s) in the neighborhood of s = 0. This theorem, however,
applies if and only if lim,.« f(¢) exists [which means that f(¢) settles down to a definite
value for t — o]. If all poles of sF(s) lie in the left half s plane, lim,_,» f(¢) exists. But if

¢Fi(¢) has nolesg on the imaginarv axis or in the rig hf half ¢ nlane f‘(r\ will contain oscil-

FA D) RG0S PUAVD WL LA LAI‘“bLLL“AJ QS i o211 il v ALGEL O PRGLIN, F Y Viid WASIIe{RANl WAOWAL

lating or exponentially increasing time functlons, respectlvely, and hmt_,oo f(¢) will not
exist. The final-value theorem does not apply in such cases. For instance, if f(¢) is the
sinusoidal function sin wt, sF(s) has poles at s = *jw and lim,.,~ f(¢) does not exist.
Therefore, this theorem is not applicable to such a function

Tho final_valiia tha r lha tad ag Fallaweg TF £
111\.1 Llllal Valu\-« Lll\'ul \'lll l.lla.y U\-« Dla‘_\'u A LULINYYD, 11 J \L} ALIW uJ \

e

lim f(¢) = lim sF(s)
o s—0

To prove the theorem, we let s approach zero in the equation for the Laplace trans-
form of the derivative of f(r) or

lo o]

im [ |2 fo|e de = tim [sF(s) — 70)]
dt s—0

s—0 Jy

Since lim,_0 e’ = 1, we obtain

= lim sF(s) — f(0)

s—0

M
w0

memlm s T el A P

[ 7/ ™
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EXAMPLE 2-2

from which

f(z) = lim f(t) = lim sF(s)

The final-value theorem states that the steady-state behavior of f(r) is the same as
the behavior of sF(s) int the neighborhood of s = 0.Thus, it is possible to obtain the value
of f(¢) at t = = directly from F(s).

Given
1
I Ar F(s) = ——
A0 = F6) = 5
what is lim;» f(£)?
Since the pole of sF(s) = 1/(s + 1) lies in the left half s plane, lim,.. f(¢) exists. So the final-

value theorem is applicable in this case.

1 = =i —s—-=' =
mﬂ>ﬁ>ﬂw@k%@) iy !

f(t) =1-¢"f fort=0

Initial-value theorem. The initial-value theorem is the counterpart of the fi-
nal-value theorem. By using this theorem, we are able to find the value of f(z) at
t = 0+ directly from the Laplace transform of f(r). The initial-value theorem does
not give the value of f(r) at exactly t = 0 but at a time slightly greater than zero.

The initial-value theorem may be stated as follows: If f(¢) and df(¢)/dt are both
Laplace transformable and if lim,« sF(s) exists, then

To prove this theorem, we use the equation for the £ transform of df(r)/dt:

L ﬂr)] = sF(s) ~ f0+)
For the time interval 0 + <t <o ass approaches infinity, e~ approaches zero. (Note
that we must use £+ rather than £ _ for this condition.) And so

lim fm [i f(t)] e *dt = lim [sF(s) — (0+)] =0

s Jo+ L J 50

or

A0+) = lim sF(s)
S0
In applying the initial-value theorem, we are not limited as to the locations of the
poles of sF(s). Thus the initial-value theorem is valid for the sinusoidal function.
It should be noted that the initial-value theorem and the final-value theorem provide
a convenient check on the solution, since they enable us to predict the system behavior

tha a A~
in the time domain without actua"y transfuumng functions in s back to time functions.
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Real-integration theorem. If f(¢) is of exponential order, then the Laplace trans-
form of [ f(t) dt exists and is given by

sg[ ) d:] il ES) L O (2-8)

A

where F(s) = Z[f(¢t)] and f1(0) = [ f(¢) dt, evaluated at ¢t = 0.
Note that if f(¢) involves an impulse function att = 0, then f~1(0+) # f~1(0—).So if
f(t) involves an impulse function at t = 0, we must modify Equation (2-8) as follows:

¥, f (1) de _F gs) i _]§0+)
Fs) | £70-)
2 J fityder| = ; + S

The real-integration theorem given by Equation (2-8) can be proved in the follow-
ing way. Integration by parts yields

r - 1 v [ A 1
ggl J 10 dtJ - J [ J (1) dzJeff dt
e—Sl *
:[ 10 dt] | -

1
=;fﬂomr%

A S

| " fe de

and the theorem is proved.
We see that integration in the time domain is converted into division in the s do-

main. If the initial value of the integral is zero, the Laplace transform of the integral of
f( ‘ 'IS g'l‘lﬂl‘} b:y] F{C\/S

The preceding real-integration theorem given by Equation (2-8) can be modified
slightly to deal with the definite integral of f(¢). If f(¢) is of exponential order, the

Laplace transform of the definite integral [{ f(¢) dt is given by

”frﬂ\’l nn o
[ ) J) at J = (2-9)

where F(s) = £[f(1)]. This is also referred to as the real-integration theorem. Note that
if f(¢) involves an impulse function at ¢ = 0 then [}, f(z) dt # [}, f(1) dt, and the fol-
lowing distinction must be observed:

0+

| [ soar) =200
| ~0+ ] §

e | [ feya| = L0
Jo— S
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To prove Equation (2—9) first note that

Noting that f~-1(0) is a constant so that

o) = 8

we obtain

A $ A}

g“ 0 dr] - Fff) OO FE)
0

Complex-differentiation theorem. If f(¢) is Laplace transformable, then, except

at poles of F(s),
Htf () = 5 F)

where F(s) = £[f(t)]- This is known as the complex-differentiation theorem. Also,
2

LPF@)] = 53 FO)
In general,
L)) = (— 1)" F(s) forn=1,2,3,...

To prove the complex-differentiation theorem, we proceed as follows:

i) = [ efoe de = - O ey ar

A re A
—__“ Ne 5 dt = _iF
gs ), JO dt = =4 FGS)
Hence the theorem. Similarly, by defining #f(f) = g(t), the result is
Ertzr/l\1 — El":rl' /I\'l — _i G/A\ — _i [_i rlg\—l
)] U4 o ) dsl_ ds 1)
2 d'2
= (=12 — F(s) = — F
(-1) ds? (s) ds? (s)
o



L"f(D] = (-1)" %F(s), forn=1,2,3,...

Convolution integral. Consider the Laplace transform of

fo £ = D) de

This integral is often written as

fi(®) * £
The mathematical operation fi(f)*f2(¢t) is called convolution. Note that if we put
f— »=— £ than
& v T b’ LiiniE
t 0
[ 1= 0@ de = [ fohe - o a
0 t
4
= [ -y ar
Jo
Hence

LD £(0) = f fi(t = Df(r) de

- f @t~ 1) de
— A0

If fi(r) and f>(f) are piecewise continuous and of exponential order, then the Laplace
transform of

L £t = D) dr

can be obtained as follows:

SB[ L tf1(t — D)f(7) df] = Fi(s)Fy(s) (2-10)

where
Fy(s) = f T fe dt = LI0)

E (o)
42\

== (mf £\ _SEdt; S_B[f
To prove Equation (2-10) note that fi(t — 7)1(t — 7) = 0 for 7 > z. Hence

[2,2]

[ - op@ar= [ fie- 016 - DA dr

1] +0

3
H
3
o
"3
3
-
3
o
G
@
3
S
[
[



Then
[t

sfz[ JO At = D7) dr] — sﬁ[ J A = DL = D)fy(T) dr]

= fo e‘“[ °Ofl(t — D1 — 1)fo(7) dt] dt

Substituting ¢ — v = A in this last equation and changing the order of integration, which
is valid in this case because fi(t) and f2(¢) are Laplace transformable, we obtain

§£[£fl(t = 1)f5(7) dt} = J{mfl(t - Dl(t — 1)e ¥ dt J{jfz(r) dt

0

- f T (Rt da j h@)de

f](/l)e‘” di J fi(r)e" dr
= Fl(S)Fz(S)

This last equation gives the Laplace transform of the convolution integral. Conversely,
if the Laplace transform of a function is given by a product of two Laplace transform
functions, F1(s)F2(s), then the corresponding time function (the inverse Laplace trans-
form) is given by the convolution integral f1(2)*f2(t).

Laplace transform of product of two time functions. The Laplace transform
of the product of two Laplace transformable functions f(¢) and g(¢) can be given by

Lf0p0) = 5= [ FR)G6 -~ p)dp @-11)
c—joo

To show this, we may proceed as follows: The Laplace transform of the product of
f(?) and g(¢) can be written as

Ffne®] = | fvge™ d (2-12)

I-—1

1 {'c+]'°°
fit) = — F(s)e™ ds, forz>0

where ¢ is the abscissa of convergence for F(s). Thus,

o c+]'oo

Hf0s0) = 5= | | Foyerdp gwe s

] Jo Je—jos
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Because of the uniform convergence of the integrals considered, we may invert the or-
der of integration:

,-C+Jioo )

i
4 = J F(p)d J e 6P dy
[f 277 ). (p) dp X g(®)
Noting that
| steerar= a6 - p)
0
we obtain
1 c+joe
L fHg)] = - F(p)G(s — p)dp (2-13)

Summary. Table 2-2 summarizes properties and theorems of the Laplace trans-
forms. Most of them have been derived or proved in this section.

2-5 INVERSE LAPLACE TRANSFORMATION

As noted earlier, the inverse Laplace transform can be obtained by use of the inversion
inteoral given hy pnnnhnn (24 However the inversion inteoral is complicated and,

integral given by Equation (2-4). However, the inversion integral is complicated and,
therefore, its use is not recommended for finding inverse Laplace transforms of com-
monly encountered functions in control engineering.

A convenient method for obtaining inverse Laplace transforms is to use a table
of Laplace transforms. In this case, the Laplace transform must be in a form imme-
diately recognizable in such a table. Quite often the function in question may not ap-
pear in tables of Laplace transforms available to the engineer. If a particular transform
F(s) cannot be found in a table, then we may expand it into partial fractions and write
F(s) in terms of simple functions of s for which the inverse Laplace transforms are al-
ready known.

Note that these simpier methods for finding inverse Laplace tr:
on the fact that the unique correspondence of a time function and i
transform holds for any continuous time function.

Partial-fraction expansion method for finding inverse Laplace transforms.
For problems in control systems analysis, F(s), the Laplace transform of f(z), frequently
occurs in the form

B@s)
A(s)

where A(s) and B(s) are polynomials in s. In the expansion of F(s) = B(s)/A(s) into a
partial-fraction form, it is important that the highest power of s in A(s) be greater than
the nlgneSL power of s in D(.&) If such is not the case, the numerator Dp) must be di-
vided by the denominator A(s) in order to produce a polynomial in s plus a remainder

(a ratio of polynomials in s whose numerator is of lower degree than the denominator).

F(s) =
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Table 2-2 Properties of Laplace Transforms

1 LLAS()] = AF(s)
2 Hf0) = £ = Fi(s) = Fyfs)
3 {5 f(*)} = sF(s) — f(0%)

A L
4 .| g K0| = °F0) ~ 02) — f02)

n (k—1)
[ o f(t)] = SR = 35" A02)
5
where ) = 47 f)
6 &Zi[ 1(0O) dt] O] + l{ flH) dt] :
s S =0=x
n| = FGs) | _
7 Sf;[ [] f(t)(dt)] ot 2 [ [ f(r)(dr)] -
g | [ 0 ac] - T
Lo ]
9 ] f(H)ydt = hm F(s) if f f(t) dt exists
10 Fle= fl1)] =
1 L[ ft — @)1t — @)] = e “F(s) a=0
12 f() = -5
2
13 D] = —5 Fls)
14 L[] = (-1Y j Fs) n=123,...
15 ££|:lt f(t)] = fs ) F(s) ds if }1_1)13% f(?) exists
16 Eﬁ{f(ﬁﬂ = aF(as)
L \e/]

17 :z{ [ 1 - oA dr} = F9)F(s)
18 Af0R0) = 5, [ FOIG6 =Py
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If F(s) is broken up into components,
F(s) = F\(s) + Fy(s) + -+ + F(s)
and if the inverse Laplace transforms of Fi(s), Fa(s), . . . , Fu(s) are readily available, then
LFs)] = LV + LEG)] + oo+ LR
=HO) + L@+ -+ 1)

where fi(1), £2(2), . . ., fu(?) are the inverse Laplace transforms of Fi(s), Fa(s), . . . , Fu(s),
respectively. The inverse Laplace transform of F(s) thus obtained is unique except
possibly at points where the time function is discontinuous. Whenever the time function
is continuous, the time function f() and its Laplace transform F(s) have a one-to-one

rnrracrmandannan

bUllCDPUlluClle.

The advantage of the partial-fraction expansion approach is that the individual
terms of F(s), resulting from the expansion into partial-fraction form, are very simple
functions of s; consequently, it is not necessary to refer to a Laplace transform table if
we memorize several simple Laplace transform pairs. It should be noted, however, that
in applying the partial-fraction expansion technique in the search for the inverse
Laplace transform of F(s) = B(s)/A(s) the roots of the denominator polynomial A(s)
must be obtained in advance. That is, this method does not apply until the denominator
polynomial has been factored.

Partial-fraction expansion when F(s) involves distinct poles only. Consider
F(s) written in the factored form

_B(s) K(s + z)(s +z5) - (s + 2,)

A(s)  (s+p)s+p)-(+p)’

where p1, p2, ..., pnand zy, 22, . . ., Zm are either real or complex quantities, but for each
complex p; or z; there will occur the complex conjugate of p; or z; respectively. If F(s)
involves distinct poles only, then it can be expanded into a sum of simple partial frac-
tions as follows:

form<n

F(s)

a a a
F(s) = Bls) _ _a b g — (2-14)
A(s) s+p, s+p, s+ p,
where ai (k = 1,2,...,n) are constants. The coefficient a, is called the residue at the

pole at s = —p,. The value of ax can be found by multiplying both sides of Equation
(2-14) by (s + p«) and letting s = —py, which gives

[(wa)ﬂs—)}:_ =[ (54 p) (s 4 py)

A(s) s + p, s+ P,
ak . N an , —l
+ et +p)+ e+ +
s+ p, (s + D) s+p. (s Pk)Js:_pk

7.
i

[
3
L*3)
=-J



w
(=]

EXAMPLE 2-3

EXAMPLE 2-4

k=PS+p0igﬂ= (2-15)

Note that, since f(¢) is a real function of time, if p; and p» are complex conjugates, then
the residues a; and a; are also complex conjugates. Only one of the conjugates, a; or ao,
needs to be evaluated because the other is known automaticaily.
Since ’
r a 1
EB‘[ 2 J = qe P«
s+ p,

f(2) is obtained as

1) = LNF(s)] =ae™ +ae P+ +ae fort=0
, " 1 2 n

Find the inverse Laplace transform of

F(s) = s+3
(s + D){s +2)

The partial-fraction expansion of F(s) is

s+ 3 a; @,
= == +
FO= e+ s11 12

™ 4 F-4Y

Wﬂere aq anG daz arc found Dy USl.ng nquatlon (£—1D)
s+3
+1 =2
[(S Y6+ D + 2)} [ + 2]x
+3 + 3
[m+2) a3 | =P_4] = -1
| s+ DG+, [sH1[

Thus

Ii
L
ol
|
Gy

n
g
| ——

9

Obtain the inverse Laplace transform of

s+ 55°+ 95 + 7
(s + 1)(s + 2)

G(s) =

Here, since the degree of the numerator polynomial is higher than that of the denominator
polynomial, we must divide the numerator by the denominator.

s+ 3

G(S)=S+2+(s+—l)(s—+—2)

Note that the Laplace transform of the unit-impulse function d(¢) is 1 and that the Laplace trans-
form of dd(#)/dt is 5. The third term on the right-hand side of this last equation is F(s) in Example

2-3. So the inverse Laplace transform of G(s) is given as
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EXAMPLE 2-5

g(n = %6(0 +28(0) + 27" — e %, fort = 0-

Find the inverse Laplace transform of

2s + 12

F(s)zsz+2s+5

Notice that the denominator polynomial can be factored as
S+ 25 +5=(+1+j2)s+1-j2)

If the function F(s) involves a pair of complex-conjugate poles, it is convenient not to expand F(s)
into the usual partial fractions but to expand it into the sum of a damped sine and a damped co-
sine function.

Noting that s2 + 2s + 5 = (s + 1)? + 22 and referring to the Laplace transforms of e~ sin w?
and e~ cos wf, rewritten thus,

— s+ a
Lle™' cos wt] = G+ )+
the given F(s) can be written as a sum of a damped sine and a damped cosine function
F(s) = 2 +12 10 +2(s+ 1)
+25+5 (s+ 12 +2?
2 s+1
=51,|1\2|n2+2l..|1\2|')2
\.)'l"l)"l"é. \.)"l"l} T L
It follows that
o) = £7F(s)]
—sgg—ir 2 1 233"r s+1 |
L(s + 1) + 22J [(s + 17 + 22J

= 5¢7'sin 2t + 2e ' cos 2, fort=0

Partial-fraction expansion when F(s) involves multiple poles. Instead
cussing the general case, we shall use an example to show how to obtain the partial-
fraction expansion of F(s). (See also Problem A-2-16.)

Consider the following F(s):

s s+ 25+ 3

s

W e+ 1)

The partial-fraction expansion of this F(s) involves three terms,
B(s) b, b, b,

=40 s+l T 1 s+l

[ ]
[Te])
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where b3, b2, and b; are determined as follows. By multiplying both sides of this last
equation by (s + 1)3, we have

B(s)

(s + 1)} AGs)

=by(s + 1)> + by(s + 1) + b, (2-16)
Then letting s = —1, Equation (2-16) gives

r 1

e B

Also, differentiation of both sides of Equation (2-16) with respect to s yields

4 [(s + 1)} B _ 4 op (s + 1) (2-1
ds[ A(S)J 2 !

If we let s = —1 in equation (2-17), then

a1y 29y,

ds | A(S) [s=1 ‘

By differentiating both sides of equation (2-17) with respect to s, the result is
i ; B(s)] _
dsz[(er 1) A6 | 2b,

From the preceding analysis it can be seen that the values of b3, by, and b; are found sys-
tematically as follows:

by = [(S + 1) @]
| A(S) Jo=y
= (% + 25 +3),_,
=2
0 T e
d
= [E (s + 25 + 3) .
= (" + 2\)s=—1
=0
1 2 B
R 1 () |
= %[d—zz(sz + 25 + 3)
ol =
-1 -1



We thus obtain
f(1) = E7[F(s)]

) el

_ -1 1 1

=4 [s-!-l o (s + 1)? = (s + 1)
L | LY a LY -

=e '+ 0+ P

=1 + e, fort=0

Comments. For complicated functions with denominators involving higher-order
polynomials, partial-fraction expansion may be quite time consuming. In such a case,
use of MATL AB is recommended. (See Section 2—6=)

2-6 PARTIAL-FRACTION EXPANSION WITH MATLAB

| EXAMPLE 2-6

MATLAB has a command to obtain the partial-fraction expansion of B(s)/A(s).

Consider the transfer function
B(s) _ num bOS" + blsn_l + - 4+ bn

Al e\ d
ll\ﬂ} i

n n—1
en s%+ as ++a,

where some of a; and b; may be zero. In MATL AB row vectors num and den specify the
coefficients of the numerator and denominator of the transfer function. That is,

The command

finds the residues, poles, and direct terms of a partial-fraction expansion of the ratio of
two polynomials B(s) and A(s).
The partial-fraction expansion of B(s)/A(s) is given by

B(s r(1 r(2 r(n
()= (1) + @) +---+—(—L+k(s) (2-18)
A(s)y s—pQd) s-pQ) s — p(n)
Comparing Equations (2-14) and (2-18), we note that p(1) = —py, p(2) = —pa, ...,
p(n) = —pu; (1) = a1, r(2) = az, . . . , (1) = a, [k(s) is a direct term.]
Consider the following transfer function:
B(s) 25 +5s*+3s+6
V. W)Y - o3 _I_Aoz_l_ 11e L A
1‘1\.)} > 1 AV ) I 4 L0 ] v
Section 2-6 / Partial-Fraction Expansion with MATLAR 41



For this function.

num=1[2 5 3 6]
den=1(1 6 11 6]

The command
[r,p,kl = residue(num,den)

gives the following result:

[r,p,k] = residue(num,den)

—6.0000
—4.0000
3.0000

—3.0000
—2.0000
—1.0000

ro

(Note that the residues are returned in column vector r, the pole locations in column vector p, and
the direct term in row vector k.) This is the MATLAB representation of the following partial-
fraction expansion of B(s)/A(s);

B(s) 28 +5%+3s+6
A(s) S +6s5+11s+6

S Rl R A
s+3 s4+42 s+1

The command

[num,den] = residue(r,p,k}
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EXAMPLE 2-7

where r, p, and k are as given in the previous MATLAB output, converts the partial-fraction ex-
pansion back to the polynomial ratio B(s)/A(s), as follows:

[num,den] = residue(r,p,k)

num =

2.0000 5.0000 3.0000 6.0000

o

o

3
I

1.0000 6.0000 11.0000 6.0000

Note that if p(j) = p{j + 1) = --- = p(j + m — 1) [that is,p; = pj«1 = ... = pj+m-1], the pole
p(j) is a pole of multiplicity m. In such a case, the expansion includes terms of the form

G) ML) L ritme D)
s—p(j) Is—pGP [s = ()"

For details, see Example 2-7.

Expand the following B(s)/A(s) into partial-fractions with MATLAB.

B(s) s*+2s+3 s2+ 25+ 3
A(s) (s + 1) S +32+ 35+ 1

For this function, we have

num = [0

1 2 3]
den=1[1 3 3 1]

The command

[r,p,kl = residue(num,den)

gives the result shown on the next page. It is the MATLAB representation of the following par-

tial-fraction expansion of B{s)/A (,c);

LiaiTii v i LSAURL WAL £2\0 JILaNS

Bs) __1 ,_0 2
A(s) s+1  (s+ 12 (s+1)°

Note that the direct term k is zero.
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num=1[0 1 2 3];
den=1[1 3 3 1]
[r,p, k]l = residue(num,den)

1.0000
0.0000
2.0000

a A

[]

2-7 SOLVING LINEAR, TIME-INVARIANT,

e
'R

DIFFERENTIAL EQUATIONS

In this section we are concerned with the use of the Laplace transform method in solv-
ing linear, time-invariant, differential equations.

The Laplace transform method yields the complete solution (complementary so-
lution and particular solution) of linear, time-invariant, differential equations. Classi-
cal methods for finding the complete solution of a differential equation require the
evaluation of the integration constants from the initial conditions. In the case of the
Laplace transform method, however, this requirement is unnecessary because the
initial conditions are automatically included in the Laplace transform of the differen-
tial equation.

If all initial conditions are zero, then the Laplace transform of the differential equa-
tion is obtained simply by replacing d/dt with s, d?/dt? with 52, and so on.

In solving linear, time-invariant, differential equations by the Laplace transform
method, two steps are involved.

1. By taking the Laplace transform of each term in the given differential equation,
convert the differential equation into an algebraic equation in s and obtain the

v / Thalanlana Trancfarm
| 1 ¥l 111 huylu\.c 1iCALIOoIviL1L



EXAMPLE 2-8

EXAMPLE 2-9

expression for the Laplace transform of the dependent variable by rearranging the
algebraic equation.

2. The time solution of the differential equation is obtained by finding the inverse
Laplace transform of the dependent variable.

In the following discussion, two examples are used to demonstrate the solution of
linear, time-invariant, differential equations by the Laplace transform method.

Find the solution x(¢) of the differential equation
X+ 3% + 2x = 0, x(0) = a, X0y =2>

constants

re a e .
By writing the Laplace transform of x(¢) as X(s) or

£[x()] = X(s)
we obtain

ol o
ol

v

S—

¥[x] = s°X(s) — sx(0) — £(0)
And so the given differential equation becomes
[s2X(s) — sx(0) — %(0)] + 3[sX(s) — x(0)] + 2X(s) = 0
By substituting the given initial conditions into this last equation, we obtain
[s*X(s) — as — b] + 3[sX(s) — a] + 2X(s) = O

or

Solving for X(s), we have

as+b+3a as+b+3a _2a+b a+tb
S+3+2 (+D)E+2) s+1 s+ 2

X(s) =
The inverse Laplace transform of X(s) gives
2a + b a+b
= -1 = -1 — -1
x(H)=LNX®)] =< {s+1} £ L_‘_Z}

=QRa+be'—(a+be? fort=0

which is the solution of the given differential equation. Notice that the initial conditions @ and b
appear in the solution. Thus x(f) has no undetermined constants.

Find the solution x(¢) of the differential equation

Noting that ¥[3] = 3/s, x(0) =
(=] ~1 AV

tion becomes
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A-2-1.

A-2-2.

A-2-3.

Solving for X(s), we find

3 31 3
X = _ T e— e
() s(s+2s+5) S5s 58 +25+5
31 32 3 s+l
5s 10 +1P2+2° S(+1)P+2

3|l B |2 | _ 3| _s*+1
* [s] 10‘% [(s+1)2+22:| 539 (s + 1)* + 22

3 3
— E e 'sin 2t — -5- e 'cos 2, fort=0

which is the solution of the given differential equation.

EXAMPLE PROBLEMS AND SOLUTIONS

Find the poles of the following F(s):

Solution. The poles are found from

or
e ) = ¢ %cos w — jsinw) =1
From this it follows that 0 = 0, = = 2nx (n = 0,1,2,...). Thus, the poles are located at

s =xjlnx (n=0,1,2,...)

fln =0, fort <0
=te ¥  fort=0

Solution. Since

91 = G) = 5

referring to Equation (2-6), we obtain

F(s) = $[te™] = G(s + 3) =~

bl
Z

(s +3)
What is the Laplace transform of
flin =0, fort <0
= sin (wt + 6), fort=0

where 6 is a constant?

Chapter 2 / The Laplace Transform



A-2-4,

A-2-5.

Solution. Noting that
sin (wt + 6) = sin wf cos & + cos wt sin 6

we have

n(m[_l_g)] = ¢cos & Flsin n\t] +5in8 %

e
|SLLk e

w . )
Scost G 2 TSm0
1

s

[*]

_wcosf + ssin 6
s+ o’

Find the Laplace transform F(s) of the function f(¢) shown in Figure 2-3. Also find the limiting

value of F(S) as g annroaches zero

Qi VL 4 i O S et I A B e

Solution. The function f(¢) can be written
1 2 1
1) = — -Slt—a)+ =10 —
) =310 — 31t —a) + 510 — 2a)

Then
Hs) = Z[f()]

= %55[1(1)] - %58[1(1 —a)] + ;1558[1(: - 2a)]

11 s 1
_ 2as
= — S~ +=-e
as a as
1 —as —2as
=— 1—-2%+e )
as
As a approaches zero, we have
Lo 4 - 2
_ as 2as (l 28 ® t+e ﬂs)
lim F(s) = lim -—2¢ ¢ lim &
s) =1 = lim
a—0 a—-0 azs a—0 d 12N
—L—i—; \u D}
lm Zse—as _ 2S€—2as 1 e—as _ e—2as
= li = lim
a—0 2as a—0 a
i (e—as _—2ass
da . — ST 4 2502
= lim = lim
a—0 d ( ) a—>0 1
—(a
da
=—s+2s =35

Find the initial value of df (f)/dt when the Laplace transform of f(¢) is given by

e

.
P4 B i §

F(s) = Z[fn] = 3

s“+s5+1

o

Jsing the initial-value theorem,

=
T
)
3
-
[#]
=
)
=
)
o
s
[=9
(7))
o
E
j=s
Q
=
n
-9
=~]



~Y

a Figure 2-3
Function f().

lim A1) = f(0+) = lim sF(s) = lim s&rh _,

—0+ - S2+S+1—
Since the &, transform of df (¢)/dt = g(¢) is given by
£.[8()] = sE(s) — f0+)

(]

_s@2s+1y -5 —2
sS+s+1 S+s+1

the initial value of df(r)/dt is obtained as

lim df(n) = g(0+) = lim s[sF(s) — f(0+)]
o+ dt 5%

. =5t =25
soes” +5+ 1

A-2-6. The derivative of the unit-impulse function 6(¢) is called a unit-doublet function. (Thus, the inte-
gral of the unit-doublet function is the unit-impulse function.) Mathematically, an example of the
unit-doublet function, which is usually denoted by ux(r), may be given by

1) — 2[1(r — )] + 1(z — 2¢)

uy(r) = lim )
1,30 g

Obtain the Laplace transform of ux(¢).

Solution. The Laplace transform of ux(r) is given by

Co1fto2 1 )
@) = fim |y =55
o [0}
lim — |1 - 2{1 s’ 1-2 o5”
= lim 5|1 — — 1S | |1 28 + + -
tol—rf})t(z)s o8 2 0% 2

1
= lim - [¢5s* + (higher-order terms in £,5)] = s
1,0 IS

A-2-7. TFind the Laplace iransform of f{f) defined by
fiy =0, fort <0

=sinws, fort=0
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Solution. Since

o)

s* + w?

ZL[sin wt] =

2

d
A = - Fs)

to this problem, we have

S[A(D] = [ sinwl] = — & T )

ds?

d? { ) 20 + 6bws®
s+ w?|

A-2-8. Prove that if f(¢) is of exponential order and if [;j f(r) dt exists [which means that [, f(r) dt as-
sumes a definite value] then

fw finde = ling F(s)

where F(s) = Z[ f(9)].

Solution. Note that

Referring to equation (2-9),

Since [, f(7) dt exists, by applying the final-value theorem to this case,

lim f(t) dt = hms ( )

>

or
00
f(t) dt = lim F(s)
o s
A-2-9. Determine the Laplace transform of the convolution integral
! t
HO(0 = J [l — ¢ ¢ ) dr = f (t—17)(1 —edr
0 4
where

L =f(H=0, fort<0
fH() = ¢, fort =0
L =1-¢", fort=0

Solution. Note that
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(=

A-2-10.

2] = Fi(s) = 5

L

1
s+1

F[1— e = Fys) =

Ca|>—a

The Laplace transform of the convolution integral is given by

/ \
ﬂmmmm—Fwﬁm_lfmsil

To verify that it is indeed the Laplace transform of the convolution integral, let
form integration of the convolution integral and then take its Laplace transform

AOY0 = [ et = e oldr = [ (=m0 - e

2
=5~ r+1—-¢"
And so
2
1
NP I S
Lz | s S s s+1
Prove that if f(¢) is a periodic function with period T then
T
f f(ne™ dt
0
Ol =——=—
1—e
Solution.
0 oo (n+1)T
[ fin] = j fine™dr= E fine™ dt
0 n=0 “nT

By changing the independent variable from ¢ to t, where 7 =t — nT,

" T
Al =, e_"TSL f(r)e™ " dr
n=0

Noting that
i e—nTs — 1 + e—Ts + e—ZTs 4o

n=0
=l+e Bl +e T+ +.0



It follows that

rT

fle™ dr
L] = 0—1:“;T

A-2-11.  What is the Laplace transform of the periodic function shown in Figure 2—4?

Solution. Note that

T T2 T
f f(netdt = f e dt + (—1)e™dt
0 0 T2

et ‘T/Z e |T

-3 lo —s |T/2

e UDTs _ | o Ts _ ~(2)Ts

= +
—s s

— % [e—Ts _ 267(‘1/‘2)'1'3' + 1]

— %[1 — ¢ UDTs]

Referring to Problem A-2-10, we have
T
—St
A f(He ™ dr (Us)[1 — e~ (RT3
F(S) = 1 _ e—Ts = 1 _ e“Ts

1— 0D 1 Ts

= ——————=—tanh—

s[1 + e V2B 5 4

A-2-12. Find the inverse Laplace transform of F(s), where

o= Fvsry

Solution. Since

S +2+2=(s+1+jl)(s+1-j1)

fy
1
ol 1 T 2T 1
2
Y . _
Figure 24

Periodic function (square wave).
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we notice that F(s) involves a pair of complex-conjugate poles, and so we expand f{(s) into
the form
1 a a,s +a
Fo) =T~ s T ies 13
s(s*+2s+2) s s°+25+2
where a1, a2, and a3 are determined from

1 =a,(s*+2s+2

S’

+ (a,s + aj)s

By comparing coefficients of s2, 5, and s® terms on both sides of this last equation, respectively,

we obtain
a +a, =0, 2a, + a, = 0, 2, =1
from which
1 1
a =5, ®Q= =3, a, = —1
Therefore,

1 1 1 1 s+ 1
s 2@ +172+12 2@+ +1°

The inverse Laplace transform of F(s) gives

1 1 1
f(f)=E—Ee_‘sint—5e"cost, fort=0

A-2-13.  Obtain the inverse Laplace transform of

5(s + 2)
F(s) =
) = 26+ Dis + 3)
Solution.
5(5 + 2) b] b2 a] az
= = — — -+

Fis) sSs+DGs+3) s 57 s+l s+3
where

o _56+ | _s

S5+ 3) = 2

_ o +2) _ 2
2T 25+ 1) |y 18
Lo S5s+2 | _10

2T G+ D)6 +3) [0 3

b d[_Sc+2) |

TN ds (5 + D6+ 3) fio
_S(s+1)(s+3) -5 +2)2s+ 4| _ 25
B (s + 1)%(s + 3)? im0 9
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A-2-14.

A-2-15.

A-2-16.

Thus

The inverse Laplace transform of F(s) is

2 5
f(f)=_§+‘1‘£'l+%e_t+'1'§e_3', fort=0

Find the inverse Laplace transform of

27+ 32+ 45+ 5
s(s + 1)

F(s) =

Soiution. Since the numerator polynomial is of higher degree than the denominator poiynomiali,
by dividing the numerator by the denominator until the remainder is a fraction, we obtain

5
Fs)=s>+s+2+ = —Prs+2+ 4D
s(s +1) s s+1
where
25 + 5
a, = =35
s+ 1 |,
2s + 5
d2= i I :_3
s |s=-—1
It follows that
5 3
Fs)=s*+s+2+~—
() =s"+s s s+1

The inverse Laplace transform of F(s) is
fi) = L7[F(s)] = % o(r) + % o)y + 26() +5 — 3¢7°, fort = 0—

Derive the inverse Laplace transform of

1
Fls) = ———
(s) s(s* + 0?)
Solution.
F 1 11 1 s
()_s(s2+cu2) w?s s+ w?

Hence the inverse Laplace transform of F(s) is obtained as
1
fy =27"[F(s)] =5 (1 - coswr), forr=0

Obtain the inverse Laplace transform of the following F(s):
_ B(s)
A(s) 5+ P) (S + P +Prg) (s T+ py)

where the degree of polynomial B(s) is lower than that of polynomial A(s).

8]
W

Example Problems and Solutions



54

Solution. The partial-fraction expansion of F(s) is

F(s) _ B(S) _ b] bz 4. br—l br
A(s) st+p (+p) (S +p) (S +p)
a,.q a2 a,
N N - (2-19)
s+py Stp s+p,
where by, b,-1, ..., b1 are given by
» B(s)
=|(s +
bl’ [(S pl) A(S) s=-p,
b . = I—ti {(s + n Y B(S)—Il
r—1 Lds L\ ~1/ 14(3)JJ$:7Pl
J
o 1y B0
it s’ | AGS) |,

m;, ! Iwi{@+ngﬁﬂ

(r— D! |ds™| S AG) [)sp

The foregoing relationships for the b’s may be obtained as follows: By multiplying both sides of
Equation (2-19) by (s + p1)” and letting s approach —p1, we obtain

) . B(s)
_ [(s +py) A(s)]srp]

If we multiply both sides of Equation (2-19) by (s + p1)” and then differentiate with respect to s,

4a yBG) | _ (s +p) d| +p)
ds {(S P A(s)} =5 % [(s + pl)'] T b1y, Ls + pl)’_l}
(s +p) d|(s+p)
+ -+ b dS|: S+ p, :| +ar+1a[———s +pr+1:|

+ r
+.“+%_{§”ﬁi
ds s+pn

The first term on the right-hand side of this last equation vanishes. The second term becomes b, 1.
Each of the other terms contains some power of (s + p1) as a factor, with the result that, when s
is allowed to approach —p;, these terms drop out. Hence

_

oo Al B
T epds|C Y AQ) |
d | B

Similarly, by performing successive differentiations with respect to s and by letting s approach
—p1, we obtain equations for the b,—;, wherej =2,3,...,r — 1.
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Note that the inverse Laplace transform of 1/(s + p1)” is given by

-1 1 _I t”_l Paal

l+p)| -1t

The constants a,+1,4,+2, . . . ,a, in Equation (2-19) are determined from

o]
s+p , fork=r+1,r+2,....n
[( A =,

The inverse Laplace transform of F(s) is then obtained as follows:

b
= -1 = + 4+ r-1 2 4 Tr yrl|epi
f(t) x4 [F(S)] |:b1 b2t + (I‘ — 2)| t (I‘ —- 1)[ :I
+ a6 77+ oa, e P s+ ae P fort =0
A-2-17. Find the Laplace transform of the following differential equation:
X+3x+6x=0, x(0) =0, x(0)=3
Taking the inverse Laplace transform of X(s), obtain the time solution x(¢).
Solution. The Laplace transform of the differential equation is
S X(s) — sx(0) — ¥#(0) + 3sX(s) — 3x(0) + 6X(s) =0
Substituting the initial conditions and solving forX(s),
V15
(o) = 3 _2V3 2
O =316 V5 , [VI5)
(s +1.5)7 + >
The inverse Laplace transform of X(s) is
x(f) = 2\/ge_ls‘sm —Lst
0= 2
PROBLEMS
B-2-1. Find the Laplace transforms of the following func-  (a) fi(H) =0, fort <0
tions: = 3sin (5t + 45°)  fort=0
=0 t<9
@ h =0, for (b) £ =0, fort <0
— ,—04s =0
¢ eosla,  fore= = 0.03(1 — cos2f)  fort=0
®) £y =0, for1 <0
B-2-3. Obtain the Laplace transform of the function de-
= sin (4t + ) fort=0 fined by
\ -/
= <
B-2-2. Find the Laplace transforms of the following func- f0 =9 forr <0
tions: =t  fort=0
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B-2-4. Obtain the Laplace transform of the function de-
fined by

fort <0

forr=0

B-2-6. Obtain the Laplace transform of the function f(¢)
shown in Figure 2-6.

UMY
b
/ .~ Figure 2-5
0 a a+h "¢ Function ().
JAUN
T
yd
/ | . Figure 2-6
0 T t  Function f{(?).
f A
124
e /
a fo
0 a Tt
2 //
12 / Figure 2-7
a Function f{(1).

L8]]
(o))

B-2-7. Find the Laplace transform of the function f(¥)
shown in Figure 2-7. Also, find the limiting value of £[ f(¢)]

B-2-8. By applying the final-value theorem, find the final

aleio 8 I R nemlo s trasmofmeme 10 Fiera 7
vaiue ot f(t‘) whose Laplace transform is given b_y
(S) of o L 1Y
;)\;) T _1)

Verify this result by taking the inverse Laplace transform of
F(s) and letting ¢ — .

B-2-9. Given

FO = s+2y

determine the values of f(0+) and f(0+). (Use the initial-
value theorem.)

B-2-10. Find the inverse Laplace transform of

s+1

o= @+s+1)

B-2-11. Find the inverse Laplace transforms of the follow-
ing functions:

Q Fis) = 25
(b) S5¢ + 2

O = s+ 06 + 27

B-2-12. Find the inverse Laplace transform of
F(s) = N —

B-2-13. What is the solution of the following differential
equation?

26+ Tx+ 3x =0, x(0) = 3, x(0)=0
B-2-14. Solve the differential equation
X+ 2x = 6(), x(0—-)=20

B-2-15. Solve the following differential equation:
¥+ 28w, % + wlx =0, x(0) = a, x(0)=5b
where a and b are constants.

B-2-16. Obtain the solution of the differential equation

¥y + ax = Asin ot
ax Sin X,

x(0)=05b

o
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Mathematical Modeling
of Dynamic Systems

3-1 INTRODUCTION

In studying control systems the reader must be able to model dynamic systems and ana-
lyze dynamic characteristics. A mathematical model of a dynamic system is defined as
a set of equations that represents the dynamics of the system accurately or, at least,
fairly well. Note that a mathematical model is not unique to a given system. A system
may be represented in many different ways and, therefore, may have many mathemati-
cal models, depending on one’s perspective.

The dynamics of many systems, whether they are mechanical, electrical, thermal,
economic, biological, and so on, may be described in terms of differential equations.
Such differential equations may be obtained by using physical laws governing a partic-
ular system. for example, Newton’s laws for mechanical systems and Kirchhoff's laws
for electrical systems. We must always keep in mind that deriving a reasonable mathe-
matical model is the most important part of the entire analysis.

Mathematical models. Mathematical models may assume many different forms.
Depending on the particular system and the particular circumstances, one mathemati-
cal model may be better suited than other models. For example, in optimal control prob-
lems, it is advantageous to use state-space representations. On the other hand, for the
transient-response or frequency-response analysis of single-input-single-output, linear,
time-invariant systems, the transfer function representation may be more convenient
than any other. Once a mathematical model of a system is obtained, various analytical
and computer tools can be used for analysis and synthesis purposes.
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Simplicity versus accuracy. It is possible to improve the accuracy of a mathe-
matical model by increasing its complexity In some cases, we include hundreds of equa-
UOHS to GeSCTIDe a Complete §Yb[ClTl lIl ODldlIllIlg a IHdlIlCIHdllLdl .ll.lUthJl, [lUwever weE
must make a compromise between the simplicity of the model and the accuracy of the
results of the analysis. If extreme accuracy is not needed, however, it is preferable to ob-
tain only a reasonably simplified model. In fact, we are generally satisfied if we can ob-
tain a mathematical model that is adequate for the problem under consideration. It is
important to note, however, that the results obtained from the analysis are valid only to
the extent that the model approximates a given dynamic system.

In deriving a reasonably simplified mathematical model, we frequently find it nec-
essary to ignore certain inherent physical properties of the system. In particular, if a
linear lumped-parameter mathematical model (that is, one employing ordinary differ-
ential equations) is desired, it is always necessary to ignore certain nonlinearities and
distributed parameters (that is, ones giving rise to partial differential equations) that
may be present in the physical system. If the effects that these ignored properties have
on the response are small, good agreement will be obtained between the results of the
analysis of a mathematical model and the results of the experimental study of the
physical system.

In general, in solving a new problem, we find it desirable first to build a simplified
model so that we can get a general feeling for the solution. A more complete mathe-
matical model may then be built and used for a more complete analysis.

We must be well aware of the fact that a linear lumped-parameter model, which may
be valid in low-frequency operations, may not be valid at sufficiently high frequencies
since the neglected property of distributed parameters may become an important fac-
tor in the dynamic behavior of the system. For example, the mass of a spring may be ne-
glected in low-frequency operations, but it becomes an important property of the
system at high frequencies.

Linear systems. A system is called linear if the principle of superposition applies.
The principle of superposition states that the response produced by the simultaneous
application of two different forcing functions is the sum of the two individual responses.
Hence, for the linear system, the response to several inputs can be calculated by treat-
ing one input at a time and adding the results. It is this principle that allows one to build
up complicated solutions to the linear differential equation from simple solutions.

In an experimental investigation of a dynamic system, if cause and effect are pro-
portional, thus implying that the principle of superposition holds, then the system can
be considered linear.

Linear time-invariant systems and linear time-varying systems. A differ-
ential equation is linear if the coefficients are constants or functions only of the
independent variable. Dynamic systems that are composed of linear time-invariant

Tarennenn A nro
lumped-parameter components may be described by linear time-invariant (constant-

coefficient) differential equations. Such systems are called linear time-invariant (or
linear constant-coefficient) systems. Systems that are represented by differential equa-
tions whose coefficients are functions of time are called linear time-varying systems.
An example of a time-varying control system is a spacecraft control system. (The mass
of a spacecraft changes due to fuel consumption.)

. . ] S TP T —
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Figure 3-1
Characteristic curves
for various
nonlinearities.

Nonlinear systems. A system is nonlinear if the principle of superposition does
not apply. Thus, for a nonlinear system the response to two inputs cannot be calculated
by treating one input at a time and adding the results. Examples of nonlinear differen-
tial equations are
dx  fax\
F+ ” + x = A sin wt

d’x

d2+(x —1)—+x=0

&x LBy x?

drr  dt
Although many physical relationships are often represented by linear equations, in
most cases actual relationships are not quite linear. In fact, a careful study of physical
systems reveals that even so-called “linear systems” are really linear only in limited op-
erating ranges. In practice, many electromechanical systems, hydraulic systems, pneu-
matic systems, and so on, involve nonlinear relationships among the variables. For
example, the output of a component may saturate for large input signals. There may be
a dead space that affects small signals. (The dead space of a component is a small range

of input variations to which the component is insensitive.) Square-law nonlinearity may
occur in some components. For instance, dampers used in physical systems may be lin-

ear for low- velomty operations but may become nonllnear at high veloc:ltles, and the
damping force may become proportional to the square of the operating velocity. Ex-
amples of characteristic curves for these nonlinearities are shown in Figure 3-1.

Note that some important control systems are nonlinear for signals of any size. For

avamnle in nn_nff cantral cycteme the cantral artinn ig aithor nn nr nff and thara ic na
UAquJlJlU, 11 ON—0i: CONIo: SYSLCMIS, 1 CONIrol 4Ciion 18 S1iner On or Oii, and UICTC 1S NO

I

0

N
¥

linear relationship between the input and output of the controller.

Procedures for finding the solutions of problems involving such nonlinear systems,
in general, are extremely complicated. Because of this mathematical difficulty at-
tached to nonlinear Systems one often finds it necessary to introduce “equivalent” lin-
¢ar systems in l.uau; of nonlinear ones. Such cL.l'lii'v’aleut linear systems are valid for
only a limited range of operation. Once a nonlinear system is approximated by a lin-
ear mathematical model, a number of linear tools may be applied for analysis and de-

sign purposes.

Output A Output Output

/ Input Input Input

Saturation Dead-zone Square-law
nonlinearity nonlinearity nonlinearity
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Linearization of nonlinear systems. Incontrol engineering a normal operation
of the system may be around an equilibrium point, and the signals may be considered
small signals around the equilibrium. (It should be pointed out that there are many ex-
ceptions to such a case.) However, if the system operates around an equilibrium point
and if the signals involved are small signals, then it is possible to approximate the non-
linear system by a linear system. Such a linear system is equivalent to the nonlinear
system considered within a limited operating range. Such a linearized model (linear,
time-invariant model) is very important in control engineering. We shall discuss a lin-

earization technique in Section 3-10.

Outline of the chapter. Section 3-1 has presented an introduction to the mathe-
matical modeling of dynamic systems, including discussions of linear and nonlinear sys-
tems. Section 3-2 presents the transfer function and impulse-response function. Section
3-3 introduces block diagrams and Section 3—4 discusses concepts of modeling in state
space. Section 3-5 presents state-space representation of dynamic systems. Section 3-6
treats mathematical modeling of mechanical systems. We discuss Newton’s approach to
modeling mechanical systems. Section 3-7 deals with mathematical modeling of elec-
trical circuits, Section 3-8 treats liquid-level systems, and Section 3-9 presents mathe-
matical modeling of thermal systems. Finally, Section 3-10 discusses the linearization of
nonlinear mathematical models. (Mathematical modeling of other types of systems is
treated throughout the remaining chapters of the book.)

3-2 TRANSFER FUNCTION AND IMPULSE-

60

RESPONSE FUNCTION

In control theory, functions called transfer functions are commonly used to character-
ize the input-output relationships of components or systems that can be described by
linear, time-invariant, differential equations. We begin by defining the transfer function
and follow with a derivation of the transfer function of a mechanical system. Then we
discuss the impulse-response function.

Transfer function. The transfer function of a linear, time-invariant, differential
equation system is defined as the ratio of the Laplace transform of the output (response
function) to the Laplace transform of the input (driving function) under the assumption
that all initial conditions are zero.

Consider the linear time-invariant system defined by the following differential
equation:

() (n—1) )
ayy + ay +:+ta, 1y tay

(m) m—1)
=byx + bx +---+b, x+0b,x (n = m) (3-1)

where y is

r
system is obtained by taking the Laplace transforms of both sides of Equat10 (3-1),
under the assumption that all initial conditions are zero, or

11t

put of the svste nd x is the input. The transfe

toem
A2 PRV o_you.«xlx u11 ¥ llllJu\-- P VLR YR et
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F[output]
gg[lnput] |zero initial conditions

_YE) by b by s by
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Transfer function = G(s) =

By using the concept of transfer function, it is possible to represent system dynam-
ics by algebraic equations in s. If the highest power of s in the denominator of the trans-
fer function is equal to n, the system is called an nth-order system.

Comments on transfer function. The applicability of the concept of the trans-
fer function is limited to linear, time-invariant, differential equation systems. The trans-
fer function approach, however, is extensively used in the analysis and design of such
systems. In what follows, we shall list important comments concerning the transfer
function. (Note that in the list a system referred to is one described by a linear, time-
invariant, differential equation.)

1. The transfer function of a system is a mathematical model in that it is an operational
method of expressing the differential equation that relates the output variable to the
input variable.

2. The transfer function is a property of a system itself, independent of the magnitude
and nature of the input or driving function.

3. The transfer function includes the units necessary to relate the input to the out-
put; however, it does not provide any information concerning the physical struc-
ture of the system. (The transfer functions of many physically different systems
can be identical.)

4. If the transfer function of a system is known, the output or response can be
studied for various forms of inputs with a view toward understanding the nature
of the system.

5. If the transfer function of a system is unknown, it may be established experimentally
by introducing known inputs and studying the output of the system. Once estab-
lished, a transfer function gives a full description of the dynamic characteristics of
the system, as distinct from its physical description.

Mechanical system. Consider the satellite attitude control system shown in Fig-

mra 2_ Y Tha diagram chame tha sranteral AF Anly tha voes anala ﬂ {Trn tha artital cuctorn
iU U4, LllD u1a51 alll DI.I.UWD LllC LULILI UL UL Ulll)’ Lll(.« yClW (11151(.« . \111 Lilv dawviLudl Dyblblll

there are controls about three axes.) Small jets apply reaction forces to rotate the satel-
lite body into the desired attitude. The two skew symmetrically placed jets denoted by
A or B operate in pairs. Assume that each jet thrust is £/2 and a torque T = Fl is ap-
plied to the system The jets are applied for a certain time duration and thus the torque
can Dt.'« WI'l[lEIl as 1 L[} lIltJ moment Ol lnﬂr[ld dDUUt LIlU d.le Ul rUldllUi’l at lIlB center
of mass is J.

Let us obtain the transfer function of this system by assuming that torque 7{¢) is the
input, and the angular displacement 8(¢) of the satellite is the output. (We consider the
motion only in the plane of the page.)

(o)
ik
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F e \ Schematic diagram of a satellite atti-
2 Reference  tude control system.

To derive the transfer function, we proceed according to the following steps.

1. Write the differential equation for the system.

2. Take the Laplace transform of the differential equation, assuming all initial condi-
tions are zero.

3. Take the ratio of the output @(s) to the input 7(s). This ratio is the transfer function.

Applying Newton’s second law to the present system and noting that there is no fric-
tion in the environment of the satellite, we have
d?e
J =T
dt?
Taking the Laplace transform of both sides of this last equation and assuming all initial
conditions to be zero yields

Js?O(s) = T(s)

where O(s) = $[0(1)] and T(s) = £[T(¢)]. The transfer function of the system is thus
obtained as

O(s 1
Transfer function = ?(%)l =752

Convolution integral. For a linear, time-invariant system the transfer function
G(s) is

where X(s) is the Laplace transform of the input and Y(s) is the Laplace transform of
the output, where we assume that all initial conditions involved are zero, It follows that

the output Y(s) can be written as the product of G(s) and X(s), or
Y(s) = G(s)X(s) (3-3)

Note that multiplication in the complex domain is equivalent to convolution in the time
domain, so the inverse Laplace transform of Equation (3-3) is given by the following
convolution integral:

Chapter 3 / Mathematical Modeiing of Dynamic Systems



y0) = [ x(gte -~ vy de

[ tg(r)x(t - 7)dr (3-4)
Jo
where g(¢) = 0 and x(r) = O for ¢t < 0.

Impulse-response function. Consider the output (response) of a system to a
unit-impulse input when the initial conditions are zero. Since the Laplace transform of
the unit-impulse function is unity, the Laplace transform of the output of the system is
3-5)
The inverse Laplace transform of the output given by Equation (3-5) gives the impulse
response of the system. The inverse Laplace transform of G(s), or

LG = &)

is called the impulse-response function. This function g(¢) is also called the weighting
function of the system.

The impulse-response function g(t) is thus the response of a linear system to a unit-
impulse input when the initial conditions are zero. The Laplace transform of this func-
tion gives the LI&TISIEI iLlIlLll()Il IHCIEIOI'E the transfer function dﬂ(l lII]lelth rt:prI]bC
function of a linear, time-invariant system contain the same information about the sys-
tem dynamics. It is hence possible to obtain complete information about the dynamic
characteristics of the system by exciting it with an impulse input and measuring the re-
sponse. (In practice, a pulse input with a very short duration compared with the signifi-

cant time constants of the system can be considered an impulse.)

3-3 BLOCK DIAGRAMS

Qs nfam r\r\n ot ~AF o ma ml—\n AF rATIesAT ANt T ohaavy t]-‘\ f 3

A control SYSiCIil Mmay COMNSiSt O1 a4 NUMOoer Ot COMpOICIits, 10 510w unctions per-
formed by each component, in control engineering, we commonly use a diagram called
the block diagram. This section explains what a block diagram is, presents a method for
obtaining block diagrams for physical systems, and, finally, discusses techniques to sim-
plify such diagrams.

Block diagrams. A block diagram of a system is a pictorial representation of the
functions performed by each component and of the flow of signals. Such a diagram de-
picts the interrelationships that exist among the various components. Differing from a
purely abstract mathematical representation, a block diagram has the advantage of in-
dicating more realistically the signal flows of the actual system.

In a block diagram all system variables are linked to each other through functional

blocks. The functional block or simply block is a symbol for the mathematical operation

on the input signal to the block that produces the output. The transfer functions of the
components are usually entered in the corresponding blocks, which are connected by
arrows to indicate the direction of the flow of signals. Note that the signal can pass only
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Summing point.
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Transfer
—— function e

G(s) Figure 3-3

Element of a block diagram.

in the direction of the arrows. Thus a block diagram of a control system explicitly shows
a unilateral property.

Figure 3-3 shows an element of the block diagram. The arrowhead pointing toward
the block indicates the input, and the arrowhead leading away from the block repre-
sents the output. Such arrows are referred to as signals.

Note that the dimensions of the output signal from the block are the dimensions of
the input signal multiplied by the dimensions of the transfer function in the block.

The advantages of the block diagram representation of a system lie in the fact that
it is easy to form the overall block diagram for the entire system by merely connecting

the blocks of the components according to the signal flow and that it is possible to evalu-

ate the contribution of each component to the overall performance of the system.

In general, the functional operation of the system can be visualized more readily by
examining the block diagram than by examining the physical system itself. A block dia-
gram contains information concerning dynamic behavior, but it does not include any
information on the physical construction of the system. Consequently, many dissimilar

menlatnd cvotnme ran ha ramrocantad lho tha game hlaclk Aiagram

dlld unrciaica Dyblclllb Lall UL Ioplooaliiicu Uy LIL salllc UIVLL ulapl alll.

It should be noted that in a block diagram the main source of energy is not explic-
itly shown and that the block diagram of a given system is not unique. A number of dif-
ferent block diagrams can be drawn for a system, depending on the point of view of
the analysis.

Summing Point. Referring to Figure 3-4, a circle with a cross is the symbol that
indicates a summing operation. The plus or minus sign at each arrowhead indicates
whether that signal is to be added or subtracted. It is important that the quantities be-
ing added or subtracted have the same dimensions and the same units.

Branch Point. A branch point is a point from which the signal from a block goes
concurrently to other blocks or summing points.

Block diagram of a closed-loop system Figure 3-5 shows an example of a
block diagram of a closed-loop system. The output C(s) is fed back to the summing
point, where it is compared with the reference input R(s). The closed-loop nature of the
system is clearly indicated by the figure. The output of the block, C(s) in this case, is ob-
tained by multiplying the transfer function G(s) by the input to the block, E(s). Any lin-
ear control system may be represented by a block diagram consisting of blocks,
summing points, and branch points.

When the output is fed back to the summing point for comparison with the input, it
is necessary to convert the form of the output signal to that of the input signal. For ex-

ample, in a temperature-control system, the output signal is usually the controlled tem-
perature. The output signal, which has the dimension of temperature, must be converted

Chapter 3 / Mathematical Modeling of Dynamic Systems
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system.

to a force or position or voltage before it can be compared with the input signal. This
conversion is accomplished by the feedback element whose transfer function is H(s), as
shown in Figure 3-6. The role of the feedback eiement is to modify the output before it
is compared with the input. (In most cases the feedback element is a sensor that mea-
sures the output of the plant. The output of the sensor is compared with the input, and
the actuating error signal is generated.) In the present example, the feedback signal that
is fed back to the summing point for comparison with the input is B(s) = H(s)C(s).

Open-loop transfer function and feedforward transfer function. Referring to
Figure 3-6, the ratio of the feedback signal B(s) to the actuating error signal E(s) is
called the open-loop transfer function. That is,

R{eN
Open-loop transfer function = ?(j = G(s)H(s)

The ratio of the output C(s) to the actuating error signal E(s) is called the feed-
forward transfer function, so that

Feedforward transfer function = =9 G(s)
E(s)
If the feedback transfer function H(s) is unity, then the open-loop transfer function and
the feedforward transfer function are the same,

Closed-loop transfer function. For the system shown in Figure 3-6, the output
C(s) and input R(s) are related as follows:
C(s) = G()E()
E(s) = R(s) — B(s)

= R(s) — H(s)C(s)

R(s) O+ E(s) 6 C(s),;.
B(s) i
Closed-loop system.

(+)]
Ul
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Figure 3-7
Closed-loop system
subjected to a

disturbance.

66

Eliminating E(s) from these equations gives
C(s) = GE)[R(s) — H$)CE)]
or

G(s)
1+ G(s)H(s)

(3-6)

C(s
R(s

) _
)

The transfer function relating C(s) to R(s) is called the closed-loop transfer function.
This transfer function relates the closed-loop system dynamics to the dynamics of the

feedforward elements and feedback elements.
From Equation (3-6), C(s) is given by

G(s)
C(s) = R(s
() 1 + G(s)H(s) ()
Thus the output of the closed-loop system clearly depends on both the closed-loop
trancfar fiinctinn and tha natiire anf tha inat
LACALIDIAE LU W LI QLIRS 1l 11l W UFE LW llll.lul.-

Closed-loop system subjected to a disturbance. Figure 3-7 shows a closed-
loop system subjected to a disturbance. When two inputs (the reference input and dis-
turbance) are present in a linear system, each input can be treated independently of the
other; and the outputs corresponding to each input alone can be added to give the com-
plete output. The way each input is introduced into the system is shown at the summing
point by either a plus or minus sign.

Consider the system shown in Figure 3-7. In examining the effect of the disturbance
D(s), we may assume that the system is at rest initially with zero error; we may then cal-

culate the responseCp(s) to the disturbance only. This response can be found from

Cps) _ Gy(s)
D(s) 1 + Gi(5)G,(s)H(s)

On the other hand, in considering the response to the reference input R(s), we may as-
sume that the disturbance is zero. Then the response Cgr(s) to the reference input R(s)
can be obtained from

Cr(5) _ G1(5)Gy(5)
R(s) 1+ G(s)Gy(s)H(s)

Disturbance
D(s)

R G
ﬁ»@—» Gy(s) —»@—» GaAs) ©,
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Figure 3-8

(a) RC circuit; (b)
block diagram repre-
senting Equation
(3-9); (c) block dia-
gram representing
Equation (3-10);

(d) block diagram of

The response to the simultaneous application of the reference input and disturbance
can be obtained by adding the two individual responses. In other words, the response
C(s) due to the simultaneous application of the reference input R(s) and disturbance

D(s) is given by _
Cis)=C

(NI o
NS LIS

Consider now the case where |G1(s)H(s)| > 1 and |G1(s)G2(s)H(s)| > 1.1In this case,
the closed-loop transfer function Cp(s)/D(s) becomes almost zero, and the effect of the
disturbance is suppressed. This is an advantage of the closed-loop system.

On the other hand, the closed-loop transfer function Cr(s)/R(s) approaches 1/H(s)
as the gain of G1(s)Ga(s)H(s) increases. This means that if |G1(s)Ga(s)H(s)| > 1 then
the closed-loop transfer function Cr(s)/R(s) becomes independent of Gi(s) and Ga(s)
and becomes inversely proportional to H(s) so that the variations of Gi(s) and Ga(s)
do not affect the closed-loop transfer function Cg(s)/R(s). This is another advantage of
the closed-loop system. It can easily be seen that any closed-loop system with unity feed-
back, H(s) = 1, tends to equalize the input and output.

= ) [G(9)R(s) + D(s)]

Procedures for drawing a block diagram. To draw a block diagram for a sys-
tem, first write the equations that describe the dynamic behavior of each component.
Then take the Laplace transforms of these equations, assuming zero initial conditions,
and represent each Laplace-transformed equation individually in block form. Finally,
assemble the elements into a complete block diagram.

As an example, consider the RC circuit shown in Figure 3-8(a). The equations for
this circuit are

- €

j = L —¢ 3-7
i R (3-7)
J idt
e, =" 3-8
.= (3-8)
R E; I
G ‘Mv O (S) % —(SL
¢ q C = €, E.(s)
j - L
(e O (b)
(a)
1(s) 1 Ey(s) Ei(s) 67\ 1 I(s) 1 E{)(S}’_
Cs R Cs

o~
Le]
S

(d)
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The Laplace transforms of Equations (3-7) and (3-8), with zero initial condition,
become

Efs) — EXs)

I(s) = =22

(3-9)

I(s)

C
I

E,(s) = (3-10)

Equation (3-9) represents a summing operation, and the corresponding diagram is
shown in Figure 3-8(b). Equation (3-10) represents the block as shown in Figure 3-8(c).
Assembling these two elements, we obtain the overall block diagram for the system as
shown in Ficure Q_S(d)

S WY AL adl duplei W

Block diagram reduction. It is important to note that blocks can be connected
in series only if the output of one block is not affected by the next following block. If
there are any loading effects between the components, it is necessary to combine these
components into a single block.

Any number of cascaded blocks representing nonloading components can be re-
placed by a single block, the transfer function of which is simply the product of the in-
dividual transfer functions.

A complicated block diagram involving many feedback loops can be simplified by
a step-by-step rearrangement, using rules of block diagram algebra. Some of these im-
portant rules are given in Table 3-1. They are obtained by writing the same equation in

Table 3-1 Rules of Block Diagram Algebra

Original Block Diagrams Equivalent Block Diagrams
A AG AG-B 4-g
- A G AG-B
£ 1
o3} i 6 B
A AG A AG
—_—l G G
2 AG
. AG
G
A AG A AG
G — G
3 A
1
- p——
G LE A
A B
G, AT B
4 Gz G2 =] GI
LT i
A N G B
+
5 : A G, B
1 +G,G,
G,
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a different way. Simplification of the block diagram by rearrangements and substitu-

tions considerably reduces the labor needed for subsequent mathematical analysis. It

P TR 1 T RGN T I IOV TSRS TR I I (SR TSR DURUL IR | g ST JAS RGP R PP

SI1UUIA DC 1IULCU, [IOWCVCL, UldlL dd UIC DIVCK Ulagiadlll 15 SHIPDINICWU LIC L1allSICH 1UlICU UL

in new blocks become more complex because new poles and new zeros are generated.
In simplifying a block diagram, remember the following.

1. The product of the transfer functions in the feedforward direction must remain
the same.
2. The product of the transfer functions around the loop must remain the same.

EXAMPLE 3-1 Consider the system shown in Figure 3-9(a). Simplify this diagram.
By moving the summing point of the negative feedback loop containing H> outside the posi-
tive feedback loop containing H,, we obtain Figure 3-9(b). Eliminating the positive feedback

F
A

®
=
n
¥
‘.
=)
i
| Ko

(%)
3
G

[

A K¢

Y

G, |
R
(b) ——-- G| 62 G3
— +

H |
G, |
R <> <> G\Ga ¢
© _,— o“ 1 -GG,H, s -
[
¢

(d) R o o GIGZGS
o - GIGZHI + GZG:;HQ

Figure 3-9 1
(a) Mulitiple-loop

systemn; (b)—{e) suc-

cessive reductions of

the block diagram ©
shown in (a).

R G1G,G3
1- GleH! + GzG:gHz + G!GzG3

3

|

}
ch
w



loop, we have Figure 3-9(c). The elimination of the loop containing H»/G gives Figure 3-9(d). Fi-
nally, eliminating the feedback loop results in Figure 3-9(e).

Naotice that the numerator of the closed- lnnﬁ transfer function ( )

LN LLEG 2a8 R ARA22

transfer functions of the feedforward path. The denommator of C(s)/R(s )

— > (product of the transfer functions around each loop)

7

=1 - (G\G,H, - G,G:H, - G,G,G)
=1 - G,G,H, + G,G;H, + G,G,G;

(The positive feedback loop yields a negative term in the denominator.)

3-4 MODELING IN STATE SPACE

<

In this section we shall present introductory material on state-space analysis of con-
trol systems.

Modern control theory. The modern trend in engineering systems is toward
greater complexity, due mainly to the requirements of complex tasks and good accuracy.
Complex systems may have muttiple inputs and multiple outputs and may be time vary-
ing. Because of the necessity of meeting increasingly stringent requirements on the per-
formance of control systems, the increase in system complexity, and easy access to
large-scale computers, modern control theory, which is a new approach to the analysis
and design of complex control systems, has been developed since around 1960. This new
approach is based on the concept of state. The concept of state by itself is not new since
it has been in existence for a long time in the field of classical dynamics and other fields.

Modern control theory versus conventional control theory. Modern con-
trol theory is contrasted with conventional control theory in that the former is appli-
cable to multiple-input-multiple-output systems, which may be linear or nonlinear,
time invariant or time varying, while the latter is applicable only to linear time-
invariant single-input-single-output systems. Also, modern control theory is essentially
a time-domain approach, while conventional control theory is a complex frequency-
domain approach. Before we proceed further, we must define state, state variables, state
vector, and state space.

Qtate. The state of a dvnamic system is the smallest set of variables (called state

Nl el e Nt 0 A Liw LR U Ul, a Uyiiai S LWLk [ 9 L v u CLIGIS (v 214200

variables) such that the knowledge of these variables at ¢t = fo, together w1th the knowl-
edge of the input for ¢ = %, completely determines the behavlor of the system for any
time t = t.

Note that the concept of state is by no

linalla $0 kinlaaica] cuc
plicaple to biological sys

=
@
o
=
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B
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o physical systems. It is ap-

and ntharc

State variables. The state variables of a dynamic system are the variables mak-
ing up the smallest set of variables that determine the state of the dynamic system. If at
least n variables xi, x, . . . , X, are needed to completely describe the behavior of a dy-

) [ [,

~ - -~ I Al _av _s — ic [y -
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namic system (so that once the input is given for ¢ = ¢ N
specified, the future state of the system is completely determined
are a set of state variables.

Note that state variables need not be physically measurable or observable quanti-
ties. Variables that do not represent physical quantities and those that are neither mea-
surable nor observable can be chosen as state variables. Such freedom in choosing state

to_aenace mothnde Prastically h O 1t -r
variables is an advantage of the state-space methods. Practically, however, it is conve-

nient to choose easily measurable quantities for the state variables, if this is possible at
all, because optimal control laws will require the feedback of all state variables with suit-
able weighting.

State vector. If n state variables are needed to completely describe the behavior
of a given system, then these # state variables can be considered the n components of a
vector X. Such a vector is called a state vector. A state vector is thus a vector that deter-
mines uniquely the system state x(¢) for any time ¢ = t,, once the state at t = 5 is given
and the input u(?) for ¢t = 1, is specified.

State space. The n-dimensional space whose coordinate axes consist of the
X1 axis, x; axis, ..., x, axis is called a state space. Any state can be represented by a
point in the state space.

State-space equations. In state-space analysis we are concerned with three
types of variables that are involved in the modeling of dynamic systems: input vari-
ables, output variables, and state variables. As we shall see in Section 3-5, the state-
space representation for a given system is not unique, except that the number of
state variables is the same for any of the different state-space representations of the
same system.

The dynamic system must involve elements that memorize the values of the input
for ¢t = 1. Since integrators in a continuous-time control system serve as memory de-
vices, the outputs of such integrators can be considered as the variables that define the
internal state of the dynamic system. Thus the outputs of integrators serve as state vari-
ables. The number of state variables to completely define the dynamics of the system is
equal to the number of integrators involved in the system.

Assume that a multiple-input-multiple-output system involves # integrators. As-

sume also that there are r inputs w, u2(?), . . ., u.(f) and m outputs yi(t), y2(9),...,
ym(t). Define n outputs of the integrators as state variables: x1(t), x2(¢), . . ., x»(f). Then
the system may be described by
X)) = fi(xy, X0, o X U Upy o U D)
Xp(0) = foxy, X0y ooy X Uy, Uy, oo U E)
(3-11)
X, =f,(x, X0 . X5 U Uy o u,;t)
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The outputs yi(), y2(¢), - . ., ym(t) of the system may be given by

yi(0) = g(x, Xp o X5 0y, L U )

Yao(t) = 8a(X1, Xgs o oo Xy Uy, Uy, - - Uy E)

(3-12)
V.t = gm(xl, Koy ooo sy X3 Upy Upy oo Uy E)
If we define
(t) fi(e, X0, oo X5 U, Upy oo U )
< 4\ L f - e ws s s o 4}
Aatt) Jok\A s A2y - oy Ay U, Mgy - 5 U, L)
x)=|[ "~ | f(x,u,1) =

x,(1) FolXis Xo oo X Uy Uy I _t)_

_ - _ - _ -
yl(t) gl(xl’x25“"xn; ul9u25""ur;t) ul(t)
y2(t) gZ(x]a Xoy oo o s Xy Up, Uy oo, Uy t) u2(t)

y( = , sxuw = ,oown =
ym(t) Lgm(xl’xb R | xn; ula u2’ MR | ur; t)_ ur(t)
then Equations (3-11) and (3-12) become
y(0) = g(xu, 1) (3-14)

where Equation (3-13) is the state equation and Equation (3-14) is the output equa-
tion. If vector functions f and/or g involve time ¢ explicitly, then the system is called a
time-varying system.

If Equations (3-13) and (3-14) are linearized about the operating state, then we
have the following linearized state equation and output equation:

x(H) = A(Ox(?) + B(Hu(?) (3-15)
y(®) = C@Ox(®) + D(H)u(?) (3-16)

where A(¢) is called the state matrix, B(¢) the input matrix, C(f) the output matrix, and
D(¢) the direct transmission matrix. (Details of linearization of nonlinear systems about
the operating state are discussed in Section 3-10.) A block diagram representation of
Equations (3-15) and (3-16) is shown in Figure 3-10.

If vector functions f and g do not involve time ¢ explicitly then the system is called a

time-invariant system. In this case, Equations (3-15) and (3-16) can be simplified to
x(t) = Ax(?) + Bu() (3-17)
y(t) = Cx(f) + Du(s) (3-18)
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Figure 3-10

Block diagram of the
linear continuous-
time control system
represented in state
space.

EXAMPLE 3-2

¥(r)
> o]
TITTIITITTV

Figure 3-11
Mechanical system.

>0 1

u(r) x(1) x(2) y(tzs
|=> B(») _—")t+;+ —MN Jar ————— () W=
l— A ——

l‘ﬂ

quation of the linear, time-invarian
(3-18) is the output equation for the same system. In this book we
mostly with systems described by Equations (3-17) and (3-18).

In what follows we shall present an example for deriving a state equation and out-

put equation.

qua ion (’%—17\ is the state e

Consider the mechanical system shown in Figure 3-11. We assume that the system is linear. The
external force u(r) is the input to the system, and the displacement y(¢) of the mass is the output.
The displacement y(¢) is measured from the equilibrium position in the absence of the external
force. This system is a single-input-single- output system.

From the diagram, the system equation is

my +by +ky=u (3-19)

This system is of second order. This means that the system involves two integrators. Let us define
state variables x;(¢) and xz(¢) as

x,(f) = y(t)

() = y(0)
Then we obtain
X, =X,
X, =—(—ky —by)+ —u
or
k 1
xz——;xl—%x2+;u (3_21)
The output equation is
¥y =X (3-22)
In a vector-matrix form, Equations (3-20) and (3-21) can be written as
1 o 1] [0]
=1 % |[m] |1 e (323
X, ——  —— || x, —
L 7J L m-IL g
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Figure 3-12
Block diagram of
the mechanical
system shown in

Figure 3-11.

74

The output equation, Equation (3-22), can be written as
r

.
y=11 O]LX‘J (3-24)

X3

Equation (3-23) is a state equation and Equation (3-24) is an cutput equation for the system.
Equations (3-23) and (3-24) are in the standard form:

x = Ax + Bu

y=0Cx + Du
where
[ o 1] [o]
A=| kK b|, B=|1| C=[1 0, D=0
—m _m m

Figure 3-12 is a block diagram for the system. Notice that the outputs of the integrators are state
variables.

Correlation between transfer functions and state-space equations. In what
follows we shall show how to derive the transfer function of a single-input-single-
output system from the state-space equations.

Let us consider the system whose transfer function is given by

Y
% = G(s) (3-25)

This system may be represented in state space by the following equations:
x = Ax + Bu (3-26)
y=0Cx+ Du (3-27)

where x is the state vector, u is the input, and y is the output. The Laplace transforms of
Equations (3-26) and (3-27) are given by

sX(s) — x(0) = AX(s) + BU(s) (3-28)
Y(s) = CX(s) + DU(s) (3-29)
u % X J X . f X1 =g
A LAy
L LI B
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Since the transfer function was previously defined as the ratio of the Laplace transform
of the output to the Laplace transform of the input when the initial conditions were

Zero. wWe assume L]“\Df wi{ i¢ 7ov

{2_7) A Tha ha
udliun \J—46) 15 LOEU. inen we nave

sX(s) — AX(s) = BU(s)
or
(sI — A)X(s) = BU(s)
By premultiplying (sI — A)~! to both sides of this last equation, we obtain
X(s) = (s — A 'BU(s) (3-30)
By substituting Equation (3-30) into Equation (3-29), we get
Y(s) = [C(sT — A) !B + D]U(s) (3-31)
Upon comparing Equation (3-31) with Equation (3-25), we see that
G(s) =C(sI — A)'B+ D (3-32)

This is the transfer-function expression in terms of A, B, C, and D.
Note that the right-hand side of equation (3-32) involves (sI — A)~l. Hence G(s) can
be written as
_96)
G(S) = I AI
where Q(s) is a polynomial in s. Therefore, jsI — Al is equal to the characteristic poly-
nomial of G(s). In other words, the eigenvalues of A are identical to the poles of G(s).

equa ations for the Sys-
r fu

nction for the sys-

Consider again the mechanical system shown in Flmlre 3-11. State- sp
tem are given by Equations (3—23) and (3-24). We shall obtain the tran
tem from the state-space equations.

By substituting A, B, C, and D into Equation (3-32), we obtain
Gis)=C(sI - A)Y'B+ D

i -“71
c o 0 1 0
=0 ofly S-l_k _Bfp L]+
s _m _m m

ac

e
nsfe

K -1 ['fo]
=n ok bJ {1J
|m m m
Since
r T r b -I
s -1 1 s+ 1
é s+ 2 ) o2 o 1 o 4 L3 k -
Lm m | s Imdlml__% L‘J
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we have

1 S+E 1 U—I
Go) =01 00— | , 1
24+ —g+— = siim
m mL m JL .
1

ms> + bs + k

which is the transfer function of the system. The same transfer function can be obtained from
Equation (3-19).

Transfer matrix. Next, consider a multiple-input-multiple-output system. As-
sume that there are r inputs uy, uz, . . . , 4, and m outputs y1, y2, . . . , ym. Define
Y1 Uy
Y2 U,
y = . “ _
ym ur
The trancefer matriv £2(c) relatec the nuitnuit ¥ to the innuit Tlie) or
A LL%W LLICQULALAOANL LLACALE AW \'\AJ/ LW iChilWio LLlW Uubyub - \U,’ LA S R SSS d ALA]-_IUI, v\u,’ L
Y(s) = G(s)U(s) (3-33)

Since the input vector u is » dimensional and the output vector y is m dimensional, the
transfer matrix is an m X r matrix.

3-5 STATE-SPACE REPRESENTATION OF DYNAMIC SYSTEMS
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A dynamic system consisting of ] lements may be de:
by ordinary differential equatlon h1ch time is the mdependent varlable By use of
vector-matrix notation, an nth-order differential equation may be expressed by a first-
order vector-matrix differential equation. If # elements of the vector are a set of state

variables, then the vector-matrix differential equation is a state equation. In this sec-

tinn we chall nrecent methnde for nhtainin

LiIV/LL VY W Ji1CiA1 l.}l WwoWwddl lllWwLilVIng AV UULHJ.I..I.J..I..I.g utute space rpnrpqpnf9f1nnq r\f con f 0 b I

DEAVL EUPI OIS W i

time systems.

State -space representation of nth-order systems of linear differential equa-

tion which the forcing function does not involve derivative terms. Consider
the f"HO\M‘ig nth-order system:

C+dy++a gray=u (3-34)

Noting that the knowledge of y(0), y(0), . (H(O) together with the input u(f) for
t = 0, determines completely the future behav1or of the system, we may take y(t)
y@®,..., y(t) as a set of » state variables. (Mathematically, such a choice of state vari-
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ables is quite convenient. Practically, however, because higher-order derivative terms
are inaccurate, due to the noise effects inherent in any practical situations, such a choice
of the state variables may not be desirable.)

Let us define

X, =y
(n—1)
x =

n

Then Equation (3-34) can be written as

X, =X,
X, = X4
xnfl = xn
X,= —a,x, — - —ax,+u
or
X = AX + Bu (3-35)
where
= (0 1 0 0]
1 0 1 0 0
X2
X = , A= , B =
0 0 0 1
xn
- - —an _anfl *an—Z U _al 1
The output can be given by
-xl-
Xa
y=1[1 0 0]
xﬁ
or
y=Cx (3-36)
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C=[1 0 - 0]

[Note that D in Equation (3-27) is zero.] The first-order differential equation, Equation
(3-35), is the state equation, and the algebraic equation, Equation (3-36), is the output
equation. A block diagram realization of the state equation and output equation given

e o~ _ 1





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































