Mathematics: Lecture 9 calalll ve (g iy delia (e
Polar Integral:

Polar Coordinates and Graphs

P(r, 8)
Polar Coordinate system

x
Initial ray

Each point P can be assigned polar Coordinates (r, 6) where:
1) r is the distance from the pole (origin) O to the point P. r is positive if
measured from the pole along the terminal side of 6 and negative if

measured along the terminal side extended through the pole.

2) O is the angle from the Initial ray to (op). The angle 6 is positive if the

rotation is counterclockwise and negative if the rotation is clockwise.

Review in trigonometric functions:

sin(—@) = —siné
csc(—6) = —csch
tan(—0) =—tan@d
cot(-8) = —cotd

odd functions

cos(—0) = cosd

even functions
sec(-0) = sece}

sin®@+cos’ =1
sec’d—tan*6 =1
csc’ @ —cot* 6 =1
sin(x+y) =sinxcosy+cosxsiny if x=y = sin(2x)=2sinxcosx
cos(x Fy) =cosxcosy+sinxsiny if x=y = cos(2x)=cos’x —sin’x

tan(x$y)=—tanx+t{jlny if x=y = tan2x= 2tan>2<
lttanxtany 1-tan“ x
) 1+ cos2x
COS" X="—"-——"
2
. 1-cos2x
sin“x=———

2
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Converting from polar to rectangular form and vice versa

We have the following relationship between rectangular Coordinates

(Cartesian) (x,y) and polar Coordinates (r,0):

2 2 2

X“+y =r
X

cosfd =— or X=rcosé
r

sinH:X or y=rsing
r

tang=2 or O=tan'd
X X

dAzdde} ~ rdrde
dxdy

Cartesian Coordinates
y=f(x)

Polar Coordinates
r="1(6)

Graphing polar equations

Sketch

) symmetric about x-axis if replacing 6 by (—@) does not change the

function.
i) Symmetric about y-axis if replacing @ by (7 —@) does not change the

function.
i) Symmetric about the origin if replacing r by (-r) does not change the

function.

o

9:

- N Ny



Mathematics: Lecture 9 calalll ve (g iy delia (e
Polar Integral:

Ex.1: Converting an equation from Cartesian form to polar form

X*+y>—4y=0

Since x*+y?*=r®> and y=rsing

= Xx°+y*-4y=0
r’—4rsind=0
r(r—4sind)=0

r=0 or r=4sind

the graph of r = 0 is the pole.because the poleisincluded in the graph of r - 4sind =0,
we can discaredr = 0and keeponlyr =4sind

Ex 2: Converting an equation from polar form to Cartesian form
r =-3cosé

r’ =-3rcosé Multiply bothsides by r
= X +y?=-3x
= X+y*+3x=0

Ex 3: Converting an equation from polar form to Cartesian form
r cos(0-m/3)=3

r(cose cos(n/3)+ sind sin(w/3))=3
%rcos@+§rsin9 =3

%x+§y=3:> x+\/§y:6

Ex 4: Converting an equation from polar form to Cartesian form
r=4cos0

r’ =4rcosf = x° +y* = 4x
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Some important curves

r=a , r=asind , r=acos@circle
r=a(l- =a(l

( c_ose) : r=a( +c_os€) cordioid
r=a(l-sing) r=a(l+sing)
r=asin3 , r=acos36} 3 Leafedrose
r=asin2¢ , r=acos20} 4 Leafedrose

r’ = a%cos20

Standard Polar Graphs

1) Circle
a)r=a
r=2
0=0 = r=2
0=— = r=2
4
‘ N
0=— = r=2
2
b) r=asiné

1) replace 6 by -0

s.r=asin (-60) — r=-asiné
Not symmetric about x-axis
i) replace 6 by n-6

s.r=asin(xz-06) — r=asind
symmetric about y-axis

il ) Not symmetric about the origin.
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c) r=acosd
1) replace 6 by -6

s.r=acos(-6)
symmetric about x-axis

% r
0 a
Z 0
2
r 2
3 2
2) Cardioids

a) r=a(l+cosé@) Symmetric about x-axis

D

r
2a
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Rapid polar sketching

Ex: Sketch r=4(1+cos@)

—

Cinhalll de (5l aelia (a2

r=acoséd

0 Cos 0 4 cos 0 r=4(1+cos0)
varies from varies from varies from varies from
0 to =2 1 to O 4 to O 8 to 4
2 to w 0 to -1 0 to 4 4 to O
n 1o -1 to O -4 to O 0 to 4
3n/2
3n/2 to 2n 0 to 1 0 to 4 4 to 8
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b) r=a(1+sin®)

H.W
r=a(l-cosé)
r=a(l-sin@)

EX.: Find the area of the region enclosed by the cardioids
r=a(l-cosé)

1-cos @ >
A=2j jrdrde Q =
0 0 \

1-cos @

7 r2 z ,
=2[ —|  do=[@-cosp)’do
0 2 0
0
= I(l— 2c0s0 +cos’ 9)d = I(l— 20059+%(1+ c0s26))dé
0 0

3z

= (9—23in9+19+15in20)
2 4 2

T
0
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Problems
1) Converting equations from Cartesian form to polar form
a) x*+y?-6x=0
b) y*=5y-x’
C) y?*=4x
d) 2xy=1

2) Converting an equation from polar form to Cartesian form

a) r+2sind=0
b) r(3cos®—4sind=-1

C) r=4
T
d) 0‘2

3) a) sketch r=5(1+sin®)
b) sketch r=8 cos20

4) change the Cartesian integral into an equivalent polar integral. Then

evaluate the polar integral

1 V1-x?

a) I j dydx

-1 0

5) Use polar coordinate i azsz dzydxz 372
o o (@+xT+y9)
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6) Find the area of the region R that lies inside the cardioid r=(1+cos®)
and outside the circle r=1.

7) Find the area of the region R that lies inside the cardioid

r =2(1+cos®) and outside the circle r=3.

8) Find the area of the region R that lies inside the circle r=4(sing) and
outside the circle r=2.

9) Find the area of the region R cut from the first quadrant by the cardioid
r=(1+sin@d) .

10) Find the area of the region common to the r = (1+cos#) and

r=(1-cosé).
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