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Special Functions

1-Gamma function :

The gamma function is defined by integral
o= J.X”’_le"X dx , a>0
= ije*X dx :je’xdx =[e*]y =-[e” -e’]=1
0

0

Note
DI(a+1) =al(x) a>0
2) T'(n)=(n-1)! n=1,23,........
IrC)=r

Examples :
7 5 5 5 53_.3 5
DIo=TG+D=2TE) =2 2TC) ==
)T2=T(+1) 2(2) S TO)=2

AT =21 =LA =L 221

3)r(6) (6 1)'—5I 5.4.3.2.1=120
HT@4)=(4-1)1=3=32.1=6
5 T(1) =(@1-1)=0=1

Examples: Express the following integration by using of gamma functions and find
values .

1) Tx_; e dx Z)Txi e dx
0 0

3)T\/§e‘xdx 4)Tx4e‘xdx
0 0

5)]‘{/;e’&dx
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o 1 i E_l 1 \/_

DIx 2edx=|x? e’dx=T(=)=+rn
Jxrerece] z

4)jx4e*dx = ije*de =T(5)=4=4.3.2.1=24
0 0
o © 11

S)IWe’ﬁdx:jx“e 2x
0 0

Let y=+/x = x=y? = dx=2ydy

When x=0=y=0 and X—oo:>y—oo

3Wr

Ix/_e‘[dx er‘y 2ydy = 2.[y edy = 2F(—) ZEEF(E)_T

Exercises : find the value by using gamma function of the following integration

b a
Note: j f(x)dx = —j f (x) dx
a b
Example:

dx
Jin%)
X

Lety= In(g) = 2_ el =>x=2¢"7 = dx=-2e’dy
X X

O ey N

Whenx:O:y:In%:ln(oo):oo

When x=2= yzlngzlnlzo

dx

—2e”
In( I \/_

¢ 1 o 1
dy = —ZIy 2eVdy= zij 1e’ydy: 21"(%) =2
© 0

o'—.m
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2- Bate function

The bate function is defined by integral

1
B(m,n) = Ixm‘l(l— x)"* dx m,n >0
0
Note: The related between gamma function and bate .

'(m)I"(n)

B(m.n) = r(m+n)

Example: Express the integration following of bate and gamma function and find
values.

l)jxs(l—x)zdx 2)},/1_Tde

! 3
dx 4) [ x* (1-x*)? dx
0

Solution:
rArE) 320 32121 1
r4+3) 6 654321 60

1)j.x3(1— x)* dx =B(4,3) =

1.3

L EU D reore)
Z)I 1_—de=jx 2(l—x)zdx:_[x2 (1-X)? dsz(l,E)zzl—:gz
o VX 2 2 r(§+5)

11 1
_\/Z.EF(E) ) \/Z.E.\/Z x

T(2) 1 2
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X2 1 -1
: :J.xz(l—x3)2dx
0

G)I 1-x° dx

0

1 -2
Let y=x’=x=y?3 :dx:%y3dy

When x—0:>y—0 and x=1=y=1
-1 -1 -2

jx (L-x*) 2dx = jy (- y)Z—y3dy——j<1 y)Zdy——Ba—)

1

TG adr  Jr 2
1 113 3

3r(1+5) 3.5r(5) 5\/2

Error function

Defined error function by the following:

erf (x) = ——
L
erf (0)=1 Since
2 %
erf (0)= — | e dt
@)= ]
1 1 1
Let y:t2:>t:y2:>dt:—y2dy
2 7 2 1% L 1 1. r
erf = eldt =2 ey— 2d =— 2eVdy=—T' (") =—==1
()= \/_I ﬂ'o[ g ﬂ'([y Y Jr (2) Jr

Fourier series

Definition:
Let f(x) defined function on interval (-L.L)then factorial Fourier series
of function f(x) is:

f(x)=a, +>a, cos(”T”X) b, sin(”T”X)]

Where a, ,a, and b, are the Fourier coefficients
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1L
a =— | f(x)dx
=t

1§ nzx
a =— | f(x)cos(—)dx
nLIL() )

1 . Nax
b, :I'[f(x)sm(T)dx

Definition:

A function y = f(x) is said to be even if f(-x)= f(x) for all values of x
A function y = f(x) is said to be odd if f(-x)=-f(x) for all values of x

Examples :

1) f(x)=x*= f isevensince
f(=x) = (-x)? =x* = f(x)

2) f(x)=x>= f is odd since
f(—=x) = (—x)® =—x* =1 (x)

Notes:

1) if forall f(x),g(x) are even functions then f(x)+g(x),and f(x).g(x) even
functions .

2) ifforall f(x),g(x) are odd functions then f(x)+ g(x)odd function and
f(x).g(x) even function.

3) If f(x)odd function and g(x) even function then f(x)+ g(x)not even and not
odd , and f(x).g(x) odd function.

Example:
1) f(x)=x*+x — f functionis not odd and not even

2) f(x)=xcosx — fisodd function
3) f(x)=x’sinx — f iseven function

Notes :
1) if the function f(x) even function defined on interval (-a,a)then:

Tf(x)dx=2jf(x)dx

-a 0

2) if the function f(x) odd function defined on interval (-a,a)then:

Tf(x)dx=0
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Notes:

1) When the f(x)is odd function then a ,a, =0
2) When the f(x)is even function then b, =0

3) sin(nz)=0 for all value n=0,+1,#2...........

4) cos(nz)=(-1)" forall value n=0,+1,42...........

Example: find Fourier series of function f(x) = x*> and defined on interval
(_7[ ,72')

Solution:

Since f(x) = x?* is even function on interval (-z,z) then b, =0
We find a , a, now

V4 3 2

17 17 2 1 .x P
a =— | f(X)dx=— [ x%dx=—|x%dx==[—]F ==—
° 2L;[ ) 2;:_[[ 27zI B3k =73

5 T 3

L V.4 T
a -1 [ #(x)cos(" )k = 1 [ x? cos(" )k = 2 [ x? cos(nx) dx
L - L e T Ty

Letu=x*=du=2xdx , dv=cos(nx)=v= sin(nx)

= E[[M]g _TZX.de] — E[M_O] _i]ixsin(nx)dx
n n T n s,

=_—4jxsin(nx) dx
nx

Letu =X = du=dx, dv =sin(nx)dx = v = ———*> cos(nx)
_ __[[_ xcos(nx)]0 ]T- cosr(]nx) X]
_ _i[_ﬂ'COS(nﬂ') —0+i2[sin(nx)]g _ 4[ 7Z'COS(I’]72') (O 0]
nz n n nz n

4
= Fcos(mz)

4
a, = F (_1)
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f(x)=a +>a, cos(%) b, sin(%)]

f09=xt =7+ i[niz(-n“ cos(nTﬂX) +0]

cos(nx)

2 0 _1)n
fx)=x?="_14 (
(X) 3 Z:;, "

Example: Find Fourier series of function f(x)=xon the interval (-1,1)

Solution:

Since the function f(x)=x is odd function on the interval (-1,1). Then
a, ,a, =0

1

b, = %jl f (x).sin(%) dx = ixsin(nﬂx) dx

1

= 2J'xsin(n7zx)dx
0

Let x=u = dx=du , dv = sin(nzx) :>v:_cos(nﬂx)

Nz
- xcos(n;zx)]t B J-Ol_ cos(nzx) o]
Nz
=00 g SOy _or (DT 1 in(n) —sin(0)]
nz n°z nz nx)
o o-g= 2y
nrz nrz

b, = (-
nmx
f(x)=a +3a, cos(”T”X) b sin(”T’D‘)]
S 2 N+l o
f(x):O+Z[O+E(—1) sin(nzx)

n=1

B _E © (_1)n+1 ]
f(x)_x_”nz; . sin(nzx)

Example: Find Fourier series of function f(x)=2xon the interval (-3,3)

H.W.
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X, Y, XY, XY

mgalal) dogilaad) 5310 Alla ) 1351 gy o g Jad)



62:45=0.6245*10’ =>n=4,k =2
y=132=0.132*10°

1 k—n 1 2-4 -2
|ex|<5*10 =5 *1077 =05*107 =0.005

| <%*10k-n =0.5%10>7 =0.5%10"" = 0.05
Re, | <%*10‘-n =0.5%10""" =0.5*107 =0.0005

Re,| <%*101-“ =0.5%10"" =0.5%107 = 0.005

ex.y

=|xe, + Ve,

sk£A+WeA
=62.45*%0.05+13.2*0.005
=3.1225+0.0660
=3.1885
ex——ey‘s|ex|+‘ey
=0.005+0.05
=0.055

OE

Re, | <%*10‘-n =0.5%10"* =0.5%10"* = 0.0005

Re,| <%*101n =0.5%10" =0.5%10 = 0.005

Re, | =[Re,+Re,|<|Re,|+|Re,|=0.0005+0.005 = 0.0055
‘Rex_y‘ = |_ X —Re, —— y —Re,
|x—y X—y
<|——Re, _y_Rey
X—y X—-y
=02 400005+ 22 #0005
62.45—13.2 62.45—13.2
= 0.0063401+0.0013401

=0.0076802
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Differential Eguations

A differential equation is a relation between the independent, dependent
variables and their differential coefficients.

Note: the derivative by defined y = f(x) with respect to x
dy _ F/(x) = df (x)

dx dx
d?y d?f(x)
2 ) .I:rr X) =

dx? 9 dx?

Types Of Differential Equations And Definitions

Ordinary Differential Equations

An Ordinary Differential Equation is a differential equation that depends on only
one independent variable.

Example:
1) y"+3y = x* 2) (2x+2y)*y' =1

3
3) (1+2y'?)2 =8y"”  4)udu + xdx + zdz
4) x> + 2xyy’ + (yy)’* = (22)?

Partial Differential Equations

A Partial Differential Equation is differential equation in which the dependent
variable depends on two or more independent variables.



Example:

2 2 2
l)x@+ g= )8§+6£) aE=O
ox oy ox: oyl
0%z, ,0%z., 0%z
3 =
) (ax2 )(ayz)(éxé’y)

Order of Differential Equation:

The order of a differential is the order of the highest derivative entering the
equation.

Example:
DBx+2y)°y' =1

ox oy is called one-order differential equation
3)udu + xdu + zdu

Ax* ++2xyy’ + (yy)? = (22')?

1) y"+3y=x?

3
2) (1+2y'?)2 =8y"
o°p 9°p  2°p _ .t is called a second-order differential equation
)—F+—5+—=0
OX oy 0z
2 2 2
2) (6 z,,0°2,,0°2

axz)(ayz)(axay) =0

Degree of a Differential Equation: The degree of a differential equation is the

highest power of the highest order derivative after making the equation free from

radicals and fractional indices as far as the derivatives are concerned.
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Example: find degree of the differential 3/(y")? =1+ (y')’

Solution:

YN =1+ ()2 = (Y2 =L+ (v)?)?
= (Y =L+ ()P

Then the degree of differential equation is 4

y"+3y=x°
. . . 3x+2y)°y' =1
The differential equation ( 5 y)a y are one degree
x—Z + y—Z =2z
OX oy

3
[1+2yr2]2 :8yn
2 2 2

f][a f][ oz =0 are tow degree
X" 0y OXoy

X%+ 2xyy’ + (yy)? = (22)?

And the equations [2

Linear differential equations

A linear differential equation is a differential equation of the form

a (X)y" +a,(x)y"? +.. +a,, (XY +a,(X)y=F(X) s )
Where a_ (x),a,(X),..ccccee.., a, (x), f(x) are function defined with xon the interval
a<x<b

If the f(x)=0then function (1) is called a homogeneous equation

a, )y +a, )y +.. +a,, 0y +2,()y=0 .o ()

And if a (x),a,(x),.....,a,(x) are constant coefficients the equation (2) is called linear
homogeneous equation .
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Example:

xy”+2xy’ +y =9 linear differential equation non homogeneous

m

y"+2y"+y +5y=0 linear differential equation homogeneous of constant
coefficients

Solution of a Differential Equation: The functional relation-ship between the

independent variable and the dependent variable (such as y = f(x)) which satisfies

the given differential equation is called the solution of the differential equation.

Example:
Is y = xIn(x) - x solution of the differential equation x% =X+Y
Solution:
y = xIn(x) — x :%: x.1+lnx—1
dx X
dy =Inx
dx

Substation y’,y in the above differential equation

d
xd—y:x+y:>xInx:x+xInx—x:>xInx=xInx
X

y=xIn(x)—x Is solution of differential equation

Example:

Is y=x* solution of the differential equation y% +x=0
Solution:

y=x*= % = 2X

Substation y’,y in the above differential equation

yﬂ+x:0:>x2.2x+x=2x3+x¢0

dx
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i.e. y=x? is not solution of the differential equation y% +x=0
Example:

Is x* +y?> =0 solution of the differential equation yy'+x=0 H.W.
Example:

Is y=2e +3e solution of the differential equation y”+3y'+2y=0
Solution:

y=22"+3> >y =-2" -6
y"=2e* +12e 7>

Substation y”,y’,y in the above differential equation

Yy +3y' +2y=0=2e 7 +12e > +3(-2e ¥ —6e**) +2(2e *3e¥)
= (267 -6 +4e7*)+ (126 -18e* +6e >)=0+0=0

i.e. y=2e*+3e* is solution of the differential equation y”+3y'+2y=0

General solution of a differential equation: If the solution of a differential equation

of order n contains 72 arbitrary constants, then it is called the General solution of

the differential equation

Particular solution of a differential equation: A solution obtained, by assigning

particular values to the arbitrary constants in the general solution of the
differential equation, is called its particular solution.

Example: find the general solution and particular solution of the differential
equation y”"=12x* if y'(0)=0 and y(0)=0

Solution:

y'=12x* = y'=4x% +¢,

=>y=x*+cx+c,
i.e. y=x"+cx+c, is the general solution of the differential equation y” =12x°
when y'(0) =0 then we get the constant c,

y'(0)=0+c,=0=>c, =0 =y =4x°
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When y(0)=0

y=x*'+c¢Xx+c, = y(0)=0+0+c=0=c=0

ny=x*
i.e. y=x" is the particular solution of the differential equation y” =12x°
Exercise:
Q1\\ find the order and degree of all differential equations.

1) y' =8y 2)yr+xy' =y’

3)Jy"==3y"+x 4)y® =y’
1

5) (¥")® = 6(1+y'*)?

Q2\\ prove the equation is solution of the differential equation responding

() T G L 3 R Xy'=Xx*+y

2)y = Asin(2X) + BC0S(2X) .eovveverieiiiee y"+4y=0

3) Y = At 4B s y"+3y' +2y=0
A)Y =CX* +BX+ A oo y" =0

5)Y = A€ + BXuvovrrireiceieese e y'A1=X)+Yyx-y

Differential equation of first order and first degree

A first order linear differential equation has the following form

dy
Yo f(x,
o = o)

M (X, y)dx+ N(x,y)dy =0
M%)+ NG, y) D =0
dx

Such that f,M,N function contain of xor y or both

Method solution of differential equation of first order and first degree

1- Variables are separable
2- Homogeneous equations

3- Exact equations
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4- Liner D.E. of order one

5- Bernoulli's equation

1- Variables are separable

A differential equation is called separable if it can be written as
f(y)dx+g(x)dy =0

To solve a separable differential equation

1. Get all the y on the left hand side of the equation and all of the x on the right
hand side.

2. Integrate both sides.

Plug in the given values to find the constant of integration (C)

4. Solve for y

Ne

dx dy
f(y)dx+g(x)dy=0=> ——+——=
(y)dx +g(x)dy = 000 T
j oM (y)
Example: Solve the differential equation % = 2—Xy
Solution:
% = 2—Xy = xdy = 2ydx by divide (xy)the equation

dy X jdy J.Z—dX:>Iny 2Inx+Inc
y

Inyzln(cx ) = y=cx’
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Example: Solve the differential equation (x + 1)% =x*(y2 +1)
Solution:

(x+1)%= x*(y* +1) = (x +1)dy = x*(y? + D)dx
X

X2
X+1

=

dx

dy :xzdxjj- 1
(y2+1) x+1 y2+1
x?-1+1
X+1

dy:J'

dx

= tan~'(y) =j

=tan'(y) = I(x—l)dx+jﬁdx

2 2
=tan~'(y) =X7+ Inx+D+c=y= tan[X?+ In(x +1) +c]

X — Xxy®

Example: Solve the differential equation y’ ==
Xy-=y

Solution:
y =X xy* _ dy _ X‘lz y°)
x7y—y dx  y(x*-1)
yx* -1 - xA-y°)
(*-D@E-y*) ~  (x*=D-y?)

= y(x* =Ddy = x(1- y*)dx

j1—yy2 dy:szx—ldx

1 1
—ZInl-vy?)==In(x* =1 +Inc
> 1-y) > ( )
- 1
InLl-y?)2 =In(x* =1)2 +Inc

1

= 1
1-y?)2 =c(x* -1)2 =1-y? =—°

x? -1

Cc

2
—1_
y =1
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Example: Solve the differential equation sin?(x)cos ydx +sinysecxdy =0

Solution:

sin®(x)cos y dx +sin ysecxdy = 0
- 2 -
sin (x)cosydx+sm y sec x

dy=0
COS Y Sec X COS Y Sec X
- 2 -
Jsm (X)dx+IS|nydy:c
Sec X cosy

[sin? (x) cos xdx + | Y gy =c
cosy

H}
W—Incosyzc

Exercise: Q1\\ Solve differential equations the following
D@E+x)y =y’

2)eY dx+ x?ydy =0

3) cos xcos ydx +sin xsin ydy =0

4)e*(y-1dx+2(e* +4)dy =0

5y"=xy

6) x*dx + y(x —1)dy =0

Q2\\ find general solution of equation xyy'=1+y’and find particular solution if
y(2)=3

2-Homogeneous equations of first order and first degree

A function Al x )} is said to be homogeneous of degree n if the equation
f(tx,ty)=t"f(x,y) , t>0
Example: Show the function homogeneous and find degree

1) f(x,y)=7x>+8xy—9x°
2) f(x,y)=x>-2y%5xy?
3) f(x,y) =9x* - xy + 2x
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Solution:

1) f(x,y) =7x* +8xy —9x>
f (tx,ty) = 7(tx)? + 8(xt)(ty) — 9(tx)?
= Tt*x* +8t°xy — 9t*x?
=t2(7x? +8xy —9x?)
=t>f(x,y)
f(x,y) is homogeneous and degree 2

2) f(x,y)=x>-2y®+5y°x
f (tx,ty) = (tx)* — 2(ty)® + 5(ty)* (tx)
=t3x* —2t3y® +t3y%x
=t3(x® - 2y® +5y?x)
=t*f(x,y)
f(x,y) is homogeneous and degree 3

3) f(X,y)=9x*—xy+2x
f (tx,ty) = 9(tx)? — (tx)(ty) + 2(tX)
= Ot*x? —t°xy + 2tx

f(x,y) is non homogeneous

Definition: The differential equation M (x, y)dx+ N(x,y)dy is said to be

homogeneous if A, Nare both homogeneous functions

Example:
1) (x* —xy + y?)dx + xydy = 0 is homogeneous and degree 2

2) x*ydx+ y°dy =0 is homogeneous and degree 5

Solution of homogeneous differential equation

The substitution y=vx(and thereforedy =vdx+ xdv)
homogeneous equation into a separable one.

Example: Solve the differential
(x? = xy + y*)dx — xydy =0

transforms a

equation
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Solution

Let y=vx = dy=vdx+ xdv

Substation in the equation

(x? —vx? +v2x?)dx — v2x? (vdx + xdv) = 0
(x? —vx® +v2x?)dx —v*x%dx —vx®dv =0
(x? —vx? +v2x® —v?x*)dx —vx’dv =0
(x? —vx*)dx —vx3dv =0
x*(1-Vv)dx—vx’dv =0

;dx——dv 0 :>I dx+I—dv Inc

Inx+Iv_11 dv=Inc
V_

1
Inx+|(1+——)dv=Inc
Ja+r—=)
Inx+v+In(v-1)=Inc

Inx(v-1)+v=Inc= x(v-1e' =c

Since y = vx —v=" then
X

y y y
X(=-De*=c=>(y—-x)ex =c
X

Example: Solve the differential equation
xdy — (Y +4/x* =y?)dx =0
Solution:

The differential equation is homogenous and one degree

Let y=vx = dy=vdx+ xdv

X(xdv + vdx) — (VX + v/ x* — x*v?)dx
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xvdX + x2dv — vxdx — xv/1—vZ dx =0

x2dv —x4/1-v?dx =0

x2 dv_ XA/1— V2 0o
x24/1—v? x%4/1—

1
J'ﬂdv—_[;dx:lnc

sin?(v)=Inx =Inc = sin™(v) = In(cx)

sinl(%) — In(cx)

Exercise: Solve the differential equations of the following

1) (xy — y?)dx —x°dy =0
2) (x* + y?)dx — 2xydy = 0

y

y y
xX[L+ex]dy+(x—y)exdx=0
4)(2xy + y?)dx —2x*dy =0

5) xy’dy — (x* + y*)dx =0

6) xdy — (Y ++/X* + y?)dx

2- Exact differential equations of first order and first degree

Definition: The differential equation M (x, y)dx+ N(x,y)dy is said to be exact if to
find f(x,y) be a function of two real variables such that F has continuous first

partial derivatives

ieldipx =2 (a):( i (a); Y) dy = M (x, y)dx -+ N(x, y)dy

The differential equation M (x, y)dx + N(x, y)dy is exact if :
OM(X,y) ON(x,Y)
oy X

Method of solution exact differential equations

M(%,y) _N(%Y) the solution of

When the differential equation is exact i.e. y 5
X

following:



L I — 0
% =N (X! y) .......................... (2)

1- Integration equation (1) with respect to x and yis constant and add integration

of constant is function with respect to y i.e.
f(x,y) = j M (X, V)AX + G(Y) worrrrenns (3)

2- derivative equation (3) with respect to y reduces :

o g; M) _ %[ MO+ 9'(X) v 4)

3- equal equation (2) with (4) we find

NGy = S IM 00T+ ()

For the equation find g'(y) and integration with respect to yto find g(y) .

4- substation g(y) in equation (3) we get the function f(x,y)

Example: Solve the differential equation
1) (3x? +3xy?)dx + (3x’y —3y* + 2y)dy =0
2) [cos(2y) —3x*y?*]dx +[cos(2y) — 2xsin(2y) — 2x°y]dy =0
3) [x+y+1]dx +[x—y*+3]dy =0
Solution:

1) (3x* +3xy?)dx + (3x°y =3y’ + 2y)dy

M = 3x? + 3xy? \ N =3x’y—-3y® +2y
@:GW , @:6xy
oy OX

oM ©ON
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f(x,y)= j M (X, y)dx = _[(3x23xy2)dx

=x3+§x2y2+g(y)

2,,2

f(x,y):x3+gx

of (x,)
oy
of (x,y) 2 ,
— =N=3"y+g'(y)
oy
3x?y—3y® +2y =3x*y+g'(y) = g'(y) = -3y* +2y
g(y)=-y*+y*+c

y +9a(y)

=3x*y+9g'(y)

sf(xy)=x° +%x2y2 -vi+y?+c

2)[cos(2y) —3x*y?]dx +[cos(2y) — 2xsin(2y) — 2x>y]dy

M = cos(2y) —3x?y? N = cos(2y) — 2xsin(2y) — 2x’y
ﬂ:—23in(2y)—6x2y ﬂ:—Zsin(2y)—6x2y

oy X

M _oN

oy oX

f(x,y) = J.M (X, y)dx = J.[cos(2y)—3x2y2]dx
f(x,y) = xcos(2y) - x*y* +g(y)
% =-2xsin(2y) - 2x°y + g'(y)

(;i: N = —2xsin(2y)—2x’y+g'(y) = cos(2y) — 2xsin(2y) — 2x°y
y

g'(y) =cos2y) = g(y)=%sin<2y)+c
- f(x,y) = xcos(2y) — x®y? +%sin(2y)+c

3) (x+y+Ddx+(x—y?+3)dy =0

M=x+y+1 N=x-y*+3

oM oN oM  ON
L T = 22
oy OX oy X

f(x,y):.f(x+ y+Ddx = f(x,y):%x2+xy+x+g(y)
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oM ,
—=Xx+g'(y)
oy

‘Zﬂ:N = x+g0'(Y)=x-y*+3 =g'(y)=-y*+3= g(y)=—§y3+3y+c Exercise:
y

f (X, y)=%x2 +xy+x—%y3+3y+c

solve the differential equations of the following
1) (3x* -2y +e*)dx + (¥’ —2x+4)dy =0
2) [sin(2y) — 2xcos(2y)]dx +[2xcos(2y) + 2x* sin(2y)]dy = 0
3) (x* +xy? —y)dx + (y® + x*y — x)dy
4) [x+siny —cos y]dx + x[sin y + cos y]dy = 0
5) e**dy + 2ye**dx = x*dx

Integration Factorial

1-If a differential equation of the form M (x, y)dx + N (x, y)dy

When M _ N e the differential equation is not exact .the integration

oy  oX

factorial R is the following:

M _oN

oy OX _ f(x):>R:eJ.f(x)dx
N

™ _oN

oy Ox :g(y):R:effgmdy

M
multiplying both sides of M (x,y)dx + N(x,y)dy by R then become exact and

we find of the solve .

example: Solve the differential equation
(3xy® +4y)dx + (3x’y? +2x)dy =0
Solution:

M =3xy® +4y N =3x°y® +2x
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oM oN

2 2
E_Qxy +4 a_ny +2
ﬂiﬂ then
oy oX
oM ON
oy ox  OxyP+4—6xy?+2  3xyi+2 1

N 3x%y?+2x  x(3xy’+2) X

1d><

cR=eh® Zem oy
(3x%y® + 4xy)dx + (3x%y* +2x*)dy =0

oM oN

—— =9x°y? +4x — =9x’y? + 4x
OX

oM oN

N T

f(x,y) :.[de:.[(?,xzy3 +4xy)dx = x°y® + 2x*y + g(y)

ﬂ=3x3y2+2x2+g’(y) :%:N

Y +2x2 +9'(Y) =3’y +2x* = g'(y) =0=g(y) =¢
S y) =Xy +2x%y +c
Example: Solve the differential al equation
(2xy* —2y)dx + (3x*y —4x)dy = 0

Solution:
M =2xy* -2y N =3x%y — 4x
oM oN
—=4xy-2 —=06xy-4
oy y OX y
oM  ON
So———
oy oX
M _oN
oy Ox Axy—2-6xy+4 —2xy+2 _—(2xy—2)_—_1_g(y)
M 2xy* -2y y@xy -2) y(xy-2) 'y

-1
v In
R:e y =e y:y

s (2xy® —2y?)dx + (3x*y? —4xy)dy =0

M =2xy® —2y? :%ﬂ:nyz—M , N =3x%y? —4xy:>2—|\l=6xy2 —4y
y X

- x%y® —2xy? =c is exact of solution
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2- The differential equation is from (pydx + gxdy)

numbers then the integration factorial R :
R=xPry®t
Example: Solve the differential equations.
1) xdy — ydx = x*y>dx
2) xdy —3ydx = x*y"dx
3) xdy + ydx = xy®dx
4) xdy — ydx = y*(x* + y*)dy
5) 2ydx + 3xdy = 3x"dy
Solution :
1) xdy — ydx = x*y®*dx
p=-1 ,9=1
R = Xp—lyq—l _ XnyH —~ R = x2
xtdy — x 2ydx = y3dx
d(xy) = yidx

Let z=x"'y = 7=y
X

= y=Xz

d(2)=(x2)’dx = dz=x’2%dx = d—§ = x%dx = z%dz = x3dx
z

2) xdy —3ydx = x*y "dx

R=x"'y%" =R=x"'y"' =R=x"

x3dy —3x *ydx = y dx
d(x°y) = ydx

let z=x"y=>z=2=y=x%

2 1—2

dz=(x*2)'dx = zdz=x"dx= %z =X e

2
1.y 1 y izzc

2 -2
= =—x%?+c >+
2(x3) 2 x®  x

.such that p,q are“real
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3) xdy + ydx = xy®dx

R=x""y"" = R=x"'y"'=R=1

- xdy + ydx = xy®dx
d(xy) = xy*dx

Let z=xy :>y:E
X

Z., z’ s 5 1 1
dz=x(=)’dx = dz=—dx =z dz=X"dX=>-——F=-—+C
X X 22 X
since z=xythen
-1 1
+ — =
2(xy)* X

4) xdy — ydx = y*(x* + y*)dy

R=x"'y"™" = R=x"'y"'=R=x7

xtdy — x2ydx = y3 (L+ x 2 y?)dy
d(x'y) =y L+ x7y*)dy
Letz=x"'y = y=xz

dz

1
dz = y3(L+z%)d = | yd tan"(z) ==y’ +c¢
Va+zdy = [ =[y'dy =tan@)=7y

sincez=x"'y then

tan " (x'y) = % y*+c

5) 2ydx + 3xdy = 3x "dy

R=x""y"" = R=x'y*!' = R=xy?

- 2xy%dx + 3x?y?dy = 3y*dy
d(x*y’) = 3y“dy
X’y =y+c

Exercise: solve the differential equations of the following:

1) xdy + 3ydx = x*e*dx

2) ydx + xdy = /(x* + y?) (xdx + ydy)
3) 3ydx + 4xdy = 5x*y *dx

4) 4ydx + xdy = xy?dx

5) xdy — 2ydx = x> y*dy

6) xdy — ydx = (y* —3)dy
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