Mathematics: Lecture 3
Differential Equations:

C. Higher order Differential Equations:

How to find roots of an equation:

Caalll e (5 5l aelue (e

Let x"+ax""+a,x"?+...+a, =0 be an eq. of degree n, we denote this eq. by f(x)=0 then:

1) r is aroot of the eq.
2) r is repeated root of the eq.
3) If r isaroot of the eq.

4) If r isaroot of the eq.

EX.: Find all roots of x> +4x*>—-3x-18=0

Solution:

f(x)=0

f(x)=0 , then r must be a factor of a, .

a,=18: F1,¥2,73,¥6,¥9,718

if f(r)=0.
if £(r)=0.

n

f(x)=0 , then (x—r) divides f (x).

f(2)=8+16-6-18=0, 2 isaroot of the eq.
There are two methods to factorize f(x): long division & fast division.

First method: Fast division

= X°+6x+9=0

= (Xx=2)(x* +6x+9)=0
(x—2)(x+3)(x+3)=0
X\=2, X =-3, X =-3

The roots are 2, -3, -3

Second method: long division

x* +4x* —3x-18=0

= (x—2)(X* +6x+9)=0
(x=2)(x+3)(x+3)=0

-18

N

12

18

X2 +6X +9

(x —2)> x% +4x° —3x —18
F x3 +2x2
6x° —3x
F6x° +12x
9% —18
F9%x +18
0]
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Higher order linear Differential Equations:

The general form with constant coefficient is:

y(n) _+_a1y(n_1) +"'+an—1y+ar‘ly: F(X) ...... (1)

If F(x)=0 then (1) is called homogenous, otherwise (1) is called nonhomogenous.

The general solution

The methods of solving second order homogenous D.Egs. with constant coefficients can be

extended to solve higher order homogenous and nonhomogenous D.Eg. with constant coefficients.

a) Homogenous: the characteristic equation of nth order homogenous D. Eq.:
y" +ay"P 4. +a _y+ay=0is:
r"+ar"*+...+a,,r+a, =0

Let r, r,,r,,..,r, bethe roots of characteristic equation then:
HIf r,,r,,..,r areall distinct then the solution is:
y, =ce™ +c,e” +...+c.e"™

2) If 1, repeated m times, then y, will contain the terms:

m-1,rXx

ce™+c,xe” +...+c X" e

3) If some of roots are complex (r =a Fig) then y, will contain

(c,cos px+c,sin px)e™

Ex.1: solve y" -3y"+2y'=0
Solution:
r’-3r’+2r=0 = r(r*-3r+2)=0
r(r-2)(r-1)=0
= nrn=0,rrn=2,nr=1
are all distinct
= Yy, =Ce" +c,e” +c,e™

y, =C, +C,e** +ce”
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Ex.2:
y-3y"+3y"-y=0
r'—3r'+3r’-r=0 = r(r’-3r*+3r-1)=0
r(r-1°=0
= =0, n=n=r=1 = m=3

X rx

=¥, =™ +(C, X" +c X" +¢,x" e

Y, =C, +C,e* +c,xe* +¢,x’e"

Ex.3:

y@W _3y" —2y"+ 2y +12y =0

r*—3r*-2r>+2r+12=0
r=2 isaroot = (r-2) isafactor

= r*—r’—4r-6=0

=(r-2)(r*-r*-4r-6)=0 , r=3 root = (r-3) isafactor

= r’+2r+2=0

(r=2)(r-3)(r*+2r+2)=0
n=2 =3 r=-1¥i a=-1, =1

= Yy, =ce”+c,e” +(c,cosx+c,sin x)e”

b) Nonhomogenous: the general form of nth order nonhomogenous differential equation is:

y(n) _+_a1y(n_1) +"'+a‘n—ly+aﬂy= F(X) ...... (1)

The general solution is  y, =y, +VY,

Caalll e (5 5l aelue (e

1 [-3[2]2 12
112 [2]-8[-12
1 |-1]-4[-6]0
1 [-1]-4]-6
113166
12 ]2]0
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Methods of finding vy:

1) Undetermined coefficients
We can extend the methods of solving second order non homogenous D.Egs. with constant

coefficients to solve higher order nonhomogenous D.Eq. with constant coefficients.

Ex.1: y™¥-8y"+16y=-18sinx
Solution:
Ye=Ynt Yy
y4-8y"+16y=0
r*-8r’+16=0 = (r*-4)*=0 = r’=4 = r=+2
Yh=C1e”*+Coxe”*+C3e > +c xe 2
let yp=Acosx+Bsinx, y,=-Asinx+Bcosx, y"p=-Acosx-Bsinx
y"'p= Asinx-Bcosx, y¥),= Acosx+Bsinx
Acosx+Bsinx+8 Acosx+8Bsinx+16Acosx+16Bsinx=-18sinx
25Acosx+25Bsinx=-18sinx
25A=0=A=0
25B=-18=B=-18/25

. 2 18 .
Y, =Ce™ +c,xe® +ce™ +c,xe ™ - Z=sinx
25

2) Variation of parameters
In this method, the particular solution yp has the form y,=viui+Volo+... +vpUn
Where ui, Uy, ..., uy are taken from yh=Ciu+Col+... +Cqln.
To find vi, Vo, ..., vo, We must solve the following linear egs. For vy, Vg, ..., Vi
Vi, +Vou, +...+Vviu, =0
Viu; +Vou, +...+viul =0

(n-2) (n-2)

’ (n—Z)_
+...+V U, =0
+.+viu Y = f(x)

ViU,
(n-1)

'
+V,u,
(n-1)

ViU, + VLU,
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Ex2: solve y"'+y'=secx
Solution:
Let y"+y'=0
rP+r=0 = r(r*+1)=0 = r=0, r’=-1 = r1=0, r=i
Yh=C1+C2C0SX+C3SINX
=1, up=cosx, us=sinx, f(x)=secx
Vi + V,C0SX+ Vgsinx =0
v;(0) + Vv, (=sinx) + v, (cosx) =0
v;(0) + Vv, (—cosx) — v (sinx) = secx
1 cosx  sinx
D=0 CosX |=sin®x+cos’x =1
0 —cosx

—sinx
—sinx

0 COSX sinx

Caalll e (5 5l aelue (e

D,=| 0 —sinx cosx |=secx(sin®x +cos” X) = secx
SeCX —CO0SX —sSinx
1 0 sinX
0 COSX
D,=/0 O COSX | = . |=—cosxsecx=-1
. secx —sinx
0 secx -—sinx
1 cosx 0 )
) —sinx 0 )
D,=0 -sinx 0 |= =—sinx secX = —tan X
—COSX Secx
0 —cosx secx
' D
— 1 _ — —
vV, = Y =SeCX =V, = J‘secxdx = In(secx + tan x)
' D
v, :—2:—1:>v2=.[—1dx:—x
D
D
v, :E:—tanx:w3:—jtanxdx:lncosx

Yp= In (secx+tanx)-x cosx-In cosx sinx

Yg= C1+CoCOSX+Casinx+ In (secx+tanx)-x cosx - In cosx sinx
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Exercise: Solve

1) y"-6y"+12y-8y=0

2) y"-y=0

3) y®-2yW+y"=0

4) y"-6y"+2y'+36y=0

5) y+8y"+24y"+32y'+16y=0
6) y“-dy'+4y=0

Problems: Find the general solution y"-6y"+12y'-8y=0
1)  y?+8y'+16y=0
2)  yB+y=x+1
3) y"-3y+2y=¢*
4)  y¥-16y=0
5) y"-y=4x’+6x°
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