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C. Higher order Differential Equations: 
 

How to find roots of an equation: 

Let 02

2

1

1  

n

nnn axaxax   be an eq. of degree n, we denote this eq. by 0)( xf  then: 

1) r    is a root of the eq.   0)( xf    if  0)( rf . 

2) r    is repeated root of the eq.   0)( xf    if  0)(  rf . 

3) If  r    is a root of the eq.   0)( xf  , then  r   must be a factor of  na .   

4) If  r    is a root of the eq.   0)( xf  , then  )( rx    divides )(xf . 

 

Ex.: Find all roots of 01834 23  xxx  

Solution:       18 9, 6, 3, 2, 1,   :  18 na  

          0186168)2( f , 2   is a root of the eq. 

There are two methods to factorize f(x): long division & fast division. 
 

First method: Fast division 
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The roots are   2, -3, -3 
 

Second method: long division 
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Higher order linear Differential Equations: 

The general form with constant coefficient is: 

                             (1) ......       )(1

)1(

1

)( xFyayayay nn

nn  

    

If   0)( xF  then (1) is called homogenous, otherwise (1) is called nonhomogenous. 

 

The general solution 

The methods of solving second order homogenous D.Eqs. with constant coefficients can be 

extended to solve higher order homogenous and nonhomogenous D.Eq. with constant coefficients. 

 

a) Homogenous: the characteristic equation of nth order homogenous D. Eq.: 

01

)1(

1

)(  

 yayayay nn

nn   is: 

   01

1

1  



nn

nn ararar   

Let   r1, nrrr   ,  ...  ,    ,  21    be the roots of characteristic equation then: 

 

1) If   nrrr   ,  ...  ,    ,  21   are all distinct then the solution is: 
xr

n

xrxr necececy  21

21h
 

 

2) If   1r  repeated m times, then  
hy  will contain the terms: 

   ... 111 1

21

xrm

m

xrxr
excxecec   

 

3) If some of roots are complex (  ir  ) then yh will contain  
xexcxc  ) sin cos( 21   

 

Ex.1: solve y''' -3y''+2y'=0 

Solution: 

1  ,   2   ,   0                                  
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Ex.2: 

y(4)-3y'''+3y''-y'=0 
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Ex.3: 

012223)4(  yyyyy  

factor   a is  2)-(   root     a is   2
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b) Nonhomogenous: the general form of nth order nonhomogenous differential equation is: 

(1) ......       )(1

)1(

1

)( xFyayayay nn

nn  

   

The general solution is  py hg yy   
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Methods of finding yp: 

1) Undetermined coefficients 

We can extend the methods of solving second order non homogenous D.Eqs. with constant 

coefficients to solve higher order nonhomogenous D.Eq. with constant coefficients. 

 

Ex.1: y(4)-8y''+16y=-18sinx 

Solution: 

py hg yy   

y(4)-8y''+16y=0 

r4-8r2+16=0  (r2-4)2=0  r2=4  r=±2 

yh=c1e2x+c2xe2x+c3e-2x+c4xe-2x 

let yp=Acosx+Bsinx, y'p=-Asinx+Bcosx, y''p= -Acosx-Bsinx 

y'''p= Asinx-Bcosx, y(4)
p= Acosx+Bsinx 

Acosx+Bsinx+8Acosx+8Bsinx+16Acosx+16Bsinx=-18sinx 

25Acosx+25Bsinx=-18sinx 

25A=0A=0 

25B=-18B=-18/25 

xsin
25

18
-xececxececy 2x-

4

2x-
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2x

2

2x

1g   

 

2) Variation of parameters 

In this method, the particular solution yp has the form yp=v1u1+v2u2+… +vnun 

Where u1, u2, …, un are taken from yh=c1u1+c2u2+… +cnun. 

To find v1, v2, …, vn, we must solve the following linear eqs. For v'1, v'2, …, v'n: 
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Ex2: solve y'''+y'=secx 

Solution: 

Let y'''+y'=0 

r3+r=0  r(r2+1)=0  r=0, r2=-1  r1=0, r=±i  

yh=c1+c2cosx+c3sinx 

u1=1, u2=cosx, u3=sinx, f(x)=secx 

xxx

xx
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sec)(sinv)cos(v)0(v

0)(cosv)sin(v)0(v

0svcvv
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
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
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D

D
v 1

1
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
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D

D
v 2

2
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 


xdxxvx
D

D
v coslntantan 3

3

3  

yp= ln (secx+tanx)-x cosx-ln cosx sinx 

yg= c1+c2cosx+c3sinx+ ln (secx+tanx)-x cosx - ln cosx sinx 
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Exercise: Solve 

1) y'''-6y''+12y'-8y=0 

2) y'''-y=0 

3) y(5)-2y(4)+y'''=0 

4) y'''-6y''+2y'+36y=0 

5) y(4)+8y'''+24y''+32y'+16y=0 

6) y(4)-4y''+4y=0 

 

 

 

 

Problems: Find the general solution y'''-6y''+12y'-8y=0 

1)    y(4)+8y''+16y=0 

2)    y(4)+y=x+1 

3)    y'''-3y'+2y=ex     

4)    y(4)-16y=0 

5)   y'''-y'=4x3+6x2 
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