Mathematics: Lecture 2 Caalll ve (gl aelie (a)e
Differential Equations:
B. Second Order Differential Equations:

The second order linear differential equations with constant coefficient has the genral
form is:

ay”+by"+cy = F(X) ...(D),
where a, b and c are constants.

If F(xX)=0 then (1) is called homogenous.

If F(x)=0 then (1) is called non homogenous.

Ex:
1) y"-x%y+sinx y=0 is linear, 2" order, homo.
2) y'-(y)*+ y=sinx is non linear, 2" order, non homo.

3) y'+2yy'=Inx

a) Homogeneous.
b) Nonhomogeneous.
- Undeterminant coefficients.

- Variation of parameters.

a) The Second order linear homogenous D.Eqg. with constant coefficient:
The general form is
ay"+by'+cy=0 ...(2)

where a, b and ¢ are constants.

The general solution
Put y=Dy and y"=D?y in eq. (2) (D is an operator)

= a D?y+bDy+cy=0
= (aD* +bD +¢c)y =0 (using D-operator)
now substitute D by rand leave y then

ar’+br+c=0
is called characteristic equation of the differential equation and the solution of this equation

(the roots r) give the solution of the differential equation where
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_ —b¥F+b*-4ac

r=
2a

There are two values of r :

1- real (equal and not equal).
2- complex.

Case 1: If b®>—4ac>0 then r; and rp are distinct (= rp) and real roots, and the general
solution is y =ce™ +c,e
Case 2: If b®>—4ac=0 then r,=r, =r ,and the general solution is:

y =(c, +c,x)e”
Case 3: If b®> —4ac <0 then the roots are two complex conjugate roots r=a +ig, i= J-1,
and the general solution is:

y =e”™(c,cospx + ¢, sin )

Ex.1: Solve y"—2y' -3y =0

Solution:
y'—-2y'-3y=0
r2_2r_3:0 , y:1 ,y’=l’ 1 yrl:rZ

(r+D)(r-3)=0

r+1=0 = r=-1

r-3=0 = r=3
the general solution is

=X 3x
y=ce*+c,e

Ex.2: Solve y" -6y’ +9y =0
Solution:

y"—6y' +9y =0

r’—6r+9=0

(r-3)°=0 = r=r,=3

y= (Cl + sz)esx
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Ex.3: Solve y" +y +y=0

Solution:
y'+y+y=0
r’+r+1=0 a=1,b=1,c=1
f_ThtV1-411
2.1
C-1+4-3 0 14438
2 2
e P N B 1
2 2 2 2
= V3 V3

1 _
L y=e? (¢ cos7x+czsm7x)

Exercise: solve
1. 4y"-12y+5y=0 ansy=c;eM’2*+ c,e(5/2)%
2. 3y"-14y-5y=0 ansy=c;e>+ c el
3. 4y'+y=0 ansiy=c1Cos(x/2)+ c,sin(x/2)
4. y'-8y+16y=0 ansy=cie®+ coxe™
5

. y'+9y=0 ans:y=C;C0S3x+ CSin3x
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b) The Second order linear non homogenous D.Eq. with constant coefficient:
The general form is: ay”+by'+cy =F(x) ...(3)

where a, b and c are constants.

The general solution
If yn is the solution of the homo. D.Eq. ay”+by’+cy =0, then the general solution of

eq. (3) is:

Y=YntY, y, (complemertary function)
y, (porticular integral)

i) y, is y homo.
i) y, (use the table)

Methods of finding y,:

There are two methods:
1) Undetermined coefficients:
In this method y, depends on the roots r1, and r, of characteristic equation and on the

form of F(x) in eq. (3) as follows:

F(x) Choice of y, MR,
kx" kX" +k X"t +k X244k, 0
nth degree polynomial
ke ce™ P
ksingx or c, Cos Ax + ¢, sin /X Fip
k cos fx

Note: For repeated term (root), multiply by X.

Ex.1: Use the table to write vy,
1) F(x)=3x" , k=3 , n=2

Y, =K X2 + kX +kg
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-1 -1
2) F(x)=—¢e™ , k=— = ¢
) F=7 >
yp=Ce_3X
3) F(x)=2cos3x , k=2 |, p=3

Y, =, C0S3X +C, sin3X

4) F(x)=3x"-3x+5 - 2e* , k=3 , ¢c=-2

Y, = kX* + kX + K, +ce™
1.
5 F(X) :2cosx—§sm X

Y, =C, COSX +C, Sin X
6) F(x)=sinXx—co0s2x

Y, =C, COSX +C, SIN X + A0S 2X + Bsin 2x

Ex.2: Sole y"—y' —2y=4x*> ... (1)
Solution:
y' -y-2y=0
the char. Eq. r>-r-2=0
(r+)(r-2)=0
n=-14,r,=2

Yo =G +Ce”
f(X)=4x is polynomial of second degree then

Y, =KX +kx+ky .. (2)
=y, =2kx+k , y; =2k,

Substitution gives
2k, — (2K, X+ K, ) —2(k, x> + K, X+ K, ) = 4x°

coeff.of x> : -2k, =4 = k,=-2
coeff.of x: -2k, -2k, =0 = k, =2
const: 2k, -k, -2k, =0 = k,=-3

y, =—2x* +2x-3

Yo =Yn +Y, = (e +c,e%)—2x* +2x -3
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Ex.3: y'—y -2y=e*

Solution:

y'-y'-2y=e* ..(1)
y'—y' -2y=0
r’—r-2=0

(r-2)(r+1)=0=r=2,r,=-1
y, = (ce” +c,e™), Put
y, =ce” - (2)
y, =3ce™ , y’=9ce™
Substitute In (1)

9ce®*-3ce®-2ce=e%
1
9c-3c-2c=1=4c=1 = c= "

X

In(2= vy, :%e""

L 1
Yo =Yn+Y,=Ce”+ce” +Ze3X

Modification rule Juail) sxcld

XAy Q= Dl Adaad) ok ) @lSy F(X) =kx" oS Id ()

(f
XAyl p= bl Adadl ol i glsy F(x) =keP o) -a

XAy p= bl Al gl gl F(x)=ke™ oY - b

k cos X
ksin px

X By qud r=Fig , a=0 oSy F(x):{ oS (v
Ex.4:Solve y'+y= sinx

Solution:

y'+y=0

’+1=0, r’=-1=r==+i, a=0, B=1

Yh=C1COSX+CSINX

Yp=X(C3C0SX+C48INX), Y'p=X(-C3SINX+C4COSX)+ (C3COSX+C4SINX)
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Y"'p=X(-C3C08X-C4SINX)+(-C3SINX+C4COSX)+ (-C3SINX+C4COSX)
Substitution gives
-2C3SINX+2C4COSX=SINX

-2C3:1:> C3:-l/2, 2C4=0=c4=0

. X
Yo = ClCOSX+CZSInX—ECOSX

Exercise: Find the general solution
1) y'=9x%+2x-1

2) y'-y'-2y=sin2Xx

3) y'-5=3e*-2x+1

4) y'+2y+y=3e™

5) Y"-y-2y=x"-
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2- Variation of parameters.
Let yh=ciu1+CoU, be the homogenous solution of ay” + by’ +cy =F(x) and the particular

solution has the form y, =u,v, +u,v, where v; and v, are unknown functions of x which
must be determined, first solve the following linear equations for v'; and V5:

Viu+ Vaur=0

Viiu'1+ \fo'zzF(X)
which can be solved with respect to V'; and V', by Grammar rule as follows

u, u, 0 u, u 0
D= ' 1| 1= ]! 2 7|
up uj F(x) u; u;  F(x)
and Vi:&’ V;:&
D D

by integration of V1 and V', with respect to x we can find v; and v;.

Ex.1:
Sohve y"—-y' -2y=e¥* ... (1)

Y, =Ce " +C,e”* hence

’
= u =—e"
’
u,=e” = u, =2e*
Yp= ViU1+Vaolip
’

’
v, u, +Vv,u, =0

’ ’ ’ 1A
v, u, +V, U, =F(x)

v, (%) +v, (€%)=0
vlr (—e ™)+ vz' (2e%) =¥

Solving this system by Cramer rule gives

e—x e2x y O eZX o e—x O o
D= —X 2x =3e ! Dl: 3x x| ! DZ: —X 3x =€
—e 2e e 2e —-e e
5X
' € -1 1
Vl: = e4x Vl = —e4x ___e4x,
3e 3 3 12
2x
\ 1 1
Vy=——=-e"=V,=|-e" ==¢
e” 3 3
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1 4 1 1
. yp :__e4xe X +_exe2x :_eSX

2 3 4

L _ 1
the general solutionis:y =c,e™ +c,e™ + =e*

Ex.2: solve

y'+y=secx
Solution:
y'+y=0
rP+1=0 =>r’=-1=r==i a=0, p=1
Yh=C1COSX + C2SiNX,  U3=COSX, Up=sinX, f(X)=secx
Yp= Vil tVali

= V1C0SX +Vosinx then
1 !
v, (cosx)+V, (sinx) =0

! !
Vv, (=sinXx)+ Vv, (cosx) =secx

CosSX  sinx ) .
D=| . =CO0S” X+SsIn“x =1,
—sinxX Ccosx
0 sinx . . 1
D, = =-—SINX secx =-sinXx—— = —tanx,
SeCX COSX COSX
COSX 0
=] . =cosxsecx =1
—sinx secx
, —tanx —sinx
V) = =—tanx:>v1:j dx =In|cosx|
1 COSX

v'2:1:>v2:_|.dx:x

Yp = In |cosx| cosx + X sinx

Yg = C1COSX + C2SinNX + In |[cOosX| COSX + X SinX

Exercise
1. y'-2y+y =€e* Inx
. e*
2. y-2y4y= 5
3. y'+4y=sin?2x
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Problems: Find the general solution

1- y'+2y' +y=4e"Inx

2-  y"+4y +20y = 23sint —15cost y(0)=0 , Yy(0)=-1
3-  y'-4y'+3y=4e*  y(0)=-1, y'(0)=3

4- Yy +y=x"+X

) , 12¢*
5-  y'-2y'+y= N

6- y"+4y=4sec2x
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