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Linecy Egquokiong in Linear
Moeloaa.
Ah e@uahbv\ of m(‘.ﬁpﬂ A'X.-\'Bldﬁc 1S Ca’_‘e&a t‘“eﬂl’ eOyuQ.lﬁQ\'\
"Linear becouse the grupwh 1S a skech gt line,

N ol .
Smilorly we write aAx +QX,+ A %a=b IS colled alineas equokion
o syskew of tvmeas eguasiont 1S a collecion of eneof moxe lineas

equaoldons
ggﬁ_ 21—3=3
2+ ly= 6
; eqr?
m eqn \ / ho Sb\ukb'\
Salulinn

— Cimtersedion powmt) / / Cneins poink)
/ ARIRUR

Solkion /
J egn i /

eg: %, dt,= - —D Sanmi

-2, 42, = | @

A suskten~. oF egpuotions has edher
. NoQukion (Ih(th‘tSE&nt)
2. Exackyy one solubion

. ilf\p\l’\“te-\j Mar\d S"dubons

egwl

1 tensiskents

Maksices:
Ry ~ By =D

~lpe, + 5%z +Any> -4

Sustemn of 'mecs eguakons:
Le use G compack nakokion o 1denkify a linear syskem.

© ceetlicient Mokiix of P o=%
Che systen : [ o 2 —*8’(
-y 5 94
@ avgmented matd x L -2 | o©
of the System : KO a -% B X
-4 5 9 -9
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eg: Solue the Sqskam:
'X-.— 2%;"'%3 '.."-O—@
KRE2 —-%‘K-;"‘-& --@

-4, 5%, +Qey = -9 —-—@

o 2 2 %

Augrmented. nmakrix '.@[ t -2 D]
-4 & 9 -4

yx @O h%.-%xz+l¢zgzo
@ oLt 45 9% =
o ~2o0q. + GX} = —q

Regdoce eg“@ Sitn L@+ ®

o T O
®, AUy + X3 =O -© ; * 53 ‘l
iy ~Ba = ® o -3 +\3 -4
- s +I%ﬂ-’=-q "@
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ALz OF x.—auu'x-,-_-o-—@ {' -2 1 ]

Y PR ¥
'K;-—L{K.-s = L( ‘@ O l ——1
o -3 &
20, 4 3wy = -4 ey,

@x3: 3x,-12xy =12 O

@‘- %y + 3y = - 5(__—@

Ny = 3
Regace eq, @ with 3D &
2, -2, + Ly =0 —O I -2 o]

'x,_—m.;:.q_@ (o] I S ™
o o t 3
‘231—?2 '@

®
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iy
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T w
L)
® 6
[—
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Elimwnole %L@—ﬂ'@:

—\x@: "1‘-1”3
@,_ ltﬂh;‘\x'}so
- x, -2 =3 —D

Ax(@D: Anazda % = 16 ~® e | o e

1.-—2'!3 =5 t;:%ﬂ@ o o | 2
'K.'—'--'lq

Mexct scep: x, =22 -© I 5 © Qq}
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Dekerning 1€ The fllowsing system S consiscent.

Ky -l Ky =D o) ) -y 9
Ak, = L2ty 4 aRy =l [z. -3 2 l ]

S, - By Ay = ( S -2 1 |

Takerchonge B, «— R.:

[2 -3 1 \]
O { '-LI .8
5 -3 3 {

—e A, - Lw;=3
O°5/z X
A conbsodiceion has been found Cherefoce the sysvem 1S Nt

[-2 -2 2 \ jl/""' au.—gx,+lx.,=|

© o o Sta

consistent.

1.2 Raw Reduction and Ednelon foxms

Delinikion: A feckangulor nakvix ishin *Ecnolon Forw' (or Raw
Eclhelon Form ) if it has Che followding 2 pvopecies .
L Al non zere vows Ove above any Tows of all 2. rOS.
2) Eodh \eoding enkery of arew> (8 in acdunn o Che cight
of the leoding entry obove ik.
@Ine -' ¢ ©®fo o °© 23 \ 5
o (®~5 & v 2 5] V| a v
o o O o

2 2 | 2 o O

2) All entries in a clumn beles o leadling entry Ore 2eros.

© 2 3 L
lo k@) & :’-]
clo & 4

all are zersr below leadling
CV\‘F‘T\:’

TE a walsix n eclrelon form catistes Cheloliowing oS onal

cordiagons Fhen e 1S M a'feduced Rows Echelon Form
(or ceduced edhnelon form),
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L‘}—r\,\e,\ecd.'mg entry 1n eochh nen.zero rows s |
5) Each leadling | is Cheonly non —zero entry IS columan.

I © o
(@) o 22

i
o O \ 2
= O () o O
Theorem |: Each naakyix i ol eguivalent ko one and only one

ceduced rowo echelon.

Elemwentory Rowd eperotions:

DReplace one Row oy The cum of ikselé ol a wultiple of

andher Row - Regocemendt.

1 2 =) Replace R; by Rl-}-t-‘l')ﬁ,
2 % Yy

o 2 S

) Tikerchonge The s, - Inkerchange.

O ©o o P2 - | 2 -
| Q— -1 '_’Q,*"RL o (] (o] ""RLHQO, 2 3 Lf
92 % L o TR L o o ©

) Mulbply all enkries in a row by o nonzew onstant - Scoling.

(@) T = "g$ - -‘iﬂl & (el
o o | o o
Theoemn [ ] faw Oferaions ceduced ]
A o — Towe
Eclnelon Fosna

Dobinikion: A gvot position in a nakrix A s alocekion in A
Chak corcesponds Eo a leading ) in the Reduced Raows Echelew
form ofF A, A pivot cdumn i5 a colunwn ofF A Hrok conkoins

o pWEL posiion.

P.um"”

@/% Ly HW : Rawd Redluce Mo nackrix A belowa

0 - to eclhelon Fosm and lccake pivaC
cN\unans of A,
o (@ i
NoT A: ° -z B (. L' q
eV LOVEMN -1 -3 -1 3 i
-1 -3 o 3 -1

LY 4 s -9 -3



i S 'Y
=1 =2 -1 3 I

-2 -2 o 3 -1

6 -3 -¢ b q |

Pa = 9,42, | 4 5 -4 -3
Re—> Ry 4280, c 2 L - -

o % o5 45
©2%- |, 9
Sinplifn Cowsr by Ry —> Lo (scalinag)d

2

! L = -9 -3
o | 2 -3 -3
o 5 Ta] -5 -5

o -» -6 & a

EV_:’ 2} + (_"'Sp-t.)

[ Lt 5 -9 -3

R, —R, + (3R | O T S S

R R O (@] (»] O (o]
RepaseByeBy |- & & -5 o)

_DﬂQEOLD Redlickion A[_qoﬁ%;

App\\d ekew\enkcrj row operckHons to trancbosma Ohe GD“OLQ;V\%
nakrix BGrskt inte echelon form and Chen inte reduced echelon

forr,
Ore) 2 -6 6 L -5 Skep!: Begin with (he lefnictt nonzero
3{ -% 2 -5 ® 9 cAumn TS 1S a pivot olunan,
..3% =9 R 9 & 1S Swep: Tnkeschange rolss So Ohak Che
ke

mokrix Aeesnt begm witha O
Ela -g 2 -9 G \S| step: Use x> vedacemwent o crecake
2 -2 2 -5 28 9 7eros ' &l posildons belows Che

e 2 - b L -S. pver.
(o E_l_._‘___,g,iitklr!) L @ Ry~ R ‘4.(_. _a'z_ e :.)
2 -9 12 -4 & \5 s = o
@ -y ¢ C‘_& -9 12 -9 (o') (
© i = - oL - 2l -G
o 2 —-Q fa ).4 -G ?;"%_, / "' Ll P"““f"
- (Prvok O o (o C'D \ l ) L“

~—

— “ “EcuELonN ForM" onr "aowW ECHELON Form”

Step: BegmninQ v the sighta~cst pivot and workin
© The. lesi PSS Rk

1 Crecda ey~ above eadh pivot, ILF o pvoc is nokt |
rMake i | bya sca.ﬁ?\g opesakion,
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2,— 2, 428D : |3 -9

Ri—RrCeB) | o,y O -l
o - o { L
2 -9 12 -9 o -9
Q'l.--—.’ 2.91. & 2 iy o 1
o ) o o l Ly
,->R,+9R,* |2 © -6 9 o -71
o | -2 2 & <%
@) 6 o | Ly
Scala R, :QL_-:‘[ R ‘ o -1 2 & =04
O ! -2 2 (o} -2
e o O o l &

Qe&ucecg- Rac> edhehw F‘arm_

jwsss

gyl » [N Rul
avl Do) 2 2 3l @m I 2 8 ] et reduced
L 5 6 =+ 3 5 3 g | &ee.
c 3+ 3 4 R 9
) ! Ry —1 (-2
nopetwd 1 2 2 4 s e RS
Ra—Re+C6R) |~ 23 - -9 | @ L 2 5 7
& - | :
Scaling €Y, B = © Z © -y -3 -l
2, —-lp, [1 2 % U | © -4 -6 -3y
oo o | 2 2
Rz 23 & , :._—': -_‘f&@ | L, £ 1
& > — =Ry
Lt IR B ST B * e 1o o3
& o e o :’1 . Q) - ?3 + LR
p._,g..‘&-a&) I O -(=-2 rfc“” \ g, 1
- oo o o 3 o O © S
2,024 (22 R , >R (30,) Ry—=1i g, t 2 5 3F
- ® o -1 © & 1 & s
® I 3 S O ' 5 & oo o
o +« v © ot
O o O | o o o !
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@ Sdubions ofF linear Systems.

eq: suppese Hiak He ougmented mokcix of o twear Syscem has been
changed to equivalent reduced echelon form
Il o -5 |
o | (L

The agecialld system of equakions:
oo o O

'xf ‘S'K, = [ .
x;-f “3 =L[ @
" O =0
- Tre varicioes %, and %, corcesponding £ pluot columng in

the matrix are called kasic voriables,

- The olwer variable o315 called o fFree varicble (meoning Grot You
an select any vawue for «,)

g: x; =20 i C’ ‘* o) pC‘nf\:J\cubr solckion
€=\, 7‘:.-‘-'-11 1 Gy
oc,:&o |
= f ' o solukion
w®,= Sl, Re= - } (5"; 6,(0) pariculal S

- Whenewer a s‘asmm'ls congistent as In (1) the sdubion sec can be

descried.  exdicikly by colung Uhe ceducal system oF equakiong
for Che basic variables n terms of the Free variables

o, = |45, & Particdlos sokdiont
Ry = L-n3 3@«.{5& solulien  €q Aqy=0 CLyoisa
Hy = Free W, = | ,9(,,_-:.!_(

particlar salukion

Q. @ Fird ‘he cae.v\efa\ solubion of Che Systemn wohesse auament& nna s ix
S given by:

O]

snvert ‘o
3 -y 2 O MR Ry—-3Rsf,

2 -4 2 O
-9 a -6 O | edrelon 9-;—-‘?‘2-,,4-2_@_._ o 0o O ©O
-6 8 -y O form Girst, 6 o 6 O
. ®
seeteal[ 174 3 0] Hekhur oo
o o o ©O O =0 A freeveri soles.
o 6 o © & =

gensrod sdubion: o, = %xt_g_x_’
N, = Free
xs'—'-' C"ee-



i 1.2 Nectnr Fquasions

slr - a mafrix wilh only one Wlunn s
called a cs\lunan vecknr or S"""?\':i
P Q Jeckor
(2,2) A
3 & 2.9’. U = 3 vV o= O w = w'
[2 Cblqnf.'nx — -1 3 - N B w,
veckol.
> % - The Sek of all the vedors it A

entries 15 denoted by R (R - real nunbers)
- ﬁ‘ -The sek of adl po'mks o Che (.'X,g) p\ome.

v
- ‘:Let_t!_:{“' ‘i=')
Psoperties ( u.,] , L,‘l
() veckors u ond ¢ are egual iFand onlgiF u,zv, and uy=v,

@ Uty = [‘:";\33] Y€ g:[_:] and: ’:’_'-"-[25'] Hhen g.'-g:[i]

- ul -V,
4-¥ - ut—u,]
@ lek C be a sclar (umber);
The solar muldple of vewmss 4 by scalar C s

cu=C [U.‘r [cu.] . if e=a y_t,:-[%] ‘+Hhen cg_:[%]
- u, Cu, -3 -G

- Paratlellogrom rule:

TE vector U and. vedfor ¥ ‘in g ore mptase\b&ﬂas ponty in Ore
plane, then U4y correspords to Che Fourln vertex of e poradl-
etlogran , whose other verkices gre U, 0 ond

v, mea] eft] e[

4 - Represent The above en agraph ina
/ '?ara_ueuogfaw«. PROUANEY Showon ko Che lefe and &
Wil gwe +he same sduhons.

—F K
°
- \Jeckors 'in R
z
(y,2) -
u e Jeckors m R+ u= 3'17
Y Uz

g = % :
4 Y (3" 1) L Uw
A
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Psoperties for vedmors in B
“TE v and © ore veckorsia WT ord cond A are scolars

1=
r v
Ve
wrs B
3
\v

vy
= Ug (W)

NP e e
+ 4+
rrlD
e

~

HEMHEOO O
2 \C
C

Vel
1)
\C
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Pebininen. Givenvecrors, V,,V, N;..... Vo in R" and given swldcss
€1, €€y Cp, The vector y defined by U= Vs + Gyt
e #Ce¥r 1S called! o linear combiralion of Vv, ,V,....Vp
wWIOh Loeights €, ¢ ,Cy .- <p

- B b

-5
6 -3

eg:\ete'=[#‘_2]'31:[a ondX o[ 1
Determine whether b con be wxitten as a linear combinadion
OL e: OV\& 9_&?
1e: determine whelner weights K ondl o, evistz cudh +hak
T [

+

e ——
|

A, | + N 2 = :,. p & +2M}. S
2 =72 -
—5] [s ] [ 4 -2%, 48w, | =| b

L -3 -5, + 6% .

(*")‘K..-’«-:D(-L '-—-_q' ) @
=% -an, +50 =4 The au%mg,ntecl n~akix 1 Q 1
-5, +oty =3 of One System: -3 B i
-5 6 3
@ &
R—oRae2Re [ 2 3] sw ¥f 2 3
Re—oRs5 | o g9 1 | — P—=2e, |O 1+ 2
o b 22 Ryl LO I 2
&®
Rs'—"ﬂi*(f_&&? l 2 7 pﬂ'—’,ﬁﬁ&), | o 3
o 2| o 1 2
o O O o ©  ©
x, =32
x,=
=> x,a,+%:82 =2 ie: e con be wrilten as a linear con.bination
20,4+ =b of a, and a,

(¥)co scodt O, mony excessive Steps (Gn be cnoidled by using

e fdlasing fotmak in solving, . .
and here 1s howd ¥he nmatrix cold | =t e Q, 2
be woriCen :

A veckDe QQUOMON @i+ HzQuk. ... .+ KaQn=l has Che wawme
solukion seC as Dhe lineor syltem Lsheose O.U(:SMentecQ mackrix (S

[ai,a,: aa b]. NOTE: b con be generatid by alinear conbiras on

of &, ,Qq,.....,0n 1t and onlg1f +there existia solubion o the (ikeor
syskem correscondling D ()
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1.2 Linear conabi ons
_____H______ﬁ____,_ﬁé—QQ—bﬂ&__

Pebinicion

SR FRURKVA

.....

Vp are in R The setof ald lineor combinakions of
\"t\’lr --.\") 1s d-e.hote& bj SPOY\ { \il'\_,.l.ry_to- _“_’\_.!r} OI\A‘\S CO.LLQCR w
sulosek of R cpawned or gereratad by Vv, N, Ny N

ccccc

Nel'is Gre collecsion of ad\ vectors thok can be
wrilen 1 The form C.:-’_l-’\’cq_\_’_z_,*c-s\-‘i'*'.....'i'c.py_p

eg: W n wr" span S'L_;'g

R

by

Spawn 1\.!] =

=

]

atd Hhe \inecr conbinokions of
icgﬂ} cis ang reol nuwaber.

eg: 3y W span {4

%Y in span U
-4 span §Ui
Noke: ositing whekher o veckor B s 'in sgan v, Ne, Vi No§ Qumounts

o oswing whehes -Hhe vector ecuakion RN AN ... A KNy =l
hWos o golukion.

e [v,,v._,....\r‘,,\g_] hos o solufion,

2 ® \exa.ii },a;: =2} owd b
‘.1

[ul  Foruhotvadue 63 of b s b
- {
k) : ]

in Ohe p\o.v\e 3.90!\?\9& bg Q, ond G,

sdusien: [a,,a, ]

I ] -2 L I -2 y
kL -3 (]} —]|O g 45 |— 1o |
-2 3 W

n SKhed words: does (e eguakion %a +x,c; =% hos alduon?

-3
(®)] 2 Br

o % 2k
I -2 4

— o | -2 O =13\
(>}

l:o "\'-:"l.:"
o 1Ak

@

sysken~’s consiskewt 1€

W23 et bisin span (L8R
-3,
) "3
_H :{f[;] ““‘95"-"[‘%] |

for whrok vallue(s? of-t ig Y i O~
-3 plone Qemo:tu& by v, QV‘C{UL?-
e RN +%N, =9 hos o solod—ion‘{

|\ —-3 |2 l -& h ‘ __3 h
O -S| — (] i -5 — O — ] =" h._-_-..}
-2 R -) o a2 A3 ©C © Qw3 Z



DR=0-od Ly the Mokvix Eguation

Detinikion: 18 A& 18 an Mmxin Mmakrix ,wikh cdumng @,,0,.... Gn and
i€ % 15 n R Chen The product of makvix A and %,

Sanocted by Az 1S the lincoxr cormbinokion of e columns
of A uswg coffesponding entrieS v X as wehghts.

Nas _ "
ie: A"i'["i‘:f‘:'.‘z-""":‘.r]‘.x',__l = W8+ KD, L+ KO

Hwn J

=27 E, YRt P Y R Y R
-[2]

Thva: TE A S onmx n nwatrix ( BSiCh cclunans 0, @q,.... On and

—u‘cC b 181 W.W, Che maokrix equakion A b has Gre somg
gduiion seE aS the Vecror equakion % Gd+ %KOyt. ... +%.a,.xk
whidh , in Curn hos Oe sowe soldion sek ag Ore suskena
Ohose Quodwenl:eci nagkrix 1S [g. Q,....Qn ,lg]

NoTE: T equadion Axn=b hoso solubion iCand only i€ b isolinear
" conbinokion of Dhe calumans of A,

Ly @ W= _% an&A=[g ‘3‘ j;] 1 1S W inOhe Subser oF TR? sPo.meA
2 1 3 o by Cre celumns of A7 why of Wiy nat?

wrike e Quamgs_c&_,m_&h_l’if'—(‘s Y in Spon iO.,a,_,c:\-,})

4
Q_av\'i\'_’m_ written as (:! = 7(.0,4-—')(10,_-! X.-sClq ?

5 2 ¥ R V3 o L 2 o 2
o | -t A=l t ot 37l -t -3
L1 2 o 2 c % % a ©c-+ * -3
[1 2 0 2 o, 1 s ok & subsek of R* spanned
— O -( -2 InconsSsSlent. e
LO 5 o -2a o -24 by Qe columns oF A,
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eq -k Lee A= | 3 L b,
-y 2 6 O«J'\a‘ b = by | . Ts+he eguction
2 -2 -% b

Axn=b consistent For ofl possible b, b, and b'z?.

Augmened moktiv. [ 1 3 L b
-y 2 -6 b,
-3 -2 -% by

Ry—Rytb®R, | 1 3 L b, R.—~Le, 1 3 L b, ]
Rt,'—@ R;J'ggn O [L‘ o L{b|+b' i (®) '4_ 6 L‘bﬂ'b.
'®) ':]— S 3b|‘|'b3 =

© 3 & 3btb - Lbrb,
For Ohe syskem o be consiskent : 2

= 2b, -(Lb¥br Y —E)
Ogb*bs(g)al(

Does @ tenrgin consiskent FOF ald values ofb,, b, and b-;).
b:=0 b,=O b,-O @ true.
b,=O b, =0 b, =\

®=5 D=\ 1S a»cght‘ra.cﬂ.ic.\‘\'un

e: Axze 1S nck _consiskent for all volues of ©

s Theofem: Lok A be an mxn takesix . +hen e follaoing skoXaments
are \og‘aco.ug eguVa\enK .
je: fos o pordculor A, eilher ey ase ol true of Theyore
bl Colse.

(@) Cox eack b TR™, the equration Ax =b haos a golubion
B Each 2'im R™ 1S a \'neof combirokion of Che columns oF 4

(©) The umns o A sgan i
Q) A hes a givok pesition i@ eveny ‘g Vo

conpule Az where A= A 2 4] Mx:{%.‘\

4 5 -3 [}
- -2 & Ay

-

9\ 3 Lf x" & 31 '-r R‘K.i'g'x-;_-t-l.ﬂ(;
= |-l S -3 R = % |-l |+% |5 + % | -3 = X, +5% -3,
6 -2 3| ™ e % L x, - A, +Bq

3

n\
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w® e 5 [;) ] (L)) + (8- -3
-4 -3 '32“ = 1 EE) + (- = !

I 6 | (#)(2) + (-3 —Y

32 — x| 3w\

@SoluhOY\ Sevs of Linear Syskems,

A system of \inec¢ equalons 1} sad Yo ke w_,_.sw (Ax =0)
6k con be wrkten in the fecnr An =0 . This System il
aloacys have ok lecst one solubbon ie: o =0 Ohickh 1€ called the
teiviall soluion

NOTE: The homegeneous @quokion Ax =0 hos a non- bfvial solution
i€ and onlyif +he equakion hos ok Wast one Hee wsabe
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1.5 ® Find the solukion

Ay 1"3“2- "S"‘-'g =0 Q%M& | 3 =5 (@)
R, LNy By =0 mokvix | L 8 O
A~ & ©
R:. -2 R'L +("'2|); R; "“2;1’% ?3"' 91“"(-2-@;) .
il 3 =80 I 3 -5 © Vo L O
ot 30l —» |o ;| - ©o|l]—~]OC I -3 O
o ?? - O o o o © o o © O
%2 4 L2y = o N, = -L‘xl 9‘-: “thl, -L'
e -’S'&q’ =0 “"537(} 9_!_. = 'xz = 37(.1 = 9() 3
0=0 Ry =Feee X 3% f
- Y
K = Ny [ r? Rz K ¥ ohere i-’-[;]
1 |
eq: dascrbe e soluboon sek;
32.,45%, - %,=0O augmented 3 5 -4 o
-2, -, + Loty =0 nakri ! ~% = L ©
bx,lr‘ll-—fyn.‘-:o G | ‘-% o
Ra—" R;"" 2| R‘ —92;"‘(."%) R‘--ae, 4(—92‘)
ma 5 L o By—=Bq4+ 30, 23 B by o 3 & 4 O
o 3 o o | — o 1 o O|w|lo ( ©oO0
& = B B o o ©o o oo 0O
B3l
b o - L‘f»s (8] w, — 'U;K; =0 %, = LI/S'I)
o | o © g = %y =O
> ©=0 %3=ﬁ'€e
R, L3 big
K=, | = 3"; = %3 o X =%3u '-Dlﬂefﬁq:: ‘*;g
xy o
®q | (

e Findl g solubionsek:
— Ic -3 -2 C)] N ) Y -V O]

IO‘C,*%?‘;"'A”‘;:O
(®] o o o &
(®)] O o O
e @) |p & oo

™, —3'/“;-&,_ —a/no-x_} =O; _
=] % 3/ +/
Ko 2By Phat dony - [ ' ]a [ log;_" ias & a{:‘o:t a‘}‘:"‘l
= 4
K, =free %y i o
Ry =free %y
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we %l + %Y where g = (3/0] and v |0
— < ® ; o

X ; o
% 1S o lineof con-bingh o ]

of vedlors u ondlV . Since A, and %, ace Gree They en t-o.kecmg volue
(o]
. 1
l:\l.:o:'c:i Somekimes@)is wiikten in (ke e =€d + SV to enphe-
dze ok (e paranekerg vowy ovesalh, feal numbers,
w=ku+SY 15 called a pomriksic vecroreguation.

_—?—9-} " = smn%g:\_’.% where U = [S"(O] , \_!_ 4 A/lo
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eq: describe afl solulions oF Ax=b where A-[23 5§ -y

N 22 4| ad
6 -3
b= 31 Augmented makvix: [(3 5 -y 3
-4 -y 2w -
e | -y
. [3 5 -4 37,72 5 -4 3]—[2 © -4 -2
©c 2 O 6 Ot o a S (@) 2
& -9 o -8 O o © O c o o6 ©
— (1 o -z -| - Uy == x, =1+ kun
o l c a RKo=Q XL =R
lo o o o y=feed % =%
L -1+l - Ufzn,
L2 B A =la |+| ©
%y Ky O 'K}
s -l by % = J _[-
2 --[Q]J?C-.[OJ =n EEFemy w"‘EfQE[Q]Wc@
g o i o
_V_= l{'g
Theotem: Suppose the eguakon Ar=b 1S consistent o
A=A 1

for some gen b and ek P be & olution. Then the
solulion sel ot An = b stre sek of alk vecrors of (he Fovan~
=P +V¥% ,where yx 1S any solukion of The howsegenesus

eopmalion AX =Q
@ Dewyvibe Hre seb of equalk-ons in potameks i fosr:

W+ Dty + %y =\ Avamentced [ 1 3 1 1| — I 3 )
L - A%y + A%y = — | oSt | -4 -} & - & 12 63
2

_3.,(1_:,1;—;—3 ©-3 -6 3 © -3 -6-
— 12 v~ 21 ]| 1 o -5 -2 A-Bty3=-2
c 212 6% ot 2L 1 & 3 U] %y 422y =
oo o 0O 0O 0 c o o © n, =kvee
Ry= By~ {‘h [‘3“‘5"‘5 - |5 %K = P tkVy ohere
'Ka_‘: l"l"&; Aq | = ‘-"QM-'; = I +x,' -1 "
= -9. Vae = ;
Ky=%y X3 Ky o | E 1 ] - [_2] Clw&
9 i

K=t Waromaliy ).



le-cA-c?
@ Linear ‘independence,

Definibion: An‘indexed set of veckors {\t. Nay e .\IP} i RS cand o be
Lineaciy independent 1€ Che vecror eguakion %V, DIk ok K Vp =0 — (D

hos bhe Biviel colukon (e %,=0, U =O,. .., Rp=o )
The 5e€ §y Ma .. lp] 1S sl dkR  Lineorky dependent 1€ Onere exists
weighks G Caynnns ,Cp o oY o\l zero , Such Hack QY 4G 4. .o o+ CNp 20 &)

Cle ak \ecdk one ofF C,,Cy...-Cp 1S No egual e swzevo )

®© lec Y—‘"[E] Ny = Z Vg = ? Peferrine 1€ Ore veckors ace \ineocly
- 4 3| Qerendont.
Solukdon:  considesr Hhe \ineor combiraion
oMot KeVa +% Ny =Q
gl o & L © © a yo ov 20
| © -6 -3 © o oyo v B

o
—[5 3+ © 71— 5 o o o]~ I O O O %,20 o
o+ © O o { O o ot O O %0 1;};‘;;
o i1 O o | © N

oo W @

Sodhe gwen vedrors are lineady ndlependloct .

@ Checle for tinear indlependlerce
u.:[ | ] ¥, = ["5 consdler
-3 1 Wl 4+ KR, =0

Auamernked [I -2 © { -3 O %, ~ 3%, =0 ] %e=3%,
%wokﬂ:f-: [..3 ] © s Lo o O© - 2, =free. NuzX,

{'K'] e %y "5‘} Qt?_h_"‘-'if“&\ so u, andu, afe linectly doperdsns,

R



12-04-0%

@ Determineg 1€ he dlumny of the nckeix A ofe Lineasly independlenk

A= 1 _L( -3 O otk w‘sf\'\ectn\v\e, . [ 4 -2 o o
-2 % 5 | augmentednwokdix: | .3 2 g | o
L -5 *+ S y -s =#+ 5 o
i\ L -3 o O | 4 -3 ©o © 1 4 -3 O O
— o V - t O| —-|O i -\ | ol—=| © i s PO
o-2 1@ 5 © o © -2 2% O o © I ~-13 O

-39 O] \ O 0=« o] Ky + ARy =O

l L ©
]l ¢t o 12 ©O Ot OAL O| Ha-Rny=0
o o | -i% o oo ( -1 0 Uy =-18xy =0
R =Free,
.
%, Sty -9
The O .
G x| o w2 sucken oS cifee varialsle
2 an 2| Lo it has o non-krwicd soludion
g
e k ! oud Hhe coluning oF A ore lineadly

dependect
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1.3 conk: Sels of ore ¢ trod vectors:
Asex (ontoining one vedor, Say Ll s lineosly indeperndent 1Cand only

1% \_’__'19 ret Clhe zero veckor ©

Yi: oy =0

=0 €=>v+0
Ncke: The zero vedros (s linearly depaundank.
10t €0 -0 ferahy c 0O,

€g9: U, = [.‘;\ W= \-"'i.l Y, = -y, =2 .fu. 4 } ofe lmep(lj de.
95}_...._33;0
Aset of Avedors (U, 4} 1S hneorly dependent ' ak leosk one oF
e vedkorS 1S G mulbple of Che ofhar. e sek s \inearly ndeperdows
16 ond only W neiQaey of he vecdtors 1S arvwulbigle o Che of\er.

#* Thesem3:
Chorckorizokion of lireary deperdent gefs.

An mdexed sek S= {\_I_._,\I__.._......‘!_f} o€ o of nore veckdes 1S linearly
dependent I andl only iF ot \eask one & he vecrors 1nS 15 o lirecr

compmaiion of e ofn—ers.

 LELIEIEL i) =lelesld] 3]

© =) i
v

©, WUy Ug

@Fo{ Wrak valwl s 6of | is V) in Spon i_qu\'s} and for what volues of \
“ SL\I.N-;N;% Lir\ec,-r\cj &PW’Z

ST
p2 -t by J

Solukion:  TE ¥y 1S In gpon NN E
\f; ='1N,+'xl-\,1.'—'©
=2 % o conbycdicHon

I -3 B ( -3 S5 7 j
R e S c & 2 because wse GSsume
o h-\0 Ok N5 1§ N spown LNy N

a -¢ b =
h . So {‘f_} _tv__g-}{ \s \\r\e,cx{ij

So Vg IS Nk In SPGW i\‘_'_lv_}} for QHH
indeperdent for all h.

*Theorem 8: LF a gek contoing rmore vecross Chan Greve are enkried
then Tne gex 'S limkerly deperdent.

C =3, Uqeeee i Rh
LU Ya.. . U in Pon Haen Hhe sec U ,ug U} is

HEvetors =P AFrenbhes =n limecrly dependlnk.
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eq: | % “ > Lineoc\y depevdent  #V7#FE
: o ; -1 4 [f=1a] j

T TE oaset onkoins © vedrne Hinen linecdy depe~do k.

EHIBIS
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ThnbvoducHon to Lineos tron shocmalions.

A&:_‘Q

Corsider Axz=lb. A makrix egualion can orise In linear olgebra in
a way Haok § ok c&-‘wec&-h_.; conmecked DIk Yirear combinedione

of- vecross.

eq: A= L -3 L 3
a O 5 |

_tbu-34043 _ 5 )
= 1a =y =4y

=

2

A+0 +S 41
Aa=fu -2 1 31[Y] h-t1-|+ﬁ] o
2 o s 1})|*] “laro-s+2) |o
—-'
L3 )

So solving equabion Ax=b Quicunts ko Fndling all vectors % InR"
-Hrak ore trongormed nkD the vedkor 2 in R™ undier KGhe ackion of

Mmu eighcation 'o\j )

Defintion: A tronsbormobion (or funchion wopp'lrg) T ranm T o &7
1S asule +Hhok assigns © eadhvetdor %X in BR™ o vecror

T8 m R™,
The Sek 'R“ Y ca.ueol the &DW'O&?\ ofF T JR"' 1S QO..Q-LQ& Hne (..O-&QMCJM

otT.
A T: I M mu
K TE) % = T(2)
% Tos 2 1A R™,+he vedor TE jn "
1S called MR woge of % underT
POMAIN Co-DCOMAIN L o st oF ath ‘macges T2 is called +he

w m“‘“
" Qa;-»g& oF T.
@ lek A= [% S] and define T: R'—» @2 by TR =A% . FindlMee
ooes  onder T of u =[\] and v - [q]
~3 - i

Soluldion: Hind T () and T(v)



and define o angfoenotion T: R'—n R"bg
TG =Axn
a)Find T ) The imeges ofu under e vansfornobkion T,

B Find an % n R whae moge under Tis b
€) IS Hhee more Tran ore ¥ whoe naage undes T is b

A Dekermire 1€ ¢ s 'n Ohe range of (he keansfx nmaadion T,

Sd udbon :
Q)Tly) Ay =l -3 47 . s
3 5 -t §
-1 * q
P Find Gn® So Thak T >k 1svalid.
T -3 32
or solue For X... Ougmenked mokeix: ‘.3 g 5
-3 -s
\ -3 3 L -3 3 ( 3027 w23k
o w -1~ o t |~ © 7Y IV VX
cy -t o © o © o L

(&
{
)
3
9(l - 3’2. S’Z = 1
- "J ) ["’*-] B W ({"/z\) -5

c) simce ¥ = “gle 16 aumguesoilion.  You cont Bndl ofhes xS so thak
| T - b

®: R

ne

¢y | 15 &« ' Tange > cis Hhe rarge ol 4 1 Thece
. thsn a i i \th& .‘“)
o ad TW)-C
e on youbimd y R sotat Ay =C

? 8 2 S | Treve s noSoluwlbion

(-3 3 e T ! O 4 5 wnivadichon.
g
-\ F 6 © o €

e C 18 not in Hhe renge £T.
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® tebine. T oy T(R) A%

Wwhere ATt © -2 -1
S | andb=1| F
g -2 -5 -5

¥ Find. a veckoy Os.,whose Inmoge undee T g '_n_t aund deaenaine
ohelhes o is unioe

Solukion: Tind an % such Hhek T(X)= b
Findan o suchh thek A%A =b

augmented madyix: [ O -1 -il
-2 e *
3 2 -5 -
Ra»&+¢2R, | ¢+ © -2 —I I © -2 -¢ | o -2 -
o | 2 sl-|lo 1 2 sl-lO t 2 5
I o oo S 0 oo (2
2 =3 _
SN =R R IR
o © t 2 “’3"’1 z -3
= .?(.,4,.5‘1)
eq: pvpjecions, (2 Re Rg)
let A= (1t © ©] Thenthe bransfornadion 2 Ut’,g,o)
[g;g\ T(.?'-)-"A}_C_ pra'be.c.h Pdnt;.\nk‘(f&;gﬂ_) (e, %y O)
onto (he «®y plane (RY)
for exan-ple take a gemerall larblrany) poink. & -g

(G - (23

ea: shene bronstovmakions:

lec A= [é f’] Hren Hhe bransbermalion

o) 2,2) e, | P @2 T(R)=Ax 15 acheor ronsFosmekion,
- ek u,=0o) T(W)=f1 2 oj_.fo
@y = ,0) © 1 el™|o
4 = '3" ) —
(o,0) (L0l (0,0) (3 %fu -=L‘»€: 1) CIPE [( g 1 [2] - "2
— O =

Tiay = [l 3] [z] \‘_%]
T [ 4] (5104
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Definiion: (Lineor ronsfor nekion)
A frorstormoion T 15 linead 16 (DT (W4 V) =T +T(¥) forall ¥,y in e

don~o'ins of &

G T (ew) = cTWM) for all vectprs
W inhe denoirn of T and

Is__{_cg’\’___f:__:. TE T5 a lineear 4ronsformotion Then .t
T2)-0
T ("5-)=AZ FACT : You cGncombine () and () and
T (e =449 weke: [
=A2r+AY
= T s Ineas & .
b is b It and enlyiF
(o A e T (eyusdy) = CT W) + &ATLY)

= cAn= aT(R) for ald veckors 4 v in The dema'm o T
aund ot ol scalors ¢,d.
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Recap:
Lineor'\oon glhesnobion:

F T W — ™
W T U4y) =TW) +TY)
(W 1Y) =CT(y)

conabsiningboth: T (cutdy) =cT(Y) +dT (v)

@ Lee T:R®*—R® be (he transormelson Hhat (eflecty eoch veckor %
= (%R, %) Hhrougn The plone %3 =0 onto T(x) = (A,26-%,)

T R3___°’21 [Tcxuth}) C'x-{.‘x‘h x))“ Q
R

o (Reu%y,%Ry) -S_E(____u__l'_ig___g__'_ T 15 lineos 3¢ Tley +Qu) = CT(y) +&Tv)
for all vecrors | U v ond scedoss ¢, L.

Lec u = Cu ,ua,uy)
N = (v, ,"‘L."s) be aroitsery vedoes in B
Let <;d be hoo scaloss.

Ry

(-3 ("I..,‘K,,,-'K-,)

ey +dy

i}

C(u.,u,_,uﬂ + A& (-\-'h ;V'le;)

= Gu, "'CQ": i 7 Cq,_-t»dlv.,_, c.u;-n-d\r;)

S
apeding () gives: (cu +dv,, cuu-dv,., ~Ceuy+dvs))
= (Cu+ Cuy - WUy ) + Ay, +dy, ~dwv,)
= C U+t = U+ (v, 3N, ~g)
2 €T +ATIL) Lowishes teapivement oF proof

2. 18 \LWneor.

eg: Ts Hhe funcdcion T:R*— 82 TW,Y = Gy L Lm+3_,3§ﬁé., ineor
brons&(mak'hﬂ?

Sol: (1) lek u= (U Uy) ond L = (N av,) ‘Df-thihran veckors and <,d be
= -
scalocs; Then T is Winear iF Tlew+rdy) = cTW A AT

cQ +A\‘ = cly, :U:_) + Cv, J"Jt‘.) = (Cu.*éq‘ . cuv‘,d.&)
T (Cu +dy) = TCcu, 48V, ,Cuady,)

e g~ "‘—‘\\Jr—'—')

i 1 = (Curdv, ~2(Cu, 4dva) U (Cu, sv,) +—3(tZu;-lde)>
= (Cu,-acdty, fcu,» %c_u.) (B —dv, LiAVH-'SGN\)
= (U, ~Auy  Lu, +3uq) 3 &ALV —av, , Ly, +3\'1,)
TR 3&TY)  \ineadbewuse pos 15 solkssGied:
( T (D= 7w, u) = (U,~2uy, L, +30y)

O = TV, ) = (O -aY, LY #3Y)
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@ Lek - __RV\ W~ R"“ be o L'"-\e“ T‘GHSFD{MDVI a-\"\& tee {\ﬂ oMo, |\,]}
be alineary degendent Seb 'wvn R™. Exgdoin uohy Hre sek !l-rw.),
TV, T | 15 Vinearly dependant,

Coludion: eimee {V,,Na,V1d 15 hmearly dependast.
—_—

Then +there exitkt scodors €, C5 ¢y nek allzero
Sucih Yok c-l\_'_('\" C-'a.\_!}-lv C.'s\b -.-.9

Since T hnear CiTEY) + GTOL) 4+ ¢ T,) = 0
CiiCq, 3 are nac all zevo

e dhesel § T +TCY) 41 (:r_,,)} 15 tineaslydependlonk
—

. &
@2 Showo Mok e trans forrmabian T Adelimed by T Ra) = Wya-2%, ,30)
N r— e o Bl

To_show thak Tistineac Tleusrdy) = T (W) +&TWD for ol u, v
T chowethot T 1S ndrlinecy

il B

» Yo i Simgdy qive one example sorak
T (cu+dy) # cT(W)+dT)

Counrkes example: c=l A=|

Take u =0, )

ca+dy = [W,1)+ 100;1) = (0,0)
-4 ="(C)| "")

Appg +o &): T(eurdy) =T (0,0)

@(o,o)——@
(@)= T¢o,) FLLeed v, 2111 ) = ¢-2,3)
T(L) =T (0,-1) @(Luuo) -al-, 21) = (A3

CT L) +AT L) = (-2 4+ QD =(O,6)

So (0,24 (9,) ie O $+@ 2. Tisnoklirecs.
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1.9 Thewwokrix of a Lineas tvnsfosnmatson.

eg: lek I:.=[‘ O] be the idenbiy makyi x oF size 2,
o i

lekc e, = [‘ ],e.;:[O]
= {

~ Suppese T 1S O linect transformodion SuchHok ) = -3:3] and

T (=86 | ,Fird aformula forthe inmage of an drb'ntro.—-ﬂb
Tl Vewst %= (%) n BT

= (‘l(,,c)-f‘ Lo,xl)

lee % = ('l{. %) becn ocbircsy vedhor in &2 %
% =%(1,0) + %(0,1)

Since T s l'mead:
Since’V s Ineal

T&) =T (%, & + Xy ?.‘:>
T(1) = A, Tl&) 42T () = %o '35] | S
= G
= & =(-
T(?Q 2’7(4 4+ ox, i 1-(1) 3 6 x‘ & 'T'('&_) =Ax.
"'S-K‘ -—\“1; .s -‘E x‘-
Ox, 44K L o U

Theorew: Lek T:RY— ™ be a linear brarsfosmation ,+hen there existy
o unigue nadrix A such Hhok T =Ax.

A,[ﬂe.) T - Ten)]

19 (D Assuwe T 15 a linkor trensfornal on. ﬁind%e srEndced nebix

o T.
T R Tad=Ax  (where #he srendosd nacksix
TCe) = (3,1,3,1) A=3 -g
T(ey)=(-5,2,00) i Y
e, =(1,0) e,=(0,1) 3 6

) o
@ T:R'— R* 15 a vervicel gheqy transFos meion Hack nac
€A, buk kaves Hre veLtos €, unchanged

sk‘ahﬁafcﬁ (V.Y P28 A= L7 (e)) TL&)],[}_LC:]

pPs S__‘ o

T (E_')= g_.—-&g_,,
Tlep=e,
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@ T:REP— R ek performs o hosrzontal Sheee tThek transiosnag e, inko e:_.v“lﬁ
(leaving 2iunchanged) and then ¢eflecks dhrough +he tine X, =-%,.

[ =[]

it;ce& T(?_n)z-?_'z‘[é] T(_Q__;)we_‘-a_e_'-:.[c] _a[']___[—-A]

] (o] '

Rpz =P T-.L -
Skep 2: o(<, j2) [ ol — [0}

(=2,1) =
Ly, _— [_’_- -
(opt) 4 ‘ l . [ z ]

SE‘&W\Q&;&K; A-‘:[O -i]
T 2

Qg( W-z-—"'sf‘; Rekakes ponrs  (aleouk the oigin) +Hhrough ~T/U vadliang
oL Jeeoh .

GFS

TL?J») - (Cﬁ‘“ ’I-( . 5‘"‘\1"!) 1.( { (..ri‘ l/J;‘-)

) . STD medrin A= \ ]
T S— “as fug
] o AN AT

2 Te) = (Cos Py, ~smTh) = (ligg - Y5 )




O -
= Standord. maksix:

@) Lek T:R*— be olinear tvorsformabion such Heak
(%, %) = (W, =~a%a, =%, + 2%, T, - 2y —@

Fnd% such-Hral TE®)= (-1, 4,9)
Soln: we nad n= (%) such+hat T, %) =(-(,y,)

@ L’xl"aﬁ“‘l r_x' "3"‘1 fhi —A‘!Lg)': (-l,h.Q)

x! a'l(._—-‘ { ‘-Z =1 t “l e ‘ —-2_ -—‘
-k 430e = Y =y 7 & "’{O t 3 ""o { 3]

3 -2%, = 94 3 2 9 o L 1x ©O o ©

I %= 5] "'u=‘3
o (3 "
e 0o %223

Definikon ( Mapping ornto)
- A Mapping T:R*"—TR*™ Is said Fobe onko 1R
@/M\O W eoch b in R™ igthe imoge oF ak least
DDMHIH to- MN one % in R™ (ie ravge = codonain ).

.d as follewss:  forecch b In BR™ (Mreve exdisks on % in T°

- o &«

sucihh Hrok '('L"‘-) =b
_ oc &8 kollows: fofeadh b in Hae o-donrain R™ there. exists ok least
ox &S Yolowd:

one Solukion of T(T) =5

_ o¢ in amcithed hoem as @ negative Skafs vaen X

The mapping T is nok onto wWhen There 1S some b in R™ f[or which
T(n) = hos no scution.

Thecxen: Lek T:R%— R™ pe o linear Sransfomeation and letr A be
e ctanrdocd nalsix of ‘T,‘rken:
G) T nwops R"” onto ™ 1€ ok only 1€ Hre cdlumng of A spen
R\M
A= [9. Qq seees Qu] \1 W ’R:‘Maidbe Ol‘\a vector ( Y. = *;9.‘?“;9_..'-—*1(-.3)

Recold: Sec Luthmal: Lek A be a waxin nackrix Hienthe following
are equivelant :

2) for each b inR™, 4he eguarion Ax=b hosa solutbion

5) eoacth b in R¥ 1S @ tmecr onbi ncBon oFHre columing of-A

¢) The cdumns oF A span R™
A) A hos a pvok PosiHon In eveny row.
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@ lee T (2, % Ry, ) = (O, 2, +# %y X2+ %3, R3+%y ) Dekesmine udhrelher Tis

ontD.
Standord motnix o€ T A = [Tle) T() Tle) T(en]
el B R ?] r M |
b] e A=]0 O © © I 1 © ©
° I I o @, o0t ©
Cs* b €= 2 g Cl) e cot |
[5 "9 Tied Tles T‘(.g!.l 'r!(e_:) o © 0 <

do nokspon BY Lo T s nok onfo.
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9_2_‘_:')_‘\_'_“22_?‘ A nopping T: R"— ®"is scuad fo be one o one IF each
P in R i€ Hae mage of ak mesk one ¥ RN
Theorern: Let™ - " = R* be a linear transformabion . THhenTis 1-)
1€ and only 1E Hre eguiabion T(X) 20 has only+he trivial Solulion
- —

eg: lee T: R —s R
T (%, o'xt.) - ('31&.41 " 5"'-.'\':”-1-1 xl"';xl)
Shew Mok T 15 1~

Solutdon: ek T (%) =0
(3ot 22 5%, 12, R +3%) = (0,0, 0)

o 43N =O Clugme_ntecg I & O

Ry + By =C nmokrixe SO0 ™38 0O
i 0O S5 F+ o

| 3 O \ Z o B B . .
[ o -%o0 ] —=» [ o O] — [ &y o] :‘ : Trivial sdudda
1:

© -3 o © o © ©e © g Ths 1-t.

@ T(‘!. g'x"l. "X-‘) = ("‘-l ‘-Sx;—i L*'x; ,'&—6-::.,)
@i g s Tone to orel
congider T(A)=20 Tz (%,-Gmrtiny , R2-6x) =L0,0)
R, - DU r:O} 1 -6 Yy © . | o -2t o 2, =k,
2, —&%3 =0 © I -6 © [ & t b o] %, = 6ty
ny=ree.
There 15 0 nokn brivied selukion “hewfore T iS nok | —(

Theorenw~, Lek T:R*— 0" be o lirgar tvanshsmalion and let A be i
skandlecA malyion for T,

(DT 15 one o ore Fandonly F +he dunns ofFA ore linearly
indegendlonk.

Noke: (Recatt c L 7) The columns of ol nokAx A ose linearly indeperdis
1 andlenly it Hhe eguokion Ax =Q has only +ne +ewiad sow,

@ T(’ﬂ..,')'q) = («n"g\*if -9"!4’3""1 'h\ “1"1)
R — 3
Stondord mokrinet A [T'CE_._e) T(%.,)] > T(e)=Cir,3)

T(€) =(-2,3,-2)

consider Az=0 I -2 © i -2 0 . B o
o =
. o | -y o ]
augmented. movix: i 3?_ ‘g - Z] =l o o] Ry =
. O oo
2. Trwvicl so\n. T 8 |- 4.
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Reuiews sheek

T e R, %5) = (=Bt Ly 1 %a—EX3)
Srondlord nok¥ix: A= [_‘T e) T (&) T'(e_;)]

T (,0,09 = Cyo)
- (0,1 ,0)=(5,1) A= L' -5 ‘!

—r(oo 1) e (~®)
b) "i 5 Y ] [ t O ""lf-] Stondad mokvix A has  PNSE

posiiong n bella Youds, so T 15

on(o.

o | =-e

c) T(%)=0 hos the  triviad Solk.
A%=0 has e vt soin.

Lo )] n e

3

o |

| -5 4 © | B |~ik @
[ _(Dc;.]”ot-so

o, = 26N —
‘ ; }AN 0 hos a nonrmial solption Eo 1€ IS(nck | IJ

'ﬁ;,—'
-:;-(—rec

@) Tor Ohck values of h is b in (he spon ©F N, M

..\-J-—' . ! N, = -3 bz=]| h
= - \ - |-s

in e woeds, wn you oxite b as o linkar conbinakion of- Vv, \J,

‘.-b- = 'x'l\!_i '+'x‘:']_l.

- W v\ =3 W { -2 h
c‘a ‘3 5| = | o -5 — [ o -} -5 for the systen
(o) = dak to be conCistent

{
< M 3 a -3a% o ©
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21 Makrix Operobions

For_informalkion ... refer o textbook sec 2.\

A = I © A
[-—l 2, L‘] 2D o ray.

2 6 #

A-’a ra“ Oy, e sves - O\ Clsn =)
“ rfou]
a Qlygy coonve e Q 5] o 1 . Pl
2 23 2} Ln 1<$1€<m &« b
- s e ae= s e . | Peo—
TR 1<) Sn
T e R Noke: +oadd tuso mokrices ‘Aand B
« = mEEREEEE Thesize A = size &.
b”aﬂ-ll QM‘--- - --a”:‘ ----- Q“ﬂ‘ A% N
Thecrem:

@ave= Lai]» (6] - [o + i)
- [b;;\+ a‘.&] = [""Z\]*’ ['q%] CB4A  Commukakive

) A+(B+e) = (A+B)+C

i) A+0 = A

(Gv) Supgose ¥ S A scaldar:
c(A+B)= ¥AYrB

(v) T€ ¢,save scoloss: (r+s)

(W ¢ (sA) = LA

A= yvA+sA

Mokrix wrol ﬁp\icc\!"\on :
= G = . Would e equol e ;
Pym [a“]nmtp ‘ B [b‘ﬂ‘-,‘n B Sn eq Yor Yo wmulbipiytine nolrices,

and. S0 ON ...
b b AB=[ (acbu +anby,) (Auba +Qn®as) ...
s, bu. b“']zﬁ.; (o.;.bna-.,b.,.)’. R T
(Gpbut Qubud oo von v ey
20

gA = [bu bn bg} a, q'lw -[(b‘iah'.'bnqzl +bl1.Q3> ,(hyqn.*‘ buan"'bqa’jl

b, b by (ba@a + o Qy+ bnau) > (b,Q,,+b2:0,,4 by1@y)
222

Qe G
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®A=-6‘1 B=[ 3 -2 AR-T -3

"

2 -3 -+ | =6
i -%

BA = B,@A@l AF3 2. Conk Mu\.kﬁ()\uj.

Noke: n genecall AR BA

T dendy mokrices:
A.‘: a“ q“‘ :Ez: [_l O] AI = [qu Qll,
Qy Gan = S T

in %ev\eral: T nen®Ta Called asquare nakdix.

- Tdentity makdces are square makrices , With all dic-gords | and

] yesk ot rc O
) B Lt @ Bises est of (e nums bert O,

(._")Im Apgn = A waxn

Exomple: A= || 2 A= 2 [iO], [ 2
T
ER 3y
5 € | 5 6 5 6

T,Aa=[1 ©0 O
ot o
NeX-N
a®=axaxaxo xa

Supposie A iIs @ waokyie, A= AxA, and suppose A s o SquEce nan.

Powser of 6 makeix:

&
A né:‘-AK- e oYl
k+;M-

Tromnspose (A7):

A= l;. C\u..] AT= [Qw Qt-] Rows get turnecd into columns.

sz Q‘u,. 01.\.
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Ttargpose:,
gﬁh"— [ & q“. a;; qlq Q|§ A.TI?-PQu q‘_"l
Qyu Q. Ay Ay Qe QAn  Qwn
G Qi Qi
- The wakrfix constmucted Gona A by Qi Qg
'm&:erd/\cma‘wﬁ rows With colunans, L G‘HJS‘Z
A [q“ﬂmn
A" = [aig Lo
Theeren:
G (AT A

@ (A+B) = AT+%" peoct: A= EC\'.:)'] &=L bi]

A+R =[ aiy+ biy]

T 0 T *ig
(A+R)7= [QaJ 4\0.)] = [Q:\', s !Dv] = [0.3'1] +['b3'ij
= AT T
@Y ITE ¢1s ascaloar : e
Q!ASI’* rAT ooF. A~ P 2 T _ b 12
. ) - ]

2 I
i ERA R R
(> ABY =R7A': A= [ay] &[]
A8 =[ey)
ey = [eqT = [ei) - @T
ABcY= [GBDW]T = " (asY - o™

Note: T¢ A= [anil,....

| [ l
B=s b, ... b

colinan,

AB= [Ab, Ab, .... Ab
lyecel  2nd ol 3ed col e

prh cel,
et A= |V 2 & e=[1 2 AR=[-2 =2
L 5 © =t -2 q ]
8 al,, 7 ha )

@ﬂw[l =2 9 AR- -t 2 -~
- S " awn [_G: -] 3] Find Hhe fiest 2 s oe B,

223

Sal B= { be b b
vonn] e [alb] alE] a[]]L -t 2
2 B bl-! b'l‘v k b‘],] = G .’q 3
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b ~
Afe]- el
\ -2 Lu - ["]
[-—1 S bas &
Augmentellnatrix: | | —2 —-l] [1 - _,]_* ( bo=7
A0S 6 G © (G buzy
A \;ul: [Q] Augmented mohix: [t o 3 L] N -1 2}’[( o) -'%]
22 -4 -5 ot-5
bﬂ-""’%
bn=-5

R.2 Tnverse - A Mokvix

- ab=l . ais wwerse b b
b 1§ inverse o-a,

m makeices 1 A =T ; R 15 Hhe invegse oF A
A 1s +he inverse of @,

L

_ TavesseS con only be found for squoce nokeices.

DEFIN (TION + )
% An n xn mokeix A IS said o bR Invertible f There is Gn n un ncakein

R such thok AR =T, and BA=T.
Jhen B 15 catbed Hhe inverse ofF A andlis writken as B=aA"

e: AA'=T ;N'A=T

- AxAnakrices:
Theoten. Let A= [o. b] Witk ad-c£0
c

22%
A_l = __‘.___.... d -b]
od—bc | - a

2 -3
e [s] i 37 [ )
el zq] A o @ [_-\;. 2 -5 M B

Chmeks] | WA E,

eqt A = [3‘ i] because od-be 20> HNo'inwexse.
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* An al%cvi\’km o Gind inverse of and nxwn naJlri o

-k A ke an nxn nakeix, consider {he mokon

Tronsform 5 i
: =R
[ A I ]Rm.o on-rc\t{vIn :8 ] e B
eq: fnd He'vwerse oF A= |1 2 3
- Pt 2
ot 2
—» consider [ao:T] =]t > 211 o o
L1 2ot O
i 210 © t
— Q=R 2 301 © OJ=R—KeR [T 2 301 O ©
O -t -t '-t | O O -l -yt .=f ( O
ol 9,00l o v S W
’ N B .
~Gfufs [ 2 ofy-t -3]"RxBB [ @@ o ) -
@Lﬁf—"‘—%’lﬂo—-t O'-L2 |\ D“IO;,)__Q_ (
& oo ko b A © Ol - 1]
—Ry—> —Rn I ot C 1t -
QO 2 -2 =4 Firally, checle AA =T
oo =1 | '

[0

eq: Girdthe jnverse of A =

—

conder fAaiT]=[1v ¢ 1100
&2 301 ©
56 t:00 !
e R+ [ | P (o O] R (LR « ty 1t O ©
o2z %:0 1 O 2 3.0t O
c o ~4:r-5 o | OO0 !5, 0 -4
@RI 1 | O - © W]l 1 ( O-14 & '
2, —~Rx (-Ry) ©c 2 0 : B 1 3 o Qo ‘:""'fa Y2 33
O o ; s’q O -y ) O O | :sz 0o -y
_.,2.—-72,-&(—2:) {( O O':"!J% - -'% i heck !
Ot O, -Bg 'y )| = A2 &
oo % O - =
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eq: Findthe nverse oFA=[1L 2 -2
o I -2 ]
S ~2 -3
cosde [AZ]: [ ( 2 -1;0 0 o
{ -2 i :; o | o]
E -2 -3{oO o |
ﬁa""'gl*'(‘ﬂi) { 2 -3'1 o o
E}:'_"_R}"'__(ﬂl) o . L E_.‘ i OJ
O -2 121-6 ©

Rew of zevos incdlicodis Hrak (hore

iS no nverse (called a singulac
madod* ).

Theorews: TE A 1S an h¥n modyix Cinverbille) te ichas an inverse,
Then for eoch b in ’R“, +Hae eqpa}’b\r'\ Ax=b has a wunigueR
coulion, and (he soledion
A x = Ak

Tx =A"b

x=A"b
Theovens TE A, B ave invesbildle mateices:

(DAY = A
(M CARY = & A7 Clike DiCh transpore ©vered €oslies )

G (AR (B™'A™) =T

O -4 -4 -t t O

QL"’Er"(",’?ﬁ)— L =2 "3: | © O]

"L -{

2 AG R A
=ATA™
=AM = X
G“)(A")"_—. A’ _?_@35.1 An =T

(aa)T =TT
(A" AT =T
(AT)’I = U-\")T



B B 2.2 Elementsry Maksices,

CeCinstion:

Anelementary woktix 15 One -thok 15 obkomed by pecforniing o
single rows opertion on an identity makrix,

ot 0O

E\e\me.ntasj nowkices T = { O O]
O o

In‘c.e.rd-ov\e“’\ﬁ roLSs igp_e',_b

oo |

T}SEQ‘ Ro—> K2y Type 3: R, —>R, 43R,
Ok O 10
(oNoN 301

A=l 2 3] EA=|lOL10O 122 4y 5 &
¢ o { 0O us6 | < T T
“ SERSIELS 7 2 9
1?4 "
E,k- | 1O O C 27 P2 3
CDV—D][Q ¢ |* |t Sk 6k
Ceorllyrr 1 L3 8 9

A
€
i Qb

| S—
"
-Llf“"'
RARwn M

13

.3 Chotackesizabon of
Thverable Modsrces .

Reod e kextbook for thestems andh intosnaction.

g
I
S
_%“

[a (c&))-ﬁ""’

]g (T ﬂz
| £(gm)=2

I TLY (,"D,,'-‘_'_’f

Definion: A lineor bronscofmo_hoh TR R" 5 sa'\d o be
|hu-e¢hb\2 W& Haere QxiSh o tunchon S: R &% such ok

S (TOW) = o oy alk ® W% —O

TEM) - fpsaldrm R"—@)
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Theotema: Suppese T:R"—2 B Such Hhok T (W)= Ax Shere A 15 Hhae
stondord nedosix,then Tismvertble & and only \F A
1S an invedoble mabrix; ond T () -A" %



oL -li- 6%

:I_:.V_\VQ‘ k‘ﬁ\de Lt T

TOD=A% 15 a LT Askandord mebin Tis inverbble i ondlonlg 1€ A
inverblole T 7'(=) =A""¢

@ T %) = (S, +G%, , Lk, =31, ) 1S a liness ransFormelion frona Rt
showthak + 15 mverbble and Grd o Formulo (e T

Te) =An J
A-—- [T(et) T(Ct)] & -"5 q T(Ql)’['s T(e;): q
L 3 Y -3
A= -3 47 _ -:1 —°1
-S)3) -(a)) -4 -5)] ° [
e TS smerhble =
T-':?.z—-ﬁz

e e [ Le] LR

T ot %) = (A #9%s L2, +5e)

@T(ﬁh .'11): (Gﬂt"%’(t; -g)‘.l-i:"lz) S o lineo¢ m“\wo}\ G’OP‘V\ 11_> ml

Tx)=Axy
A=l G -2 P 2 3]' 1 %] [5”: &
- F* OD-R-S) [ 5 6 s ¢l L% 3
e T s Y\f’_m \r“." r'\ala
TR R TTe=AT = [ x
TR B T a0 < [2 4] (3], (e gt

HW: Raod The Trnverbide moksin Hreorens.

Let & be O non -Sguorenatsiy . Then the fHllowing ace Sopine ok

(DA is on mverbble nmetsi x

(2) Alis vord egpavodent (o The nxn idenbity naakrix,
(2) A has n- piick posikions,

(W) The egquchan A =0 has only a bivial solebion,

(5) The wlumns oF A form o lincasly n"\depehcﬂe‘_&— set,
(&) The linecs Yansformalion TGO - =A% IS ohe.ko-ore

1
v

G 2) ‘'m e beok .



ou-it-od
3.1 Dekexrminonis

azxa: Azl a b
[ . d] dao’c‘. A= od-be Flm:ﬂjf\g odeterninant 1§ alio knswn
| A as expandling a detesmincnt.

Sl A B oo Expand. usirng Grest row
x & = [aia,s a -
l‘»._,‘} K.".I'?_ 13 de‘S‘vA - QIC l ol.‘- Qtsl _ ala. Q;l Oz‘) +_ Q r‘l

Qzl Ol‘l
Qn Qyy Gy, Q33

Qa . a
21 Gaa Ay 1A as, Qs,

B 1 ~+
Q¢ Ry
‘ 3 = Qu [ G31281 - QuQu] - Q. [Qma"ni ~Qyq a-;.]

+ a'?-[auqn"anan]
A-f 22 3 -k ) 5 "
® [;? zJ det A= -?[?2 ’3[“951* (")[Léc.’]
- ale-8)-3[n-25]-ul -]
= -3,

C.kobS‘mg $ign o6 ain_enbrly - (..0;'"3
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Determinauwts;
@|ec | © 5]
e 2 o L Te s best o Seleckt Hhe vas With+he nacsk zesss
l* :f fl e o calcelafe Ho d.nﬁrw-'mohjc,gince s Wil goe
-+ -0 ——0 Ol us e Swnaplest colculotion, (The rege of (he “sub -
2 2 ' ¥ divainank @\l be mulbplied by zero)

. all b5 = axl

= A5 2xS5|7 2] - Ax(1618)+ 10x(2 -6)
T a-5 *
(S 3 1 = s 5
3 1 % = 42+10 = 5
(o ¢S’ i ‘.
a Y £ocl C‘Jgé:')") anA\i
2 e ' wL,)) ¢Cox0crDs: .
A G, R 1 [ =) tor Qu_zc_‘)l‘“‘ Qe A _—l Ga Qi
Gay Q. Qa3 e —
Q. X3 O3 )‘ﬂ- Qa Qpy
A col,

|

363’ k‘ (@79 Q.t ap‘
Qae Ty Qs Q_X-DGW\A us'mg, And roco:
Qg G Gy

det A= -Qy ‘ Ge at;l‘l— Qg
o“_ Qn

Qe QWi ~ Qa3 [Qa Qo
Q. An Qu Ry

= Q3,Cor +GaaCar 83 Cpy 15 calladHe coo~Lockos ex@ud icn

alm-%m 2.

@ A |3 535 det A= 3| -2 3 -3
© -2 5 | Geddandvek| o S
o O 1 S us‘macnlumn;

Heis Hnea Instead o L
© oo 2 bc"us‘tnat‘kt. roual, -

r'he_a.‘eule neok i 1S nah ay

=-3>|‘_—a,lof_ ]..

an upees riongulers nokri x| due b
e cb\'\ﬁﬂulgbor\ ol nuwloes and 1Ly,

Thesten: TE A is a riongules nakind then dot A= QuQa0330, Whe
produck of cﬂ-&osonc-l entvies),
Triangulos nrcdvices:

-~

Ae [Gu Qa Gy Gy, B-b. © © ©
&) QOI. c‘n atq bu b'u o O
O O Qpn Qi by bz b O

e oG O Gy bqt bu bus b
UePer Trianguas Lower rfangulex. e)Ry—= Byd ¥R,

Lca C"'hﬂ. d-‘-kb
=alds kb) 'b(cﬂtﬂ)
a)(ow operchons: R,e—1R, B)ﬂzﬁ——‘b kR, 2 ad-be =dek A,

" 471 sk-ad - - (ad- =fab 7. _kbc = klad-
£, [3 b] ..:cd:iA (ad-be) B [& M'} ::i(_:%c k(ad-bc)
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3.2 Pmpecties of Dekeenirants.

Theotenn: Lo ogesaHons:
lekh be an nxn sgquore robrix

OTC 0 owes oA ove nkerhonged © produce nagkrix B Haen Dek R-
= -dekh

G IE one row 0 A 15 nmulkhiplied by k. P produce mokeix B e
dec® - detrA

BIE o mulciple of ore rouws ofF A 's added o an
oler roLs Yo prod
Hren Aok B=dekA. Pt

®©
| o b
dek A = ad-be¢ dec’ cb-ad

As[a b] 3__.-—-:%,[ cd1=8

dec A = — dek R,

@ A = Ql::] l-c;kk. bk]
c A& - F c d

det A= adk - bck
- (ad - )

dek A = Wdet A) _ ik (deth)
: Ry — Ry 4 3R,
L a=Tab Pe> Bat 08 o b
¢ d Sosc 3b+d

dec A= o @brd) - b(2a4<)
= 3,,43:6/4-0\& -»3934‘; -bec
= od -bc¢
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Theoten~: det (A) = dek (A7)

eg. A=[| -1 q’-\
2 6 2
C S -

AndRow. dek A= OI-—‘ ! +3. l " -1 = a[—l--.?>]_[l-r3]
)
--%’l} =12
ING [l o3 ] ISt Rowy: detaTs= f' ~‘_1,”_. 2,
- -t . ) =t Ut
y L=
= [—2—!]{-3[-!-—1] s 83 -=-
Azlauw Qa Qi Ik Re>: ek = a, | Qn' - Q. | Rai Q21 | 4 Q1 Qs Qv]
G, Q2 Oat Qg Ay Qo A3 A G

Qq, G2 Qs

A" = \g.u Qi Om] Gt C}u‘ - Qn 10-'3| = 3% l""q"’ gy Ay
2 Qqp Qu

Ay QG Gy G Xy Qo
Qi3 Qa3 Clgy

Theorenr, T A and Gare lh n¥n sguore npkrices

Adet AR =(deca)(detrR)
det W BT =Qeth™) (et B) = (derAdldet g) = Sek (AB)

1

Tk oo Seb®=t l!l'*:) —ol I + 1 I'l “ = (-)+ Q- = -2

@) Find dec B° here @ [

\
{
!

P =0
- N =

decd’s -2 = -3

@) Show Hnok E A s inverbble ,Chen det A -

———__

det A
Solubon. AA'=T

Aet (LA™Y =detlD)
(et &) (BetA™) = |
(dera' )=t

ek)-)

@Lek A and P b2 Sguaoce rmaksices, with @invertible. Shows ot
dek (PAP™) - der A

Saln: et (PAP™) = (det P(detrA) (dek P)

P {
(BeeP) (Dex A) ((JZE’F))
ek A,

L
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L.\ Veckof Spoces,

V= sexof objects(eg Ve R®)
R= veal numbers:
. U=, 4,7)
¢ v (8 nE
lex wyoube aQng vewos S in (\\_,;(%M”u)
et ot B be any o sloss Gom R.
1. AN =V +U — conmudadive .
2. U+ VHLO) = (LUaV) + L - associotive.
2, There 1S 0 ze@vecror 2 1NN such Mk Y40 =y
L. e Suwaof urV 1S n !

5. Tor eachh UL an N dHhece 'is O C"Q)"r\\f,suc,\a Aot U4 (-ud=0
6. The scalad malbiple Ay 1S inV.

4. L (UueV) = oL+t

2. Q¢+(;)u=ou.u(§u

q. ot LRuwd =(exRIu.



Subospaces:
T Vena Do, . H subsek:
= \.\‘ Cey 1 Qs K
) ) Hsasubtel oF S, R, uay In H

3. oAU in &

{p]

Delwitdon: A subspoce of o veckor spoce N 1s a subsek Hof N Hrak sokishes

(. The cero veckor O oF Vis i W,
2. B 15 closed under oddlivion,
e, for o) U,N under W U4y iSinH
3. 115 cdosed under scalar nmulbiplicaion.
ie.for all U w H and for ol o n R oL g in i,

E_i‘_-_‘ o "";-\l\/
VS we{e)

@ Determine 1€ the set B of ald moakrices of the form [Q bl s a sus-
O d

Spoce oF M,
A M, = Sebof afl A% noksices:

Mosa = i[‘é\ ‘;] la’bft'd c.te_'lnTR} s o vectOC Space ,

- {.X’GO ‘;] la,\a,cﬁ ace ‘m’P‘i

Solwkon: (1) o = [c:-o] is v H
oo
4= [35] we[a b
oo | Y Oc‘;] n H,

= Q,+c + 2
4N [‘ . b b"]is T

£

(] c\,-l-c&a
(2) ot "R, U= Ob] in Y
) o a
oL gz rgﬁ S In H o Hi1s @ SubSPace ofF My,
@Let H be-Hie ser of pownts imside and on Hae unit circle irm Hae

2y -plone. ‘e

L ”‘{[g]\x‘w’é'}

.L&#_q\} e 15 H asubspace of R*7
T
!



N~it-o3F
eq: ek V bveaq vedorspace and

ezq_»['] 2act=1g |
;3 o Qis 1 H v lek 9,_\! be avector im\,
V= [o] ot+s itz 18]
Joogisms V7 Span {4 ¥ ] =sercf all tinear

combingkions of U and V.

Ic

N =
+= [:] Ce it X

W4y 15 nek in H
1e: H s ik e Subspace oF &¢

—_—
—_—

33 =Span S.Li‘\.’.-'} 2 iet\_é 4 (é‘.'.l x,(& N IQ:&
Shaws Hhok spen Ju ,ukis a subspoae oF ¥

Solng 1). ©=0u+OY = O 15 '™ k.

ezt L4Ry
b oo, d+3,N ba inH,
Q,_.&-_‘? = (st ("-‘:’.) + U‘u—}_-‘-@»d)
= (etaetdy + (B +BIY
So ?__L-b_ is ink
3). Take Gmag X N R and lek g =cygiBy ind
ha =2 (ctu+RByw) Se)ut (REOLS ‘m M

=9 H = SPCN'\ i(,.__ll\']_} Is O\Subspace c:,ﬁ\f_
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{r

V/ (:qv

S pon A UIU? 'S o SubSet o\ﬂ \/

Thwe -

o
thewn

be f Mo, Ve, M, Vp OF
Sl ol L s N
pong Wy Ve, o (L Ve [ 1§ & ¢

;\,\ (e

sedtoy goace

V.

-

Bl g ,;L ,,;_ 5 f/
(1 o) if///.// pe Jhe JSef 4” yetors of the folin _?

of 3

Selohon

Jet //i

2¢ ;
/L/: D( _Cz }/: f N R j!"

?/ )/,(c a,;y U(”(ﬁ?l/ ' H

——

/ L T
/ :/’{W ﬂl/ﬂﬂ% /,%// g "/!—l—i)'*?rc_';

(_.
p % Eipli e
e / T B | . ‘ ;
fhér? / 0/ - Z— F w2 g “© L cwgnedny vn B o be  wti Mew
- £ ; i B , o O \iwmeor  Conbinedion c};- W
o8
H = PR =9 H K o twbspace ‘7[ /f
fol T T Rt 4l g ;
T Q T T - y, L s8F |
Jef (\l\” \se A e s Q)£ okl Vedor C’% the Fofnn & =t
e 2
Chew e ‘/\)\J ) s oa Stlagpocs G}F ! ¢ ¢
£~ h}
.9 <:+ 2k
Jukuw o \/\J o{ Y /
e — : : (‘ /
(’7,{-‘“ ¢ - /{‘ 6 ﬁj
Ly
TOKe Q,u\,_\j [ e 2f 7 f
PL i S
;"’l Ar\ <L. f /h /W )
J
[ | 4 /
‘s, s3k ]| < - ) \ (3
g~ 1 i ; > ;f C_) [ ‘ . — | |
| 2=k | | Ay | | = | 2|7 T
1 y ¢ ] ?r—cj - é | o ‘q
| = “t / 7w ru
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