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DEFINITIONS
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Before discussing how to solve linear partial differential equations
by the method of separation of variables, it is important to
summarize some of the important results on Fourier series. Joseph
Fourier developed this type of series in his famous treatise on heat
flow in the early 1800s.

1 Definitions

Definition 1.1. A function f is said to be piecewise continuous on
la, b] if there exists finitely many points a =1 < 29 < ... < x, = b
such that f is continuous on [x;,x;11] and

lim f(x), lim f(x)

_|_ —

exist fori =1,2,...,n— 1.
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Fi1c. 1 — Piecewise continuous function.

Definition 1.2. A function f is said to be periodic, with a period
pif f(x +p) = f(x) for all x.

Example 1.1.
1. f(x) = sin(x) is a periodic function with period p = 27.
2. f(z) = tan(x) is a periodic function with a period p = 7.
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Definition 1.3. Two functions f
with respect to the weight function ¢ on |a, b] if

F1a. 2 — Periodic function.

b
/ F(2)g(x)q(x)dz = 0

and g are said to be orthogonal
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DEFINITIONS

@or a given function ¢, it is often possible to find an infinite
sequence of functions ¢1, @9, ... such that

b
/ G (T) P (x)q(x)dx = 0 if m # n

¢, is defined as follows

bl = \/ / 82 (2)q(2)da

Example 1.2.

respect to g(x) = 1. Indeed,

/ sin(na) sin(ma)dz = » /O " feos((m — n)x) — cos((m + n)z)

\ 2

The sequence { ¢y, }n>1 is called an orthogonal system. The norm of

Moreover if ||¢,| = 1, {¢n}n>1 is called an orthonormal system.

1. {sin(nx)},>1 is an orthogonal system on the interval |0, 7] with

~

dx
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" FOURIER SERIES

/Forn#m \

T

1 , 1
[2(m ) sin((m —n)x) — 2m 1)

0

2. {\/g sin(nz)},>1 is an orthonormal system.

2 Fourier Series

Let f be a piecewise continuous function defined on [—m, 7]. Then
one can express f as a linear combination of sine and cosine
functions as follows :

f(x) ~ lao + Z ay cos(kx) + by sin(kz)

2
k=1

where ag, ar and by are constants to be determined.

N

sin((m + n)a:)] —0.

/




" FOURIER SERIES

/In order to find ag, one has \

' f(x)dz = /7T <%ao + Z ay cos(kx) + by SiIl(k:U)) dx

k=1

T

—CLO 27T—|—Z (ak/ cos( k:c)dachbk/

—TT

sin(kw)dac)

On the other hand, to find a,,,

_W f(x) cos(nx)dx =

/w (;ao cos(nx) + Z ar cos(kx) cos(nz) + by sin(kx) cos(nac)> dx

\_ Y,




" FOURIER SERIES

cos(nx) cos(nzx)dr + 0 = a,7

(S

—TT

T — T

Similarly

by, = — f(x)sin(nx)dr, n=1,2,...
T — 7T

a, and b,, are called Fourier coefficients.

Example 2.1. Let us consider the function

—1 "7 <x<0

f(x):{ 1 0<az<n

By using the formula of ag, a,, and b,,, we find that

s s

— T

\ T

1 T
— a, = —/ f(x)cos(nx)dz, n=1,2,...

ag = — _7; f(x)dx = 1 /O (—1)dx + ! /Ow(l)dx = 0.

~

/
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~

0 0
1
/ f(x) cos(nx) / — cos(nz)dx + —/ cos(nx)dx
—T 0

T

n

0 U
1
/ f(z)sin(nz) / —sin(nx)d:ch—/ sin(nx)dx
o 0

s

- ([—— sin(nx)]® . + [1 sin(nx)]3 ) = 0.

= 2 (2 cos(na)®,, + [—1 cos(na)]]
1C )

n n

= % ([cos(0) — cos(—nm)] 4 [cos(0) — cos(nm)])
— n—zﬁ(l — cos(nm)) = %(1 —(=1").

Thus the Fourier series of f is given by

Z ") sin(nx).

nzl
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Theorem 2.1. If f is a periodic function with period 27 and f
and f’ are piecewise continuous on [—m, 7|, then the fourier series

1 oo
—ag + Z aj cos(kx) + by sin(kx)

2
k=1

is convergent. The sum of the Fourier series is equal to f(x) at all
numbers x where f is continuous. At the numbers x where f is

discontinuous, the sum of the Fourier series is the average of the
right and the left limits, that is

1

() + f)),

3 Fourier Sine 4+ Cosine Series

In this section we show that the series of sines only (and the series

of cosines only) are special cases of a Fourier series.

N /
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. FOURIER SINE + COSINE SERIES

/3.1 Fourier Sine Series

Definition 3.1. An odd function is a function with the property
f(=z) = —f(x).

Example 3.1.
1. f(z) = x°.
2. f(x) = sin(4x).

Remark 3.1. The integral of an odd function over a symmetric
interval is zero.

Let us calculate the Fourier coefficients of an odd function :

Ay = — f( ) cos(nx)dx = 0

bn:l/7T f(x)sin(nx) / f(x)sin(nx)

~
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Since a,, = 0, all the cosine functions will not appear in the Fourier
series of an odd function. The Fourier series of an odd function is
an infinite series of odd functions (sines) :

f(xz) ~ Z by, sin(nx)

Now assume that the function f is only given for 0 < < 7 and
not necessarily odd. In this case f can be extended as an odd
function. This extension is called the odd extension of f. Moreover
the Fourier series of the odd extension of f only involves sines :

the odd extension of f(x) ~ Z by sin(nz), —-nw<z<m.
n=1

However, we are only interested in what happens [0, ]. In this

interval f is identical to its odd extension :

/
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f(x) ~ Z by sin(nz), 0<ax <,
n=1

where

2 T
bn —_— — 1 d
7T/o f(x)sin(nx)dx

3.2 Fourier Cosine Series

Definition 3.2. An even function is a function with the property
f(=z) = f(x).

The sine coefficients of a Fourier series will be zero for an even
function,

1 T
b, = — f(z)sin(nz)dx = 0.

v

The Fourier series of an even function is an infinite series of even

N /
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functions (cosines) :

f(x) ~ % + Z Ay, cos(ne).
n=1

The coeflicients of the cosines may be evaluated using information
about f(z) only on [0, 7], since

w=> [ fas=2 [ fa)da

s

v v

Ay = — f(x) cos(nz)dxr = g/ f(x) cos(nx)dx
[ — ™ Jo

If the function f is only given for 0 < x < 7 and not necessarily

even, then f can be extended as an even function, which called the

even extension of f. Moreover the Fourier series of the even

extension of f only involves cosines :

N /
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the even extension of f(x) ~ Z apcos(nr), —-w<x<m.

n=0

In the interval |0, 7|, the function f is identical to its even
extension :

M8

an cos(nx), 0<z<m,

n—

1

2 7T
= — x) sin(nx)dx
W/O f(z) sin(nz)

Example 3.2. Let us consider the function f(x) =1 on [0, 7]. The
Fourier cosine series has coeflicients

2 7T
CLOZ—/ ldx = 2
T Jo

2

\ an == /0 " cos(na)dz = 0 /

where
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/Then flz) ~ 2 +> " ancos(nz) = 1. \

4 Differentiation and Integration of
Fourier Series

Let us consider a continuous function on the interval [—m, 7|, with
Fourier series

~ =4 Z an, cos(nz) + by, sin(nx),

then f’ has a Fourier series

oo

f(x) ~ Z —nan, sin(nx) + nb, cos(nx).

n=1

\That is f'(z) can be written as a Fourier series /




- DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES

e

M8

(nz) + by, sin(nz),

n=1
where
ap = bpyn = e f(x) cos(nx)dx
T
~ n .
b, = —apn = —— f(x)sin(nz)dx.
T

For any function f on the interval |[—m, 7|, its integral has Fourier
series (assume that ag = 0)

:/ f(;%)d;?:w;o Z cos(nx) + by, sin(nz)

where




- DIFFERENTIATION AND INTEGRATION OF FOURIER SERIES

e

Example 4.1. Let us consider the function

—1 —7a<x<0

f(x):{ 1 0<z<m
The Fourier series is
Z — sm (kx).

kodd
The Fourier series of

f - —1 —r<x<0
dz = 0<z<nm

is given by

N
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. COMPLEX FOURIER SERIES
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Recall that e’ = cos(#) + isin(#) then

Complex Fourier Series

i0 | ,—if i0 _ —if
cos(f) = ‘ +2€ and sin(f) = ‘ 2,6
i

Thus the Fourier series can be written using complex variables

f(x) ~ % + Z ay cos(kx) + by sin(kx)

k=1
S tkx —ikx tkx —ikx
ao € + e & &
= — b
N e e
k=1
_ %o — (@ = ibk) e (an k) i,
2 2 2
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-

o0
— ¢y i E :Ckezka: —I—C_k;e_ka

k=1
where .
“T 9 T o f( )dw
— ibg)
Cr = (o 22 k) _ 27r/ f(x)(cos(kx)—isin(kx))
b,
c_p = (s J;Z k) _ 27r/ f(x)(cos(kx)+isin(kx))

In summary, the complex Fourier series is

oo

f(ﬂ?) N chez’kzm
where -
Ch = 5 f(z)e  *dy.

—T

N

5 [ f@
5 [ f@

20
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. COMPLEX FOURIER SERIES

Glxample 5.1. Let us consider the function

-1 7T <x<0
1 0<x <.

flz) =

The complex Fourier series coefficients are

1 0 . u |
Cp = — (/ —le 7y +/ 1e_md:c>
27 —Tr 0

L (_—_ilke—z'ka;](lw_i_}ike—ikx]g)’ k0
L (—m+7), k=20
(1_67jkz7r_6—ik7r_|_1), k#o

{

:{Sfm k=0
{
{

—1 (1 . l(eikﬁ . 6—ik7r)) : L ?é 0
0. k=0

— (L —cos(km))), k#0
0, k=0

21
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{ =2 kodd

0, k even

Then

6 Fourier Series over any Interval

In general, Fourier series, sine and cosine series may be defined not
just over [—m, 7] but over any interval [a, b]. Let us consider a
function F'(t) periodic with a period 27 and ¢t € [—7, 7], then the
Fourier series of F' is given by

a = .
F(t) ~ ?O + ]; ay cos(kt) + by, sin(kt),

N /
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' FOURIER SERIES OVER ANY INTERVAL

ﬁvhere

N

1

s

~

T 1 T
ap = — f(t) cos(kt)dt and by, = — f(t) sin(kt)dt
—1Tr L "

f(x) ~ %JrZakcos (kﬂ'(

k=1

r=2(b+a)+ o-(b—a)t € [a

2

s

, 2r — b —a
=T .
b—a

Now let us define the function f by

2T

y (%(b—I—a) + i(b—a)t) _ F(t)

The Fourier series of the function f is

2r — b —a)

b—a

Let a and b be two constants. Define the new variable z as follows

2r —b—a)

) + by, sin (kﬂ'(

b—a

g
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where

b
ap = bga/ f(x) cos (lm(Qxb__ba_a)>dac

- E - /ab f(x)sin (kwmb__ba_ a’>) dz.

In particular, if b =1, a = —[ and f is periodic with period 2/

ag it ]C?T:E krx
~ g + aj, COS + by, sin 7
k=1

and

b =

where

l l
— %/_lf(x)cos (lmlr_x) dx and by = %/_lf(a:)sin (IWTTZC) dx

Example 6.1. Let us consider the function f defined as follows

{O, —2<x<0

flz) =

2—z, O0<x <2

~

/
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' FOURIER SERIES OVER ANY INTERVAL

@y using the formula of ag, a,, and b,,, we find that \

1 2
aOZZ/ (2 — x)dr,
0

1 /7 k
ap = — (Z—x)cosﬂda:,kzl,l...
0 2

2
e 1 [? kma
b = 5/0 (2—:c)sin7da:,k: 1,2,...
Evaluating these integrals gives
ag = %, ap = k227'('2 (1 — (=1)*] and by, = %
where use has been made of the fact that cos(kr) = (—1)* and

sin(km) = 0. Thus the Fourier series becomes
1 2 [([1-(-D* &k 1 . k
f(a:):§+—2([ ( )]cosier—sinE).

T k21 2 k 2
\ k=1

/
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-~

The sine series of a function f on [0,1] is
k
—|— Z aj COS ﬂ

where

k
/ f(x) cos Edw.

The cosine series of a function f on [0,1] is

oo

f(x) ~ Zak simkw—le

[
k=1

k
/ f(z)sin Lxd:v.

where




